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Si ces imperfections sont malhenreusement nombreuses, cela vient de ce que la 
science appliqu^e est jeune et encore pauvre ; avec ses ressources actuelles, elle pent 
ddji. rendre de grands services, mais ses destinies sont bien plus bautes : elle offre 
un champ immense au zSle de ceux qui voudront Tenriohir, et beaucoup de parties 
de son domaine semblent mSme n’attendre que des efforts lagers pour produire des 
r^sultats d’une grande utility. 

SainUYenant. 


Jedenfalls sieht man aus den angefiihrten Thatsachen, dass die Theorie der 
Elastioitat noch durohaus nioht als abgeschlossen zu betrachten ist, und es ware 
zu wunschen, dass reoht viel Physiker sich mit diesem Gegenstande beschaftigten, 
um durch vermehrte Beobachtungen die sichere Grundlage zu einer erweiterten 
Theorie zu schaffen. 

Clausius, 


Oeux qui, les premiers, ont signal^ ces nouveaux instruments, n’existeront plus 
et seront compl^tement oubli6s ; d moins que quelque g6om5tre arch«5ologue ne 
ressuscite leurs noms. Eh 1 qu*importe, d’ailleurs, si la science a maroh6 1 

La7n4, 



PREFACE. 


In the summer of 1884 at the suggestion of Dr Routh the 
Syndics of the University Press placed in my hands the manuscript 
of the late Dr Todhunter’s History of Elasticity, in order that it 
might be edited and completed for the Press. That the publication 
might not be indefinitely delayed, it was thought advisable to 
print off chapter by chapter as the work of revision progressed. 
That this arrangement has accelerated the publication of the first 
volume is certain, but at the same time it has introduced some 
disadvantages to which it is necessary for me to refer. In the 
first place it was impossible to introduce in the earlier cross- 
references to later portions of the work ; this I have endeavoured 
to rectify by adding a copious index to the whole volume. In the 
next place I must mention, that it was not till I had advanced 
some way into the work that I felt convinced that the reproduction 
in the analysis of a memoir of the individual writer’s terminology 
and notation must be abandoned and a uniform terminology and 
notation adopted for the whole book. This was absolutely needful 
if the book was to be available for easy reference, and not merely 
of interest to the historical student. The choice, however, of such 
terminology and notation — considering the enormous diversity, I 
will even say confusion, on this point to be found in the writings of 
British and continental elasticians — was an extremely venturesome 
task. To evolve a really scientific terminology which shall stand 
any chance of universal adoption from a number of words, which 
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each individual writer has used in his own sense, is no easy matter. 
If I have in some cases dispensed with such well-worn words as ten- 
sion, pressure, extension, contraction and so forth, it has been from 
no desire for novelty, but in order to avoid a conflict of definitions. 
That the notation and terminology proposed in this work will 
extend beyond it I hardly venture to hope, I shall be content if 
they be intelligible to those who may consult this book. They will 
be found fully discussed in Notes B — D of the Appendix, which I 
would ask the reader to examine before passing to the text. As I 
have said, it was unfortunately only after I had made some progress 
in the work, that I became convinced of the need of terminological 
and notational uniformity. I think, however, consistency in these 
points will be found after the middle of the chapter devoted to 
Poisson. The introduction of this uniform system of symbols and 
terms has itself involved a considerable amount of additional work 
on the manuscript The symbols and terms used in the manuscript 
are occasionally those of the original memoirs, occasionally those of 
Lamd or of Saint-Venant. The want of uniformity in the first two 
chapters will perhaps not be considered a disadvantage, the memoirs 
being of historical rather than scientific interest, and their language 
often the most characteristic part of their historical value. 

The disadvantages which I have pointed out in this first 
volume will I trust be obviated in the second by the revision and 
completion of the whole manuscript before the work of printing is 
commenced. The second volume will contain an analysis of all 
researches in elasticity from 1850 to the present time. From 1850 
to 18/0 most but not all of the chief mathematical memoirs have 
been already analysed by Dr Todhunter; there is but little of a 
later date completed. Considering the amount of work to be done, 
considering that it is advisable to avoid revision and printing being 
carried on simultaneously, and finally noting the very limited time, 
which the teaching duties of my present post allow me to spend 
in a library where it is possible to carry on historical work of 
this kind, I fear the publication of the second volume would be 
much delayed were the task of editing it entrusted to me. I lay 
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stress upon this point as, although I have endeavoured to make 
the first volume complete in itself, much of its usefulness will be 
realised only on the appearance of the second. Indeed, in the 
interests of the reader as well as of the work, I think the Syndics 
will have to consider the question of appointing another editor, 
who has more of the needful leisure. 

It is proper that I should explain with some detail the manner 
in which I have performed my task as editor. Dr Todhunter’s 
manuscript consists of two distinct parts, the first contains a 
purely mathematical treatise on the theory of the ' perfect ’ elastic 
solid; the second a history of the theory of elasticity. The treatise 
based principally on the works of Lam4, Saint- Venant and 
Clebsch is yet to a great extent historical, that is to say many 
paragraphs are composed of analyses of important memoirs. Thus 
in the History-manuscript after the title of a memoir there is 
occasionally only a mere reference to the paragraph of the Theory- 
manuscript, where it will be found discussed. Certain portions 
also of the manuscript have inscribed upon them in Dr Todhunter's 
handwriting ‘History or Theory?’ The Syndics having determined 
to publish in the first place the History only, it became necessary 
to determine how the gaps in the ‘ History ’ which were covered 
by mere reference to the ‘ Theory ’ should be filled up. With the 
sanction of the Syndics I have adopted the following principle : the 
analysis of a memoir wherever possible is to be Dr Todhunter s. 
Thus certain, on the whole not very considerable, portions of the 
Theory-manuscript are incorporated in the History, while all 
portions of the manuscript marked doubtful have been made use 
of when required. 

Dr Todhunter’s manuscript contains two versions, a first 
writing and a revision. The revision has been again read through 
by the author, but the principal alterations made are notes or 
suggestions for further consideration; in some cases the note is 
merely a statement that a criticism must be either modified 
or entirely reconstructed, in other cases, it involves a valuable 
cross-reference. One of the most important of these notes is that 
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referred to in my footnote on p. 250 ; it led to the only considerable 
excision which I have thought it proper to make before printing 
Dr Todhunter’s manuscript. 

The changes I have made in that manuscript are of the 
following character ; the introduction of a uniform terminology and 
notation, the correction of clerical and other obvious errors, the 
insertion of cross-references, the occasional introduction of a 
remark or of a footnote. The remarks are inclosed in square 
brackets. With this exception any article in this volume the 
number of which is not included in square hrachets is due entirely 
to Dr Todhunter. So far as the arrangement of the memoirs 
is concerned there was little if anything to guide me in the 
manuscript. Dr Todhunter had evidently intended to give each 
of the principal elasticians chapters to themselves, and to gi'oup 
the minor memoirs together into periods. This method although 
it destroys the strict chronological treatment, and to some 
extent obscures the order of development, yet possesses such 
advantages, in that it groups together the researches of one 
man following his own peculiar lines of thought, that I have 
followed it without hesitation as the best possible. I even regret 
that I have not devoted special chapters to such elasticians as 
Hodgkinson, Wertheim and F. E. Neumann; in the latter case 
the regret is deepened by the recent publication of his lectures on 
elasticity. 

Turning to my own share in the completing of the work, I fear 
that at first sight I may appear to have exceeded the duty of an 
editor. For all the Articles in this volume whose numbers are 
enclosed in square brackets I am alone responsible, as well as for 
the corresponding footnotes, and the Appendix with which the 
volume concludes. The principle which has guided me throughout 
the additions I have made has been to make the work, so far as it 
lay in my power, a standard work of reference for its own branch 
of science. The use of a work of this kind is twofold. It forms on 
the one hand the history of a peculiar phase of intellectual de- 
velopment, wmrth studying for the many side lights it throws on 
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general human progress. On the other hand it serves as a guide to 
the investigator in what has been done, and what ought to be done. 
In this latter respect the individualism of modern science has not 
infrequently led to a great waste of power ; the same bit of work 
has been repeated in different countries at different times, owing 
to the absence of such histories as Dr Todhunter set himself to 
write. It is true that the various Jahrbilcher and Fortschritte now 
reduce the possibility of this repetition, but besides their frequent 
insufficiency they are at best but indices to the work of the last 
few years ; an enormous amount of matter is practically stored out 
of sight in the IVansaotions and Journals of the last century and 
of the first half of the present century. It would be a great aid to 
science, if, at any rate, the innumerable mathematical journals 
could be to a great extent specialised, so that we might look to 
any one of them for a special class of memoir. Perhaps this is too 
great a collectivist reform to expect in the near future from even 
the cosmopolitan spirit of modern science. As it is, the would-be 
researcher either wastes much time in learning the history of his 
subject, or else works away regardless of earlier investigators. The 
latter course has been singularly prevalent with even some first- 
class British and French mathematicians. 

Keeping the twofold object of this work in view I have 
endeavoured to give it completeness (1) as a history of develope- 
ment, (2) as a guide to what has been accomplished. 

Taking the first chapter of this History the author has discussed 
the important memoirs of James Bernoulli and some of those due 
to Euler. The whole early history of our subject is however so 
intimately connected with the names of Galilei, Hooke, Mariotte 
and Leibniz, that I have introduced some account of their work. 
The labours of Lagrange and Riccati also required some recogni- 
tion, so that these early writers form the basis of a chapter, which 
I believe the reader will not find without interest, whether judged 
from the special standpoint of the elastician or from the wider 
footing of insight into the growth of human ideas. With a similar 
aim I have introduced throughout the volume a number of 
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memoirs having purely historical value which had escaped Dr 
Todhunter’s notice. 

Another class of memoirs which I have inserted are memoirs of 
mathematical value, omitted apparently by pure accident. For 
example all the memoirs of F. E. Neumann, the second memoir of 
Duhamel, those of Blanchet etc. I cannot hope that the work is 
complete in this respect even now, but I trust that nothing of 
equal importance has escaped the author or editor \ 

My greatest difficulty arose with regard to the rigid line which 
Dr Todhunter had attempted to draw between mathematical and 
physical memoirs. Thus while including an account of Clausius' 
memoir of 1849, he had omitted Weber’s of 1835, yet the con- 
sideration of the former demands the inclusion of the latter, were 
it not indeed required by the long series of mathematical memoirs 
which have in recent years treated of elastic after-strain. What 
seemed to me peculiarly needful at the present time was to place 
before the mathematician the results of physical investigations, 
that he might have some distinct guide to the direction in which 
research is required. There has been far too much invention of 
' solvable problems ’ by the mathematical elastician ; far too much 
neglect of the physical and technical problems which have been 
crying out for solution. Much of the ingenuity which has been 
spent on the ideal body of ^perfect’ elasticity ideally loaded, 
might I believe have wrought miracles in the fields of physical and 
technical elasticity, where pressing practical problems remain in 
abundance unsolved. I have endeavoured, so far as lay in my 
power, to abrogate this divorce between mathematical elasticity on 
the one hand, and physical and technical elasticity on the other. 
With this aim in view I have introduced the general conclusions of 
a considerable body of physical and technical memoirs, in the hope 
that by doing so I may bring the mathematician closer to the 
physicist and both to the practical engineer. I trust that in doing 
so I have rendered this History of value to a wider range of 

1 I should be very glad of a notification of any omissions, so that some reference 
might he made to them in the second volume. 



PREFACE. 


xiii 

readers, and so increased the usefulness of Dr Todhunter s many 
years of patient historical research on the more purely mathe- 
matical side of elasticity. In this matter I have kept before me 
the labours of M. de Saint-Venant as a true guide to the functions 
of the ideal elastician. 

It remains for me to thank those friends who have so readily 
given assistance and sympathy in the labour of editing. Only 
those, who have undertaken a task of similar dimensions can fully 
appreciate the value of such help. The aid of two men, strangely 
alike in character though diverse in pursuit, who exhibited a 
keen interest in the progress of this work, has been lost to me 
during its passage through the press. To the late Mr Henry 
Bradshaw I owe assistance in procuring scarce memoirs, pamphlets, 
and dissertations, as well as many valuable suggestions on typo- 
graphical and bibliographical details. To the late M. Barrd de 
Saint-Venant I am indebted for the loan of several works, for 
a variety of references and facts bearing on the history of elasticity, 
as well as for a revision of the earlier pages of Chapter ix. The 
later pages of that chapter were revised after the death of M. de 
Saint-Venant by his friend and pupil M. Flamant, Professeur 
a I’Ecole Centrale ; whom I have likewise to thank for dis- 
interested assistance in the revision of other portions of the work 
relating to French elasticians. 

The assistance of two other friends has left its mark on nearly 
every article I have contributed to the work. My colleague, 
Professor A. B. W. Kennedy, has continually placed at my 
disposal the results not only of special experiments, but of his 
wide practical experience. The curves figured in the Appendix, 
as well as a variety of practical and technical remarks scattered 
throughout the volume I owe entirely to him ; beyond this it is 
difficult for me to fitly acknowledge what I have learnt from mere 
contact with a mind so thoroughly imbued with the concepts of 
physical and technical elasticity. Mr W. H. Macaulay, University 
Lecturer in Applied Mechanics, Cambridge, has given me re- 
peated aid in the discussion of mathematical difficulties, and has 
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saved me from many errors of interpretation, and several of judg- 
ment. I have to thank Mr 0. Chree of King’s College, Cambridge, 
for a very careful revision of the proofs subsequent to Chapter iv., 
and for a variety of suggestions. Mr T. H. Beare of the 
Engineering Department, University College, has prepared the 
copious Index to this volume, upon which much of its usefulness 
will depend. To Mr R. J. Parker of Lincoln’s Inn I owe frequent 
linguistic assistance and revision. While to Professor Callcott 
Reilly of Cooper’s Hill, to my colleague Professor M. J. M. Hill, 
and to Mr R. Tucker of the London Mathematical Society I am 
indebted for aid in a variety of ways. 

In conclusion I can only hope that this first volume of 
Dr Todhunter’s work will fulfil the object which he had designed 
for it, that — ^notwithstanding 'the want of the author’s own revision 
and the many editorial failings — it may still take its place as a 
standard work of reference, worthy alike of its author and of the 
University which publishes it. 


KARL PEARSON. 


University College, London, 
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CHAPTER I. 


:e seventeenth and eighteenth centuries. 

GALILEI TO GIRARD. 1638 — 1798. 

1.] The modern theory of elasticity may be considered to 
> its bii*th in 1821, when Navier first gave the equations for the 
librium and motion of elastic solids, but some of the problems 
jh belong to this theory had previously been solved or discussed 
pecial principles, and to understand the growth of our modern 
options it is needful to 'investigate the work of the seventeenth 
eighteenth centuries. 

’2.] The first memoir that requires notice is by Galileo Galilei 
forms the second dialogue of the Discorsi e Dimostrazioni 
ematiche, Leiden 1638\ This dialogue both from its contents 
form is of great historical interest. It not only gave the 
ulse but determined the direction of all the inquiries concern- 
the rupture and strength of beams, wdth which the physicists 
mathematicians for the next century principally busied 
nselves. Galilei gives 17 propositions with regard to the 
bure of rods, beams and hollow cylinders. The noteworthy 
ure about his method of discussion is that he supposed the 
3s of a strained beam to be inextensible. There are two 

There is an English translation in Thovias Saliishurrfs Mathematical Collections 
Translations, London, 1665. Tom. ii. p. 89. 
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GALILEI. 


problems which Galilei discussed, arid which form the starting 
points of many later memoirs. They are the following : 

[S.] A beam (A BCD) being buiJt horizontally into a wall (at 
AB) and strained by its own or an applied weight (F), to find the 
breaking force upon a section perpendicular to its axis. This 
problem is always associated by later writers with Galilei’s name, 
and we shall call it in future Galilei's Problem. 



(Erom the Disconi, Leiden 1638.) 


The 'base of fracture’ being defined as the section of the 
beam where it is built into the wall; we have the following 
results : — 

(i) The resistances of the bases of fracture of similar prismatic 
beams are as the squares of their corresponding dimensions. 
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In this case the beams are supposed loaded at the free end 
till the base of fracture is ruptured ; the weights of the beams are 
neglected. 

(ii) Among an infinite number of homogeneous and similar 
beams there is only one, of which the weight is exactly in equili- 
brium with the resistance of the base of fracture. All others, if of 
a greater length will break, — if of a less length will have a 
superfluous resistance in their base of fracture. 



[4.] The second problem with which Oalilei particularly 
busied himself, was the discovery of ' solids of equal resistance.* 
The problem in its simplest form may be thus stated; AGB, 
AC'B' are two curves in vertical and horizontal planes respectively, 
a solid is generated by treating AGB and AC'B as the bases of 
cylinders with generators perpendicular to the bases. This solid 
BBB'BA is then treated as a beam built in at the base BEB D 
and from A a weight is suspended. The problem is to find the 
form of the generating curves so that the ^ resistance * of a section 
GEG'D may be exactly equal to the tendency to rupture at that 
place. Obviously the problem may take a more complex form by 
supposing any system of forces to act upon tjie beam. As we 
have stated it, it still remains indeterminate, for we must either be 
given one of the generating curves or else a relation between them. 
Galilei supposed the curve A GB' to be replaced by a line parallel 
to AEj so that all vertical sections of his beam parallel to A QBE 
were curves equal to AGB, In this case he easily determined 
that the ‘solid of equal resistance* must have a parabola for its 
generating curve. 


1—2 
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SOLIDS OF EQUAL RESISTANCE. PETTY. 


[5.] This problem of solids of equal resistance led to a 
memorable controversy in the scientific world. It was discussed by 
P. Wurtz, Franqois Blondel {Galilaeus Promotus 1649 (?); Siir la 
resistance des solides, Mem, Acad, Paris, Tom. I. 1692), Alex. 
Marchetti {Be resistentia solidorum, Florence 1669), V. Viviani 
{Opere Galilei, Bologna 1655), Guido Grand! {La controversia contro 
dalSig. A, Marchetti, Risposta apologetica.,.alle opposizioni dal 
Big. A. Marchetti) both Lucca 1712), and still more fully later, in 
memoirs to be referred to, of Varignon (1702) and Parent (1710). 
An interesting account of the controversy and also of writings on 
the same subject will be found in Girard’s work (c/. infra Art. 124^. 

Closely as the problem of solids of equal resistance is associated 
with the growth of the mathematical theory of elasticity, it is never- 
theless the problem of the flexure of a horizontal beam which may 
be said to have produced the entire theory. 

[6.] While the continental scientists were thus busy with 
problems, which were treated without any conception of elasticity, 
and yet were to lead ultimately to the problem of the elastic curve, 
their English contemporaries seem to have been discussing 
hypotheses as to the nature of elastic bodies. One of the earliest 
memoirs in this direction which I have met with is due to Sir 
William Petty, and is entitled : 

The Discourse made before the Royal Society concerning the 
use of Duplicate PropoHion; together with a new Hypothesis of 
Springing or Elastique Motions, London 12mo. 1674. 

Although absolutely without scientific value, this little work 
throws a flood of light on the state of scientific investigation at the 
time. On p. 114 we are treated to an instance’ of duplicate 
proportion in the “ Compression of Yielding and Elastic Bodies as 
Wooll, &c.” There is an appendix (p, 121) on the new hypothesis 
as to elasticity. The writer explains it by a complicated system of 
atoms to which he gives not only polar properties, but also sexual 
characteristics, remarking in justification that the statement of 
Genesis l 27: — “male and female created he them” — must be 
taken to refer to the very ultimate parts of nature, or, to atoms as 
well as to mankind ! (p. 131.) 
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Much more scientific value must be granted to the work of the 
next English writer, 

[7.] The discovery apparently of the modern conception of 
elasticity seems due to Robert Hooke, who in his work De potentid 
restitutiva, London 1678, states that 18 years before the date of 
that publication he had first found out the theory of springs, but 
had omitted to publish it because he was anxious to obtain a 
patent for a particular application of it. He continues : — 

About three years since His Majesty was pleased to see the 
Experiment that made out this theory tried at White-Hall, as also my 
Spring Watch. 

About two years since I printed this Theory in an Anagram at the 
end of my Book of the Descriptions of Helioscopes, viz, ceilmosssttuu, id 
est, Ut Temio sic vis ; That is, The Power of any spring is in the same 
proportion with the Tension thereof. 

By 'spring’ Hooke does not merely denote a spiral wire, or a 
bent rod of metal or wood, but any "springy body” whatever. 
Thus after describing his experiments he writes : 

Erom all which it is very evident that the Rule or Law of Nature 
in every springing body is, that the force or power thei'eof to restore 
it self to its natural position is always proportionate to the Distance 
or space it is removed therefrom, whether it be by rarefaction, or 
separation of its parts the one from the other, or by a Condensation, or 
crowding of those parts nearer together. Nor is it observable in these 
bodies only, but in all other springy bodies whatsoever, whether Metal, 
Wood, Stones, baked Earths, Hair, Horns, Silk, Bones, Sinews, Glass 
and the like. Respect being had to the particular figures of the bodies 
bended, and to the advantageous or disadvantageous ways of bending 
them. 

[8.] The modem expression of the six components of stress as 
linear functions of the strain components may perhaps he physically 
regarded as a generalised form of Hooke’s Law. (See the remark 
made on this point by Saint-Venant in his M^moire sur la Torsion 
des Prismes, pp. 256 — 7, and compare the same physicist’s valuable 
note in his translation of Clebsch’s Theorie dev Elasticitdt fester 
Korper, pp. 39 — 40). 
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[9.] The principles of the Congruity and Incongruity of bodies 
and of the ' fluid subtil matter ’ or menstruum by which all bodies 
near the earth are incompassed — wherewith Hooke sought to 
theoretically ground his experimental law will no more satisfy the 
modem mathematician than the above-mentioned researches of 
Galilei. They are however very characteristic of the mathematical 
metaphysics of the period\ 

[10.] Mariotte seems to have been the earliest investigator 
who applied anything corresponding to the elasticity of Hooke to 
the fibres of the beam in Galilei’s problem. In his Traits du 
mouvement des eaux, Paris 16S6,Part{e V. Disc. 2, pp. 370 — 4f00,he 
publishes the results of experiments made by him in 1680 and 
shows that Galilei’s theory does not accord with experience. He 
remarks that some of the fibres of the beam extend before rupture, 
while others again are compressed. He assumes ho\vever without 
the least attempt at proof (“on pent concevoir”) that half the 
fibres are compressed, ha'f extended. 

[11.] G. W. Leibniz : Demonstrationes novae de Resistentid 
solidorum. Acta Eruditorum Lipsiae July 1684. The stir created 
by Marietta’s experimetits and his rejection of the view^s of the 
great Italian seem to have brought the German philosopher into 
the field. He treats the subject in a rather ex cathedrd fashion, as 
if his opinion would finally settle the matter. He examines the 
hypotheses of Galilei and Mariotte, and finding that there is always 
flexure before rupture, he concludes that the fibres are really exten- 
sible. Their resistance is, he states, in proportion to their extension. 
In other words he applies “ Hooke’s Law to the individual fibres. 
As to the application of his results to special problems, he will leave 
that to those who have leisure for such matters. The hypothesis 
of extensible fibres resisting as their extension is usually termed by 
the writers of this period the Mariotte-Leibniz theory. 

1 A suggestion which occurs in the tract that one of his newly invented spring 
scales should be carried to the Pike of Teneriffe to test “whether bodies at a 
further distance from the centre of the earth do not lose somewhat of their powers 
or tendency towards it,” is of much interest as occurring shortly before Newton’s 
enunciation of the law of gravitation. 
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[12.] De la Hire: Traits de Micanique, 'Pans 16D5. Propo- 
sition cxxvi. of this work is entitled De la resistance des solides. 
The author is acquainted with Mariotte's theory and considers 
that it approaches the actual state of things closer than that of 
Galilei At the same time, notwithstanding certain concluding 
words of his preface, he does little but repeat Galilei’s theorems re- 
garding beams and the solid of equal resistance. 

[13.] Varignon : De la Resistance des Solides en general pour 
tout ce qu'onpeutfaire d! hypotheses touchant la force ou la te'nacite 
des Fibres des Corps d rompre; Et en particulier pour les 
hypotheses de Galilee & de M. Mariotte. Memoir es de VAcademie^ 
Par's 1702. 

This author considers that it is possible to state a general 
formula which will include the hypotheses of both Galilei and 
Mariotte, but to apply his formula it will in nearly all practical 
cases which may arise be necessary to assume some definite 
relation between the extension and resistance of the fibres. As 
Varignon’s method of treating the problem is of some interest^ 
being generally adopted by later writers (although in conjunction 
with either Galilei’s or the Mariotte-Leibniz hypothesis), we shall 
briefly consider it here, without however retaining his notation. 

[14.] Let ABGKML be a beam built into a vertical wall at 
the section ABG^ and supposed to consist of a number of parallel 



fibres perpendicular to the wall (it is somewhat difficult to see how 
this is possible in the figure given, which is copied from Varignon) 
and equal to AF in length. Let be a point on the ^ase of 
fracture,’ and HF perpendicular to AC-y, AE-x. Then if a 
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weight Q be attached by means of a pulley to the extremity of the 
beam, and be supposed to produce a uniform horizontal force over the 

whole section iVlfZ, Q = r. {ydx where r is the resistance of a 


fibre of unit sectioual area and the integration is to extend over 
the whole base of fracture. Q is by later writers termed the 
absolute resistance and is given by the above formula. Now 
suppose the beam to be acted upon at its extremity by a vertical 
force P instead of the horizontal force Q. All the fibres in a 
horizontal line through H' will have equal resistance, this may be 
measured by a line HK drawn through H in any fixed direction 
where H is the point of intersection of the horizontal line through 
jET and the central vertical BD of the base. As H moves from B to 
P, K will trace out a curve OK which gives the resistance of the 
corresponding fibres. Take moments for the equilibrium of the 
beam about A G 


P.l 



where I = length of the beam PTand u = HK 

This quantity jjuydxdy was termed the relative resistance of 

the beam or the resistance of the base of fracture. The meaning 
of these terms is important for the understanding of these early 
memoirs. (Varignon speaks of Resistance absolue and Resistance 
respective, cf. § xiii.) So far there is little to complain of in 
Varignon’s formulae except that it is necessary to know u before 
we can make use of it. He then proceeds to apply it to Galilei’s 
and the Mariotte-Leibniz hypotheses. 


[15.] In Galilei’s hypothesis of inextensible fibres u is supposed 
constant = r and the resistance of the base of fracture becomes 


= rJydxdy = '^fy^doc. 

On the supposition that the fibres are extensible we ought to con- 
sider their extension by finding what is now termed the neutral line 
or surface. Varignon however, and he is followed by later writers, 
assumes that the fibres in the base ACLN are not extended; and 
that the extension of the fibre through H varies as DH, in other 



VAEIGNON, PARENT. 


9 


words he makes the curve OK a straight line passing through 
Hence if r' he the resistance of the fibre at B, and DB = a, 
the resistance of the fibre at H=r'yla or the resistance of the hose 
of fracture on this hypothesis becomes 


This resistance in the case of a rectangular beam of breadth h and 
height a becomes on the two hypotheses 


ra^h 


and respectively. 


Hence in calculating the form of ‘‘solids of equal resistance’' 
where the resistance of any section of the beam is taken pro- 
portional to the breaking moment at the section, it will be 
indifferent which hypothesis we make use of, (Cf. § xxi. of the 
memoir.) 


[16.] Varignon calculates the forms of various solids of 
resistance, but it is unnecessary to follow him, his results are 
practically vitiated when applying the true (Leibniz-Mariotte) 
theory by his assumption of the position of the neutral surface, 
but in this error he is followed by so great a mathematician as 
Euler himself. (See Art. 75.) 


[17.] Before entering on the more important work of James 
Bernoulli we may refer to a memoir by A. Parent entitled Des 
points de rupture des figures:.., des figures retenuis par un de leurs 
bouts et tiries par telles et tant de puissances qv!on voudra. Me- 
moires de VAcadimie. Paris 1710, Tom. i. p. 235. I mention this 
memoir as it practically concludes the theory of solids of equal resis- 
tance. The author refers to two of his own earlier memoirs (1704 and 
1707) which I have not thought it needful to examine. The point 
of rupture is deduced from the solid of equal resistance in the 
following not altogether satisfactory fashion. Consider the case 
of a beam loaded in any fashion ; then retaining the horizontal 
generating curve of the beam (supposed formed by two cylinders 
with generators respectively horizontal and vertical in the manner 
described in our Art, 4,) we may replace the beam by a solid 
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of equal resistaDCe of the same length by changing its vertical 
generating curve, or again we may invert the process, retaining 
the vertical and varying the horizontal generating curve. In either 
case the ‘ relative resistance ’ of these two solids at any point (i.e. 
section) will be the same, and a point at which the difference 
between the relative resistances of the actual solid and of the 
hypothetical solids of equal resistance is a minimum will be a 
point of minimum resistance. A point at which this difference 
vanishes or is negative will be a point of rupture. Parent 
considers a variety of cases of solids of equal resistance and their 
points of rupture. 

18. The first work of genuine mathematical value on our 
subject is due to James Bernoulli^ who considered the form of 
a bent elastic lamina in a paper entitled Gurvatura Laminae 
Elasticaei printed in the Acta Eruditorum Lipaiae for June 1694, 
p. 262, with Annotationes et Additiones thereto in the same Acta^ 
Dec. 1695, p. 537. The method of this first examination of the 
elastic curve did not satisfy Bernoulli, and these memoirs were 
replaced by another entitled : 

Veritable hypothhe de la risistance des SolideSj avec la d6mon-< 
stration de la Courbure des Corps qui font ressort This occupies 
Vol. II. pp. 976 — 989 of the collected works of the author, published 
at Geneva, 1744. The date of the memoir is 12th of March 1705 ; 
and as the memoirs which follow it in the collected works are 
entitled Varia Fosthuma, we may take it to be the last which 
appeared during the life of this famous mathematician : he died on 
the 16th of August 1705. 

19. The memoir begins by brief notices of what had been 
already done with respect to the problem by Galilei, Leibniz, 
and Mariotte; James Bernoulli claims for himself that he first 
introduced the consideration of the compression of parts of the 
body, whereas previous writers had paid attention to the ex- 
tension alone ^ 

20. Three Lemmas which present no difficulty are given and 
demonstrated : 


1 [As we have seen this remark does not apply to Mariotte.] En. 
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I, Des Fibres de m^me matifere et de m^me largeur, ou 
^paisseur, tiroes ou press(^es par la m^me force, s’^tendent ou 
se compriment proportionellement h leurs longueurs. 

IL Des Fibres homogbnes et de mSme longueur, mais de 
differentes largeurs ou dpaisseurs, s'dtendent ou se compriment 
^galement par des forces proportionelles k leurs largeurs. 

III. Des Fibres hotnogbnes de m^me longueur et largeur, 
mais chargees de diffdrens poids, ne s'dtendent ni se compriment 
pas proportionellement k ces poids ; mais I’extension ou la com- 
pression causae par le plus grand poids, est k Fextension ou ^ la 
compression causde par le plus petit, en moindre raison que ce 
poids-1^ n*est k celui-ci. 

The third Lemma just stated is strictly true, but is not 
of great practical importance for our subject, because hitherto 
in the problems discussed it has been found sufficient to limit the 
forces so that the extension or contraction of the fibres shall 
be proportional to the tension or pressure h 

[21.] The fourth Lemma is more complex in statement, but 
may be readily understood by reference to Varignon’s memoir. 
We have seen that Varignon supposed the neutral surface to pass 
through the line AG, the so-called ‘axis of equilibrium’ 
(see the figure p. 7). James Bernoulli considering there to be 
both compression and extension does not treat this axis of 
equilibrium as the horizontal through the lowest point of the 
base of fracture. He recognises the difficulty of determining the 
fibres which are neither extended nor compressed, but he comes 
to the conclusion that the same force applied at the extremity 
of the same lever will produce the same effect, whether all the 
fibres are extended, all compressed or part extended and part 
compressed about the axis of equilibrium. In other words the 
position of the axis of equilibrium is indifferent. This result is 
expressed by the fourth Lemma and is of course inadmissible. The 
editor of the collected works has supplied notes recording his dis- 
satisfaction with the reasoning by which this Lemma is supported. 


^ [We shall see reason for somewhat modifying this statement later.] En. 
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and Saint-Venant remarks in his memoir on the Flexure of Prisms 
in Liouville's Journal, 1856 : 

On s’etonne de voir, vingt ans plus tard, un grand geom^tre, auteur 
de la premiere theorie des courbes elastiques, Jacques Bernoulli tout en 
adraettant aussi les compressions et presentant meme leur consideration 
conime etaut de lui commettre sous une autre forme, precisement la 
meme meprise du simple au double que Mariotte dans devaluation du 
moment des resistances ce qui le conduit m^me k affirmer que la 
position attribuee a Taxe de rotation est tout k fait indifferente. 

[22,] In addition to this error of Bernoulli’s it must be 
noted that he rejects the Mariotte-Leibniz hypothesis or the 
application of Hooke’s law to the extension of the fibres. He 
introduces rather an idle argument against, and quotes an ex- 
periment of his own which disagrees with Hooke’s Ut tensio, sic vis, 

23. James Bernoulli next takes a problem which he enunciates 
thus: ‘^Trouver combien il faut plus de force pour rompre une 
poutre directement, c’est-^-dire en la tirant suivant sa longueur, que 
pour la rompre transversalement.” The investigation depends on 
the fourth Lemma, and is consequently not satisfactory. 

24. Kext we have a second problem entitled: ‘‘Trouver la 
courbure de la Ligne Elastique, c’est-k-dire, celle des lames k ressort 
qui sont pli^es.” This problem forms the permanent contribution 
of the memoir to our subject. 

The process is more elaborate than is necessary, because it 
does not assume the extension or contraction of a fibre to he 
as the force producing it. But the case in which this assumption 
is made is especially noticed, and the differential equation to the 
elastic curve then takes the form dy = hx^dxjjc^ — 6 V. 

The investigation considered as the solution of a mechanical 
problem is imperfect; we know that three equations must be 
satisfied in order to ensure equilibrium among a set of forces in 
one plane, but here only one equation is regarded, namely that 
of moments \ 

1 [P. 985 ( mt dt is curious notation for f npdj^. Fig. 5 omit the 0 close by N,] 
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25. The method of James Bernoulli with improvements, 
has been substantially adopted by other writers. The English 
reader may consult the earlier editions of WhewelFs Mechanics, 
Poisson says in his Traite de Mecanique, Vol. 1, pages 597 and 600 : 

Jacques Bernoulli a d4termiii6, le premier, la figure de la lame 
^lastique en ^quilibre, d’apr^s des consideratious qiie nous alloiis 
d^velopper,... 

[20.] Sir Isaac Newton : Optics or a Treatise of the Reflections, 
Refractions and Colours of Light, 1717. 

The first edition of the Optics (1704) concluded with a series 
of sixteen Queries, To the second edition of 1717 were added 
fifteen additional queries, making thirty-one in all. Of these the 
XXXI®S termed ‘Elective Attractions/ occupies pp. 242 — 264 of 
Vol. IV. of Horsley’s edition of the Opera, It contains the 
suggestions upon which were afterwards built up the various hypo- 
theses of the physical nature of elasticity, which seek to explain 
it by the attractive properties of the ultimate atoms of bodies 
(see Articles 29. S. and 36). 

The Query commences by suggesting that the attractive powers 
of small particles of bodies may be capable of producing the great 
part of the phenomena of nature : — 

For it is well known that bodies act one upon another by the attrac- 
tions of gravity, magnetism and electricity; and these instances shew 
the tenor and course of nature, and make it not improbable, but that 
there may be more attractive powers than these. For nature is very 
consonant and conformable to herself. 

We then find certain chemical combinations, fermentations 
and explosive unions discussed on the ground of attractions between 
the small pai tides of bodies. 

The parts of all homogeneal hard bodies, which fully touch one 
another, stick together very strongly. And for explaining how this 
may he, some have invented hooked atoms, which is begging the 
question ; and others tell us, that bodies are glued together by Best : 
that is, by an occult quality, or rather by nothing : and others, that 
they stick together by conspiring motions, that is by relative Best among 
themselves. I had rather infer from their cohesion, that their particles 



14 


NEWTON. 


attract one another by sonie force, which in immediate contact is ex- 
ceeding strong, at small distances performs the cheajjcal operations 
above-mentioned, and reaches not far from the particles with any 
sensible effect, 

Newton supposes all bodies to be composed of hard particles, 
and these are heaped up together and scarce touch in more than a 
few points. 

And how such very hard particles, which are only laid together, and 
touch only in a few points can stick together, and that so firmly as 
they do, without the assistance of something which causes them to be 
attracted or pressed towards one another, is very difficult to conceive. 

After using arguments from capillarity to confirm these remarks 
he continues : 

Now the small particles of matter may cohere by the strongest 
attractions, and compose bigger particles of weaker virtue ; and many 
of these may cphere and compose bigger particles, whose virtue is still 
weaker ; and .so on for divers successions, until the progression end 
in the biggest particles, on which the operations in chemistry, and the 
colours of natural bodies depend ; and which by adhering, compose 
bodies of a sensible magnitude. If the body is compact, and bends or 
yields inward to pression without any sliding of its paints, it ,is Hard 
and Elastick, returning to its figure with a force rising from the mutual 
attractions of its parts. 

The conception of repulsive forces is then introduced to explain 
the expansion of gases. 

Which vast contraction and expansion seems unintelligible, by 
feigning the particles of air to be springy and ramous, or rolled up like 
hoops, or by any other means than a Repulsive power. And thus 
Nature will be very conformsible to herself, and very simple ; perform- 
ing all the great motions of the heavenly bodies by the attraction of 
gravity, which intercedes those bodies ; and almost all the small ones 
of their particles, by some other Attractive and Repelling powers, 

[27.] The conclusion of the Query and thus also of the Optics 
is devoted to a semi-theological discussion oa the creation of the 
ultimate hard particles of matter by God. A suggestive paragraph 
however occurs (p. 2fil), which is sometimes not sufiSciently re- 
membered when gravitation is spoken of as a cause : — 
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These principles— i. e. of attraction and repnlsion^I consider not as 
occult qualities, supposed to result from the specitiek forms of things, 
but as general laws of Nature, by which the things themselves are 
formed, j their truth appearing to us by phenomena, though their causes 
be not yet discovered \ 

This seems to be Newton’s only contribution to the subject of 
Elasticity, beyond the paragraph of the Principia on the collision of 
elastic bodies. (See Art. 37 and footnote.) 

]]28,] We may here note that while the mathematicians were 
beginning to struggle with the problems of elasticity, a number of 
practical experiments were being made on the flexure and rupture 
of beams, the results of which were of material assistance to the 
theorists. Besides the experiments made by Mariotte, we may 
mention : 

a. A. Parent : A first memoir by this author dated either 1702 
or 1704, 1 have not been able to discover. It is cited by Girard. 
Experiences pour connoitre la Resistance des Bois de Chine et de 
Sapin, Mim, Acad. Paris, 1707, p. 680. Les Resistances des 
Poutres par rapport d leiors Longueurs ou Portee$...et des Poutres 
de plus grande Resistance. Ibid. 1708, p. 20. 

/3, B. F. de B^lidor : La Science des inginieursdans la conduite 
des travaux de fortification et d' architecture civile, lia Haye 1729. 

7. B. A. F. de R^mur : Experiences pour connattre, si la force 
des cor des surpasselasomme des forces des fils qui composent ces mimes 
cordes. Mimoires de V Academic. Paris 1711. Also, Experiences 
et reflexions sur la prodigieuse ductilite de diverses matiires. Ibid. 
1718. I have referred to these memoirs, because although they 
can hardly be said to form part -of our subject, yet subsequent writers 
on elasticity draw material from them (e.g. Musschenbroek and 
Belgrade). 

S. Petris van Musschenbroek : Introductio ad cohaerentiam cor- 
porvm firmorum. This extremely voluminous work commences 
at p. 423 of the author’^ Phgsicae experimentales et geometricAie 

1 See Also tbe remarkable jdurase with whicb tbe preface to tbe -second edition 
concludes ; “I do not take gravity for an essential Properly of Bodies.” 
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Dissertationes. Lugduni 1729. It was lield m high repute even 
to the end of the 18th century. 

The author commences with an historical preface, which has 
been largely drawn upon by Girard. He describes the various 
theories which have been started to explain cohesion, and rejects 
successively that of the pressure of the air and that of a subtle 
medium. Of the latter, he writes : 

Quare clarissime conspicimus ex hypothesi aetlieris neqiiaquam 
fliiere pbaenoinena quae circa cohaerentiam experientia detegit, ineri- 
toque lianc Hypothesin ex Pliysica esse proscribendam (p. 443). ’ 

He laughs at Bacon’s explanation of elasticity, and another 
metaphysical hypothesis he terms ahracadahra. Finally he falls 
back himself upon Newton’s thirty-first Query (see Art. 26) and 
would explain the matter by vires internae. These internal forces 
Musschenbroek assumes to exist, and holds that, without our need- 
ing a metaphysical hypothesis as to their cause, we may deter- 
mine them in each case by experiment. 

Haec vis interna k Deo oannibus corporibus indita fiiit, voluitque 
infinite efficax Creator, ut haec in se operantur secundum vim illam : 
adeoque haec vis est Lex Naturae, cui similis observatur altera, gravitas 
appellata (p. 451). 

The source of elasticity is a vis interna attrahens. This theory 
is obviously drawn directly from Newton’s Optics. 

Musschenbroek then proceeds to propositions and experiments. 
He treats of the extension {cohaerentia vel resistentia absohita) and 
of the flexure {cohaerentia respectiva aut transversa) of beams, 
but does not seem to have considered their compression. His 
experiments are principally on wood, with a few however on metals. 
He refers to earlier experiments by Mersenne {TraM de lliarmonie 
universelle 1626. Lib. iii. prop. 7) and Francesco de Lama {Magis- 
terium naturae et artis 1684-92. Lib. XI. cap. 1) and discusses the 
Galilei and the Mariotte-Leibniz hypotheses. Anything of value 
in his work is however reproduced by Girard. 

Musschenbroek discovered by experiment that the resistance of 
beams compressed by forces parallel to their length is, all things 
being equal, in the inverse ratio of the squares of their lengths; a 
result afterwards deduced theoretically by Euler (see Art. 76). 
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€. Buffon, Moym facile d'augmenter la solidiU, la force et la 
durSe du lois. Him, Acad. Paris 1738, p. 241. 

Experiences sur la force du hois. Two memoirs presented 
to tlie French Academy in 1740 (p. 636) and 1741 (p. 394). 

Buffon seems to have been the first after Musschenbroek who 
experimented on bars of iron. See the Oeuvres completes, Tom. vii. 
p. 61. Paris, 1774 — 8. Most of the early experimenters deal only 
with wood. 

M. Perronet. Oeuvres. Tom. I. Sur les piem et pilotis. 

- 37 . Finally at the end of the century (1798) Girard closed this 
list of experiments with a remarkable series conducted at Havre 
referred to later (see Art. 131). 

[29.] A few other minor memoirs of the first half of the 18th 
century must be mentioned before we proceed to the more im- 
portant work of Jacopo Biccati, Daniel Bernoulli and Euler. 

a. Phre Mazifere : Les Loix du choc des corps d ressort parfait 
ou imparfait, dMuites dune explication prohahle de la cause physique 
du ressort. Paris, 1727. This was the essay which carried off 
the prize of the Aca/dimie Roy ale des Sciences offered in the year 
1726. Pfere Mazifere, Pritre de VOratoire, seems to have had 
remarkable notions on the extreme complexity of the mechanism 
by which Nature produces her phenomena, and on the slight 
grounds necessary for the statement of the most elaborate hypo- 
theses. The essay is of purely historical interest, but that interest 
is considerable ; it brings out clearly the union of those theological 
and metaphysical tendencies of the time, which so checked the 
true or experimental basis of physical research. It shews us the 
evil as well as the good which the Cartesian ideas brought to 
science. It is startling to find the French Academy awarding then 
prize to an essay of this type, almost in the age of the Bemoulhs 
and Euler. Finally it more than justifies Riccati s remarks as to 
the absurdities of these metaphysical mathematicians. 

Pfere Mazifere finds a probable explanation of the physical 
cause of spring in that favorite hypothesis of a ‘subtile matter ^ or 
Mer^e. In a series of propositions he deduces the following 
results. 


T. E. 
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La cause 'physique du ressort est unfiuide. This he proves by 
the method of elimination. ‘Une cause physique n’est pas une 
intelligence;’ that is only God or the first cause. Next it cannot 
be a solid, ergo it must be a fluid. This fluid circulates in the 
imperceptible canals of bodies. La cause physique du ressort n’est 
pas Vair, mais la matihre subtile. A single argument from a 
bladder 'will hardly strike the modern reader as conclusive. 

La matilre subtile a une force infinie, on comme infinie. 

‘ La matihre subtile est un fluide parfait 

La 'niatilre subtile est infini'ment comprimee. 

The extremely naive proofs of these propositions are well 
calculated to fill the modern reader with a pharisaical feeling. A 
remark which occurs under the last heading deserves to be I'epro- 
duced at length : 

Mais comment la mati^re subtile ne s’insinuSroit-elle pas dans tons 
les corps cr^ez 1 C’est elle qui les engendre, pour ainsi dire, qui 
les fait croitre par des vegetations, fermentations, &o. Sans elle que 
seroit TUnivers] Si Dieu qui Pa creee cessoit un instant de la con- 
server, oil de la comprimer j les Astres n’auroient plus de lumi^re, ni 
de mouvement ; le feu perdroit sa chaleur, I’eau sa liquidite, <fe Paimenb 
toutes ses vertus ; Pair que nous respirons se reduiroit a un amas 
confus de lames spirales sans aucune force; les corps n’auroient plus 
ni durete, ni ressort, ni fluidite, ni pesanteur ; ils ne tendroient plus 
vers le centre de la terre; & la terre elle-meme que deviendroit-elle 'I 
Otez la. matiere subtile, PXJnivers entier disparoit (p. 16). 

The Pfere Mazi^re then applies the Cartesian theory of vortices 
to the aether : 

La matilre subtile nest co'mposee que d’une infiniU de tourbillons 
qui tournent sur leurs centres avec une esctre'ine rapidiU. He 
attributes this discovery regarding the aether to Malebranche. 
These vortices are retained in equilibrium by their centrifugal 
forces, which leads to the corollary: la force centrifuge des tour-^ 
billons infiniment petits, est infiniment grande- Finally we have 
the concluding proposition of this ‘ explanation’: La matilre sub- 
tile est la cause physique du ressort par la force centrifuge de ses 
petits tourbillons. These little vortices are in the pores of all- bodies, 
etc., etc. Such will suflciciently characterise the method of- expla- 
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nation. Maziere thinks that other solutions might be given by 
means of the ‘‘subtile matter/' “mais je me suis arrets a celle qui 
m’a pavu avoir le plus de vraisemblance.” 

The rest of the tractate applies the theory to the impact of 
bodies. 

jS. G. B. Biilfinger : De soUdorum Resistentia Specimen, Com- 
menta7'ii Academiae PetropoUtanae, Tomus iv. p. 164. 

This is a memoir of August 1729, but first published in the 
proceedings for that year which appeared in 1735. 

The author commences with a reference to the labours of 
Galilei, Leibniz, Wurtz, Mariotte, Yarignon, James Bernoulli and 
Parent {“ Vidimus et Parentium saepius in hoc negotio versatum, 
virum, cuius longe infra meritum fama est’*). He then states as 
the object of his memoir : 

Nobis id curae est, ut factis repetita vice experimentis, tandem 
aliquando appareat, num dicta virorum naturae congruant 1 aut quous- 
que aberrent ^ Id ut consilio magis, quam casu, fiat, praemitti utique 
considerationes abstractae debent, sed paucae iUae, nec difilciles, nec 
omnes novae. 

The following nine sections (§ 3 to § 12) are concerned with 
the breaking force on a beam when it is applied longitudinally and 
transTersally. Galilei’s and the Mariotte-Leibniz hypotheses are 
considered. It is sh^wn that the latter is the more consonant 
with actual fact, but it is not exact because it neglects the 
compression (i.e. places the neutral line in the lowest horizontal 
fibre of the beam). 

Ita propius ad naturam accessimus in nova hac hypothesl ; seel 
aimmiis tamen a plena similitudine. Extenduntur fibrae in pnneto D, 



2—2 



20 


BULFINGER, DESAGULIERS. 


comprirauntur quoque. Nescio, qui factum sit, nt Mario tto maculam 
inurat, Jac. Bernoullius, quasi compressionem neglexerit, soli extensioni 
intentus, cum tamen id Mariotto deheamus, quod compressionis •prvrmm 
ipse Tnentionem fecerit; idemque sit autor propositionis, quam et 
Bernoullius approbat, quod eaedem conclusiones prodeant, sive solam 
extensionem flbrarum inde a ^ ad i), sive extensionem a ad punctum 
aliquod (7, et a ^7 ad D, compressionem supponas. (§ 12.) 

§ 13 — § 21 are concerned with various suppositions as to the 
relation between extension of a fibre and the extending force. 
Biilfinger thinks that the ut tensio sic vis principle is not consonant 
with experiment and suggests a parabolic relation of the form 
tension «= (distance from the neutral line)”^ 
where the power is a constant to be determined by experiment. 

In § 22 the writer returns to the question of extension and 
compression of the fibres of the beam under flexure. He cites the 
two theories; namely that of Mariotte, that the neutral line is 
the ‘middle fibre' of the beam, and that of Bernoulli that its 
position is indifferent. He himself rejects both theories, and gives 
on the whole sufficient reasons for doing so. Finally, not having 
accepted Hooke’s principle for the fibres of a beam, he holds that 
till the laws of compression are formulated, the position of the 
neutral line must be found by experiment. 

7. J. T. Desaguliers : Thoughts and conceptions concerning the 
Cause of Elasticity, Phil. Trans, 1736. 

Desaguliers’ opinions on elasticity are also expressed in his 
Course of Eocperimental Philosophy, London 1734 — 44. Vol. il. 
pp. 1 — 11 and p. 38 et seq. He supposes elasticity to be due to 
repulsive and attractive properties in the atoms, but he also 
endows them with polar properties, so that they are nothing else 
than “a great number of little loadstones.” (Of, Riccatfs state- 
ment, Art. 36.) 

S, Jacopo Belgrado: De corporihus Elastids Eisquisitio Phy- 
sico-mathematica, Parma 1748. 

This is a quarto pamphlet without any statement as to author, 
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printer or place, but it appears to belong to the above named 
Italian physicist*. 

There is little that is of value in this production, though the 
writer is evidently endeavouring to find a dynamical theory of 
elasticity apart from the hypothesis of some metaphysical me- 
chanism. Here as elsewhere we find a preference among the 
Italians for the method of Bacon. We may quote the first para- 
graph as historically interesting : — 

Ea seculi nostri indoles est, k ingenium, ut, fiotis hypothesibus 
praetermissis, ex experunentis, observationibus, ac (^oivo/iwots petenda 
Philosopbia sit, & caussarura scientia ducenda. Propterea desinamus 
niirari, si ii qui hacteiius vis elasticae caussam investigarunt, operam 
luseriiit, k nihil invenerint quod vel <j>cu,voixhfOK congrueret, vel naturae 
simplicitatem refeiret. Hypotheses celebemmae a Oartesio, Bemullio, 
Mazerio, aliisque institutae, k eloquentissime expositae nodum non 
solvunt, ao vel principii petitione laborant, vel nimis compositae innu- 
nieris ambagibus constant. Alii vorticibus, alii viribus centrifiigis 
plus aequo addioti, vel extra ipsa corpora, vel extra solidam partium 
compagem, k construotionem elaterii caussam quaesiverunt, minus de 
intimo corporum statu excutiendo solliciti, perinde ac si ad caussae 
cognitionem ejus investigatio nihfi conduceret. Verum, aut ego fallor, 
aut hujusmodi disquisitio rei extricandae viam quodammodo sternit, 
ao parat. Non id molior, quod viri ingeniosissimi ante me quicquam 
tentarunt. TJnice animus est nonnulla, quae ad intimum corporum 
elasticorum statum pertinent, ex observationibus, k experimentis de- 
ducto in apricum proferre, quae sin minus vim elasticam constituunt, 
ac praestant, saltern earn exigunt, ac requirunt, ut, iis positis, elastica 
corpora sunt, demtis, hujusmodi esse desinant. 

The anonymous Italian then states the three principles : 

De quibus nemo sanus hac aetate dubitat...AIterum est: ntilla vis 
in natura intercidit, nullo edito effectu ; altenim vero est : nihfi natura 
per saltum, ut inquiunt, agit; Tertium vero Leibnitianum mhil 
unquam accidit, nisi ratio vel caussa sufdciens in promtu sint. 

There is little to be learnt from this somewhat diffuse account 
of elastic bodies. I may note that the author is of opinion that all 

1 A reference of Mussohenbroek led me to Belgrado, and PoggendorB places a 
tr&otate of the above title among Belgrade’s worts. 
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bodies which exist in natui'e are elastic, and that he proposes the 
construction of a scala, sen curva virium elasticarum/’ Further 
he recognises that Mariotte had discovered that the fibres of a bent 
beam are partly compressed and partly extended, and he gives a 
geometrical method for determining points on the unchanged 
fibre or neutral line (p. 10). He does not place the neutral line on 
the surface of a beam, a mistake made by several more important 
mathematicians of his date. Gravesandes theory of the composi- 
tion of elastic bodies out of fibres and filaments (see Art. 42) he 
rejects, remarking the variety of construction in bodies, e.g. the 
granular. Finally, he states shortly a theory by which the vis 
elasticd may be explained by a change of vis viva to vis movtiia 
followed by the reverse process. This theory is very similar to that 
of Riccati and was of course suggested by the impact of elastic bodies. 

e. H. Manfredi : De virihus ex elastioonmi pulsu ortis, Gommen- 
tarii Bononienses, Tom. ii. 1748. 

(The name of this, together with the fact that I have found no 
reference to it in later memoirs seemed to render its examination 
unnecessary for our present purposes.) 

[30.] Jacopo Riccati. This author has made two contributions 
to our subject. The first is a memoir entitled : Verae et germanae 
virium elasticarum leges ex phaenomenis demonstratae, 1731, and 
printed in the De Bononiensi scientiarum Academia Oommentari% 
Tom. I. p. 523, Bologna 1747. 

This memoir is of very considerable interest; it marks the 
first attempt since Hooke to ascertain by experiment the laws 
which govern elastic bodies. The author commences by laying 
down the true theory of all physico-mathematical investigations : 

Arduum opus aggrediuntur hi, qui quaestionem aliquam enodandam 
sibi proponunt, in qua cum nihil datum sit, quod ad investigationem 
perducat ; quot data invenire oportet, totidem nova, et difficilia problemata 
solvenda occurrunt. Et quamquam ea, quae pro notis usurpamus, non 
ex fictis philosophorum hypothesibus, sed ex ipsa natura, et ah ex- 
perimentis petenda sunt ; saepissime accidit, ut quae propriora videntur, 
ot rem fex'e attingunt, ea nos a proposito longissime removeant. 
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Tliis latter difficulty Riccati liad fallen into with regard to his 
experiments on elastic bodies : 

Yerum iiicassum recidit labor, et rei difficultas qualemcumque 
industriam meam frustrata est ; nullus enim canon observationibus ex 
omni parte respondens sanciri potuit ; quod an materiae defectui, et 
circumstantiarum varietati, an experimentorum subtilitati tribuam, 
nescio: parumque abfuit, quin in doctissimi lacobi Bernoulli sententiam 
descenderern, unumquodque scilicet corpus, pro varia suarum partium 
textura,. peculiarem, et ab aliis corporibus diversam elasticitatis legem 
obtinere. 

The paragraph expresses very concisely the state of physical 
investigation with regard to elasticity in Riccati’s time. The 
remark of Bernoulli referred to occurs in the corollary to his 
third lemma : An reste, il est probable que cette courbe ” (lignede 
tension et de compression) est diffdrente de differens corps, a cause 
de la diff^rente structure de leurs fibres.'’ (See our article 20.) 
It struck Riccati however to consider the acoustic properties of 
bodies. For, he remarks, the harmonic properties of vibrating 
bodies are well known and must undoubtedly be connected with 
the elastic propei'ties — (“ canoni virium elasticanim ”). 

[31.] When however we come to examine the substance of the 
memoir itself, we find from Riccati’s first canon that he has no 
clear conception of Hooke’s Law, nor does the theory he bases 
upon the known results of acoustic experiments lead him to 
discover that law. In his third canon he states that the "sounds’ 
of a given length of stretched string are in the sub-duplicate ratios 
of the stretching weights. The "sounds’ are to be measured by 
the inverse times of oscillation. Proceeding from this known 
result he deduces by a not very lucid train of argument that, if 

be a weight which stretches a string to length x and u receive a 
small increment hic corresponding to an increment Sx of x, then 
the law of elastic force is that Su/u is proportional to Sx/x^. Hence 
according to Riccati we should have instead of Hooke’s Law : — 

where C is a constant. For compression the law is 
obtained by changing the sign of x. 

[32.] Riccati points out that James Bernoulli’s statements in 
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tte memoir of 1705 do not agree with this result or as he 
expresses it ^^fortasse minus 'veritati consonat ” ! He notes that the 
equation dulu^±dxl(x^ has been obtained by Taylor and Varignon 
for the determination of the density of an elastic fluid compressed 
by its own weight quod scilicet densitas sit oneri imposito proper- 
tionalis et gravitas aeris sit in ratione reciproca duplicata distan- 
tiae a centre telluris” (p. 541). 

[33.] The second contribution of Riccati is an attempt at a 
general explanation of the character of elasticity. It occurs in his 
Sistema delV Universo and must have been written before 1754, 
which was the year of his death. The Sistema was first published 
in the Opere del Conte Jacopo Riccati, Tomus i. Lucca 1761. The 
third and fourth chapters of the first part of the second book are 
respectively entitled : Belle forze elastiche and Da qualiprimi prin- 
dpi derivi la forza elastica. 

These chapters display very clearly the characteristics of 
the author; dislike namely of any semi-metaphysical hypothesis 
introduced into physics ; and desire to discover a purely dynamical 
theory for physical phenomena. 

Chap. III. opens with the statement that the physicists of his 
time had troubled themselves much with the consideration of 
elasticity : 

E si pub dire, che tante sono le teste, quante le opinioni, fra ciii 
qual sia la vera non si sa, se pure non son tutte false, e quale la piii 
verisimile, tuttavia con calore si disputa. 

[34.] Riccati then sketches briefly some of the theories then cur- 
rent. Descartes had supposed elasticity to be produced by a subtle 
matter (aether) which penetrates the pores of bodies and keeps the 
particles at due distances; this aether is driven out by a compressing 
force and rushes in again with great energy on the removal of the 
compression. (We may compare the conception to a sponge squeezed 
under water. The Cartesian view was first, I believe, given in the 
Principia Philosophiae published in 1644, or six years later than 
Hooke in his Be potentid restitutiva {see Art. 9) had also en- 
deavoured to explain elasticity by a ‘subtle medium.’ There is 
however a Cartesian character about Hooke’s discussion and he 
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may have heard of Descartes’ conception. The priority of the idea 
is only of historical interest and perhaps not worth investiga- 
tion.) 

[35.] The next theorist mentioned is J ohn Bernoulli who in his 
discourse on motion^ treats of the cause of elasticity and finds the 
Cartesian hypothesis insufficient. Bernoulli supposes the aether 
enclosed in cells in the elastic body and unable to escape. In this 
captive aether float other larger aether atoms describing orbits. 
When a compressing force is applied the cells become smaller, and 
the orbits of these atoms are restricted, hence their centrifugal 
force is increased; when the compressing force is removed the 
cells increase and the centrifugal forces diminish. Such is the 
complicated mechanism invented by Bernoulli to explain (?) how 
the forza viva absorbed by an elastic body can be retained for 
a time qb forza morta. (This theory of captive aether was at a later 
date adopted by Euler although in a slightly more reasonable 
form, see Art. 94.) 

[36.] Finally Eiccati gives a characteristic paragraph Tvith 
regard to the English theorists : 

Escono in campo i matematici Inglesi con una terza assai piii 
delle altre applaudita spiegazione. Non ci ha fenomeno in Natura, 
ch' eglino non ascrivano alle favorite attrazioni, da cui derivano la 
durezza, la fluidity, ed, altre propriety de’ composti, e spezialmente la 
forza elastica. Se ad ima molla si attacca per lungo un grave, che la 
distenda, viene esso sostenuto, ed equilibrate da una euergia attratrice, 
che rimosso, il peso, accorcia la verga, e la riduce alia sua natural 
dimensione. Air opposto se V elastico si comprime, sbuca fuori una 
forza repulsiva, che colF azione estema contrasta, la quale tolta di 
mezzo, torna prontamente a rimetterlo (p. 154). 

[37.] We have quoted so much from Eiccati in order to shew 
exactly the hypotheses as to the nature of elasticity current in his 
day. 

As for Eiccati himself he will not enter into these disputes 
'‘merc^ che il miglior partite di oppugnare le altrui false opinion! 

^ Prize essay of 1724, Discours sur les loix de la communication du mouvementy 
Paris, 1727. Chaps, i. to ni. 
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consiste nel produrre la vera.” For his own theory he will not 
call to his assistance the aether of Descartes or the attractions of 
Newton: ‘"II mio giro di raziocinio non uscira fuori de’ confini 
della Dinamica'' — a most excellent principle. We have now to 
consider how Riccati applied it. 

He proceeds first to discuss the results of experiments on 
elastic bodies, and quotes those of Newton^ and Rizzetti^ but he 
still seems ignorant of Hooke’s Law and quotes Gravesande® to 
shew that the relation of extension to force is quite unknown. 
This is the more curious as he elsewhere cites Hooke for a remark 
as to the specific gravity of bronze. 

[38.] Chap. IV. After again insisting on the importance of 
the method, which proceeds from the codification of phenomena to 
the deduction of a principle consistent with experience, Riccati 
states la mia novella sentenza. This principle, so far as I have 
been able to follow Riccati’s not very lucid exposition, is involved 
in the following statements. 

Every deformation is produced by fovza viva and this force is 
proportional to the deformation produced. Of this statement 
Riccati says : 

lo son certo, che non ci sia per essere Fisico, che si opponga ad una 
verity cosi splendida e dalle allegate sperienze in tante guise compro- 
vata. 

^ I Rave thought it advisable to omit all consideration of Newton’s and other 
experiments on the collision of elastic bodies. The history of this branch of the 
subject is considerable and there are a number of memoirs from the seventeenth 
and first half of the eighteenth centuries. I may refer to : 

Marcus Marci ; De proportione motus, Prag, 1639. Historically a most inter- 
esting work. 

Wren: PML Trans. Dee. ,1668. 

Huyghens : Ibid. Jan. 1669. De motu corporum ex percussione^ 1703. 

Mariotte : TraiU de la percussion, Paris, 1676. 

Newton: Prindpia Naturalis PhilosopMae ; Scholium to Coral, vi. p. 23 of the 
first edition. 

A list of further memoirs, De percussions Corporum, is given by Reuss, Reper- 
torium Commentationum, p. 211, but those I have been able to examine do not seem 
of much value. 

2 De Bononiensi Academia Commentarii, Tomus i. De coiporum collisionibus, 
p. 497. 

® Physices elemeiita mathematlca experiuientis conjinnafa, 1720, L. i. c. 26. 
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The forza viva spent in producing a deformation remains in 
the strained body in the form of forza morta ; it is stored up in 
the compressed fibres. Riccati comes to this conclusion after asking 
whether the/or^a viva so applied could be destroyed ? That such 
a dissipation of energy — to use a modem expression — is possible 
in the universe he denies, making use strangely enough of the 
argument from design, a metaphysical conception such as he has 
told us ought not to be introduced into physics ! 

La Natura anderebbe successivamente languendo, e la materia 
diverrebbe col lungo girare de’ secoli una massa pigra, ed informe fornita 
soltanto d’ impenetrability, e d’ inerzia, e spogliata passo passo di qiiella 
forza (conciossiachy in ogni tempo una notabil porzione se ne distrugge) 
la quale in quantity, ed in misura era stata dal sommo Facitore sin 
dair origine delle cose ad essa addostata per ridurre il presente 
TJniverso ad un ben concertato Sistema. 

[S9.] This paragraph is singularly interesting as uniting the 
old theologico-mathematical standpoint, with the first struggling 
towards the modern conception of the conservation of energy. It 
is this principle of energy which la mia novella sentenza endeavours 
so vaguely to express, namely that the mechanical work stored 
up in a state of strain, must be equivalent to the energy spent 
in producing that state. 

[40.] In sections IV. and V. of this chapter Riccati attempts 
to elucidate, although without much success, his principle by the 
simple case of a stretched string. He refers to his previous 
memoir and tells us that the forza viva must be measured by the 
square of the velocity. The consideration of the impact of bodies 
is more suggestive; the forza viva existing before impact is 
converted at the moment into forza morta and this re-converted 
mto forza viva partly in the motion of either body as a whole, and 
partly in the vibratory motion of their parts, which we perceive in 
the sound vibrations they give rise to in the air. With regard to 
the transition from forza viva to forza mortar Riccati remarks : 

Del perpetuo, e non interroto passaggio delle forze di vive in morte, 
e di morte in vive fa uso la Natura nel generare con tanta costanza di 
leggi, e nel tempo stesso con tanta variety i suoi prodotti, e, quasi direi, 
per tener equilibrata 1’ economia del presente Universe (p. 168). 
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A great example of this is the elastic property of bodies, and to 
explain it there is no need to fly “alia materia sottile de’ Cartesian!, 
o alle Newtoniane attrazioni.” Eiccati concludes his discussion 
with a summary of eight headings, which however contain nothing 
of additional interest. 

[41.] The importance of Riccati’s work lies not in his practical 
results, which are valueless, but in his statement of method, and 
his desire to replace by a dynamical theory semi-metaphysical 
hypotheses. In many respects his writings remind us extremely 
of Bacon, who in like fashion failed to obtain valuable results, 
although he was capable of discovering a new method. Euler’s 
return to the semi-metaphysical hypothesis (see Art. 95) is a 
distinct retrogression on Riccati’s attempt, which had to wait 
till George Green’s day before it was again broached. 

[42.] Of the authorities quoted by Riccati, John Bernoulli, 
in his Discoicrs sur les loix de la communication du moxivementt 
Palis, 1727, devotes the first three chapters to hardness and 
elasticity, but without coming to any conclusions worth quoting 
even for their historical value. Gravesande in his Physices Elementa 
Mathematica, 1720, explains elasticity (Lib. L Cap. v. p. 6) by 
Newtonian attractions and repulsions. The 26th chapter of the 
first book is also entitled De legihus elasticitatis. He is of opinion 
that within the limits of elasticity, the force required to produce 
any extension is a subject for experiment only. The results are 
principally experimental, he considers elastic cords, laminae and 
spheres (supposed built up of laminae), and finds the deflection 
of the beam in Galilei’s problem proportional to the weight. He 
makes however no attempt to discuss the elastic curve. 

[43.] The direct impulse to investigate elastic problems un- 
doubtedly came to Euler from the Bernoullis. Thus in a letter 
of John Bernoulli to Euler dated March 7, 1739 S the writer 
mentions a property of the Elastioa rectangula {vel etiam 
Lintearia; amhae enim eandem faciunt curvam) which Euler 

^ Fuss : Correspondance MathSmatique ct Physiqucy St P6tersbourg, 1843, Tom. 
II. I). 23. 



DANIEL BERNOULLI. 


29 


had communicated to him*, but for the full understanding of 
Euler’s work Daniel Bernoulli’s letters to Euler are peculiarly 
instructive. 

[44,] On Sept 23, 1733, he writes®: 

Unterwegs habe ich einige meditationes matliematicas gemacht de 
detenninandis utique crassitiebus laminae muro horizontaHter infixae, 
ita ut ubique aequaliter sit rupturae obnoxia lamina, die lamina mag 
proprio pondere agix'en oder noch von einem superincumbente pondere 
xitcunque gcladon seyn. Man kann iiber dieses Thema viele curiose 
Sachen annotiren, woruber ein sonderbares m^moire abfassen werde. 

[45.] In a second letter dated May 4, 1735, we find the 
following paragraph : 

Haben Sie soitliero auch gedacht an die vibratioues laminae elasticae 
muro vertioali perpendiculariter infixae. Ich finde pro curva diese 
Acquation nd*'^ ^ ydx* all wo n eine quantitas constans, x die abscissae y 
die applicatae, dx constans. Aber diese Materie ist gar schlupfrig ; und 
mochte gern Hire Meinung dariiber horen : Obgedachter Aequation 
satisfacirt die logarithmica wie auch dieser Aequation n\ddy-ydo^. 
Keine aber ist pro presenti negotio general genug®. 

Another letter of the same year (Oct. 26) mentions further 
results of his researches with regard to the period of vibration^ 

It will be seen at once how Galilei's problem had determined 
the direction of later researches, how while James Bernoulli solved 
the problem of the elastic curve his nephew Daniel first obtained 
a differential equation which really does present itself in the 
consideration of the transverse vibrations of a bar. Euler when in 
1740 he arrived at the same differential equation was already 
in possession of Bernoulli's results. Neither of these dis- 
tinguished mathematicians seem at this period, 1735 — 1740, to 
have obtained a general solution of their equation. Daniel 
Bernoulli's results were first published in a memoir printed in the 
CommentaHi of the St Petersburg Academy for 1741 — 1743. I 
shall return to this memoir later. 

^ His brother James appears to have discovered this curve as early as 1691 
Bee his account of the matter in the Acta JErtiditoiniTn Lipsiae for 1695, p. 546. 

^ Fuss, II. p. 412. ® Fuss, n. p. 422. Fuss, ii. p. 429. 
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[46.] A still more important letter is that of Oct. 20, 1742, 
In this Bernoulli proposes several problems concerning elastic 
laminae to Euler, and states that several months previously 
he had sent to him 

Eine weitlaufige und operose pit‘ce de souo lanuuarum lihoraruin, 
darin ich gar viel merkwiirdige pliaenonicna physica explicirt und 
ausgereclinet habe ; hierzu war aher eine neuo theoria pbysica orfordert 
ebe und bevor ich die mathesin appliciren konnte. 

He suggests for Euler's consideration the case of a beam with 
clamped ends, but states that the only manner in whicli he has 
himself found a solution of this ‘‘idea genoralissima olasticarum" 
is “per methodum isoperimctricorum." He assumes the “vis viva 
potentialis laminae clasticae insita” must bo a minimum, and 
thus obtains a differential equation of the fourth order, which 
he has not solved, and so cannot yet shew that this “aequatio ordi- 
naria elasticae” is general 

Ew. reflectirou ein wonig dai'auf ob man nicht kunno sine intorventu 
vectis die curvaturam immediate ox principiis mechanicis doduciron, 
Sonsten exprimii'e ich die vim vivam potontxalem laminae elastica<‘ 
naturaliter rectae et incurvatao durch sumendo elementiim ds 

pro constaute et indicando vadium osculi per Da Niemand dit‘ 
methodum isoperimetricorum so weit perfcctionnirot als Sie, worden Siti 
dieses problema, quo requiritxir ut ^dsjW faciat minimum, gar Iciclit 
solviren I 

[47.] Bernoulli writes further about the same matter to Euler 
Feb. 1743 and Sept. 1743* In the latter letter he extends his 
principle of the ‘vis viva potentialis laminae elasticae' to laminae 
of unequal elasticity, in which case jEdsjE^ is to be made a 
minimum. The last letter I have found referring to the subject is 
written in either April or May 1744, and therein Bernoulli ex- 
presses his pleasure that Euler's results on the oscillations of 
laminae agree with his own®. 

[48.] The memoir of Daniel Bernoulli to which I have 
referred is published in the Gommentarii Academiae Scientianmi 
Imperialis Fet7^opoUtanae, Vol. 13, 1751; and is entitled De vihra- 

1 Fuhh, ir. pp. 505—7. “ IhitL n, pp. 518, 5HS and 55S. 
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tiouibus et sono IctiuiTiamyi elcbsticuTuiTi GoiiiTYientationes Physico^ 
G60))i6tric(i6j p. lOo. The naenioirs in this volume are for the years 
1741—1743. 

We may note that the volume commences with Exc&rpta ex 
liteHs CL Dccniele Bernoulli ad Leouh, Eulevy and on p. 8, after 
considering several differential equations, Bernoulli takes another 
example: 

Quod praesertim axno, quia pei'tinet ad argumentum mechanicum 
ium pridem a me propositum et a nobis ambobus solutum, argumentum 
iiitelligo cle figura, quam lamina elastica uniformis muro infixa et 
vibrata affectat... 

The equation is d^s =/^ . s . dv*, 

and the solution givcii 
5 = aef'^ + 

or, since the exponentials may be read as “sinus arcuum cir- 
culariuin,” 

s = ae-^^ + g sin arc {fv + h), 

[49.] The method of the memoir itself is unsatisfactory be-^ 
cause the differential equation is obtained from statical rather 
than dynamical considerations. For the vibrations of a free beam 
morticed into a vertical wall Bernoulli finds the differential 
equation of his earlier letters (see Art. 45), namely, 

cu-'r’ 

where x is the horizontal distance from the wall and y the 
corresponding vertical displacement of any point of the beam. 
The solution of this equation is then given, first in the form of 
four infinite series each with an arbitrary constant, and then in the 
form of the previous article. Bernoulli states that these arbitrary 
constants will be in each case determined by the character of the 
oscillations of that particular case (“cuivis casui proposito accom- 
modari potest, vt et cuivis oscillationum generi”). His method 
of connecting the “longitude penduli simplicis isochroni cum 
vibrationibus laminae’* with his differential equation (§§ 5 and 
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11 — 12) will hardly satisfy modern desire for accuracy. At the 
same time he arrives at the equation (stating that he owes it to 
Euler^), 

2 sin - 7, . 

where I is the length of the rod, and deduces that the length of the 
isochronous pendulum where is an elastic constant. 

He notes that the equation for Ijf gives only numerical values for 
this ratio; — “igitur longitudo penduli isochroni est in ratione bi- 
quadrata longitudinis I et numerus oscillationum laminae in ratione 
reciproca duplicata ejusdem longitudinis.” If we write llf=(o 
the above equation for the periods may be written 

cos ft) , (^ + + 2 = 0. 

The memoir concludes with some discussion as to the notes of 
a beam vibrating transversally. 

[50.] A second memoir of Bernoulli in the same volume is 
entitled De sonis multifariis quos Laminae Masticae diversimode 
edunt disquisitiones Mechanico- GeometHcae Experimentis acusticis 
illustratae et confirmatae, p. 167. This memoir commences with 
an enumeration of the four modes of vibration of an elastic lamina 
which are identical with those afterwards formulated by Euler (see 
Art. 64). Various forms of the solution of the general differential 
equation are next considered for these particular modes. Then 
follows a discussion as to the periods of the vibrations and 
the position of the nodes. Several experiments in confirmation 
of the theoretical results are considered in the course of the 
memoir. 


51. Euler, 1740, De minimis osdllationibus corporum tarn 
mgidorum quam fiexihilium. Meihodus nova et facilis. This is 
published in the Commentarii Academiae Scientiarum Imperialis 
Petropolitanae, Vol. 7, 1740 : it occupies pages 99 — 122. 

This memoir is very slightly connected with our subject; it is 

1 This equation appears also in Daniel Bernoulli’s letter to Euler of February 
1743 mentioned above. 
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devoted to the exposition of a method of solving problems relatincr 
to certain cases of motion, which was useful at an epoch previoul 
to^ the introduction of D’Alembert’s Principle. All that it con- 
tains relative to elastic bodies is reproduced in that part of the 
Methodus mveniendi lineas curvas which treats of the vibration 
of elastic curves; and Euler on page 283 of that work cites 
the present memoir. A few points may be noticed. 

Euler here, as elsewhere, is not very careful with respect to his 
notation. For instance, in his diagram g it will be seen that 
O/ and A. denote certain points ; in the corresponding text it will be 
found that a denotes also a certain length, and A a certain elastic 
force. 

62. Euler assumes that the elasticity along a curve varies 
inversely as the radius of curvature (see his page 113); he gives 
only this brief reason, namely that the more the rod is bent the 
greater is the elastic force. His words are ; “ Cumque eadem vis 
elastica sit eo major, quo magis curvatur, erit vis elastica in M ut 
V divisum per radium osculi in M.” 

The differential equation ^ presents itself, and Euler 

seems unable to state at once the general form of the solution : (see 
his pages 116 and 117^). In the Methodus inveniendi, page 285, he 
gives the general form, namely, 

X X 

Ae^ Be ^ -f (7 sin - + cos - . 

c c 

53. Euler, 1744}. The celebrated work of Euler relating to 
'what 'we now call the Calculus of Variations appeared in 1744 
under the title of Methodus inveniendi lineas curvas maximi 
minimive proprietate gaudentes. This is a quarto volume of 320 
pages; of these pages 245 — 310 form an appendix called Addita- 
mentum I, De Curvis Elasticis, which we shall now examine. 

1 The following extract from page 122 may interest those who study the history 
of music: “Ope hujus regulae inveni in instrumentis musicis, quae ad tonum 
choralem attemperata sunt, chordam indmam littera C notatam minuto secundo 
118 edere vibrationes ; summam vero, qiiae c signari solet, eodem tempore Tibra- 
tiones 1888 absolvere (sic),” 

T. E. 
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[54.] The memoir commences with a statement which is of 
extreme interest as shewing the theologico-metaphysical tendency 
which is so characteristic of mathematical investigations in the 
17th and 18th centuries. It was assumed that the universe was 
the most perfect conceivable, and hence arose the conception that 
its processes involved no waste, its 'action’ was always the least 
required to effect a given purpose. That the results obtained by 
such metaphysical reasoning would differ according to the method 
in which 'action’ was measured, does not seem at first to have 
occurred to the mathematicians. Thus we find Maupertuis’ ex- 
tremely eccentric attempt at a principle of Least Action. On 
the whole it is however probable that physicists have to thank 
this theological tendency in great part for the discovery of the 
modem principles of Least Action, of Least Constraint, and perhaps 
even of the Conservation of Energy. 

The statement to which we refer is the following : 

Cum enim Mundi nniversi fabrica sit perfectissima atque a Creatore 
sapientissimo absoluta, nihil omnino in mundo contigit, in quo non 
maximi minimive ratio quaepiam eluceat, quamobrem dubiiim prorsus 
est nullum quin omnes mundi effectus ex causis finalibus, ope methodi 
maximorum et minimorum, aeque feliciter detenninari queant, atque ex 
ipsis causis efficientibus. 

[55.] Euler then cites several examples of this natural prin- 
ciple and mentions the service of the Bernoullis in the same 
direction. He continues ; 

Quanquam igitur, ob haec tam mulfca ac praeclara specimina, 
dubium nullum relinquitur quin in omnibus lineis curvis, quas Solutio 
Problematum phjsico-mathematicorum suppeditat, maximi minimive 
cujuspiam iu doles locum obtineat j tamen saepenumero hoc ipsum 
maximum vel minimum difficillime perspicitur ; etiamsi a priori Solu- 
tionem eruere licuisset. 

Then stating that Daniel Bernoulli (see Bernoulli’s letter of Oct. 
1742, Art. 46) had discovered in the course of his investigations 
that the vis potentialis represented by JdsfE^ was a minimum 
for the elastic curve, Euler proceeds to discuss the inverse 
problem, namely : 
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o 6 . To iuvestigate the equation to a curve which satisfies 
the following conditions. The curve is to have a given length 
between two fixed points, to have given tangents at those points, 
and to render fds/R'‘ a minimum: see pages 247 — 250 of the book. 
No attempt is made to shew why this potential force should be a 
minimum in the case of the elastic curve. 

By the aid of the principles of his book Euler arrives at 
the following equations where a, a, jS, 7 are constants, 

— (g + doc _ 

^ J - (a + /3a; + 7.4-“)*"} ’ 
from this we obtain 

^ N/K-(a + ^a: + yj:7}’ 

xLiuler then says 

Ex quibus aequationibus consensus hnjus curvae inventae cum curva 
elastica jam pridem eruta manifeste elucet. 

Quo an tern iste consensus clarius oh oculos ponatur, naturam curvae 
elasticae a priori quoque investigaboj quod etsi jam. a Viro summo 
Jacobo Bernoullio excellentissinie est factum; tamen, hae idonea occasione 
oblata, nonnulla circa indolem cur varum elasticarum, earumque varias 
species et figuras adjiciam; quae ab aliis vel praetermissa, vel leviter 
tantum pertractata esse video. 

57 . Accordingly Euler gives on his page 2o0 his investigation 
of the elastic curve in what he has just called an a priori manner. 
But this method is far inferior to that of James Bernoulli; for 
Euler does not attempt to estimate the forces of elasticity, but 
assumes that the moment of them at any point is inversely 
proportional to the radius of curvature: thus he in fact writes 
down immediately an equation like (1) on page 606 of Poisson’s 
TraiU de M^canique, Vol. L, without giving any of the reasoning by 
which Poisson obtains the equation^ 

58. Euler starts with the supposition that the elastic curve is 
fixed at one point, and is bent by the application of a single force 

^ On page 250 observe P is used as elsewhere in two senses, namely for a force, 
and for the position of a point. 


3—2 
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at some other point ; and then he considers cases in which instead 
of his single force we have two or more equivalent forces. On his 
page 255 he supposes that the forces reduce to a couple, and he 
shews that the elastic curve then becomes a circle, Saint-Venant 
alludes to this in the Comptes Rendus, YoL xix. page 184, where 
he remarks: 

M. Wantzel, dans une communication faite le 29 juin k la 
Soci^t^ Philomatique, a remarque que la courbe k double courbure, 
affectee par une verge primitivement cylindrique, solicitee par un couple, 
est n4cessairement une helice. 

C’est une generalisation du r^sultat d’ Euler, consistant en ce que 
lorsque la courbe provenant de la verge axnsi solicitee est plane, elle ne 
I)eut toe qu’un arc de cercle. 

59. Euler distinguishes the various species of curves included 
under the general differential equation of Art. 56; he finds them to 
be nine in number. The whole discussion is worthy of this great 
master of analysis; we may notice some of the points of interest 
which occur. 

The third species is -that in which the differential equation 

reduces to dy = -====; see his page 261. This is not substan- 
V a — 

tially different from the particular case we have noticed in (Art. 
24) our account of James Bernoulli. The curve touches the axis 
of X at the origin ; and Euler calls it the rectangular elastic curve. 
In connection with the discussion of this species Euler introduces 
two quantities /and h which are thus defined: 

r ^ ^ 

and he says : 

Quanquam autem bine, neque b, neque / per a accurate assignari 
potest; tamen alibi insignem relationem inter has quantitates locum 
habere demonstravi. Scilicet ostendi esse 4:hf= 7raa. 

I do not know where Euler has shewn this; however b and / 
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can no w be e xpressed in terms of the Gamma-function. For put 
x = a Jsmd •, thus we obtain 

2 i , Jam d 2 2 r (I) ’ 

(See Ivtegt'ciZ Ocdculus, page 291, Example 24.) Sence we obtain 
j since T (J) = J T (J). Euler says that he finds approxi- 


5a TT 


mately /= -q“ x 2 ^ closely /= ^ x 1-1803206 ; 

then by a mistake he puts 6 = x 1*1803206 instead of 

V A 


1 h 

/ei T .1 oTvkw^ • Thus he makes - = -834612, which is too 

A X XoUo^UO 0/ 


■L ^ 

h--^x 


great; in fact - is about 


60. On his page 270 Euler observes that he has hitherto 
considered the elasticity constant, but he will now suppose that it 
is variable; he denotes it by S, which is supposed a function of the 
arc 5 ; p is the radius of curvature. He proceeds to find the 
curve which makes JSds/p^ a minimum^; and by a complex in- 
vestigation finds for the differential equation of the requhed curve 

a + fix-'yy = 8jp, 

where a, >S, y are constants. This he holds to be necessarily 
the correct result, by the same principle as in Art. 54; and he says 
jon his page 272 : 

Sic igitnr non solum Celeb. Bernoullii observata proprietas Elasticae 
plenissime est evicta ; sed etiam fonnularum mearum difficiliorum osus 
summus in hoc Exemplo est declaratus. 

1 [This ‘principle’ is again due to Daniel Bernoulli ; see Art. 74. En.] 
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61. On page 276 the integrals j and j ds cos 

present themselves, especially for the case in which the limits are 
0 and 00 ; but Euler cannot assign the values. He says. 


Kon exiguum ergo analysis incrementum capere existimanda erit, 
si quis methodum inveniret, cujus ope, saltern vero proxime, valor 

horum integraliiim J ds sin et J ds cos assignari posset, casu 

quo s ponitur infinitum : quod Problema non indignum videtur, in quo 
Geometrae vires suas exerceant. 


The required integrals can be now expressed; for we have by 
putting 2a® iT, 



see Integral Oalculiis, page 283. 


62. On his pages 278 and 279 Euler takes the case in which 
forces act at every point of the elastic curve; and he obtains 
an equation like that denoted by (c) on page 630 of the first 
volume of Poisson’s TraiU de M^canique^. 

63. From page 282 to the end Euler devotes his attention 
to the oscillations of an elastic lamina; the investigation is some- 
what obscure for the science of dynamics had not yet been placed 
on the firm foundation of D'Alembert's Principle: nevertheless the 
results obtained by Euler will be found in substantial agreement 
with those in Poisson's Traite de Micanique, Vol. ii., pages 
368—392. The important equations (a) and (a) on Poisson’s 

1 Page 280, line 7. Go back rather to the first equation of Art. 58, which will 
reduce to 


then differentiate again. 
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pages 377 and 387 respectively agree with corresponding equations 
on Euler’s pages 297 and 287. 

64. On the whole Euler examines four cases of vibration of 
an elastic rod, namely the following, where I use built in for the 
enoastre of the French writers : 

(1) Eod built in at one end, and free at the other; page 285. 

(2) Eod free at both ends; page 295. 

(3) Eod fixed at both ends ; page 305. 

(4) Eod built in at both ends ; page 308. 

[These are identical with the four cases given by Bernoulli in 
the memoir referred to above, Art. 50.] 

[65.] 1757. Sur la force des colonnes, Mimoires de V Academic 

de Berlin, Tom. xiii. 1759, pages 252 — 282. This is one of 
Euler’s most important contributions to the theory of elasticity \ 

The problem with which this memoir is concerned, is the dis- 
covery of the least force which will suflSce to give any the least 
curvature to a column, when applied at one extremity parallel to 
its axis, the other extremity being fixed. Euler finds that the 

force must be at least == tt® , — ^ , where a is the length of the 

a 

column and El^ is the ‘moment of the spring' or the ‘moment of 
stiffness of the column’ {moment du ressort or moment de roideur). 
The moment of stiffness multiplied by the curvature at any point 
of the bent beam is the measure of the moment about that point 

= P .y in Euler s notation j. 

[66.] If we consider a force F perpendicular to the axis of a 
beam (or lamina) so as to displace it from the position AC to ADy 
and B be the projection of B parallel to AO on. a line thr^gh^C 

pei’pendicular to A C, Euler finds by easy analysis DB = ^ > 

supposing the displacement to be small. This suggests to him a 
method of determining the ‘moment of stiffness’ Ek^ and he makes 

1 Historically, not practically, see footnote, p. 44, 
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(§§ various remarks on proposed experimental investi- 

gations. He then notes the curious distinction between forces 
acting parallel and perpendicular to a built-in rod at its free end; 
the latter, however small, produce a deflection, the former only 
when they exceed a certain magnitude. It is shewn that the 



force required to give curvature to a beam acting parallel to its 
axis would give it an immense deflection if acting perpendicularly 
(§ XIII.). 

[67.] In sections xvi. and xvii. Euler deduces the equation 
for the curve assumed by the beam AO fixed but not built 
in at one end A and acted upon by a force P parallel to its 
axis. If RM be perpendicular to AG and y = RM. x = AM, be 
finds 



where 6 = iR CM. Hence since 2/ = 0, when a; = a the length of the 



beam, a must at least = tt, whence it follows that P must 

be at least = 7r®.-^. This paradox Euler seems unable to ex- 

(Jb 

plain (see our discussion of Lagrange’s Memoir, Art. 108). 

[68.] Sections XIX. — xxxv. are concerned with beams of 
varying density or section and are of less interest or importance. 
In section xxxvi. he returns to the case of a uniform beam, but 
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takes its weight into consideration. If Q be the total weight of the 
beam the differential equation 

JSk'^ ad^y + Pa (dxY dy + Qx {dscf dy=^(^ 

is obtained (§ xxxvii). This is reduced by a simple transformation 
to a special case of Eiccati’s equation, which is then solved on the 

supposition that ^ is small. Euler obtains finally for the force 

P, for which the rod begins to bend, the expression 

P = 7^^ “ 8)/27r®; 

which shews that the minimum force is slightly reduced by taking 
the weight of the beam into consideration. 

69. Euler, 1764. De motu vibratorio fili flexilis, corpusculis 
quotounque onusti. This is published in the Novi Gommentarii 
Academiae Scientiarum Imperialis PetropoUtanae^Yolume ix, for 
the years 1762 and 1763; the date of publication is 1764. The 
memoir occupies pages 216 — 245 of the volume. 

Euler first gives a sketch of the treatment of the general 
problem, and then discusses the special cases in which the number 
of weights is respectively one, two, three, and four. The subject of 
this memoir is considered by Lagrange in the M^canique Analytique, 
Tome I., Seconde Partie, Section vi. 

70. Euler, 1764. De motu vibratorio cordarwm inaequaliter 
crassarum. This memoir occupies pages 246 — 304 of the volume 
which contains the preceding memoir. Euler implies that this is 
the first time that the motion of a cord of variable thickness was 
discussed. He says, on page 247 : 

Ne igitur talibus phaenomenis, quae cordis uniformiter crassis sunt 
propria, iiimium tribuatur, baud abs re fore arbitror, si cordarum etiam 
inaequaliter crassarum motum, quantum quidem Analyseos fines per- 
mittunt, examini subjecero, ej usque investigationem latissime complexam 
instituero. Maxime autem ardua est haec quaestio, atque gravissimis 
difficultatibus involuta; hancque ob causam etiamsi in ejus enodatione 
parum profecero, tamen amplissimus nobis aperietur campus, vires 
nostras in analyst exercendi, hujusque scientiae limites ulterius di- 
latandi. 
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These two memoirs by Euler relate to flexible bodies, but not 
to elastic bodies; and thus do not really belong to our subject^ 
I was led to examine them in the attempt to verify a reference 
given by Cauchy in his Exercices de MatMmatiques, Vol. iii. page 
312. 

71. Euler, 1771. OenuinaPrincipiaBoctrinae de Statu aequi- 
librii et motu corporum tarn perfecte flexibilium quam elasticorum. 
This is published in the Novi Gommentarii Academiae Scientiarum 
Imperialis Petropolitanae, Volume XV. for 1770; the date of 
publication is 1771. The memoir occupies pages 381 — 413 of the 
volume. 

In pages 381 — 394 general formulae are given for the equi- 
librium of a flexible string and of an elastic rod. So far as relates 


1 [Tlie accompanying bibliographical note on the vibrations of flexible cords 
may be of service to the reader, as the subject is intimately connected with our 
present one. 

(1) Beook Tayloe. ‘ De motu nervi tensi.’ P/i/Z. Ti-ans. 1713, p. 26. ‘Methodus 
incrementorum directa et inversa.’ London, 1715, p. 88. 

(2) D’Alembeet. ‘ Sur la courbe que forme une corde tendue mise en vibra- 
tion.’ Mimoires de VAcadMe. Berlin, 1747. Of. Opuscules mathimatigueSf Tom. 
I. pp. 1 and 65. Paris, 1761. 

(3) Eulee. * Sur les vibrations des cordes.’ MSmoires de VAcadSmie, Berlin, 
1748. 

(4) Daniel Beenoulli. ‘Reflexions et 6claircissemens sur les nouvelles 
vibrations des cordes.’ M^moires de VAcademie, Berlin, 1753. 

(5) Eulee. ‘ Remarques sur les mdmoires pr4c6dens de M. Bernoulli. Ibid, 

(6) Lageange. ‘Recherches sur la nature et la propagation du son’ (a most 
interesting and important memoir), 1759. Miscellanea Taurinensia, Tomus ii. Pars 
1. ‘Addition a la premiere partie des Recherches, etc., 1762. Ibid. 

(7) Eulee. M4moires of 1762 and 1764 referred to in the text. ‘ Sur le 

mouvement d'une corde qui an commencement n’a 6t6 6branl6e que dans une partie.’ 
Mimoires de VAcadimie. Berlin, 1765. ‘ lllclairoissemens sur le mouvement des 

cordes vibrantes.’ ‘Rech. sur le mouvement des cordes in4galement grosses.’ 
Both in the Miscellanea Taurinensia^ Tom. in. (1762 — 65). 

(8) Daniel Beenoulli. ‘ Sur les vibrations des cordes d’une ^paisseur in^gale.’ 
Memoires de VAcadimie. Berlin, 1765. 

(9) Gioebano Riccati. ‘ Delle corde ovvero fibre elastiche schediasmi. ’ Bologna, 
1767, Schediasma iv. 

(10) Thomas Young. ‘ Outlines of experiments and enquiries respecting Sound 
and Light,’ § 13 of the ‘ Vibrations of Chords,’ Fhil. Trans. 1800, pp. 106 — 150. 

There is an- interesting historical note by Eiemann, Partielle Differential- 
gleichunge?!, § 78, without however references to the original memoirs.] En. 
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to the latter the essential part is the hypothesis that if the rod is 
originally straight the elasticity gives rise to a ^force along the 
normal, the moment of which is proportional to the curvature, that 
is, inversely proportional to the radius of curvature; if the rod is 
originally curved the moment is taken to be proportional to the 
difference of the original curvature and the new curvature. The 
hypothesis agrees with what has since been obtained by con- 
sidering the nature of the elastic force. See Poisson’s TraiU de 
Mecanique, VoL i. pages 603 and 616. 

After obtaining his general equations Euler proceeds to 
particular cases. On his pages 391 — 400 he discusses the ordinary 
catenary, and a curve called by the old writers the Velaria which 
he finds to coincide with the catenary. See Whewell’s Mechanics, 
Third Edition, page 193. 

72. On his pages 400—405 Euler treats the problem of the 
elastic rod, supposed originally straight; this, as we have seen 
in Art. 56, he had already discussed in his Meihodus inveniendi ,.. ; 
the solution given in the present memoir is however more simple 
than the former. He says on his page 405 : 

Plura exempla circa aequilibrium hiijusmodi filorum flexibilium et 
elasticorum, hie subjungere superfluum foret, quoniam hoc argumentum 
jam passim abunde tractatum repeiltur. Hie enim id tantum nobis 
erat propositum ; ut methodum facilem simulque aequabilem, quae ad 
omnia genera hujusmodi corporum extendatnr, traderemus, hoeque 
respectu nullum est dubium, quin haec raethodus aliis quibus Geometrae 
sunt usi, louge sit anteferenda, id quod imprimis ex altera parte hujus 
dissertationis patobit, ubi ostendemus hanc methodiim pan successu 
adeo ad motus hujusmodi corporum determinandos adhiberi posse. 

Accordingly he proceeds to form equations of motion for 
flexible or elastic cords; the method is in fact coincident with 
what we should now call an application of DAlembert’s pnnciple: 
but the name of D’Alembert is not mentioned. Euler does not 
attempt to integrate these equations. 

73, The present memoir is commended by Poisson; see the 
Annales de Ghimie, Yol 38, 1828, page 439; Vol. 39, 1^8, page 
208; and the Asti'onomische Fachrichten, Vol. 7, 1829, column 353. 
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[74.] Beterminatio onerum quae columnae gestare valent 
Examen insignis paradoooi in theoria columnarum occurrentis. JJe 
altitudine columnarum sub proprio pondere corruentium. These 
three memoirs occur on pages 121 — 194 of the Acta Academiae 
Fetropolitanae for the year 1778, Pars i. Petersburg, 1780. 

The first memoir begins by referring to the memoir of 1757, 
and points out that vertical columns do not break under vertical 
pressure by mere crushing, but that fiexure of the column will be 
found to precede rupture. Proceeding in a similar method to that 
adopted in the Berlin memoir, Euler shews that there will be 
no flexure, so long as the superincumbent weight is less than 
TT® . Ek^joj^, where Ek^ is the ‘moment of stiffness’ and a is the height 
of the column. He also notes, § 10, that if a horizontal force dis- 
place the top of the column a horizontal distance a, Ek^ = F, a^jSa. 
So far there is no novelty in this memoir. 

[75.] In § 14 however he proposes to deduce a result which 
is now commonly in use, but which I have not met with before the 
date of this memoir, namely to find an expression connecting Ek^ 
with the dimensions of the transverse section of the column. Euler 

finds Ek^ = h. jx^ydx, where x and ^/have the following meanings; 

let a section be taken of the column at any point by a plane 
perpendicular to the plane of fiexure and passing through the 
centre of curvature of the unaltered fibre (neutral line), then x is 
the distance of any point on the trace upon this plane of the central 
plane of flexure from the neutral line, y is the corresponding breadth 
of the section, and h is the constant now termed the modulus of 
elasticity. Euler appears however to treat the unaltered fibre or 
‘neutral line’ without remark as the extreme fibre on the concave 
side of the section of the column made by the central plane of 
flexure. Thus for a column of rectangular section of dimensions 
b in, and c perpendicular to the plane of flexure, he finds (§ 21) 

E¥ = ^¥cK 

and the like method is used in the case of a circular section \ 

^ [In the case of a beam or column bent by a longitudinal force it may be shewn 
theoretically that the neutral line does not necessarily lie in the material of the 
beam, its position and /om vary with the amount of the deflecting force; in other 
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[7 6.] In §§ 26 — 29 there is a short discussion of the experi- 
ments of Musschenbroek (see Art. 28, S) on the rupture of fir beams; 
h is evaluated from some of his results and from this value of h the 
extension of a fir beam under a given tension is calculated 
theoretically with a result '‘quod ab experientia non abhorrere 
videtur.” 

[77.] In § 31 Euler proceeds to calculate the flexure which 
may be produced in a column by its own weight. If y be the 
horizontal displacement of a point on the column at a distance 

X from its vertex, the equation ^ 4- J xdy^O is found, 

where the weight of unit volume of the column is unity and its 
section a square of side h. This equation Euler solves by a series 
ascending according to cubes of x. Finally, if a be the altitude of 
the column and m = Ek^jh^, it is found that the least altitude for 
which the column will bend from its own weight is the least root 
of the equation, 

l.a^ 1.4.a® 1.4.7. 1.4. 7.10.a^ 

4!m"^ 7!m* 10!m» 13 !m^ • 

[78.] Euler finds that this equation has no real root, and thus 
arrives at the paradoxical result, that however high a column may 
be it cannot be ruptured by its own weight, “Haec autem omnia 
accuratius examen requirunt, quod in sequente dissertations in- 
stituemus ” are the concluding words. 

We may note that in this problem of the column bending 
under its own weight as considered by Euler, the top of the 
column is during the bending supposed to be in the same vertical 
line as the base. 

[79.] In the second memoir Euler returns to the paradox 
“quod scilicet nulla columna cylindrica, quantumvis fuerit alta, 

words is not a constant, tut a function of the force and of the flexure. The 
assumption that the ‘moment of stiffness’ is constant seems to me to Titiate 
the results not only of Euler and Lagrange but of many later writers on the subject. 
I have to thank Prof. A. B. W. Kennedy for a series of experiments, the results of 
which conclusively prove that the position of the neutral line varies with the magni- 
tude of the longitudinal force.] Ed. 
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tinquam a proprio pondere frangatur.” He starts from the series 
cited in our Art. 77 and writing a?lm= 6v states that the paradox 
depends upon the fact that the series 

, V 1? , v* _ 

O + 77175 "10. 1.5. 12 ■^13.1. 6. 12. 22 


cannot vanish for real values of v. 

Instead of considering the roots of this equation by a purely 
algebraical process as in his first memoir, Euler (§§ 6 — 16) treats 
the question graphically and endeavours to sketch the curve which 
the column would take up when bent by its own weight ; this 
curve has for its equation 





1 ,0)* 
4! 771 


+ 


1 .4, of 

7lm^ 



where A is some constant. 

The process is extremely complex and leads to no definite 
results \ 


[80.] In the second part of the memoir Euler inquires whether 
no solution of the question can be obtained ex principusmechanicis. 
He starts by placing a load upon the top of a column, which he 
then converts into an additional length of column, this additional 
length of column is maintained in a vertical position by means 
of horizontal forces. Euler argues that, if the weight of this 
addition be sufiScient to bend the column, a fortiori it would bend 


1 Euler’s eq.uation is m. + J xdy=:0, or differentiating a; ^=0. Put 


x=s/m.t and and substitute, we find 

dx * 




+t;t=0, 


whieh is a case of Eiccati’s equation. This equation can be solved by the two 
Bessel’s functions (cf. Memnger of Matlumatics, Vol. ix. p. 129), 

r = ^/t {B . 7^ (f t®) (I «*)} . 

The second function only will be found to be admissible, hence 

® ^ + g— g-g 


^l=j. 


dx 


(‘-i 


■ etc.) , 


- etc. ' 


2.3.W 2.3.5.6m2 

which agrees with Euler’s result § 12, or integrating, and remembering that y and 
vanish simultaneously, with the value of y given above. 



EULER. 


47 


inder its own weight, were the column and the addition considered 
IS united and the horizontal forces removed. He obtains the 

•esult that a column of height Q ^ ^ where - is the 

veight of unit length of the column, would certainly bend under 
ts own weight (§ 29), 

[81.] In the case of cylindrical columns, Ek^ is considered to 
7ary as the fourth power and Gjc as the square of the diameter (6), 
bence h varies as the suhtriplicate ratio of the area (x 6^). Euler 
:hus concludes his second memoir with a Theorema maxima 
memorabile (§ 34) : 

Ifaxima altibudo, qua colurmiae cylindricae ex eadem materia 
zonfectae^ proprium pondus etiamnunc sustinere valent, tenet rationem 
suhtriplicatam aynplitudinis, 

[82.] The results of these first two memoirs do not appear 
however to have satisfied Euler. He returns again to the problem 
in the third. The result of the second memoir, if correct, shews 
that for some value of v less than the one calculated (Euler finds 
this limit of -y = ^ of 266 in § 32 of the second memoir), the series 
above given for v ought to vanish. This mechanical result seems 
to be contradicted by the algebraical investigation of the series, 
which shewed that it had no real root (see Art. 77). After certain 
considerations as to the possibility of representing the form of the 
column by a portion of the curve obtained in the first memoir 
Euler (§ 6) concludes: 

Ut nostraxn quaestionem rite evolvamus, statum colnmnae, sive 
laminae elasticae, initialera aliter constituere debemus atque ante 
fecimus, scilicet praeter sollicitationes a gravitate oriundas supremo 
termino A certam quandam vim horizontalem applicatam concipere 
debemus qua istud punctum A perpetuo in eadem recta vertical! con- 
tineatur. Facile autem intelligitur, magnitudinem huius vis prius 
definiri non posse, quam totus calculus ad finem fuerit perductus ; 
quandoquidem turn demum patebit, quanta vi opus sit, ad supremum 
terminum A in debito situ conservandum\ 

^ There are two paragraphs (6) by some clerical error in the memoir, we refer to 
that on p. 166. 



48 


SUIilElHi. 


[83J It will thus be seen that Euler has quite changed the 
character of the problem, he has discovered that a horizontal force 
is necessary to preserve the summit of the column in the same 
vertical with the base, yet instead of attempting to solve his 
differential equation 




d^y 

with the true terminal conditions, namely ^2 = 0 at the summit. 


y and ^ = 0 at the base, he turns to the new problem where 

there is a horizontal force as well as gravity acting on the 
beam. 


[84] In order to determine this horizontal force F, Euler 
practically takes moments about the base of the column: if h be its 
height, Q the centre of gravity of the displaced column AGB and 
M the weight of the column, 

M 

F.h = 3f.0G = j.J ydx, 
with Euler’s notation. He then writes 
g = (\ and 
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Hence his final equation becomes 

P d^u 

gx+ j xdy + m ^2 = 0. 

This equation (§ 28) is solved by means of two infinite series\ 
namely y = op + where a is a constant and 

1 1 . 4 . 7 . 03 ^® , 

2.3.4.m 2.3...7.m“ “ 2.3...10 .to ’ ^ 


2 = -; 


a;" 


1.3.0!® 


1.3. 6. a;® 


-f eta 


2.3.m^ 2 , 3...6. 2.3...9.m® 

At the base we have x=^h, y=^0, hence 

o^p+gg — 0 when x=h, 
rh rh rh 

and again gh = ydx = a I pdx + g qdx, 

Jo Jo Jo 

or j qdx^ + qj pdx = 0, 

an equation to find h the greatest altitude '^in qua se tantum non 
sustinere valebit ” 


[85.] In §§ 32 — 37 Euler calculates this value of h and 

finds that it is nearly equal to J/200 m. 

Hence we have the following result. Let be the area of a 
perpendicular section of the column supposed of unit weight per 
unit volume, then Af = and m = = Ek^jh^^ Now let 0 be 

the weight which placed upon a column of the same material but 
of section and height a would sufiSce to bend it, then 

0 ^ and 

Finally let A, = the ratio of the weight 0 (to he ascertained by 
experinaent) to the weight of the column, which it will just bend, 
u h* 

then 0 = A ad’‘ and Thus 

h=2-7263aj^~. 

This is Euler’s final result with regard to the bending of columns 
under their own weight. Interesting as these three memoirs 
^ Easily obtained in the form of Bessel’s Functions. 


T. E. 


4 
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undoubtedly are, they cannot be said to furnish a complete and 
satisfactory discussion of the subject. 

86. 1782. Euler: Investigatio motuim quihis laminae et 

virgae elasticae contremiscunt. This is published in the Acta 
Academiae Scientiarum Impevialis Petropolitanae for the year 
1779, Pars Prior; the date of publication is 1782. The memoir 
occupies pages 103 — 161 of the volume. 

The memoir commences thus : 

Quanquam hoc argumentum jam pridem tarn ab Illustriss. D. Ber- 
noulli, quam a me fusius est pertractatum : tamen quia illo tempore 
neque principia, unde hujusmodi motus determinari oportet, satis erant 
exculta, neque ea Analyseos pars, quae circa functiones binarum varia- 
biliiim versatur, satis explorata, actum agere non videbor, si nunc 
idem argumentum accuratius investigavero. Praeterea vero etiam tot 
di versa motuum genera in hujusmodi corporibus locum habere possunt, 
quae accuratiorem enucleationem postulant ; quamobrem hie operam 
dabo, ut universam hujus rei disquisitionem ex primis principiis de- 
ducam, et clariiis, quam quidem ante est factum, proponam. Imprimis 
autem omnia diversa motuum genera, quae quidem occurrere possunt, 
dilucide sum expositurus. Quo igitur omnia fiant magis pei’spiciia, 
duo praemittam Lemmata, quorum altero status aequilibrii, altero vero 
motus virgax'um utcunque elasticarum et a potentiis quibuscunque 
soUicitataium definietur; ubi quidem tarn virgam quam potentias 
perpetuo in eodem piano sitas esse assume. Demonstrationem autem 
liorum lemmatum non addo, quoniam earn alio loco jam dedi, atque 
adeo etiam ad eos casus quibus motus non sit in eodem piano, ac- 
commodavi. 

I do not know to what place Euler alludes in the last sentence 
■which I have quotedh He gives on his pages 104 — 106 the general 
equations w^hich he here calls Lemmas; they substantially agree 
with those of Poisson's Traite de MScanique, Vol. i. pages 624 — 627. 

1 [The following is probably the memoir to which Euler refers. I give a short 
account of its contents although the memoir of 1782 covers almost exactly the 
same ground at somewhat greater length. 

JDe Motu Vilratorio laminarum elasticarum, uti plures novae vibrationum species 
hactenm non pertractatae evolvtmtur. Novi Commentarii Academiae Petrop. Tom. 
xvn. (An. Acad. 1772). St Petersburg, 1773, pp. 449 — 457. Euler here obtains 
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87. For the transversal vibrations of a straight elastic rod 
Euler arrives on his page 109 at an equation which agrees with 
that in Poisson’s Vol. ii. page 371 ; namely, 








= 0.. 


The improvement which we find in comparing the present 
investigation with that in the Metliodus Inveniendi consists in the 
use of what is practically equivalent to D’Alembert’s Principle. 


88. After obtaining the differential equation Euler adds on 
his page 109 : 

Ita ut totum negotium hue sit reductum, quemadmodum ista 
aequatio differentialis quarti gradus integrari queat; ubi quidem in 
limine confiteri cogimur ejus integrale nullo adhuc modo inveniri 
potuisse, ita ut contenti esse deheamus in solutiones particulares in- 
quirere. 


by a somewhat cumbrous method the equation vibrations of 

a rod built in at one end and free at the other. He expresses his terminal conditions 
in analytical form, and obtains the equation 

2 + cos oj {e^ -f c'”^) = 0 

to determine the periods. He calculates some of the roots of this equation 

(§§ XVII, XVIII.) 

In § XXIII. Euler treats the i^roblem of the vibrations of a free rod {lamina libera 
seu incumbat piano horizontali). In this ease he obtains the equation 

2 = cosw(fi“ + e~"). 

In § XXIV. we have the case of a rod fixed at one end and free at the other with 
the equation 

+ tan 

In § XXVI. the rod is fixed at both ends, and the equation for the periods takes 
the form sin w =0. 

In § xxvn. the rod is supposed fixed at one end and built in at the other; the 
equation for the periods is the same as in the case of § xxiv. 

In § xxvn. Problem V, the rod is supposed built in at both ends; the equation 
for the periods is the same as in the case of § xxiii. 

In § xxvn. Problem VI, the rod is free at both ends but fixed (as on a pivot) at 
some point of its length. In the case where the middle point is fixed, Euler finds 
the equation 

2 + cos w (<?" +^"'“) = 0, 

which agrees with the result for a rod built in at one end and free at the other.] Ed. 

4—2 
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In discussing the transversal vibrations for the rod there are six 
cases, with Euler, as with Poisson, Voh ii. page 371. Each end 
may be free; each end may be fixed, or as Euler says simpliciter 
fixurti ; each end may be mortised, or as the French writers 
say, encastrd, or as Euler says injixum^, 

89. Euler first discusses the case in which both ends are free, 
which occupies his pages 118 — 124. He arrives at an equation 

cos CO = 2 (1) ; 

this Poisson obtains in his Vol. II. page 372. 

This equation is obviously satisfied by o = 0; Euler says that it 
cannot be satisfied by any other value of co which is less than 

^ : see his page 122. To justify this statement he affirms that for 
A 

such a value of co the product cos co (e" + e~'^) would be less than 
2, and he finds by expanding the cosine and the exponentials that 

cos CO (e^ 4- = 2 ^1 — . 

But this is not satisfactory, for the equation just given is not 
exact. If we put for cos co its exponential value and expand, 
we shall find that 



the general term of the series being 

n 

0 )” 2 UTT UtT 

— 2 cos -tt cos -7- . 

\n 2 4 


Now it may be shewn that if co lies between 0 and ~ the two terms 



^ [For the purposes of this History the terms clammed, mortised and huilt-in are 
used as equivalents, to denote not only that the end of a rod is fixed, but its ter- 
minal direction also. At an end which is only said to be fixed the terminal direction 
is free,] En. 
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every succeeding pair : thus the demonstration is completed. Or 
we may proceed thus : from equation (1) we obtain 

CD —CD 

= ± ( 2 ); 

e +e 

m TT 

and if « do not exceed ^ we must take the upper sign in (2). 
Then from (1) and (2) we get 

tano) = ^(e^ — e”") (3). 

We shall shew that, except g> = 0, there is no solution of (3) if co 


does not exceed 


Suppose we trace the curve 

= tan £c 

and the curve 

= 

When a: is very small we have approximately 


( 4 ) , 

(5) . 




3 


andyj = 



SO that is at first greater than 
to for 


dx 


= 1 + tan® X, ^ 




Now cannot become equal 


and this shews that increases more rapidly than y^. For 
being at least through some range greater than y^ we have tan x 
greater than — and therefore l + tan®£c greater than 

l + is l+tan®aj greater than ^ ^ — J, and 


therefore a fortiori greater than 


2 * 


so that through that 


range is greater than 



90. We have already stated that the problem involves six 
cases: see Art. 88. Four of these cases Euler had already dis- 
cussed in the Methodus Inveniendi: see Art. 64. The two cases 
not discussed there are given in the present memoir, namely that 
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in whicli the rod is free at one end and fixed at the other, on pages 
126 — 133 ; and that in which the rod is fixed at one end and mortised 
at the other, on pages 143 — 146. All the cases discussed in the 
Metliodus Inveniendi are given again in the memoir, namely that 
in which the rod is free at both ends, on pages 118 — 126; that in 
which the rod is free at one end and mortised at the other, on 
pages 134 — 139; that in which it is fixed at both ends on pages 
140 — 143 ; and that in which it is mortised at both ends on pages 
146—150. 


91, The mathematical processes consist mainly of discussions 
of such equations as (1). I have not noticed any points of interest 
except that presented by page 122, which I have already con- 
sidered, and something of a similar kind which occurs on page 129. 
Euler wishes to shew that the equation 


has no root, except co = 0, between 0 and 


TT 

2 ’ 


He says that 


sin (o (e" + e”") = 2© (1 + J co% 

and cos cd (e" — = 2® (1 — cd^), 

and hence it is plain that the former expression is greater than the 
latter through the whole of the first quadrant. To make this out 
distinctly it should be observed that the general term in the 
expansion of sin &> (e“ + 6”") is 


r n+2 

gv— . mr . nir 
2 sm sin 

2 4 




•Ct) 


and that the general term in the expansion of cos to (c" — e “) is 


«+2 

22 


. niT nir 
sin cos ^ 


\n 


CO . 


We may also obtain the result thus: sina)(c" + 6 “) and 
cos CO both vanish when co vanishes, but the differential 

coefficient of the former is greater than that of the latter through- 
out the first quadrant. 
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92. On his pages 152 — 157 Euler discusses the case in 
which the elastic rod has some constraint at a point intermediate 
between its ends ; the constraint is to he of such a kind as to allow 
pf the transmission of motion between the two parts of the rod on 
the two sides of it: he examines in particular the case in which the 
constraint is at the middle point. 

On his pages 158 — 162 he notices very briefly the case in 
which the elastic rod is originally not straight but curved; and 
especially the case in which the curve is one that returns to itself, 
as a circle. 

Cauchy alludes to the present memoir in his ExerciceSj Vol. III. 
pages 276 and 312. 


[93.] The following additional memoirs or notes by Euler on 
subjects connected with elasticity occur in the Opera Posthiima 
edited by P. H. and N. Fuss, St Petersburg 1862, Tom. il. 

Page 126. A note on the problems connected with the 
vibrations of the Elastic Lamina proposed by D. Bernoulli ; Euler’s 
results are found to agree with Bernoulli’s. 

Page 128. A short memoir entitled Pe osoillationibus annu- 
lorum elasticoncm. This is a discussion on the oscillations of 
elastic ‘annuli’ or rings, with a remark at the end which would 
seem to suggest that the author considered he could apply the 
results of his memoir to bells. The method and results can hardly 
be considered of much value, yet it is interesting to note Euler’s 
manner of attacking the problem of an elastic solid. He supposes 
the annulus to be built up of elastic threads placed transversally : 
“et a vi horum filorum dependet cohaesio partium materiae ex qua 
annulus est fabricatus.” He then supposes that a certain number 
of filaments extended to a certain length will support a certain 
weight; to find the weight or tension which this number of 
filaments will support for any other extension, a simple proportion 
is used. In other words Euler applies Hooke’s Law \ 


1 I have found a memoir of Euler’s, Tentamen de sono campanarum, in the Novi 
Comvientariij Tomus x. (for the academic year 1766) p. 261. The bell is divided into 
annuli by vertical and horizontal sections. The vibrations of these annuli are in 
either case treated as independent, and in both cases a dijderential eq.uation of the 

form H- 0 is obtained. The method is unsatisfactory. 
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[94.] Page 536. Anleitung zur Katurlehre, Chapter xvili. is 
entitled Von der Zusammendruckung und Federkraft der Korper, In 
this discussion the nature of elasticity is explained by a subtle 
matter enclosed in the pores of the coarser matter of ordinary bodies. 
This subtle matter corresponds to the aether, and the magnitude of 
the elastic force depends upon the quantity, magnitude and figure 
of the closed pores of a body. “Diese Erklarung der elastischen 
Kxaft, durch die in den verschlossenen Poren befindliche subtile 
Materie, ist der Natur der elastischen Korper vollkommen gemass, 
und wird durch die Art, nach welcher verschiedenen Korpem eine 
elastische Kraft beigebracht wird, noch mehr bestatigt.” 

This theory of Euler’s to explain the physical nature of Elasticity 
is interesting, especially as we have noted that Hooke also based 
the ‘springiness’ of bodies upon the existence of a like subtle 
medium. (See Art. 9.) 

[95.] Further memoirs by Euler, 

Be propagatione pulsuum per medium elasticum : — Novi Com- 
mentarii Petropol Tom. i. 1750. 

Lettre d if. de la Grange contenant des recherches sur la 
propagation des dhranlemens dam un milieu ilastique. Miscellanea 
Taurinensia, Tom. ii. 1760 — 1 

treat only of the motion of sound waves in an elastic fluid. 

The memoir entitled : 

Be Figura curvae Elasticae contra ohjectiones quasdam III. 
ly Alembert, Acta Academiae Sdentiarum Petropol. 1779, Pars ii. 
p. 188, is written to defend James Bernoulli’s solution of Galilei’s 
problem against an attack of D’Alembert in the 8th volume of his 
Opuscules. It contains nothing of importance. 

A work of Euler s entitled : Von dem Brucke eines mit einem 
Gewichte beschwerten Tisches, auf eine Flaeche, A. d. Papieren Eulers 
gez. von Jak JBernoulli 1794, might possibly contain matter 
relating to our subject, but I have not been able to find a copy. 

[96.] The following memoirs are by pupils of Euler, and 
closely connected with the subject of one or other of the master’s 
papers. 

a. 1778. Nicolaus v. Fuss ; Vaina Problemata circa statuin 
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aequilihrii Trahimi compactilmm oneratarum, earumque vires et 
pressionem contra anterides. Acta Academiae Scientiarum Petrop. 
1778. Pars i. St Petersburg, 1780. pp. 194—216. 

This memoir by Fuss the biographer son-in-law and assistant 
of Euler applies the results of Euler’s papers on the bending of 
columns to calculate the strength of various simpler cases of 
framework subjected to pressure. The whole consideration turns 
on Euler’s result quoted in our Art. 74, and contains nothing of 
any interest or value. 

/3. A. J. Lexell. Meditationes de formula qua motus Lamina- 
7'‘um elasticarum in annulos circular es incurvatarum eccprimitur. 

This memoir is on pp. 185 — 218 of the Acta Academiae 
Petrop. for the year 1781, Pars ii. (published 1785). 

This memoir by a disciple of Euler’s contains a discussion of 
the equation obtained by Euler in his memoir on the tones of bells 
(see our footnote, p. 55). In that memoir Euler had obtained an 
equation of the form 


+ ¥^-0 
df'^ dx* 


for the vibrations of a rod or thin beam in the form of a circular 
ring, y being the normal displacement at a distance x along the 
arc from some fixed origin of measurement. 

Lexell obtains an equation of the same form, but he differs 
from Euler in the value he attributes to his coefficients a and 6 . 

This paper is hardly of sufficient importance to justify an 
analysis of its contents. The results obtained are, no more than 
Euler’s, in agreement with the more accurate investigations of 
Hoppe (Crelle Bd. 63) ; see also The Theory of Sound, Lord Kay- 
leigh, Vol. I. p. 324. 

7 . In the same volume of the St Petersburg Acta immediately 
preceding Lexell’s paper is a short memoir by another disciple M. 
Golovin (pp. 176 — 184), which contains an application of Euler’s 
theory of the sounds of bells ad sonos scyphorum vitreorum, qui suh 
nomine instrumenti harmonici sunt cogniti. The notes of the har- 
7nonicum are calculated from Euler’s results, but there is no state- 
ment of the amount of agreement the calculated results bear to 
those of experiment. 
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[97.] Lagrange: Sur la Force des Jtessorts plies, 1770 ^ 
Mdmoires de VAcademie de Berlin, xxv. 1771. 

Two important memoirs seem to be Lagrange’s real contri- 
butions to our subject. The above memoir is reprinted pp. 
77 — 110 of Tome iii. of Serret’s edition of the Oeuvres. 

The author commences by telling us that in springs which act 
by contraction or elongation, the force appears to be proportional 
to the quantity by which they are contracted or expanded or at 
least to be a function of these quantities : 

Mais ce principe n’a pas lieu dans les lames ^lastiques inextensibles 
et pli^es en spirale telles que celles qu’on applique aux horloges : le 
seul principe qubn puisse employer pour ces sortes de ressorts est que 
la force avec laquelle le ressort resists ^ Itre courb6 est toujours 
proportionnelle ^ Tangle mtoe de courbure ; et c’est d’apr^s ce principe 
que de tr^s-grands G^metres out determine la courbe qu^une lame 
^lastique doit former lorsqu’elle est handle par des forces quelconques 
donn^es. 

[98.] In order to ascertain the law of force of bent springs, 
Lagrange proposes the following problem for consideration in his 
memoir.: 

Une lame ^ ressort * de longueur donn^e et fixe par une de ses 
extremit^s ^tant handle par des forces quelconques qui agissent sur 
Tautre extremity, et qui la retiennent dans une position donnee, 
determiner la quantity et la direction de ces forces. 

In order that the equations may not be too complex the lamina 
is supposed to be of uniform thickness and in its primitive state a 
straight line. 

1 With regard to the title of Lagrange's work we may refer to three earlier 
memoirs on the same subject, namely; 

Deschamps ; M^thode ^oicr mesurer la force des differens ressorts, MSmoires de 
VAcadSmie, Paris, 1723. 

0. E. L. Camus: Du mouvement acc^UrS par des ressorts et des forces qxd resident 
dam les corps en mouvement. Ibid, 1728. 

James Jurin; On the Action of Springs. Phil. Tram. 1744. The author 
commences by stating Dr Hooke's principle JJt temio, sic vis; and applies it to 
a general theorem concerning the compression of a spring struck by a body of weight 
M moving with velocity V in the direction of the axis of the spring. The theorem 
is followed by upwards of 40 corollaries. The paper is of no value. 
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[99.] Lagrange proceeds in his first section to prove 'd’une 
mani^re aiissi simple que rigonreuse ’ that the force of a spring at 
any point is proportional to the sum of the moments of all the 
powers which act on the segment marked oif by the point. The 
ingenuity rather than the simplicity or rigour of the proof will 
strike the modern reader. The exact nature of the 'force of a 
spring ’ does not seem to have been quite clear to the writer, or 
he would have perceived the truth of the proposition from the 
ordinary statical equations of equilibrium. The force of the 
spring, we are then told, has been usually held proportional to the 
curvature. 

[100.] Taking the tangent and normal at the extremity at 
which the forces are applied as axes of x and y respectively, x and 
y as the co-ordinates of any point of the lamina, p as the radius of 
curvature, and ^ as the tangential angle, Lagrange very easily 
deduces the relation 

Py-\-Qx = — , 

r 

where is a coefficient depending on the elasticity of the 

lamina, and P and Q are the resultant components of the forces 

along the tangent and normal respectively. Hence by dijfferentia- 

tion and integration he finds 

^ Kd(f> 

as = - , 

. JP — P COS sin <t> 

__ K sin 

^ JP — P cos <jE) + Q sin ' 

K cos <j>d(l> 

JP - P cos + Q sin 

[101.] If these equations could be integrated, we should have 
equations to determine P, Q and the integral curvature, or the 
problem would be solved, but Lagrange writes 

II est ais6 de voir que rint%ration dont il s'agit depend en g^n^i^al 
de la rectification des sections coniques, et qu’ainsi elle ^chappe k toutes 
les m^thodes connues. 

In his third section Lagrange integrates these equations for Q 
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zero and Q very small ; in the latter case the results are extremely 
complex'. 

[102.] A resolution of the applied forces P and Q along and 
perpendicular to the chord joining the extremities of the spring 
into components R and T leads to more interesting results. It 
P=0 it is found that 

„ 2a:vv 

B j, , 

where /m is any integer and I the length of the spring. Hence we 
deduce that the least force which acting in the direction of the 
chord will sufiSce to produce in a spring any the least curvature is 
2jSr®7r® 

— ^ — . This curious result was first obtained by Euler (see Art. 67). 

u 

It is also shewn that when the spring is very little bent and r the 
length of the chord, then the force at the free extremity perpen- 
dicular to the chord vanishes, when the angle at the fixed 
extremity between chord and spring is 



[103.] In the seventh section by means of another resolution 
of the forces at the free end, it is shewn that, if the free end of the 
spring be compelled to describe a very small circular arc about a 
centre lying in what would be the unstrained direction of the 
spring, then the force upon the free end along' the tangent to the 
arc is always proportional to the length of the arc measured from 
the unstrained position. This elegant property it is suggested 
might be used to obtain isochronous oscillations in the balance 
wheel of a watch. 

[104.] In the following sections differential equations are 
obtained connecting the forces It and T with the constants of the 
problem; they are extremely complex and as Lagrange himself 
admits throw no light on the nature of these forces. The better 
method would now be to solve the equations in terms of elliptic 
functions. 

1 To an error in Lagrange’s analysis at this point (on his p. 88) we shall return 
later when discussing a memoir by Plana (see Ai-t. 153). 
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[105.] Hitherto the free end has been acted upon by a system 
of concurrent forces only ; in sections x — xii. Lagrange considers 
the case where the free end is in addition acted upon by a couple. 
If there is a couple only the curve of the spring will be a circle ; if 
the forces on the free end in addition to the couple are only very 
small, the figure will be very nearly circular. These results are 
then in sections XIV — xvi. applied to the case of a spiral spring 
which produces oscillations in a drum or balance wheel similar to 
those of a simple pendulum. 

Lagrange concludes : 

Au reste, il faut toujours se souvenir que ces conclusions sont 
fondles sur I’hypoth^se que la lame du ressort soit naturellement droite 
et que sa longueur soit tr^s-grande ; c’est ce qui fait qu’elles n’ont 
pas lieu dans les ressorts ordinaires qu'on applique aux horloges, 
mais il n^est pas impossible qu'elles puissent 6tre d’usage dans quelques 
occasions. 

[106.] Su7' la figure des colonnes. Miscellanea Taurinensia, 
Tomus V. This memoir of Lagrange’s appears in the mathematical 
section of the volume of the memoirs of the Royal Society of Turin 
which embraces the years 1770 — 1773, p. 123. 

The memoir is an important addition to a subject already 
considered by Euler and Lagrange himself. 

On a coutume de domaer aux colonnes la figure d’un conoide qui ait 
sa plus grande largeur vers le tiers do sa hauteur, et qui aille de 
1^ en diminuant vers les deux extr6mit4s; d’oii r6sulte ce qu’on appelle 
vulgairement le renjlement et la diminution des colonnes. 

Lagrange notes that the authors who recommend this seem to 
have no better argument in its favour than to quote the shape of 
the human body. A better reasoning from analogy would, 
Lagrange thinks, have been from the shape suggested by the trunk 
of a tree. Vitruvius 'le Idgislateur des Architectes modemes’ had 
prescribed the renflement and all architects have followed his dictum. 
Since this rule as to the form of a column has such an arbitrary basis, 
Lagrange in the present memoir proposes to consider the proper 
figure from the mathematical standpoint. 

[107.] Reference is made at the commencement to Eulers 
memoir of 1757. 
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Oependant comme le point de vue sous lequel cet illustre Auteur 
a discut^ cette matifere est different de celui dans lequel nous nous 
proposons de la traiter, nous croyons faire quelque plaisir aux Geom^tres 
en leur communiquant les recherches que nous avons faites sur un sujet, 
qui interesse egalement la Mecanique et T Analyse. (§ 3.) 

[108.] Lagrange starts by obtaining in tbe same fashion as 
Euler the equation 



for the bent column. Here y is the displacement at vertical 
distance x from the base; P is the superincumbent weight, K 
the 'moment of stiffness’ (or the Ek^ of Euler’s notation) ; while/ 
is some constant. 

Lagrange’s treatment of the equation is more satisfactory than 
Euler’s. If a be the height of the column, y = 0 for a; = a, hence 

a V PjK — mTT, 

where m is an integer, or 

P^m^ir^Kla\ 
y =/sm {mirxla)y 

f being an arbitrary constant which is equal to the maximum 
value of y. 


^ [109.] The next paragraph may be cited at length, for it 
points out results which seem to have escaped Euler. 


B 
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Si on fait m= 1, on aura 2/=ysia d’ou I’on voit que la courbe 

A^B ne coupe I’axe qu’aux deux extrlmit^s A et J?; et le poids 
requis pour donner k la colonne cette courbure sera tr^Kja^, Si m = 2, 
on aura y =/sin (^Trxja), et la courbe conpera Taxe au point ok 
a; = a/2, c’est-^-dire au point du milieu G, eii sorte que la colonne 
prendra la figure 2 ; mais il faudra pour cela que le poids F soit 
47r®Z’/a®, c’est4-dire quadruple du precedent. Si on faisoit m=3, on 
auroit y sin (ZTrxja)^ de sorte que la courbe couperoib I’axe aux points 
oil a; = a/3 et a; = 2a/3 et seroit semblable a la figure 3, or pour que la 
colonne soit pli6e de cette manik'e il faudra que lepoidsPsoit = Q-Tr^/iT/a®, 
c’est-ii-dire neuf fois plus grand que le premier; et ainsi de suite. (§ 6.) 

[110.] After remarking that no force less than Tr^Kja^ will 
bend the column, Lagrange proceeds to consider what happens 
when P is not equal to one of the quantities mVKja^, For this 
purpose he takes the rigorous equation to the curve and easily 
deduces for an arc s measured from the base 

_ [y dy 

^ J 0 7(7" - ’ 

and assuming y =/sin he finds 

r<f> ^ 

= Jo JF/K-(Py^mcos‘<j> ■ 

Here 5 must equal a when = mir^ m being an integer which 
determines the number of times the bent column cuts the vertical 
between base and summit (= m — 1) or m is equal the number of 
bulges {nomhre des ventres), Lagrange integrates this equation by 
means of a series, and ultimately obtains 

fi , .Pr , 9Py- I 9.25P°./° 

“ Jpfk 1 "^4 {^K) ■^4.16 (16Z“) ■^4.16.36 (64Z'®) 

which gives the value of / so soon as P and a are known h A 
discussion of the roots of this equation for / is then entered upon 
(§ 10). The quantity/* can only have a real value when 



and then only pne positive real value. Hence if P < 

^ Lagrange’s result differs slightly from this, but I thiiih his numbers are wrong. 
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f will have only two real roots equal and opposite \ if P be less 
than this quantity, none at all. 

D’oii il s’ensuit que tant que F sera < Tr^Kja^ la colonne ne pourra 
pas 6tre courble \ que taut que P sera renferm4e eutre les limites 
TT^Kja^ et la coloime sera courb^e, mais en ne formant qu’un 

seul ventre ; que tant que P sera entre les liniites et 

la colonne sera n€cessairement courbee et pouTTct foTTniCT oit uti s&ul 
ventre ou deux, et ainsi de suite. (§ 10.) 


[111.] Hitherto the column has been supposed cylindrical, 
Lagrange now proceeds to treat it as a surface of revolution and 
accordingly replaces P" by a function X of x, and obtains the 

equation Py + X ^ = 0. He assumes as the solution of this 

OjX 


equation 2 / = ^sin where ^ and ^ are arbitrary functions of x, and 
finds that the above differential equations will be satisfied if he takes 


pt+x{g-t(g)}.o, 




The second of these equations is integrable and gives (f>-h ijdxl^), 
where h is an arbitrary constant. Putting ^ — we have the 
following equations determining u and then y when X is given : — 


4 A- + x(2.g-(g)’-l} = 0, 

y = Jhu sin (Jdx/u), 

With regard to these equations Lagrange makes the following 
remarks. The expression for y contains two arbitrary constants. 


L’une c’est la constaute h qui ne x trouve point dans T^quation en 
Tautre c’esfc celle qui est virtuellement renfermee dans Tint^rale 
/ dxju, c’est pourquoi il suffra d’y substituer une valeur quelconque de u 
qui satisfasse ^ I’^quation en u sans s’embarasser si elle est une integrals 
complette de cette equation ou non. 


This expression is also very convenient for determining the 
weight P, for since y = 0 when ^ — 0, we can take the limit of the 
integral Jdcoju, so that it vanishes with x. Further y must vanish 
when x^a, hence Jdxfu == mir. 

Or comme la quantite u ne doit point contenir de constantes 
aibitraires, il est visible que cette derni^re condition donnera une 
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equation entre les quantit^s F et a, par laquelle on pourra determiner 
P, Quant ail nombre entier m qui demeure ind6termin6, il est clair, 
par ce qu’on a vu plus baut, qu’il sera toujours ^gal au nombre des 
ventres que la colonne form era en se courbant par la pression du poids 
P; done pour avoir la limite des fardeaux que la colonne pourra 
supporter sans se courber d’une mani^re quelconque, il faudra toujours 
prendre pour m \q nombre entier qui rendra la valeur de P la plus 
petite; et cette valeur sera la limite chercbee. (J 14.) 

[ 112 .] We have thus a complete theory for the slight 
bending of a column of any kind whatever formed by a surface 
of revolution about its axis. Lagrange proceeds to apply this 
to various cases, which we shall summarise in the following para- 
graphs. 

I. To the surface generated by the revolution of a conic 
section about a line in its plane. If z be the distance of any point 
of the conic from the axis, its equation will be of the form 

< 3 ^ = a + + 7 ^?®. 

Now, ' il parott que la theorie et Texpdrience s*accordent assez a 
faire X proportionnelle h K {ol ^ where K is a 

constant. 

Lagrange easily finds that ii=g {ol + 7 ic®), where 

g-^ = JPIK+ay-^*l^ 
is a suitable value for u. 

Hence be deduces from the equation viir — jdeeju, 

P= {/3“/4 - a7 + . K, 

where A is the value of the integral I ;r the lower 

limit being chosen so as to make it vanish for x = 0. This 
value of course depends upon the relations which may exist 
between a, A 7 * 

To obtain the weight which a column will support without 
bending, we must put m = l. If we make P a maximum by 
varying or, /3, 7 , and consequently A which is a function of them, we 
shall have the character of the column which will support a maxi- 
mum weight. Lagrange remarks however that, if we increase the 
T. E. 5 
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dimensions of the column, we shall obviously increase the weight 
it is capable of carrying, and thus, supposing the height given, it 
is necessary to find a maximum v6lQ/tiv6 to the mass of the column. 
Now the order of P is the fourth power of the linear dimensions 
of section by the second power of the height (thus, the least weight 
which will bend a cylindrical column = ir^Kh^la? where h is the 
radius), hence Lagrange proposes to measure the efficiency of the 
column bv the ratio P : ^ where S is its mass and thus of the 
fourth order in the linear dimensions of section. This measure of 
the efficiency of a column frees us from the indeterminateness which 
would otherwise arise from the possibility of infinitely increasing 
the magnitude of P by simply increasing the dimensions of the 
column. Lagrange terms P ; /S* ‘ la force relative d’une colonne ’ 

(§ 19)- 

Case (i). ^ — ay = 0. The column is a right cone ; Lagrange 

finds that its efficiency is greatest when the cone degenerates into a 
right circular cylinder (§§ 18 — 20). 

Case (ii). 7 = 0. The column is generated by a parabola. 
Here again the only maximum found for the efficiency is when the 
surface degenerates into a right circular cylinder (§ 21). 

Case (iii). The general equation = a + /3a? + 703® is con- 
sidered. The efficiency is found to be greatest when the conic 
becomes a straight line or the column is conical. Hence we are 
thrown back on Case (i), or the column is again a right circular 
cylinder (§§ 22 — 26). 

Lagrange thus conceives that he has disposed of Vitruvius* 
dictum as to ‘bellied’ columns so far as surfaces of revolution of 
the second order are concerned. 

[113.] II. In § 27 the general problem is attacked: to find 
the curve which by its revolution about an axis in its plane 
determines the column of greatest efficiency. Lagrange thus 
expresses the problem analytically : 

II s’agit de trouver une Equation entre les ordonn6es z efc les abscisses 
a;, telle que la quantity soit la plus grande qu’il est possible, S ^tant 

egale ^ I’intcgrale tt f prise dcpuis cc = 0 jusqu’^ cc = a, et P 6tant 
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uae eonstante qui doit ^tre determinee par cette condition, qne Tintegrale 
J dx/u prise ensorte qu’elle soit nulle lorsqiie £c = 0, devienne == tt lorsque 
a? = a, en snpposant u donnee par T equation differentielle 

4P«->x(2„g-(|y-4} = 0, 


oil X est une fonction donnee de % que nous avons supposee plus liaut 
^Kz\ 


Lagrange’s solution of this problem (§§ 28 — 31) is chiefly 
interesting as an early application of the Calculus of Variations. 
His conclusion is that a right circular cylinder is one but not the 
only solution. It is the only solution in the case where the 
required curve must pass through four points equally distant from 
the axis, or again where the extreme sections of the column are to 
be equal and the directions of the tangents to the generating curve 
at those sections parallel to the axis. 

§ 33 treats of a practical case, namely that in which there 
is a small variation from the cylindrical form. Lagrange by a 
somewhat laborious calculation finds a class of curves (a curve 
with variable parameters) for which the eflflciency will be a 
maximum. Causing these parameters to vary (just as in treating 
of the conic sections in I.), he finds that the cylinder is again the 
column of greatest eflflciency. ‘'D’oh Ton doit conclure que la 
figure cylindrique est celle que donne le 'maximum maximorum 
de la force” (i.e. eflflciency). With these words Lagrange 
concludes his memoir, which may fairly be said to have shaken the 
then current architectural fallacies. 


[114.] A memoir of 1777 by Lindquist entitled: De inflex^ 
ionihus laminarum elasticarum Aboae, 1777, which would pro- 
bably contribute something to our subject, I have searched 
for in vain. 

115. Saint-Venant draws special attention to a few pages 
which occur in a memoir by Coulomb; see Liouville’s Journal 
de MatMmatiques, 1856, page 91. Coulomb’s memoir is in the 
volume for 1773 of the Memoir es,,, par divers Savans^ published 
at Paris in 1776. The memoir is entitled Essai sur une application 

5—2 
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des regies de Maximis et Minimis d guelques ProUemes de 
Statique, relatifs d V Architecture. The memoir occupies pages 
343 — 382 of the volume. 

116. The Introduction finishes with the following sentences : 

Ce M^moire, compose depuis quelques annees, n 6toit d’abord destine 
qu’a mon usage particulier, dans les differens travaux dont je suis charge 
par mon etat ; si j’ose le presenter k cette Academic, c’est qu’elle 
accueille toujours avec bont^ le plus foible essai, lorsqu’il a Tutilit^ 
pour objet. D’ailleurs les Sciences sont des monumens consacr4s au 
bien public; chaque citoyen leur doit un tribut proportionne ^ ses 
talens. Tandis que les grands hommes, port^s au sommet de I’^difice, 
tracenb et el^vent les etages sup6rieurs, les artistes ordinaires r^pandus 
dans les stages inferieurs, ou caches dans robscurit6 des fondemens, 
doivent seulement chercher a perfectionner ce que des mains plus 
habiles out cree. 

117. The section of Coulomb’s memoir to which Saint- 
Venant draws attention is entitled Remarques sur la rupture des 
Corps; it occurs on pages 350 — 354. This substantially amounts 
to a short theory of the flexure of a beam, and the merit of 
Coulomb is that he places the neutral line at the middle of the 
transverse section, supposed rectangular; and that he makes an 
accurate calculation of the moments of the elastic forces over a 
transverse section \ Saint-Venant says: 

C’est dans notre si^cle seulement que son M^moire, qui contient sur 
ce sujet tant de choses dans les trois pages intitulees R&iuarques sxcr 
la rupture, a 6te enfin 4tudi^ et compris. 

Saint-Venant names Duleau, Barlow, and Tredgold as having 
fallen into error in the present century in spite of what Coulomb 
had written. 

The section of Coulomb’s memoir finishes thus : 

M. TAbbe Bossut, dans un excellent M4moire sur la figure des digues, 
ouvrage ou Ton trouve reunie, a Tesprit d’invention, la sagacity du 
Physicien, et Texactitude du G4omfetre, paroit avoir distingue et fixe le 

^ [He considers the problem of flexure by a force perpendicular to the beam, so 
that in this case bis position of the neutral line is correct. Belgrade’s method was 
equally correct and earlier.] En. 
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premier la difference qui se trouve entre la rupture des bois et celle des 
pierres\ 

118. Dr Thomas Young wrote a life of Coulomb for the 
Supplement to the Encyclopcedia Britannica, and in it he makes 
a few remarks on the present memoir, which he styles admirahle. 
See Young’s Miscellaneous Works, Vol. ii. page 529. 

119. 1784*. A memoir by Coulomb is contained in the 
Histoire de VAcademie...iox 1784, ^ published at Paris in 1787, 
entitled Recherckes iheoriques et experimentales sur la force de 
torsion, et sur Vdasiicite des fils de metal: Application de cette 
tMorie d Vemploi des metaicx dans les Arts et dans differentes 
experiences de Physique: Construction de differentes lalances de 
torsion, pour mesurer les plus petits degrSs de force. Observations 
sur les loix de Vilasticite et de la coherence. The memoir was read 
in 1784 ; it occupies pages 229 — 269 of the volume. 

The theory is very simple. Imagine a thread of metal or of 
silk, fixed at one end ; and let the other end be attached to a 
cylindrical weight so that in equilibrium the string is vertical and 
its direction in the same straight line with the axis of the 
cylinder. Let the cylinder be turned through any angle round 
its axis, and left to itself : it is required to determine the motion. 
Suppose that a verlical section of the cylinder through its axis 
makes an angle 6 with its equilibrium position, and assume that 
the force of torsion varies as 6 : then the equation of motion is 

■ de~~ 

where MIc^ is the moment of inertia of the cylinder round its 
axis, and fM is some constant. From this equation the time 
of an oscillation can be found ; then by comparing this with 
the observed time such an agreement is obtained as shews that 
the assumption made with respect to the force of torsion is correct®. 

1 [This probably refers to a book published in Paris in 17C4 entitled : Sur la 
construction la plus avantageuse des digues. I have been unable to find a copy.] Bn. 

2 [Coulomb first gave his theory of torsion for hairs and silk threads in a Mimoire 
sur les boussoles de dSclinaison in the M^moires des Savans Strangers, Tom. ix. 1777. 
This theory was extended to metal threads in the above-mentioned memoir of 1784, 
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I presume that this is the memoir which Saint-Venant has 
in view when he speaks of Coulomb and the ancient theory of 
torsion, though he does not give any reference : see pages 331, 
S40, 341 of Saint-Venant’s Torsion. 

Dr Young gives a brief account of Coulomb’s memoir on 
torsion I see Young’s J^Iiscollctnoous 'Worhs^ Vol. ii. pages 532, 533. 

[120.] An important conception arrived at by Coulomb is 
that of cohesion^ which he defines as follows : 

Si Ton suppose un pilier de ma^onnerie coupe par un plan incline k 
rhorison, ensorte que les deux pai'ties soient nnies dans cette section 
par line cohesion donnee, tandis que tout le reste de la masse est 
parfaitement solide, ou lie par une adherence infinie ; qu'ensuite on 
charge ce pilier d’un poids, ce poids tendra k faire couler la partie 
superieure du piliei' sur le plan incline par lequel il touche la partie 
inferieure. Ainsi dans le cas d’^quilibre, la portion de la pesanteur qui 
agit parallMement a la section, sera exact ement egale k la coherence. Si 
Ton remarque actuellement dans le cas de I’homogeneite, que I’adherence 
du pilier est reellement ^gale pour toutes les parties, il faut pour que le 
pilier puisse supporter un fai'deau qu^il n’y ait aucune section de ce 
pilier sur laquelle Teffort decompose de sa pression puisse faire couler la 
partie superieure. Ainsi, pour determiner le plus gi'and poids que 
puisse supporter un pilier, il faut chercher parmi toutes les sections 
celle dont la cohesion est en equilibre aveo un poids qui soit un 
mmimicm : car, pour lors, tout© pression axx-dessous de celle determinee 
serait insuffisante pour rompre le pilier. 

Girard after pointing out the distinction between “ substances 
fibreuses ” and “ les corps formds de moldcules agglutindes ” quotes 
the above with great praise as the ingenious hypothesis of 
‘ citoyen Coulomb.’ (Of. Traite, Introduction, p. xxxvi.) 

[121.] Giordano Eiccati: Belle vihrazioni sonore dei cilindri. 
This memoir occurs on pp. 444 — 525 of the Memorie di Matema- 
tica e Fisica della Societd Italiana, Tomo i., Verona, 1782. 

The basis of this memoir is the appendix to Euler’s Methodus 
inveniendi ; 

and the same subject was still further considered in a paper entitled: Expiriences^ 
destinies a diterminer la cohirence des Jluides, in the Mimoiree de VInstitiit National 
des Sciences^ Tom. ni, p. 256 (1806), Paris. Prairial An ix.] En. 



GIORDANO RICCATI. 


71 


Quantunque io abbia preso Tessenzial di questa soluzione dalF appen- 
dice sopra le curve elastiche aggiunta dal dottissimo Sig. Leonardo Eulero 

alia sua profonda opera Methoclus inveniendi j nulladimeno non 

isdegnino di leggerla i Matematici, si percbfe ho procurato di rischiarare 
la materia per se stessa oscurissima, si perch^ riuscito di farci per 
eiitro qualche non dispregevole scoperta, e di notare altresi alcun picciolo 
neo, die anderb opportunamente segnando, nelle speculazioiii per altro 
sublimi del chiarisaitno autore. 

Eiccati still labours under the old error which placed the 
neutral surface in the lowest fibre of a beam subjected to a 
perpendicular deflecting force. He also corrects Euler in the 
same point as Girard (see Art. 130) by stating that the 
‘absolute elasticity’ of a cylindrical beam is proportional to tlie 
ciihe of its thickness ; 

Se col metodo di me tonuto rispettivamente ai cilindri avessi cercato 
il valore della forza E nelle lamine elastiche, mi farebbe riuscito di 
trovarlo in ragione composta della rigidity della materia, della larghezza 
della lamina, e del cubo della sua grossezza. Alla forza E il Signor 
Eulero da il titolo di elasticity assoluta della lamina, e senza dimostrarlo, 
V asservisce proporzionale al prodotto della rigidity della materia, della 
larghezza della lamina, e del quadrate della grossezza. Questo sbaglio 
influisce nella legge dei tempe delle vihrazioni delle lamine elastiche 
determinata dal nostro Autore, la quale non corrisponde ai fenomeni, 
salvochb nella circostanza, che le diverse lamine sieno di pari grossezza. 

The correction of Eiccati, like that of Girard, seems to me 
to arise from a misunderstanding of Euler. Euler makes his 
Ek^ (=Eiccati’s E) proportional to the square of the dimension of 
the beam in the plane of flexure multiplied by the area of its 
section, and in the case of a beam of circular section this is 
proportional to the fourth power of the diameter. (See Art. 75.) 

Eiccati arrives at the same result for his cylindrical beams 
also although he uses (§ III.) a very unsatisfactory proof. In 
Section X. the equation d^yjdx^ = is found for the vibrations 
of the beam, by a method which resembles Daniel Bernoulli’s or 
the earlier work of Euler in not introducing D’Alembert’s Principle. 
Equations are obtained similar to those of Euler (see Art. 87 et 
seq), and Eiccati solves them by somewhat lengthy numerical calcu- 
lations in order to determine the times of vibration. Eeference is 
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made on a minor point to the memoir of the father, Jacopo Riccati, 
which we have considered in Art. 30. 

In Section xxviii. the nodes are determined for any mode of 
vibration. Finally the results of theory are compared with ex- 
periments made on cylinders of steel and bronze. 

Viewed as a whole Riccati’s memoir contributes little or 
nothing new to the mathematical theory of a vibrating beam, yet 
his calculations are more complete than those of Daniel Bernoulli 
(see Art. 50) and the paper has considerable value as a contribution 
to the theory of sound. 

[122.] James Bernoulli: JEssai iheor^tique sur les vibr'ations 
des plaques elastiques rectangulaires et libres. This memoir was 
presented to the Academy of St Petersburg in Oct. 1788. It 
is printed in the A’bm Acta Academiae Scientiariim Petropolitanaej 
Tomus V. This is the volume for the academic year 1787, and 
was published at St Petersburg in 1789. The James Bernoulli 
in question was the nephew of Daniel and grandson of the John 
Bernoulli mentioned in Art. 35 \ 

The author expresses a desire in § 1 to find a theoretical basis 
for Chladni’s experiments on sound. He notes that the attention 
of the great ‘geometricians' has hitherto been confined to the 
examination of the vibrations of bodies which can be regarded 
as having only one dimension, strings and elastic laminae. 

Si M. L. Euler a ose passer plus loin, & traiter du son des cloches, il 
a reconnu lui-meme, que Thypoth^se, qiVil faisoit servir de base k ses 
calculs, 6toit pricaire. 

(See our Art. 94.) 

Even in this case Chladni has shewn that Euler’s hypothesis is 
inadmissible because it leads to results not in accordance with 
experience. 


relationshi^^^^^ scheme may aid the reader in forming some idea of the 

Nicolaus (b. 1623, d. 1708) 

(A merchant of Basel) 

r - — 


James (Fifth Son) 
(Elastic Curve) 


John (Tenth Son) 
(Discourse on Motion) 


Daniel (Second Son) 
(Vibrations of a beam) 


John (Youngest Son) 


James (of this memoir) 
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Bernoulli however, having read Euler’s essay on the vibrations 
of membranes^ believes that the very plausible hypothesis, therein 
made use of, might be applied to the case of elastic plates. In the 
case of membranes no experiments have been made which would 
enable him to verify Euler’s theory, but in the case of vibrating 
plates, since, 

Les sons et les vibrations de ces sortes de corps sont un des 
principaux objets du livre de M. Obladny, cfe qu’ainsi il y a une ample 
provision d’experiences, qu’on pourra confronter avec les resultats de la 
theorie. 

Bernoulli, to obtain an equation for the vibrations of a plate, 
assumes practically that a curved surface, such as that of a plate 
in vibration, may be considered as built up of an infinite number of 
curves of simple curvature. He divides his plate into two series of 
annuli (like Euler divides his bells) at right angles to each other, 
and considers the separate motions of these annuli to be the same 
as those of elastic rods. He then combines these two results to 
obtain an equation of the form 

d^z ^ 

or, as he writes it, = 

It will be seen at once that his method leads him to an equation 
which wants the term d'zjdx^dy^ and is therefore worthless. 

In § 31 he proceeds to consider whether the results of his 
theory are in accordance with the experiments of Chladni, and finds 
naturally that, with a certain general resemblance, the results of 
experiment and theory do not accord in any detail. He leaves 
the question of the validity of his theory to the intelligent reader, 
who can judge with greater impartiality than the author. (§ 37.) 

[123.] P. S. Girard. Traite Analytique de la Resistance des 
solideSj et des solides d'egale Resistance, Auquel on a joint une 

^ Euler’s paper appears in the Novi Commentarii of the St Petersburg Academy for 
the year 1766 (Tomus x). It is entitled De motu vihmtorio tympanorivni, pp. 24:3 — 260. 
A memoir by Giordano Riccati, entitled Delle vihrazioni eonore del tamburo, is con- 
tained in the first volume of the Saggi scientifici delV Accademia di Padova, Padua, 

1786. To Euler seems dilie the equation ^ +/* ^ for the vibratory 


motion of a membrane. 
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suite de nouvelles Eccperiences sur la force, et V elasticity spe'cifique 
des Bois de Chine et de Sapin. Paris, 1798. (A German trans- 
lation appeared at Giessen in 1803.) This work very fitly closes 
the labours of the ISth century. It is the first practical treatise on 
Elasticity' ; and one of the first attempts to make searching experi- 
ments on the elastic properties of beams. It is not only valuable 
as containing the total knowledge of that day on the subject, 
but also by reason of an admirable historical introduction, which 
would materially have assisted the compilation of the present 
chapter had it reached the editor’s hands in time. The work 
appears to have been begun in 1787 and portions of it presented 
to the Acad^mie in 1792. Its final publication was delayed till 
the experiments on elastic bodies, the results of which are here 
tabulated, were concluded at Havre. 

[124.] It is interesting to note an Extrait dii rapport fait d 
la classe des Sciences pjlnjsiques et matheinatiques de Vlnstitut 
national des Sciences et Arts^ 

Seance dull Ventose an 6. 

Le dtoyen Prony lit le rapport suivant : 

Pfous avons charges, le dtoyen Coulonib et moi, de faire rapport 
d la classe sur un ouvrage que lui a presents le dtoyen Girard, Ingmiev/r 
des Fonts et Chaussees, etc. etc. 

We are reminded even here that we are considering the period 
of the French Ee volution. In the memoir referred to in Art. 115 
Coulomb is " Ingdnieur du Eoi.’ 

[125.] The book is divided into four sections with an intro- 
duction. The introduction is occupied with an historical retrospect 

^ The eighteenth century textbooks of Mechanics had usually a chapter on the 
strength of materials, but they can hardly be said to have been treatises on elasticity. 
A very popular English book, which may be taken as a sample of the type, was 
W. Emerson’s, Mechanics or the Doctrine of Motion. It ran through several 
editions (2nd Edition, London, 1758); and is quoted with approval as late as 1806. 
Section vin. (pp. 93 — 116) is entitled; ‘The strength of beams of timber in all 
positions ; and their stress by any weights acting upon them, or by any forces 
applied to them.’ It labours under the old error as to the position of the neutral 
line, and discusses the old problems as to solids of equal resistance, etc. There is no 
sign of the author’s acquaintance with the later work of Euler, and the only 
interesting part of the book is a quaint and characteristic preface. 
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of the work already accomplished in the field of elasticity. It is 
written in a clear style and is of great value. The introduction 
concludes with an analysis of Girard's own work. The original part 
of this seems to be confined to the fuller consideration of a rod 
built in at both ends, to a more detailed account than had before 
been given of the "solids of equal resistance' and to numerous 
experiments on the resistance of beams of wood. 

[126.] A remark made (p. lii) with regard to these experi- 
ments ought to be quoted : — 

On a neglige dans la tlieorie de la resistance des corps la 
coherence longitiid inale de leurs fibres. II est evident cependant 
qiie cette coherence doit rendre leiir inflexion plus difficile. Aussi 
avons-nous reconnu des nos premieres experiences que Telasticite 
absolue qui, dans Thypoth^se des geom^tres sur I’organisation des corps 
fibreux devrait dependre uniquement des dimensions de leurs bases de 
fracture, dependait encore de la longueur de leurs fibres integrantes. 
En consequence, nous avons recherche la fonction de cette longueur qui 
reprisente la coherence longitudinale dans differentes especes de hois 
afin d’en conclure leur Uasticite ahsolue sp^cijique. 

This remark shews us exactly how far the 18th century had 
got; it shews us also where the next steps must be made; — ""la 
coherence longitudinale" must be recognised in the equations 
which determine the equilibrium of an elastic body. 

[127.] The first section of Girard’s treatise is concerned with 
the resistance of solids according to the hypotheses of Galilei, 
Leibniz and Mariotte. He notes Bernoulli’s objections to the 
Mariotte-Leibniz theory; but remarks that physicists and geo- 
metricians have accepted this theory : 

Non-seulement ^ cause de sa simplicity, mais encore pai'ce qu'elle 
s'accorde si heureusement avec les observations, et s’eloigne si peu de la 
vyrite, que dans le cas m^me oil la nature nous aurait revele son secret 
sur la contexture des corps, elle a tellement multiplie les accidens dans 
ses productions que des connaissances certaines sur cette contexture ne 
nous conduiraient pas k des I’esultats plus avantageux k la pratique 
des arts que ceux auxquels on parvient a I’aide de cette supposition. 
(Introduction, p. xxix.) 
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[128.] At the same time he thinks it probable that Galilei’s 
hypothesis of non-extension of the fibres may hold for some bodies — 
stones and minerals — while the Mariotte-Leibniz theory is true for 
sinews, wood and all vegetable matters (cf. p. 6). As to Bernoulli’s 
doubt with regard to the position of the neutral surface, Girard 
accepts Bernoulli’s statement that the position of the axis of equi- 
librium is indifferent, and supposes accordingly that all the fibres 
extend themselves about the axis A G (see our figure p. 7). 

[129.] In this first section Varignon’s method is used -to 
obtain a result true for either hypothesis ; the only point of 
interest is an ingenious arrangement of weights and pulleys by 
which both hypotheses can be represented (pp. 7 — 9). 

[130.] §§ 15 — 84 discuss various problems on Galilei’s hypothesis. 

§§ 35 — 49 treat the same problems on the Mariotte-Leibniz 
theory. 

In §§ 64 — 68 results are considered which are true on either 
supposition. 

Then follows a discussion on elastic curves, beams and columns, 
drawn from the various memoirs of Euler and Lagrange. It 
contains nothing new and is often mere verbal reproduction 
(§§ 76 — 124). There is however a remark and footnote as to a 
supposed error of Euler (see Art. 75, and for the matter of fact of 
Lagrange too : see Art. 112), in measuring the absohcte elasticity 
of a beam (in Euler’s notation Ek^ by the fourth 'power of the 
diameter of the beam supposed cylindrical and not by the third 
power, w^hich James Bernoulli had employed and “ celle que nous 
out indiqude le raisonnement et I’exp^rience.” Euler was un- 
doubtedly right in his value for the case of a beam of circular or 
square section, and of these he appears to be treating (see Art. 121). 

[13].] The second section of the work treats of solids of 
equal resistance, it is a reproduction and extension of the results 
of Galilei, Varignon and Parent, but does not really belong to the 
theory of elasticity. 

The third section considers the long series of experiments 
undertaken by Girard at Havre on the resistance of oak and deal 
beams, with an account of his peculiar apparatus. 
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The fourth section is a not very satisfactory discussion of the 
oscillations which accompany the flexure of beams, together with 
some general remarks on subsidence. 

[132.] The whole book forms at once a most characteristic 
picture of the state of mathematical knowledge on the subject 
of elasticity at the time and marks the arrival of an epoch when 
science was to free itself from the tendency to introduce theologico- 
metaphysical theory in the place of the physical axiom deduced 
from the results of organised experience. 

[133.] General summary. As the general result of the work 
of mathematicians and physicists previous to 1800, we find that 
while a considerable number of particular problems had been 
solved by means of hypotheses more or less adapted to the 
individual case, there had as yet been no attempt to form general 
equations for the motion or equilibrium of an elastic solid. Of 
these problems the consideration of the elastic lamina by James 
Bernoulli, of the vibrating rod by Daniel Bernoulli and Euler, and 
of the equilibrium of springs and columns by Lagrange and Euler 
are the most important. The problem of a vibrating plate had 
been attempted, but with results which cannot be considered 
satisfactory. (See Articles 96 and 122.) 

A semi-metaphysical hypothesis as to the nature of Elasticity 
was started by Descartes and extended by John Bernoulli and 
Euler. It is extremely unsatisfactory, but the attempt to found a 
valid dynamical theory by Jacopo Riccati did not lead to any more 
definite results. 


[Addenda. References to the following academic dissertations 
reached me too late for any notices of them to appear in their 
proper places in this first chapter. 

(cl). Dissertatio Physica de Corporibus JSlasticis, quam .. 
puhlicae Eruditorum ventilationi suhmittit Heinricus von Sanden, 
Anno MDCciv, Regiomonti. 
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The author classifies the chief tactile properties of bodies under 
hardness, softness, and elasticity. He defines the latter thus : 

Elasticorum denique corporum talis est structura, quod illorum 
partes tali modo sint locatae, si aliquantulum a se invicem fuerint 
separatae, distentae aut elongatae violenter ac praeter solitum fuerint, 
cessante violently hac se reuniant aut in pristinam laxitatem sese 
restituant. 

§ II is devoted to a philological discussion on the derivation of 
elasticity with references to Aristotle, Pliny, Galen, etc. 

The sections immediately following divide elastic bodies into 
natural and artificial ; under the latter are described cross-bows 
and children’s spring-guns, etc. Francesco de Lama, Sturm and 
Mariotte are the chief authorities quoted. Then we find the 
elasticity of glass, membranes, musical strings, eiderdown, water 
etc., touched upon. For the compressibility of water experiments 
of Bacon Boyle and the author himself are cited. 

In § XIII — § XIV the second part of elastic action, viz. restitu- 
tion after compression, inflexion or extension is discussed. Sanden 
believes that the hypothesis of an aether is better calculated to 
explain this restitution than the hypothesis of repulsive and 
attractive forces inherent in the ultimate particles of matter. He 
thinks the Newtonian theory rather obscures than elucidates the 
subject and quotes Halley as of the same opinion. His theory is 
similar to that of Hooke, but his source seems to be the some- 
what later work of Francesco de Lama. It is the extrusion and 
intrusion of the medium into the pores of bodies which produces 
the phenomena of elasticity. Sanden’s theory however differs 
from that of Hooke and other writers I have met with, in supposing 
the medium to be neither air nor aether, but a mixture of the two: 

Est itaque corporum elasticorum causa aer gravis, hujus verb 
aetlier, cui Deus primus motor immediate impulsum impressit (p. 1 9). 

The concluding sections apply this theory to particular ex- 
amples in the usual vague descriptive method characteristic of the 

1 Bacon’s experiment with a leaden sphere containing water is described in the 
Novum Organum L, ii. Aph, xly. and in the Jiutoria Densi et BarL (Spedding and 
Ellis IV. p. 209 and v, p, 395.) Bacon’s views on compression will be found at the 
places indicated. Born three years before Galilei, he is the father of the physical, 
as Galilei of the mathematical school of ejasticians. 



GENERAL SUMMARY. 


79 


period. The air is elastic owing to the presence of asther in it, 
and any other substance, for example water, is elastic owing to 
the presence of air in the interstices between its particles. 

The dissertation has no scientific but undoubted historical 
interest. 

{13), S. Hannelius: JDe causd elasticitatis. Aboae, 1746. I 
have been unable to find a copy of this. It is mentioned in 
Struve’s catalogue of the Pulcova Library. 

( 7 ). Dissertatio academioa de corporum natiiralium cohcerentia. 
Tubingae, 1752. This dissertation seems to have been submitted 
for public ' wrangling ’ by G. W. Krafft, Professor of Physics and 
Mathematics at that time in the University. 

It contains nothing of the slightest original value. There is a 
superficial discussion of the work of Galilei, Mariotte, Leibniz, 
Bernoulli, Biilfinger and Musschenbroek. It concludes with a 
suggestion that the results of these writers — regardless of their 
discordance inter se and with experiments — should be applied 
somehow in the construction of bridges and roofs.] Ed. 



CHAPTER II. 


MISCELLANEOUS INVESTIGATIONS BETWEEN THE 
YEARS 1800 AND 1822. 

[134.] 1802. Thomas Young: A Syllabus of a Course of 

Lectures m Natural and Experimental Philosophy. London, 1802. 

In Section xi. of the third part of this work, which is de- 
voted to Physics, Young discusses some; Of the general Properties 
of Matter. Without making any very definite statements he 
would appear to ascribe the properties of cohesion and elasticity 
to the existence of the ultimate material particles in an ethereal 
medium, which in some fashion produces between them apparent 
repulsive and attractive forces, (p. 144.) 

Sections xix. and xx. of the first part of the book, entitled 
Of passive strength and Of Architecture^ are also more or less con- 
cerned with our subject (pp. 39 — 46). We may note the following 
paragraphs : 

The strength of the materials employed in mechanics depends on the 
cohesive and repulsive forces of their particles. When a weight is 
suspended below a fixed point, the suspending substance is stretched, 
and retains its form by cohesion ; when the weight is supported by 
a block or pillar placed below it, the block is compressed, and resists 
primarily by a repulsive force, but secondarily by the cohesion required 
to prevent the particles from sliding away laterally. When the strain is 
transverse both cohesion and repulsion are exerted in different parts 
of the substance (p. 39), 
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When a body is broken transversely by a force applied close to the 
place of fracture, it appears to bear more than twice the weight which 
might be suspended by it. 

When a transverse force is applied to a bar at a distance from the 
place where it is fixed, the parts nearer the one surface resist by their 
cohesion, and the parts neax^er the other surface by their repulsion ; 
and these forces balance each other; but accoi'dingly as the body is more 
easily extensible or compressible the depth to which each action extends 
will be different; in general, the neuti’al point is nearer the concave 
surface, the incompressibility being the greater (p. 40). 

If each end of a beam be firmly fixed, instead of being barely 
supported, its relative strength will be doubled ; for the flexure at each 
end now adds to the strength a fox'ce capable of supporting half as much 
as the whole weight, and the sum of these additional foi’ces is equal to 
the whole weight (p. 41), 

On the whole there is little to be learnt from these lecture- 
notes, except that Young supposed that there were different 
moduli for compression and extension, and that he was not very 
certain as to the position of the neutral axis. He states, I may 
add, that there is some difficulty in reconciling the results of 
various experiments as to the cohesion of materials. 

[135.] In 1807 there appeared for the first time the lectures 
of which the above-mentioned work was the syllabus. They are 
entitled: A Coii7'se of Lectures 07i Natural Ph.Uoi^ojthj and the 
Mechanical Arts, This book is in two quarto volumes. 

We may first note a very valuable classified list of wox'ks 
on Natural Philosophy and the Mechanical Arts on p. 87 of the 
second volume. Under the headings Eqidlih^ium of Elastic 
Bodies (p. 130), Passive Strength (p. 168), Columns and Walls: 
their sti'ongest forms (p. 173), and ViWations /rom Elasticity 
(p. 268), Young gives a nearly complete bibliographical list of 
memoirs on the subject of elasticity written during the 18th 
century \ 

^ The editor did not discover this list till revising Ur Todhnnter’s account of 
Young’s work. He has endeavoured to supply some omissions discovered by its 
aid. The list ought to be consulted by all stiidents of the history of mathematics. 
It is superior in many respects to Beim's Ii4*pertorium, 

T. B. 


C 
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136. On pages 46 — 50 of the second volume is a section (ix.) 
entitled: Of the equilibrium and strength of elastic substances. 
This section is reproduced in the Works of Dr Youngs 

it occupies pages 129 — 140 of the second volume, and the following 
note by the editor is placed on page 129 : 

This article has been reprinted in consequence of the originality and 
importance of some of the propositions which it contains. It was not 
included in the new edition of Dr Young’s lectures which was edited by 
Professor Kelland. 

[137.] Young commences the section by one or two definitions, 
of which the second relates to that constant of elasticity which has 
since been named Young's modulus. It runs thus : 

The modulus of the elasticity of any substance is a column of the 
same substance, capable of producing a pressure on its base which is 
to the weight causing a certain degree of compression as the length of 
the substance is to the diminution of its length. 

It will be seen that the modulus as thus defined by Young 
does not agree with what we now term Young’s modulus. In fact 
the product of the latter and the area of the section of the beam is 
equal to the weight of the modulus adopted by Youngh 

[138.] The definition of the modulus is followed by a series of 
theorems which in some cases suJEfer under the old mistake as 
to the position of the neutral surface. Thus in § 321, when a 
force acts longitudinally on a beam Young places the neutral 
surface, or as he here terms it 'the point of indifference/ in the 
surface of the beam. 

In § 332 Young defines the 'stiffness of a beam’ and makes it 
directly as the breadth and as the cube of the depth, but inversely 
as the cube of the length. It will thus be seen that his ' stiffness ’ 
is not the same as that of Euler, Riccati dr Girard. 

139. The whole section seems to me very obscure like most of 
the writings of its distinguished author; among his vast attainments 
in sciences and languages that of expressing himself clearly in the 

^ That Young originally defined his modulus as a volume does not seem quite 
clearly brought out by Thomson and Tait, Treatise on Natural Philosophy, Part ii. 
§§ 686 and 687. See also the Article Elasticity, Encycl. Brit, § 46. 
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ordinary dialect of mathematicians was unfortunately not included. 
The formulae of the section were probably mainly new at the time 
of their appearance, but they were little likely to gain attention in 
consequence of the unattractive form in which they were presented. 
They relate to the position of the neutral line when a beam is 
acted on by a given force, to the amount of deHection, and to the 
form assumed by the beam ; also to various points connected with 
the strength of beams. Saint- Venant alludes to Dr Young’s investi- 
gations in Liouville’s Journal de Math^matiques, 1856, page 92: 

...La simple flexion sans rupture, dont Tillustre physicien Th. Young 
avait en 1807, pr4sent4 les formules pour les cas les plus simples,... 

and in a note he adds 

Ces foi'mulea ont reprodnitcs par le Dr Robison, article Strength 
of Materials de Y Encyeloj}Mie Britanniqm, 

140. As a specimen of Dr Young’s manner I give one of his 
Theorems, which can be conveniently extracted as it docs not refer 
to any of the others h 

Theorem. The force acting on any point of a xiniform elastic rod, 
bent a little fj’om the axis, varies as the second fluxion of the ciirvature, 
or as the fourth fluxion of the ordinate. 

For if we consider the rod as composed of an infinite number of 
small inflexible pieces, united by elastic joints, the strain, produced by 
the elasticity of each joint racist be considered as the cause of two 
effects, a force tending to press the joints towards its concave side, 
and a force half as great as this, urging the remoter extremities of tlio 
pieces in a conti'ary direction; for it is only by external pressures, 
applied so as to counteract these three forces, that the pieces can bo 
held in equilibi'ium. Now when the force acting against the convex 
side of each joint is equal to the sum of the forces derived from the 
flexure of the two neighbouring joints, the whole will remain in 
equilibrium ; and this will be the case whether the curvature be equal 
throughout, or vary uniformly, since in either case the curvature at any 
point is equal to half the sum of the neighbouring curvatures ; and it is 
only the diflference of the curvature firom this half-sum, which is as the 
second fluxion of the curvature, that determines the accelerating force. 

1 [This appears as an addition on p. 83 of llio first edition of the Couvu of 
Lectures.] En, 


6—2 
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The result which is in view is, I presume, that which forms 
equation (/) of Poisson’s MSoanique, Vol. L page 632; but 
I cannot regard Dr Young’s process as offering any intelligible 
demonstration. 

141. Whewell, in the second edition of his Elementary 
Treatise on Mechanics^ published in 1824, made use of Dr Young’s 
results. He says on page x. of his preface : 

I have also added in Chap, x some important and interesting 
theorems on the Elasticity and Compression of Solid Materials^ ps^rtly 
adapted from Dr Young’s Elements of Natural Philosophy. I would 
gladly have given a section on the strength and fracture of beams, had 
there been any mode of considering the subject, which combined 
simplicity with a correspondence to facts.... 

The section in the work occurs on pages 195 — 201; it is 
entitled Elasticity and Resistance of Solid Materials. In this 
section Whewell gives the essence of Dr Young’s results, so 
far as they relate to the equilibrium of elastic substances; and 
by using ordinary mathematical language and processes he renders 
the investigations intelligible. But he does not reproduce those 
parts which relate to the strength of elastic substances ; and it may 
be inferred, from the second of the sentences which I have quoted 
from his preface, that he was not satisfied with them. 

[142.] In Lecture L. (Vol. I.) Young treats of Cohesion and 
on p. 628 of elasticity in particular. He writes : 

The immediate resLstance of a solid to extension or compression is 
most properly called its elasticity; although this term has sometimes 
been used to denote a facility of extension or compression, arising from 
the weakness of this resistance. A practical mode of estimating the 
force of elasticity has already been explained, and according to the 
simplest statement of the nature of cohesion and repulsion, the •weight 
of the modulus of elasticity is the measure of the actual magnitude of 
each of these forces ; and it follows that an additional pressure, equal to 
that of the modulus, would double the force of cohesion and require the 
particles to be reduced to half their distances in order that the repulsion 
might balance it ; and in the same manner an extending foi-ce equal to 
the weight of half the modulus would reduce the force of cohesion to 
one half and extend the substance to twice its dimensions. But, if‘ as 
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there is some reason to suppose the mutual repulsion of the particles of 
solids varies a little more rapidly than their distance, the modulus 
of elasticity will be a little greater than the true measure of the whole 
cohesive and repulsive force; this difference will not, however, affect 
the truth of our calculations respecting the properties of elastic bodies, 
founded on the magnitude of the modulus as already determined. 

Young then proceeds to discuss stiffness and softness, and at 
the conclusion of his lecture remarks, that if an ultimate agent for 
cohesion is to be sought outside a fundamental property of matter, 
it might perhaps be found in a universal medium of great elasticity. 
All suppositions founded on analogy in this case (as for example 
that of the Magdebuxg hemispheres) must however be considered 
as merely conjectural. ' Our knowledge of everything which relates 
to the intimate constitution of matter, partly from the intricacy of 
the subject, and partly for want of sufficient experiments, is at 
present in a state of great uncertainty and imperfection.' 

[143.] Besides the senii-mathematical section on the strength 
of elastic substances (see our Art. 136) and this lecture on cohesion, 
Young has a separate lecture on Passive Strength and Friction 
(Lecture in. pp. 135 — 156 of Vol. I.). This contains a purely 
physical discussion of the elastic properties of bodies. The 
modulus of elasticity is defined, Hooke's Law is expressly assigned 
to its discoverer, and references are iiiade to the labours of Coulomb 
and Musscheubroek. Young also states in ordinary language some 
of the results of the mathematical theory, for example on p. 139, 
where he reproduces Lagrange's results for a bent column. 

The important subject of Hateral adhesion' is also discussed, 
and Young notes that Coulomb makes it nearly equal to the direct 
cohesion of the same substance or a little greater, while Kobison 
makes it twice as large (p. 146). Young appears to have been 
among the first, who laid marked stress on the distinction between 
these two elastic properties of a body. There is as yet however 
no sign of any attempt to introduce this conception into the 
mathematical theory of elasticity. Its omission in the con- 
sideration of the beam problem before and at this date, does not 
appear to have arisen from a consciousness that its effects were 
negligible, but rather from a dogmatic assumption that the ciirva- 
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ture of a beam must vary as the moment of the bending force. 
When this assumption was replaced by considering the beam as 
made up of individual fibres suffering extension or compression, the 
question of their lateral adhesion does not seem to have at once 
occurred to the first investigators, 

[144.] Besides the Course of Lectures on Natural Philosophy 
Young wrote a number of articles connected with the subject of 
Elasticity. Thus the articles Bridge and Carpentry were contri- 
buted by him to the Encyclopaedia Britannica. These articles are 
equally obscure, and, so far as I have been able to comprehend 
them, do not treat satisfactorily the position of the neutral line. 
The term 'neutral line’ is, I think, due to Young. It certainly 
owes its general adoption to his constant use of it. 

[145.] Closely associated with these Encyclopaedia articles of 
Young are several articles contributed to the same work by Robison. 
They were written shortly before the death of the author in 1805, 
and are collected by Brewster in Vol. i. of his edition of Robison’s 
papers entitled : A System of Mechanical Philosophy, Edinburgh, 
1822, The articles in question are headed : Strength of Materials 
and Carpentry (pp. 369 — 551). They are followed in Brewster s 
edition by papers on the construction of roofs and arches, which are 
also connected with our subject. 

Robison finds that very few experimental results of importance 
have yet been obtained. He considers Musschenbroek’s investiga- 
tions to have been made on poor material, and, with the exception 
of the experiments of Buffon on the strength of timber, holds that 
nothing can be found from which absolute measures might be 
obtained that could be employed with confidence. He quotes 
Hooke’s Law and mentions Coulomb’s experiments in confirmation 
of it. James Bernoulli’s experiments, which seem to deviate from 
it, do not do so on closer examination (see Art. 22). Robison 
does not appear to have had any extended mathematical knowledge 
and his off-hand treatment of Euler (p. 406) is hardly satisfactory. 

On p. 411 he returns to his criticism of Euler ; 

In the old Memoirs of the Academy of Petersburgh for 1778, 
there is a dissertation by Euler on the subject, but particularly limited 
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to the strain on columns, in which the bending is taken into account. 
Mr Fuss has treated the same subject with relation to carpentry in 
a subsequent volume. But there is little in these papers besides a dry 
mathematical disquisition, proceeding on assumptions which (to speak 
favourably) are extremely gratuitous. The most important consequence 
of the compression is wholly overlooked, as we shall presently see. Our 
knowledge of the mechanism of cohesion is as yet far too imperfect to 
entitle us to a confident application of mathematics. 

[146.] Such criticism is very idle ’in a writer, who on the 
very next page places the neutral line on the concave surface of a 
beam subjected to flexure ! But what we have hitherto quoted is 
not a tithe of the strong language which Bobison applies to Euler. 
He accuses him wdth using his great power of analysis regardless 
of physical truths and merely for the purposes of display : 

We are thus severe in our observations, because his theory of 
the strength of columns is one of the strongest evidences of this wanton 
kind of proceeding and because his followers in the Academy of 
St Petersbtirgh, such as Mr Fuss, Lexell and othei’s, adopt his con- 
clusions, and merely echo his words. We are not a little surprised to 
see Mr Emerson, a considerable mathematician, and a man of very 
independent spirit, hastily adopting the same theory, of which we doubt 
not our readers will easily see the falsity (pp. 465 — 6). 

Now Euler’s theory of bent columns does not agree with 
experiment, and of this Robison was well aware. His considera- 
tion of Euler’s error (pp. 406 — 7) is perfectly clear and fiiir; he 
shews, in fact, that the neutral line in the case of a bent column 
does not lie on the concave surface (see our footnote p. 44), But 
then this is the very error he had himself fallen into in the 
case of a beam subjected to flexure by a force perpendicular to its 
axis. It is Robison himself who perpetuated in the English text- 
books this error already corrected by Coulomb (see Art. 117). 
Besides this correction of Euler, I can find nothing of originality 
in this or any other of Robison’s papers. 

[147.] The following English and German text-books require 
a few words of notice. 

1803. John Banks ; On the Power of Machines. Kendal, 1803. 
This book contains a section entitled : Experiments on the strength 
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of oah^ fir and cast-iron, with many observations respecting the 
form and dimensions of learns for steam engines etc. (pp. 73 — 108). 
Its author describes himself as a 'lecturer on philosophy.’ The 
section in question contains a set of practical rules for engineers. 
How far they were of value is doubtful, as the author still makes 
use of Galilei s hypothesis and also of the erroneous position of 
the neutral line. 

[148.] 1806. Olinthus Gregory; A Treatise of Mechanics, 

Theoretical, Practical and Descriptive. London, 1806. Book I. 
Chapter v. (p. 104) treats of the strength and stress of materials. 
This author reproduces the whole of Galilei’s results, apparently 
only for the reason 'that they are comparatively simple,' — and this 
notwithstanding that a century previously they had been recog- 
nised as ' erroneous ! Nothing shews more clearly the depth to 
which English mechanical knowledge had sunk at the commence- 
ment of this century. The same section is reproduced in the 
edition of 1815. 

[149.] 1808. Eytelwein: Handbiich der Statik fester Korper. 

Berlin, 1808. The fifteenth chapter of this book (Bd. Ii. pp. 233 — 
424) is entitled: Von der Festigkeit der Materialien, and concludes 
with a bibliography of the more important works on elasticity 
published antecedent to 1808. The first section of the chapter, 
headed : Von der absoluten Festigkeit, is principally occupied with 
experimental results drawn from Musschenbroek, Girard and others. 

In the second section of the chapter, headed : Von der respectiven 
Festigkeit, we have (pp. 275 — 278) a correct consideration of the 
position of the neutral line for a beam subjected to flexure by a 
force perpendicular to its axis. There is nothing original in this 
section, but its author possesses the advantage over . Banks and 
Gregory of being abreast of the mathematical knowledge of his 
day. In this second section also (p. 302) Eytelwein makes a 
true statement of the problem of a beam subjected to flexure, 
but finds the diflSculties of analysis too troublesome and ultimately 
relapses into the old theory which rejected the compression. 

Weil alle Korper vor dem Brechen, wenn auch nooli so wenig, 
ausgedehnt werclen, so kann hier nicht die Bede davon s’eyn, die 
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allgemeineren Untersixclmngen iiber die respective Festigkeit auf die 
Galileische Hypotliese zu griinden, sondern da jede Materie als aus- 
dehnbarund compressibel anzunehmen ist, so niiisseii diese TJiitersuchiiii- 
gen aucli auf diese beiden Eigenschaften der Kdi'per aiisgedehnt werden. 
Allein die nacbstehende Auseinandersetzung zeigte, wie weitlauftig die 
Eechnung wird, 'weiiii man zugleicli auf Compressibilitafc Eiicksicht 
nimmt, und weil diese Eigenschaft denjenigen Kdrpern, welche bier 
uutersucbt werden, nur sebr wenig zukommt, so wird man solcbe um so 
mehr bei Seite setzen kdnnen. 

The results of tbe second and third sections on prismatic 
beams and beams of varying sections are in consequence far from 
satisfactory. The fourth and concluding section of the chapter 
treats of experiments on the relative strength of beams ; Mus- 
schenbroek and Girard are the author’s chief authorities. 

[150.] It may be noted that the subject of compressibility in 
beams has not even in the present day been reduced to accurate 
mathematical treatment. Notwithstanding Saint-Venant’s classical 
memoir on the flexure of prisms, the application of the general 
equations to special cases of the bending of beams under longi- 
tudinal pressure still presents difficulties which have not been 
generally surmounted. 

151. 1809. Plana. A memoir by Plana is published in 
Tom. 18 of the Turin Memoirs for 1809 — 1810; and is entitled; 
Equation de la courbe formic par une lame Slastique, quelles que 
soient les forces qui agissent sur la lame. The memoir occupies 
pages 123 — 155 of the mathematical part of the volume. It 
was read on the 25th of November, 1809. 

152. The memoir, which is confined to the case in which the 
elastic curve and the forces acting on it are all in one plane, 
is divided into two parts. The first part occupies pages 
123 — 136 ; here the investigation of the differential equation to 
the curve is given, the result being the same as had already been 
obtained by Euler and Lagrange. Plana says on his page 125 ; 

Les moyens que ces deux auteurs emploient poxir parvenir i cette 
Equation ne m’ont pas paru dou6s de toute la clax*t6 et la simplicity 
qu’on pourrait souhaiter, et c’est dans Pintention de la demon trcr, 
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en suivant uue marche precise et naturelle, que je n’ai pas cru inutile 
d’offrir ce mtooire k TAcad^mie, quoiqu’il ait pour but de determiner 
une equation d6j^ connue par les geom^tres. 

Plana’s investigation is simple and intelligible ; he states 
distinctly what forces he supposes to be acting, and uses only 
common mechanical principles. 


153. The second part of the memoir occupies pages 137 — 
155; this is entitled: Application de la theorie pr^cedente d un 
cas particulier traite par Lagrange dans les memoir es de VAcade- 
mie de Berlin (annee 1769). The memoir by Lagrange to which 
this refers is the one we have considered in Art. 97. Plana’s pro- 
cess amounts to the integration of the differential equation 

Ejp-TxAlty, 

where p is the radius of curvature at the point (x, y) and K, T, R 
are constants. Plana begins by finding an exact integral of the 
first order, after which he proceeds through a long course of 
approximations until finally he obtains a result which disagrees 
with one given by Lagrange in the memoir cited. Plana in- 
dicates the point where an error occurs in Lagrange’s process. 


154. In his approximations Plana follows closely the path 
traced out by Lagrange, so that in fact the memoir offers nothing 
new except the correction of Lagrange’s mistake. Nevertheless 
in the new edition of the works of Lagrange published by the 
French government the mistake remains uncorrected (see pages 
85 — 90 of Vol. III. 1869). It is obvious that there is a mistake, 
for on the fourth line of page 88 there is an equation in which the 
left-hand side consists of 


r 

1 


^ (m - ay ] 


this is less than unity, for r is the chord of an arc I ; but the 
right-hand side will be found to be greater than unity in the case 
under investigation. Afterwards rjl is by mistake changed into 
Ijr, The error first enters on page 85, at the sixth line from the 
foot; her^P® is practically taken as equal to the product of P* 
into + which as P is a negative quantity is incorrect. 
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155* 1811. Delanges : Analisi e soluzione sperimentale del 

problerna delle Pressioni. This occurs in the Memorie.,. della 
Societd Italiana: it orcupies pages 114 — 154 of the first part of 
Vol. XV. published at Verona in 1811. The memoir was received 
on the Sth of March, 1810. 

I allude to this memoir as the title might suggest some 
relation to our subject, with which however it is totally un- 
connected. If a heavy body is supported at three points in a 
horizontal plane, but not in the same straight line, the pressure 
ab each point can be found by ordinary statical principles. But if 
there are morg than three points the problem becomes indeter- 
minate; works on Statics generally notice this matter. Delanges 
in fact renders the problem determinate by an arbitrary hypothe- 
sis, It will be seen from the Catalogue of Scientifio Papers 
published by the Royal Society that Delanges wrote other 
memoirs on the subject; in the present, which is the last he 
wrote, he alludes to these and to the discussion and controversy to 
which they had given rise. 

156. 1811. The first edition of Lagrange’s M^canique 
Analytiqxie was published in 1788 ; the first volume of the 
second edition appeared in 1811, and the second volume in 1815 
after the death of Lagrange. I shall use the reprint of the work 
which was edited by Bertrand in 1853. 

157, There is nothing to be found here which belongs 
strictly speaking to our subject; but some of the problems 
which really form part of the theory of elasticity are here treated 
by special methods. The pages 128 — 151 of the first volume 
contain all that it is necessary to notice ; they form three sections 
of a chapter entitled : Be V&quilihre d!un Jil dont tou>s les points 
sont tires par des forces quelconqiies, et qui est suppose flexible ou 
inflexible, oic ilastique, et en meme temps extensible ou non. The 
method by which the problems are treated is that for which 
Lagrange’s work is famous, and which amounts to rendering Me- 
chanics a series of inferences drawn from the principle of Virtual 
Velocities by the aid of the Calculus of Variations. 

138. The first problem discussed is the equilibrium of a 
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string (pages 129 — 138) ; the results coincide with those ob- 
tained, in ordinary works on Statics. Bertrand notices on page 
135 that Lagrange considers a part of this problem to be diflScult 
by ordinary methods while it is really easy. 

The second problem discussed is the equilibrium of a 
membraiie, called a flexible surface (pages 139 — 143). The 
principal result obtained is that, w^hen gravity is the only force 
and the membrane deviates but little from a horizontal plane, its 
form is determined by the equation 



where a is a constant. This agrees with later investigations ; but 
the process of Lagrange is unsatisfactory, as is acknowledged 
by Bertrand, supported by the authority of Poisson, in a good note 
on page 140. 

159. The third problem discussed is the equilibrium of an 
elastic wire or lamina (pages 143 — 151). The process is un- 
satisfactory, as is acknowledged by Bertrand in a note (page 
143). In fact one difficulty is that two of Lagrange's indeterminate 
multipliers are found to be infinite. Here, as in the discussion of 
the second problem, Lagrange assumes mthout adequate ex- 
planation that the internal force called into action is of a certain 
kind; and in the present problem it has been found that 
Lagrange has omitted a part of the force. The error has been 
corrected by Binet and by Poisson, as we shall see hereafter, 
Bertrand supplies the necessary correction in a note ; and he shews 
after Binet, that an integration can be effected which Lagrange 
says est jpeut-itre impossible en general (pages 401 — 405). I do 
not see why the limitation la courhe etant primitivement droite 
is introduced on page 403. Yet this is involved in Lagrange's 
page 148 ; the curvature is supposed to arise entirely from the 
action of the forces. 

160. The discussions of the first and the third problems in 
the second edition are reproduced, with some additions, from the 
first edition ; the second problem was not discussed in the first 
edition. 
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161. The notes of Bertrand throw no light on the error 
attributed by some writers to Poisson. Thus on page 402 we 
have the moment of torsion held to be constant at this date (1853), 
while in the Dublin Calendar for 1846 this is contradicted \ 

[1812. A memoir by Poisson belonging to this year is noticed 
in the chapter devoted to his works.] 

[162.] 1813. C. Dupin : Experiences sur la flexibilite, la 
force et Velasticitf^ des Bois, avec des applications avx constructions 
en general, et specialement d la construction des vaisseausc. This 
memoir occurs on pp. 137 — 211 of the Journal de VEcole Royale 
Poly technique, Tom. x. Paris, 1815. The experiments were made 
at the arsenal of Oorcyre in 1811, and are commended with 
those of Duleau by Saint-Venant in his memoir on the flexure of 
beams. They are concerned only with wood, while Duleau s are 
on iron (see below Art. 226). There is nothing of mathematical 
value to note in the paper. 

163. 1814. G. Belli: Osservaeioiii sulV attrazione onolecolare. 
This memoir is publi.shed in the Qiornale di Fisica, Chimioa ec., 
di L. V. Brugnatelli, Vol. vir., Pavia, 1814 ; it occupies pages 
110 — 126, and 169 — 202 of the volume. 

164. According to Belli two opinions have been held as to 
molecular force; Newton and his followers maintained that mole- 
cular force was quite distinct from the force of gravity or univemal 
attraction ; while more recently Laplace had suggested that it 
was only a modification of gravity. The memoir begins thus : 

L’ attrazione molecolare, quaiitunque dalF immoriale Newton e dai 
posterioii Pisici si fosse creduta distinta dalla gravitazione o attrazione 
universale, nondimeno, in questi ultimi amii dal celebre Sig. Laplace 
venae sospettata non esserne che una semplice modiBcazione. Pra 
queste due opinioni per discernere la vera, e per ispargere qualche 
debole Inme su questa oscura ed importante materia, to ho instituite le 
presenti ricerobe. 

165. The memoir opposes the suggestion attributed here to 
Laplace. Calculations are made on the supposition of the or- 
dinary law of gravity in order to show that the forces according 

1 Bertrand seems to imply that Binct and Poisson join in correcting Lagrange; 
but Saint-Venant, Comptes Eendua, xvii. 953, seems to imply that Poisson went 
wrong though cautioned by Binet See our account of Saint-Venant. 
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to this law are too feeble to produce the results obtained by 
observation and experiment. The problem respecting the form of 
the solid of greatest attraction which I called SilvahelMs Problem 
in my History of the Theories of Attraction is very wejll discussed on 
pages 112 — 115, and numerical results are obtained respecting it. 
Other numerical results are also worked out. Thus, .-suppose a 
sphere to attract a particle at its surface; let the sphere be 
changed into a circular cylinder of equal volume, the height of 
which is equal to the diameter of the sphere, and let the attracted 
particle be at the centre of the base of the cylinder : then the 
attraction of the cylinder is about of that of the sphere. If 
the height of the cylinder instead of being equal to the diameter 
of the sphere is equal to the product of the radius of the sphere 
into ^47r/3, then the attraction of the cylinder is about of 
that of the sphere. 

166. The argument on which Belli mainly relies is fur- 
nished by the fact that a drop of water will remain in equilibrium 
hanging from a horizontal surface. Suppose the molecular action 
of the contents of the drop to follow the law of gravitation, and 
for a rough approximation take the drop as spherical* The 
attraction of the drop on its lowest particle must be strong 
enough to overcome the attraction of the whole earth. Let r be 
the radius of the drop, R that of the earth ; let p be the density 
of the water assumed to be without pores, and cr the mean density 
of the earth ; then, according to the ordinarj^ expression for the 
attraction of a sphere on a particle at its surface we must have 
rp greater than and therefore p greater than Ror/r, Suppose 
r to be a millimetre ; then as .S is greater than 12000000 metres 
we must have p greater than 12000000000o-. This is altogether 
inadmissible. Belli says that the density of the earth is really 8 
or 9 times that of water ; but this is an exaggeration, even 
according to the state of knowledge at the epoch, for the Schehallien 
observations and Cavendish’s experiment had been made and 
discussed (see the History of the Theories of Attraction, Arts. 
730 and 1015). 

167. The first part of the memoir concludes on page 126 
with the opinion that the true Law of molecular action is yet 
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unknown, and the writer proposes to attempt to draw from the 
phenomena some indications respecting it. His words are : 

Da tntte queste cose mi semhra che la vera legge dell’ afctrazione 
molecolare non sia stata finora interamente conosciuta. Percib io non 
credetti inopportune il ten tare se non di scoprire qual sia questa legge, 
almeno di cavare dai fenomeni tutte quelle notizie, che intorno a lei essi 
ci possono dare. 

168. Accordingly in the second part of his memoir Belli 
examines some phenomena in detail ; those of cohesion he treats 
on his pages 172 — 188. Suppose we take two equal thin circular 
plates of metal of the same substance; experiment shews that the 
attraction between them is insensible so long as the distance 
between them is sensible, but becomes very great when they are 
in apparent contact; also it is independent of the thickness. 
Belli calculates the whole attraction between the plates for the 
cases in which the attraction between particles varies inversely as 
the second, third, and fourth powers of the distance respectively ; 
he finds that not one of these suppositions wdll agree with the 
facts; they do not make the result large enough at apparent 
contact, and they all assign a very great influence to the thickness. 
Belli also gives general formulae for the case in which the at- 
traction between two particles varies inversely as the ni\i power of 
the distance ; he comes to the concliLsion that from the facts of 
cohesion we learn only this, that n must be greater than 4, 

169. A note on pages 182 and 183 deserves notice ; it 
resembles, as Belli says, the Prop. 87, Lib. i. of Newton’s 
Principia. A single example will be sufficient to illustrate it: 
Suppose that the attraction between two particles varies inversely 
as the nth power of the distance, we require the limit of n in order 
that the resultant attraction between two spheres in contact may 
be finite. Imagine the spheres to remain in contact, but each 
sphere to be enlarged in linear dimensions in the ratio of p to 1 ; 
then each particle becomes enlarged in the ratio of to 1, so that 
on this account the resultant attraction becomes enlarged in the 
ratio of jp® to 1: on the other hand as the distance between 
any two particles is enlarged the attraction between them is 
diminished, and becomes 1/p” of what it was originally. Thus on 
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tbe whole by this enlargement of dimensions the resultant 
attraction becomes times what it was originally. As long as n 
is less than 6 the resultant attraction then is increased, but when 

it remains unchanged; thus in this case the additional 
matter obtained does not augment the attraction of the old : 
the conclusion is that if n = 6 the attraction of the spheres in 
contact must be infinite, and a foi'tiori if n be greater than 6. 

170. On pages 188 — 191 Belli considers the refraction of 
light on the corpuscular theory, and draws the same inference as 
from the facts of cohesion, namely that n must be greater than 4 
(see Art. 168). 

171. On pages 191 — 202 BelK considers capillary attraction ; 
from the comparison of calculation with observation he draws the 
conclusion that n must be greater than 5 : this extends, without 
contradicting, the results he had obtained from the consideration 
of cohesion and refraction. He then says : 

Kon ci palesa perb nemmeno essa quale sia la vera legge se sia quella 
delle seste potenze o un’ altra ancora pih rapida. Ma noi ci fermeremo 
qui, ‘‘ arrestando la Teoiia ove si ferma V osservazione,” ed aspettando 
che nuovi fenomeni si manifestino, i quali ci guidino piu avanti per 
questa scabiosa via. 

172. All the conclusions obtained by Belli rest, as he allows, 
on the hypothesis that the law of attraction between particles can 
be expressed by some single power of the distance. The whole 
memoir forms an interesting exercise on the ordinary theory of 
attraction though it cannot be considered as an important con- 
tribution to molecular mechanicsh 

^ The following slips may be noted : 

Page 112. He does not define p ; it must be the density. 

113. Por ‘JT in the denominator of a fraction read -v/tt. 

115, ‘Ad una sfera:’ he should say that if the figure is changed/ro 77 ^ a sphere 
to that of the solid of greatest attraction the increase is only 

123. Por cos KA read cos KAO. 

176. Por ABjAP read A C/AP. 

189. Note line 4 ; for read v^. 

192. In the fig. 12 there is no hi; but KC apparently by mistake. 

193. In the fig. 14 supply letters P, Q, E vertically below C. 

199. ‘nella ragione di 1 a 1/P’: he should say, diminishes in the same 
ratio as 1/P. 
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173. 1814. J. Binet. A memoir by this writer is published 
in the Journal de VEcole Itoyale Poly technique, Vol. x. 1815 ; it is 
entitled Memoire sur V expression analytique de Velasticite et de la 
raideur des courhes d double courbure: it occupies pages 418 — 456 
of the volume. It was written in the year preceding publication. 

174. As we have seen in Art. 159, Lagrange had treated 
imperfectly the problem of the equilibrium of an elastic curve of 
double curvature ; in the present memoir the attention of mathe- 
maticians was drawn for the first time to this imperfection. 
The memoir may be conveniently divided into three parts. The 
first part occupies pages 418 — 428 ; this belongs to pure mathe- 
matics, and investigates various formulae which now find a place 
in works on Geometry of Three Dimensions, as for instance an 
expression for the radius of torsion at any point of a curve of 
double curvature. The second part occupies pages 428 — 443; 
this relates to the equilibrium of forces acting on polygons the 
sides of which are rigid straight rods. The third part occupies 
pages 443 — 456 ; this applies the results of the former sections to 
the case of a curve of double curvature. 

175. The memoir does not seem to me of much direct 
service; the author’s design apparently was to comment on 
Lagrange’s treatment of the subject, rather than to supply the 
best independent investigation. He notices the fact that in 
Lagrange’s own process ten of the multipliers are infinite and 
of different orders: see the note on page 153 of Vol. i. of 
Bertrand’s edition of the M^canique Analytique, The language 
in which mechanical principles are stated seems to me deficient 
in precision ; and the problems discussed in the second part are 
not very clearly enunciated. I will give an example of each of 
these points. On page 419 we read : 

Qii’on se figure, par exemple, lui fil metallique pile en forme 
d’helice comme le sont les ressorts appeles ‘ressorfcs ^ boudins’. Si une 
force agit de maniere k rapprocher ou a eloigner les deux extremit^s 
de ce ressort, on voifc assez que le chaugement de forme qu’il eprouvera 
aura lieu surtout aux d6pens de la torsion du fil mitalliqiie. 

Here the last few words are too metaphorical. On pages 428 
and 429 the first mechanical problem discussed begins thus : 

T. E, 


7 
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Maintenant prenons un systeme de trois points 1, 2, 3, auxquels 
sont appliquees trois forces P, F\ dont nous d^signerons les compo- 
santes par Z, F, Z, X', T, &c., dans le sens des trois axes coordonnes. 
Nous supposons que ies verges a, a', qui s^parent ces points, soient 
susceptibles d’extension ou de contraction, quoique restant inflexibles 
et droites ; que les forces longitudinales de ces verges, lorsque T^qui- 
libre sera 4tabli, soient A, A'; et quelle que soit la reaction du 
troisifeme point sur le premier, nous la supposerons remplac^e par une 
force interieure P, agissant dans la direction d’une droite h qui joint le 
point 1 an point 3', que Ton trouve en prolongeant de toute sa longueur 
le c6t6 inflexible a\ 

Here in the first place the body on which the forces act is not 
well defined ; and the part which begins ei quelle que soit, is very 
obscure, though as we see afterwards it is the essential part of the 
process. Binet himself admits that the way in which he supposes 
his rods connected is not very natural (pp. 420 and 435 : see 
my account of a memoir of Bordoni, Art. 216). 

It is remarked by Thomson and Tait in Art. 608 of their 
Natural Philosophy (2nd Ed.) : 

The fundamental principle that spiral springs act chiefly by torsion 
seems to have been first discovered by Binet in 1814. 

They cite Saint-Venant in the Comptes Rendus for September, 
1864. 

176. 1815. Plana. In the Journal de VEoole Royale 
Folytechnique, Vol. X. 1815, we have a Mimoire sur les oscillations 
des lames 4lastiques; par M, Plana, ancien ^Ihe de VEcole 
polytechnique, et Professeur d'Astronomie d VuniverdU de Turin. 
The memoir occupies pages 349 — 895 of the volume. After a 
brief introduction on pages 349—351 the memoir is divided into 
three parts. 

177. The first part is entitled Equations genirales du 
Mouvement Jun Fil ou June Lame ineoctensihle et ^astique; it 
occupies pages 351^ — 360. The method of investigating these 
equations is that of Lagrange which cannot be considered quite 
satisfactory : see Art. 159. 

^ 178. The second part of the memoir is entitled Integration 

de V Equation du Mouvement d'une Lame eiastique consideree comme 
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non pesante: it occupies pages 
equation to be integrated is 


360—391. 




The differential 

(S). ■ 


By assuming for y a series in ascending whole powers of 
where the coefficients are functions of x, an integral is obtained 
involving the arbitrary functions of x. Plana however wishes to 
have the integral in a finite form, and this is the essential design 
of his memoir ; accordingly he transforms the two infinite series 
into double integrals. The process is very laborious, and is 
unfortunately damaged by important mistakes which are acknow- 
ledged on pages 633 and 634 of the volume : I have not verified 
the whole. The principal point in the investigation is the em- 
ployment of ParsevaVs Theorem : see Lacroix TraiU du Calcul 
Differentiel et du Calcul Integral Vol. in. 1819, pages 393 — 395; 
or Boole’s Differential Equations^ Chapter xviii. 

The value of y obtained by Plana is excessively complex; 
by using abbreviations he brings it within the compass of sixteen 
long lines of a quarto page, but if expressed at full it would occupy 
double the space. He adds somewhat rashly on his page 384 ; 

Telle est, si je ne me trompe, la forme la plus simple dont est 
susceptible Texpression g6ii6rale de y, qui satisfait k Tequation (8). 

Poisson in the Memoirs of the Institut for 1818 puts the value 
in the following simple form 

yjir=j (i ” ~ 

+J dtj cos ^ j f(x ~ 2^ 


179. Plana, passes on to the more general differential equation 
df dx'*‘ da? ’ 

he proceeds a certain way and then says, on his page 391 : 

11 ne reste plus maintenant qu’a chercher la partie r^elle contenue 

dans le produit ; mais nous n’entreprenons pas d’achever ce calcul, 

parce qu’il nous parait que le risultat final doit etre excessivement 
complique. 


7—2 
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180, The third part of the memoir is entitled Integration de 
V Equation du Mouvement d'une Lame elastique pesante : it occupies 
pages 391 — 395. The differential equation to be considered now is 

dtf dx* da? ^ dx 

Plana proceeds to a certain distance in the investigation, and 
then concludes his memoir thus : 

Nous n’entreprendrons pas de pousser plus loin ces recherches qui 
se compliquent toujours de plus en plus, et nous nous contenterons 
d’avoir indique par-1^ la possibilite d’exprimer, par des integrales 
definies, I’integrale de Tequation aux differences partielles du qua- 
tri^me ordre, qui renferme la loi des oscillations d’une lame elastique 
pesante. 


[1816. An article by Poisson belonging to this year is noticed 
in the chapter devoted to him.] 

[181.] 1816. J. B. Biot: Traits de Physique Eocperimentale 
et Mathimatique. Paris, 1816. This well known work contains 
a chapter: De VElasticiU (Tom. i. Chap, xxiil. pp. 466 — 528) 
which treats of our subject. 


[182.] Biot attributes the elastic properties of bodies to their 
molecular construction and to forces between these molecules. 

Nous avons montr^ les corps comme des assemblages de molecules 
mat^rielies extr^mement petites, maintenues en 6quilibre entre deux 
forces, savoir une affinite mutuelle, qui tend h, les r^unir, et un principe 
rfipulsif, qui est probablement le mime que celui de la chaleur, et qui 
tend k les ecarter. Quoique ces molecules soient si petites que nous ne 
puissions absolument pas observer leurs formes, nous avons cependant 
decouvert qu’etant placles k de certaines distances les unes des autres, 
elles exercent des attractions diverses selon les c6tls par lesquels elles se 
prisentent. 

He thus adopts, what we may term, the Newtonian hypothesis, 
and the usual description of the difference in construction between 
gaseous, liquid, and solid bodies follows. A general explanation 
of elasticity, of the limit of elasticity or permanent distortion, as 
well as of the elasticity of crystals is then easily deduced from 
the above molecular h 3 q)othesis. 
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[183.] Biot first considers the elasticity of threads or fibres 
citing the experiments of 's Gravesande {que Von sait avoir un 
physicien fort exact), which lead him to the law of extension. 
Coulomb’s experiments on torsion are then discussed at considerable 
length. There follows a slight discussion of the action of elastic 
laminas and further somewhat vague statements as to the mole- 
cular condition, and consequent elasticity of bodies acted upon by 
heat. The chapter concludes with a description of the torsion- 
balance and the theory of the rotatory oscillations of bodies sup- 
ported by twisted elastic wires. 

[184.] In the portion of his work devoted to sound Biot repro- 
duces some of the known results for the vibrations of elastic bodies. 
Thus in Chap. iv. Tom. ii (p. 72) we have the transverse 
vibrations of elastic rods with the statement of the six cases 
of varied terminal conditions (see Art. 88). The following chapter 
is devoted to the longitudinal vibrations of rods; the sixth to 
the torsional vibrations {vibrations circulaires des verges droites) 
the seventh to the vibrations of curved rods ; the eighth to various 
forms of vibration in solid bodies, including plates. There is little 
if any mathematical theory and the experimental results are 
chiefly drawn from Chladni. 

The various editions of Biot’s Precis eliinentaire de Physique 
Experimentale (1st in 1817, 8rd in 1824) present only an abridg- 
ment of the Traite, 

[185.] 1817. George Rennie ; Account of experiments made 

on the strength of materials. Phil. Trans. 1818, p. 118. 

This communication to the Royal Society is in the form of a 
letter to Dr Young. 

The author remarks on the somewhat vague and contradictory 
character of the results obtained by different experimenters. He 
refers to the work of Emerson, Robison, Banks, Anderson, Beaufoy 
and Reynolds in this country ; of Musschenbroek in Holland and of 
Buffon, Rondelet, Gauthey, Navier, Aubry and Texier de Norbeck, 
together with Prony’s researches at the Ecole Polytechnique, in 
France. He remarks also on the discordance between the Euler- 
Lagrange theory of columns and actual experiment. The first 
recognition of this discordance he attributes to Coulomb. 



102 


EEJS^NIE. BARLOW. 


[186.] The experiments commence with a set upon the crush- 
ing of metal blocks, in particular of cast iron. Rennie finds ' that 
vertical cube castings are stronger than horizontal cube castings.’ 
The second set of experiments are on the cohesion of metal bars 
subject to longitudinal tension. In this case the fracture of xast 
bars was attended with very little diminution of section, one, in 
fact, scarcely perceptible. Then follows a set of experiments on 
the twist of different materials and another set on the crushing of 
wood and stone. It would appear that ‘hardness is not altogether 
a characteristic of strength, inasmuch as the limestones, which yield 
readily to the scratch, have nevertheless a repulsive power ap- 
proaching to granite itself’. 

[187.] The paper concludes with experiments on the transverse 
strain of cast bars. The paradoxical experiment of Emerson was 
tried ; namely, by cutting off a portion of an equilateral triangle 
(Emerson’s Mechanics , p. 114) a bar of this section is made stronger 
than before, that is, a part stronger than the whole. The experi- 
ment was confirmed. In this case the bar was supported at both 
ends and the weight applied at the centre, the base being upper- 
most in both cases \ 

In a postscript there is a reference to the then recent experiments 
of Baj'low. 

[188.] 1817. Peter Barlow : An Essay on the strength and 
stress of timber. The first edition of this work appeared in 1817, 
but I have been unable to find a copy of it either in the British 
Museum or in the Graves Library at University College. My 
remarks will therefore be based upon the third edition of 1826, 
the earliest which I have been able to examine. 

[189.] Part i. contains an historical sketch of former experi- 
ments and theories, which is fairly clear though in the latter part it 
seems to be rather based upon Girard than on an exhaustive study 
of the original memoirs. With regard to the labours of Euler 
and Lagrange, Barlow is of opinion that their instruments of analysis 

^ I have referred to these, as well as to other experimental results, because they 
state physical facts which seem to me a^te unheeded by mathematical elastioians. 
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have been too delicate to operate successfully upon the materials to 
which they have been applied ; so that while they exhibit, under the 
strongest point of view, the immense resources of analysis, and the 
transcendent talents of their authors, they unfortunately furnish but 
little, very little, useful information, (p. 64.) 

The real reason why Euler’s and Lagrange’s results are not 
satisfactory is that they integrate the equation for the equilibrium 
of the beam on the supposition that the 'absolute elasticity’ 
{E¥ in Euler’s notation : see Art. 65) remains constant for all 
sections of a beam under longitudinal stress, with the additional 
assumption that it is independent of the length of the beam. The 
first point, which is intimately associated with the position of the 
neutral line, Barlow does not seem to have clearly recognised ; the 
second point is considered on p. 75, but is utterly obscured, because 
the author has not observed that the 'absolute elasticity’ for a 
beam under transverse stress differs from that for a beam under 
longitudinal stress. This of course follows from the fact that the 
neutral line is not in the latter case coincident with the ‘ line of 
centres.’ This error of Euler’s seems nowhere to have been clearly 
explained, although Coulomb had long since pointed out the true 
method of finding the neutral line and Robison had indulged in 
the strongest invective against both Euler’s method and its 
results. 

[190.] Barlow also mentions in this historical introduction 
the discrepancy between Girard’s theoretical results and those of 
experiment in the case of beams subjected to transverse stress. 
This discrepancy of course arose from Girard’s misplacement of 
the neutral line. Barlow however seems to think that Leibniz’s 
erroneous placing of the neutral line in the extreme fibre on the 
concave side was the accepted view of the theorists in his own 
day. Robison’s, he writes, 'is the only theory of any importance 
in which the position of the neutral axis, or that line in a beam 
which suffers neither extension nor compression is introduced as a 
necessary datum.’ Considering that Biilfinger, Riccati and Cou- 
lomb had all given this line its true position in the case of 
transverse strain, Barlow’s claim to any merit of discovery in this 
matter may be at once dismissed. 
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[191.] In Part III. Om the Deflection of Beams an obvious error 
attributed to Girard is corrected ; that the deflection varies as the 
cube and not as the square of the length in the case of a beam 
subject to transverse strain is of course an obvious result of 
Bernoulli’s theory of the elastic curve 

[192.] On p. 164 (§ 117) the writer commences his discussion 
as to the position of the neutral axis. Although be corrects the 
misplacement adopted by Leibniz and Girard he falls into an 
equally serious error himself. He does not make use of the clear 
principle stated by Coulomb, but assumes that the sum of the 
moments of the tensions of the extended fibres about the neutral 
point of any section must be equal to the sum of the moments 
of the compressed fibres. This is the same erroneous principle 
as is made use of by Duleau (see Art. 227). There is a footnote 
to the third edition (p. 167) stating that the above principle is 
objected to by Hodgkinson (see Art. 233), but the author still 
thinks his own results correct. He, however, finally accepts Cou- 
lomb’s principle (or as he terms it Hodgkinson’s) in the edition of 
1837 (Entitled : A Treatise on the Strength of Timber and Cast 
Iron, Malleable Iron and other Materials, p. 63). The most curious 
part of the earlier statement however is, that Barlow is led by 
means of it to deduce from his experimental results that Galilei’s 
theory is more correct than that of Leibniz; he even goes so 
far as to assert (p. 26), that Leibniz ‘rather retrograded than 
advanced the science.’ The discrepancy between the results of 
Leibniz’s theory and his own experiment was of course due to 
the misplacement of the neutral line, which Barlow had found 
from experiment practically coincided in the case of transverse 
stress with the line of sectional centres. 

[193.] There is however in this work, as in all the ‘practical’ 
English text-books of the period, no clear recognition of what 
the errors of Leibniz and Euler exactly consist in, although the 
writers are conscious that the results of these mathematicians do 
not accord with experience. 

^ Barlow does not state exactly where Girard has made this error. Girard gives 
the correct value of the deflection on p. 125 of his Traiti and cites that value 
correctly at the end of Table n. of his experimental results. 



TREDGOLD. 


105 


[194.] In the edition of 1837 (pp. 62, 63), Barlow seems still 
ignorant that Coulomb had fifty years before correctly considered 
the position of the neutral axis, and attributed the first determina- 
tion of the correct position to his own experimental researches, and 
the first accurate theoretical calculation to Hodgkinson in his 
Manchester memoir ! 

Of the value of Barlow’s experimental results this is not the 
place to judge; as a theorist he is another striking example of 
that want of clear thinking, of scientific accuracy, and of knowledge 
of the work accomplished abroad, which renders the perusal of the 
English text-books on practical mechanics published in the first 
half of this century, such a dispiriting, if not hopeless, task to the 
historian of theory. 

[195.] Two short papers, mainty experimental, by Thomas 
Tredgold in Tillock’s Philosophical Magazine, Vol. Li. 1818, 
entitled : On the transverse Strength and Resilience of Timber 
(p. 214) and On the Resilience of materials, with Experiments 
(p. 276) present nothing of interest or of original value. 

[196.] The Elementary Prmciples of Carpentry, London, 1820, 
by the same author, contains in Section il : — On the Resistance of 
Timber, or the Stability of Resistance (pp. 25 — 60) some considera- 
tion of the flexure and compression of beams. The experimental 
results are principally drawn from Rumford, Musschenbroek and 
Grirard; — the theory contains nothing original and is often 
completely confused. Thus (p. 48) the author finds from ex- 
perience that there is a certain force which will just bend a piece of 
timber when acting in the direction of its length. He continues : 

The strain will be directly as the weight or pressure ; and inversely 
as the strength, which is inversely as the cube of the diameter. The 
strain will also be directly as the deflexion, which will be directly 
as the quantity of angular motion, and as the number of pai'ts strained ; 
that is, directly as the square of the length, and inversely as the 
diameter. J oining these proportions, aud retaining the same notation 
as in the preceding investigations we have x as the strain. 

{L = length of column, D its diameter and W superincumbent 
weight.) On p. 50 Tredgold deduces the following extraordinary 
result from the above obscure statement : 
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A column or pillar that shall he equally strong throughout will be 
generated by the revolution of two parabolas round the axis of the 
column, the vertices of the curves being at the extremities ; for when all 
other quantities are constant 1} varies as or L : i)®, a property of 
the parabola. But the figure of a column dejDends on two conditions ; 
the one, that it shall rest firmly on its base, and offer a solid bearing 
for the load to be supported ; the other that it shall be capable of the 
greatest degree of resistance. To fulfil the first condition, it should be 
a frustrum of a cone; to fulfil the second, it should be of the form 
generated by the revolution of two parabolas : and combining the forms 
which fulfil these conditions, we produce nearly that form which has 
been adopted for columns ; that is, a column with a slight swell in the 
middle. But where the form of the column is considered rather as the 
most beautiful than the strongest, one that gradually diminishes from 
the base to the capital appears preferable. 

It is difficult to picture the remarkable scientific ignorance of 
practical men in England in the first quarter of this century. 
One can only trust that there may be a closer union of practice 
and theory in our own day. 

[197.] A Practical Essay on the strength of Cast Iron, London, 
1822. This book contains a number of practical rulds founded 
partly on a not very rigid theory, and partly on experimental 
results. Tredgold exhibits here as in his Treatise on Carpentry 
the same ignorance of theoretical elasticity, and seems to be 
acquainted only with the works of Thomas Young. A footnote in 
his preface is so characteristic that it deserves reproduction : 

I have rejected Fluxions in consequence of the very obscure manner 
in which its {sic I) principles have been explained by the writers I have 
consulted on the subject. I cannot reconcile the idea of one of the 
terms of a proportion vanishing for the purpose of obtaining a coiTect 
result; it is not, it cannot be good reasoning; though, from other 
principles, I am aware that the conclusions obtained are correct. If 
the doctrine of Fluxions be freed from the obscure terms, limiting 
ratios, evanescent increments and decrements, etc., it is in reality 
not very difficult. If you represent the increase of a variable quantity 
by a progression, the first term of that progression is the same thing as 
what is termed a fluxion ; and the sum of the progression is the same 
as a fluent. A fluxion is, therefore the first increase of an increasing 
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variable quantity, and the last decrease of a decreasing one ; and the ex- 
pansion of a variable quantity into a progression is the best and most clear 
comment that can be added to the Lemmas of Sir Isaac Newton, (p. x.) 

Such is the scientific capacity of the man whose works re- 
mained for years the standard text-books of English engineers! 

[198 ] There is however one paragraph of the work (§ 233, p. 
121) which contains something I have not met with elsewhere. Not- 
withstanding that Eobison and others had expressed their dissatisfac- 
tion with Euler’s theory of columns subjected to longitudinal strain, 
it seems to have been left to Tredgold to attempt the determination 
of the position of the neutral lineh Now although Tredgold’s final 
result for the compressing force in terms of the deflection does not 
seem to me accurate, for he has neglected the fact that a horizontal 
force would have to be applied to keep the bent column with its 
base and summit in the same vertical ; although his method of 
deduction seems to me obscure, if not inexact, still the expression he 
obtains for the distance between the neutral line and the axis of the 
column at their middle points agrees with the result I have deduced 
by a more accurate method. If d be the diameter of the section 
of the column in the plane of flexure, x the distance from the 
neutral axis to the axis of the column, and y the deflection of 
the axis of the column, measured at a point midway between 
its base and summit, Tredgold finds the section of 

the column being supposed rectangular. 

199. 1817. Cisa de Gresy. A memoir by this author is 
published in the Turin Memoirs, Vol. xxiii. 1818 : it is entitled 
Considerations sur Viquilibre des surfaces flexibles et inextensibles ; 
and occupies pages 259 — 283 of the volume. It was read on the 
Ist of April, 1817“. 

200. Lagrange had treated the problem of the flexible 
membrane in a manner which involved the supposition that the 
tension is the same in all directions ; he had employed his 

1 Here, as in the footnote p. 44, I use the term ‘neutral line’ following Tredgold. 
The line in question however does not correspond to a real or supposititious unstrained 
fibre ; one or more points of it lie at an infinite distance. 

® [I have retained this account of Cisa de Gresy’s memoir although it hardly 
belongs to the subject of elasticity.] Ed. 
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peculiar method which depends on the Calculus of Variations ; 
see Art. 158. Poisson had treated the problem on the supposition 
that the tensions in two directions at right angles to each other 
are different ; he had employed ordinary mechanical principles : see 
Chap. IV. The main design of the present method is to apply 
Lagrange’s method to Poisson’s form of the problem. After some 
introductory remarks, the memoir is divided into two parts. 

201. The introductory remarks occupy pages 259 — 264. 
Here we have some valuable criticisms on the solutions of Lagrange 
and Poisson, shewing that both are deficient in generality. The 
following is given, on page 261, as the enunciation of the 
problem treated by Lagrange : 

Tronver I’equation d’equilibre d’une surface sollicitee par aiitant 
de forces qu’on voudra, la condition du syst^me ^tant que chaque 
element de la surface se trouve egalement tendu dans tons les sens. 

The following is given, on page 262, as the enunciation of the 
problem treated by Poisson : 

Trouver T^quation d*5quilibre d’une surface sollicitee par atitant de 
forces qu’oh voudra, la condition du systeme etant que chaque element 
de la surface soit inextensible suivant deux directions donnees respective- 
ment perpendiculaires aiix c6tes adjacents de I’elemeat. 

202. The author enunciates on his page 260 a problem 
which does not fall within the range of either Lagrange’s or 
Poisson’s treatment : 

Si on suppose, par exemple, une surface en 5quilibre, sollicitee 
uniquement par la gravite, et suspend iie a la circonference d'un 
cercle fixe hoiizontalement, il est clair que les Elements de cette surface 
n’eprouveront qu’une simple tension dans le sens des m^ridiens ou de 
la courbe gen^ratrice. 

The introduction concludes thus : 

L’objet de ce memoire n’est que de parvenir aux equations donn6es 
par M. Poisson suivant son hypoth^se de deux tensions, mais en y 
employ ant le principe des vitesses virtuelles je commencerai cependant 
par exposer la solution de La-Grange, afin de mieux rapprocher les deux 
solutions de ces deux illustres g^om^tres. 
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Ces sortes de rapprocliemens, dit quelque part La-Grange, sent 
toujours utiles ; souvent la veritable metaphysiqxie du probl^me est 
renferm^e dans ce qu’ont de commun les difierentes nietbodes que 
Ton pent employer pour le resoudre. 

203. The first part of the memoir is entitled Hypothhse de 
Ifr La- Orange; it occupies pages 264 — 283. This substantially 
reproduces Lagrange’s process; there are some modifications 
arising from the fact that a difficulty which once existed in the 
Calculus of Variations is here tacitly overcome : see my History of 
the Galc'iilus of Variations, Arts. 39, 102, and 304. The point 
is this : we require correct values of hp and Sy, in the notation of 
this Calculus ; such values are given by Cisa de Gresy on his 
pages 266 — 269, and in a note on his pages 292 — 294, he refers to 
the investigation by Poisson in the Bulletin Philomatique 1816, 
and supplies another investigation due to Plana. The names 
of Cisa de Gresy and Plana should therefore have found a place 
in my History, 

204. On his page 271 Cisa de Gresy arrives at results which 
coincide with those given by Lagrange on pp. 103 and 149 of 
the second edition of the M^canique Analytique; these pages 
correspond respectively to 98 and 140 of Bertrand’s edition. He 
says that there is an error at the second place, for the terms 

omitted in the value ot SU; the mistake 

is silently corrected in Bertrand’s edition, though the appropriate 
brackets are omitted. 


205. We will extract from the memoir the solution which is 
given, in Lagrange’s manner, of the problem enunciated at the 
beginning of our Art. 202: see pages 280 and 281 of the memoir. 
In this case we may assume, on account of symmetry, that the 
surface will be one of revolution, so that we have only to find the 
equation to the generating curve. Let x and js be the coordinates 
of any point of it, z being measured vertically downwards. The 
element of surface, dS, may be denoted by xudxdd, where u 


stands for 




the horizontal plane. 


, and dd denotes an infinitesimal angle in 
Now as the surface experiences tension 
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only in the direction of the meridian the element' dS will be 
invariable provided the surface is inextensible in the direction of 
the meridian ; hence it follows that in taking the variation of dS 
it is sufficient to vary the element udx of the arc of the generating 
curve: thus 

BdS = B {xudxdO) = xdd B {udx). 

Multiply this expression by an indeterminate quantity F, and add 
it to the equation of equilibrium : then by Lagrange’s well known 
method we have the following equation as the condition of 
equilibrium 

JJgBzxu dx d6-i- JJFxdOB (udx) =0 (1) ; 

this must be developed by the ordinary processes of the Calculus 
of Variations. Put p for dzjdx ; we have 



thus (1) becomes 

fjgBz xudxd6 + JJFxddu dBx 

All the terms except the first are to be integrated by parts, then 
finally we equate to zero the coefficients of Bz and Bx in the 
expression which remains under the double integral sign : thus 



From (3) we obtain 

Fxu=- Fxp'^f u'h Cj 
where 0 is an arbitrary constant ; 

therefore Fx/u = C (4), 

Substitute from (4) in (2) ; thus 

gxu = G dpjdx, 


so that 


G dp 


( 5 ). 
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Hence by integrating we obtain 

= C log {p + yi Tjp^] + constant ; 

this is a differential equation of the first order for the required curve. 

Cisa de Gresy shews that if we follow Lagrange’s own solution 
we obtain instead of (5) the equation 

gx (1 + f) = + G) {p + / + ^ dpjdx], 

206. The second part of the memoir is entitled Sypoihhse de 
ilfr Poisson; it occupies pages 283 — 291. Here Poisson’s results 
are obtained by the use of Lagrange’s method ; the process seems 
to me rather arbitrary, as does also that of Art. 205. Lagrange 
himself says, without assigning any adequate reason, that, if F 
denote the elastic force, the sum of the moments of all these forces 
is expressed by jJFMxdy J1+ Now in the present 
investigation we have instead of his term the two terms 

JjT dy Z dx J I -]r (f jjT dx Z dy Jl + (f, 

where in the first term q is to be considered constant in the 
variation, and in the second term p is to be considered constant in 
the variation. But the introduction of these two terms seems to 
me very inadequately justified \ 

207. 1818. Fourier : Note relative aux vibrations des 
faces Mastiques et au mo%wement des ondes. This is published 
in the Bulletin des Sciences par la Society Philomatique de Paris 
for 1818; it occupies pages 129 — 136 of the volume. 

The note commences thus : 

J’ai presente ^ T Academic des sciences, dans sa seance du 8 juin de 
cette annee, un M^moire d’aualyse qui a pour objet d’int^rer plusieurs 
Equations aux differences partielles, et de deduire des int^grales la connais- 
sance des ph^nom^nes physiques auxquels ces Equations se rapportent. 
Apres avoir expos6 les principes generaux qui m'ont dirig^ dans ces recher- 
ches, je les ai appliques k des questions varices, et j^ai choisi k dessein des 
Equations difierentielles dont on ne connaissait point encore les inte- 
grales g6n6rales propres k exprimer les phenom^nes. Au nombre de ces 
questions se trouve celle de la propagation du mouvement dans une 
surface ^lastique de dimensions infinies. 

’ [P. 2C9, line 6 /or ddyjdx read dSyJdy, P. 272, lino 10 for + read - twice.] 
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The memoir to which he refers does not seem to have been 
published. Much of Fourier’s note is in controversy with Poisson 
as to the motion of waves and other matters; we shall confine 
ourselves to what relates to our own subject. 


208. Fourier refers to the fact that Poisson had some years 
before obtained the differential equation for the vibrations of an 
elastic lamina, which was already known, but that he had not 
integrated the equation. Fourier quotes the words in which 
Poisson speaks of Plana’s solution for the case of a simple 
plate as very complicated: see his words in our account of 
Poisson’s memoir of August 1814. Fourier then gives without 
demonstration his own form of the integral ; he confines himself 
to the case in which the initial velocity is zero, and his form 
coincides with that obtained by Poisson at the end of his paper in 
the Bulletin for 1818 : see our Chap. IV. The only difference is 
that Fourier omits the constant factor l/47ra, or rather l/47r as he 
takes a to be unity. This however is of no consequence for his 
purpose, as his form satisfies the differential equation. 


209. Fourier then proceeds to the equation which relates to 
the vibrations of a simple lamina; as w'e have seen in Art. 178, 
Plana despaired of any solution more simple than his own which 
expressed at full would occupy more than a quarto page. Fourier 
also cites from Euler’s memoir of 1779 (see our Art. 86) the words: 

Ejus integrale nullo adhuc modo inveniri potuisse, it^ ut content! 
esse debeainus in solutiones particulares inquirere. . . . 


The equation is : 


2 ^ ^ A 

dt^ dx^ 


If we proceed precisely as in Poisson’s paper in the Bulletin for 
1818, and suppose the velocity to be initially zero, but the initial 
displacement to be given by .s: = ^ (x)^ we shall obtain 


and if we put x + 20 J at = ^ this becomes 
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This coincides with the result which Fourier gives without 
demonstration, except that he supposes a to be unity, and he 
omits the factor | which is of no consequence for his purpose. 


210. If instead of supposing that when ^ = 0 we 

suppose that dzjdt — Fix ) ; then instead of the value jSrst given 
to z we have 


^ (i + “*)<#> (^^ + 2a Jat) da 

This is obvious by what has already been shewn; for the second 
term in the value of ;s^ just given satisfies the equation 

— 2 [dz\ _ 

df\dt)^°‘ dx\dt)~^' 


also it vanishes when i = 0, and gives dz{dt — F{x) when t = 0. 
Thus this second term also satisfies the equation 


cPz , id*z n 


and makes z — 0, and dzjdt = F(x)y when ^ = 0. 


211. 1818. Nobili: Sopra V identitd delV attrazione mole- 
colare colV astronomica; Opera del Gavaliere Leopoldo Ifobili. This 
consists of 84 quarto pages with 4 plates ; I have given a notice 
of it in my History of the Theories of Attractioii^ Art. 1615. 
The author holds that the law of attraction according to the 
inverse square of the distance will sufi&ce for the explanation of 
the phenomena of molecular action as well as for the phenomena 
of astronomy : but he completely fails in his attempts to maintain 
his opinion. 

[181 8. A paper by Poisson belonging to this year is noticed 
in the Chapter devoted to him.] 

[212.] 1818. J. P. S. Voute: Dissertatio Philosophica in- 
auguralis de Cohaerentia Corporim et de Orystallisatione* Leyden, 
T. E. ^ 



VOUTE. 


is a dissertation for the degree of doctor in mathe- 
natural philosophy at the University of Leyden. To 
bion are affixed 15 Theses, which the author was 
' defend in the gi’eater hall of the University on 
of the above year. They contain a number of rather 
sertions on a variety of topics, which are singularly 
c of the time. 

i.y itself is divided into three parts ; the first treats of 
le of motion which is termed Attraction, and of the 
articles (those like parts into which a body may be 
:he second, of Cohesion, and the last of Crystallisation. 

The first part which might be termed a defence of 
distance’ contains nothing touching upon our present 
in fact anything of value. 

icond part on cohesion the writer tells us that in order 
id the vis cohaerentiae, which he attributes to at- 
3 needful to compare it with other things : 

ituor genera potissimum fuisse adhibita reperio : unnm, 
[.erentiae cum attractione generali comparatur; alterum, 
iraria, qualem calor eflScit, adversiis earn opponitnr, et 
'um momentum plus polleat; tertium, cum corpora dura 
conferuntur, conflictu axit tvitu, ex quo apparent quaenam 
it et penetrentur; quartum, cum partes divelluntur pon- 
liis. modis. (p. 15.) 

parison with gravitation does not lead to any definite 
the author finds that the vis cohaerentiae is exactly 
he vis repulsionis which arises from heat, but then heat 
tier, viz. chemical changes which are totally different 
on. A further not very lucid investigation leads 
ect this explanation of cohesion. 

owing chapters are devoted to hardness and firmness ; 
on of these subjects is of the most general kind ; re- 
lade to the experiments of Musschenbroek, Bufifon, 
3., but there is no theory of any value deduced from 
s there any originality of thought. • The third part 
c forms of. the various particles under the head of cry- 
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stalli:?ation. The disputator concludes that the forms of particles 
are closely connected with the forces which act between them, and 
that the two questions must not be separated, if we would learn 
the true nature of bodies : 

‘ Attamen nos eas separamus ; loquimur enim de viribus ubi formae 
partium penitus latent; cum vero foimiae hunt manifestae, has com- 
plectimur, nescimus quae vis partes adducat. Quantum igitur abest ut 
scientiam illam naoti simus ! (p. 88.) 

[214.] The whole dissertation is of a negative character, and 
although occasionally referred to by later writers is practically 
worthless. It reads more like a mediaeval disputatio quodlihetaris 
than a scientific memoir of the 19th century. 

215. 1818. Antonio Bordoni : SuW equilibria delle curve u 
doppia ourmtura rigide, ovvero completamente o solo in parte elas- 
tiche. This memoir is published in the Memorie... della Societd 
Italiana... Vol. xix., p. 1, Modena, 1821; it was received on the 
22nd of May, 1818. 

216. We have already noticed that Lagrange treated in 
an unsatisfactory manner the problem of the equilibrium of a 
curve of double curvature, and that Binet turned his attention 
to the same subject: see Arts. 159 and 174. Binet investigated 
the value of the torsion, but left undetermined two of the elements 
of the problem, namely the tension and the elasticity, on account 
of the complexity of the calculation and of the results. Bordoni 
accepts the challenge thus, as it were, thrown out, and completes 
the investigation which Binet had left unfinished; but as we 
shall see in Art. 5, he does not precisely follow the line traced 
out by Binet. The following is Bordoni's own statement : 

II Sig. Binet Jacques, il primo die dilucidb questo passo della 
Meccanica di Lagrange, con una Memoria inserita nel tomo dccimo 
del giornale della scuola politecnica di Francia, scrivendo altrimenti la 
invariabiliU della curva, trovb tre altre equazioni indefinite, nolle 
quali vi sono oltre le forze esteriori e le coordinate della curva, tre 
nuove quantity atte a misurare, una la vera tensione, V altra la 
elasticity,, e la terza la torsione ; e desunse anche da queste equazioni 

8—2 
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quella espressione delle forze esteriori, clie rappresenta la torsione ; 
ma per rispetto alia tensione ed alia elasticita dicliiarb, che ‘‘On ne 
parvient aiix valeurs g^n^rales de tension et d’^lasticit^ qne par des 
calculs p^nibles, dont les resultats paraissent fort compliqu^s/’ 

In questa breve Memoria, nella quale si park dell’ equilibrio delle 
curve a doppia curvatura siano rigide, o siano elasticbe completamente 
o solo in parte, si troveranno tre equazioni indefinite fra le coordinate 
della curva nella posizione di equilibrio, le forze esteriori, la tensione, 
la elasticity, e la torsione, colle quali si otteranno con facility, mediante 
alcuni stratagemmi, queste ultime tre quantity, ciofe la tensione, la elastici- 
ty, ed ancbe la torsione, espresse tutte colle forze esteriori e le coordinate 
della curva nella posizione di equilibrio di esso. 

217. Before coming to the mechanical problem, Bordoni 
investigates the value of what we now call the angle of torsion ; 
his method is uns 3 niimetrical and laborious, but he finally gives 
the correct result in a symmetrical form. It is referred to on 
page 178 of the. work of G. Piola, 1825, hereafter to be noticed. 

218. The mechanical problem is treated after the manner 
of Lagrange. Let ds denote an element of the arc of the curve 
at the point (a*, y, z ) ; let de denote the angle of contingence, 
and di the angle of torsion; then Bordoni says that the sum 
of the virtual moments is the integral of the following ex- 
pression, 

"1” YBg -b ZBz) dm -j- "KBds -b fjuBde "b ^Bdi ; 
and that such sum must be zero. 

But what are X, fi and f ? It seems to me that the great 
objection to his method of treating the problem is that we do 
not start with any clear notion on this point, Bordoni says 
vaguely that X is the tension, fi the elasticity, and ^ the torsion ; 
it turns out in the course of the investigation that X is equal to 
the sum of certain external forces resolved along the tangent at 
{Xf y, z), that /jl is equal to the sum of the moments of such forces 
round the straight line at (.r, y, z) which is at right angles to 
the osculatory plane, and that ^ is the sum of the moments of such 
forces round the tangent at (a?, y, z). 
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219. In Binet’s treatment of the problem the express! 
for the virtual moment is put in a different form, namely 

(XSx + TBy + ZBj^) dm + a {dxBdx + dyBdy + dzBdz) 

+ h {cPccBd^cc + d?yBd^y + d^zBoPz) 

+ h [d^xBd^x + d^yBd^y + d^zBd^z ) ; 

and the de and di which Bordoni uses are subsequently introduc 

220. Bordoni’s investigation is of a most laborious ki 
and forms a good testimony to the patience of the author. Th 
is sufficient detail given to enable the reader to follow the st 
without much difficulty, except in one case which occurs 
page 16. Here a certain integral has to be found; the aut' 
states the result, adding ^ come facillissimamente si verifica’... 
is only a part of the result which I wish to notice, and expres 
in Bordoni’s notation it is 

^{Cdy — G'dx) = dzjds : 

I shall be glad if any reader can be induced to examine i 
point and shew how this result can be easily obtained; for 
own part I find for the integral after a very tedious investigat 
the value 

dzjds - /S {cdy - ddx)^ 

where yS = (dxd^x 4- dydj^y + dzd^z)lr^ds ^ ; 

this agrees with Bordoni’s result if we suppose s to be 
independent variable , a supposition which he has not stated. \ 
notation is the same as Bordoni’s, except that my c and c' 
to be obtained by multiplying his c and c' by cfe: it will 
observed that at the place where he first introduces this notat 
namely near the bottom of page 10, he has omitted ds^ and 
must be restored in order to give correct dimensions in infinii 
mals to the expressions, 

221. The following are the values which Bordoni obtains 
X, these values do in effect assign the meanings to tl 
symbols, about which nothing was really known at the begini 
of the investigation 
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CD 

dx 


CD 

ds 


CD 




d0 

ds‘ 


’SevQ L — ^jYdm— yjZdm-‘j( 0 Y — yZ) dm; and If and N 

are obtained by symmetrical changes in the variables. Also 
c ~ (dyd^z — dzd^y) ds ; and o' and c" are obtained by symmetrical 
changes in the variables ; while gj® ~ + c"^ 

The value of //. corresponds with that which had already been 
obtained by Binet. 


222. It may be easily shewn that 

^dL + -Jf dM+^dN=0, 
ds ds ds 

and therefore 

[This formula is in fact given in the Comptes Reiidus, 
XIX., 182.] 


223. In the last three pages of the memoir Bordoni notices 
the paper by Poisson concerning the problem (see our chapter iv). 
Bordoni perceives that Poisson has given one result which he 
himself has not, namely that d^ = 0, so that the moment of torsion 
is constant; and he tries to explain how it happens that ho 
himself has not obtained this result: but it does not seem to 
me that he is very successful. I will offer a few remarks on the 
point. Poisson treats the problem on ordinary mechanical 
principles, and so it is easy to understand his process. Suppose 
a normal section of the curve made at any point; the piece 
between this section and one end must be in equilibrium ; the 
forces acting are the external applied forces and the molecular 
action at the section, which Poisson assumes to be normal to the 
section. Poisson then forms the three equations of statical 
equilibrium with respect to moments which we know must hold. 
Granting these then, we find that must follow, as Bordoni 
admits. 
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Bordonfs adcount of the absence of the result from 

his own investigations amounts in fact to this : he does not 
consider the equation of moments round the principal normal 
at (a?, y, z), holding that motion round such a line would change 
the nature of the system. 

224. It is difficult in the treatment adopted by Bordoni to 
understand what forces really are supposed to act, but I think 
Poisson and he really differ as to the nature of the molecular 
force ] Poisson determines his force as altogether normal to the 
transverse section, while Bordoni apparently does not. With 
Bordoni X denotes that part of the molecular action which is 
normal, but he does not necessarily assume that this is the total 
action ; there may be other actions in transverse directions, that is, 
in the plane of the section. It is, I believe, certain that Bordoni’s 
method does not give all the conditions of equilibrium, and 
it is for those who understand and adopt the method to explain 
and supply the omission. Transverse forces will enter into the 
moment which Bordoni calls ^ and Poisson in his M4oanique calls 
t; they will not occur in the moments round the two axes in 
the plane of the section\ 

[225.] C. J. Hill: De elasticitate torsionis in filis metalUds, 
Lundae, 1819. This tract will be considered in the following 
chapter together with a later work of the same writer. 

[226.] A. Duleau : Essai tMorique et experimental sur la 
resistance du fer forgd, Paris, 1820. 

This essay arose from experiments made by Duleau on forged 
iron, when entrusted with the construction of an iron bridge over 
the Dordogne. It received the approval of the Academy of 
Sciences after a report upon it by Poisson, Girard and Cauchy. 

[227.] The first section only is concerned with theoretical, the 
remaining three with experimental results. 

On p. 2, Duleau defines the neutral line of a beam under 
flexure ; he terms it the ligne de passage de la tehision a la com- 
pression, and makes the following statement concerning it : 

, - c dx . , c dx 

1 Page 27 middle of the page ; iox -fi, ^ f read “ 
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Couloml) a suppose que, lorsque la courbure de la pi^ce elastique est 
tr^s peu considerable, cette ligne est tellement plac^e que la somme des 
m omens de tensions des fibres superieures est egale ^ celle qu’ou 
obtient en ajoutant les momens des compressions des fibres inferieures. 
Oe principe, qui n’a pas encore ete demontre d^une mani^re rigoureuse, 
a ete adopte par tons les auteurs qui ont traite ce sujet. II est inutile 
d’y avoir recours, s’il agit d^un solide dont la section transversale est 
divisible par une ligne horizontale en deux portions symefcriques ; cette 
droite est alors ^videmment celle oil existe le passage de la tension a 
la compression. II est tr^s rare que dans la pratique on ait k considerer 
des corps d’une autre forme. 

It will be obvious from this quotation that Duleau has mis- 
understood Coulomb, and adopted a false principle. Coulomb 
(see Art. 117) placed the neutral line along the axis or middle line 
of the beam, because he argued that the sum of the longitudinal 
tensions or resistances of the fibres across any section must be 
zero if the beam be only acted on by a system of transverse forces. 
This is a clear result of an elementary principle of statics — the 
sum of the forces resolved parallel to the axis of the beam must 
be zero. But Duleau’s statement that the moment of the com- 
pressions must be equal to the moment of the extensions, is a false 
principle which only places the neutral line in its right position in 
the particular case of symmetry mentioned by him at the end 
of the paragraph cited. 

[228.] The following sections are devoted to the problems : 

Of a lamina built in at an end and weighted at the other. 

Of a lamina supported at both ends and uniformly weighted. 

Of a lamina subject to longitudinal pressure. 

The treatment of the first two problems contains nothing 
original, that of the third follows Euleris memoir of 1767, and is 
liable to the same objections. Duleau does not seem to have been 
acquainted with Robison’s criticism of Euler (see Art. 146), but ho 
has a section entitled : Application des risultats tronvis pour une 
lame dlastique d un solide prismatique, which contains his views 
as to the practical value of Euler’s theory. He remarks that 
the results obtained for the elastic lamina may be extended to the 
neutral line of an elastic beam, when the flexure of the beam 
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is produced by transverse forces, but when the beam is under 
longitudinal stress, it cannot with exactitude be treated as an 
elastic lamina. He observes however that the pieces of iron to 
which he is about to apply his theory are in practice of great 
length as compared with their section, and hence their resistance 
approaches sufficiently that of an elastic lamina. He places the 
neutral line of such large iron bars at their line of centres, and 
thus falling into the same error as Euler, is therefore (as a practical 
engineer) still more deserving of Eobison’s censure. 

[229.] The curious fact remains that he considers Euler’s 
method sufficiently exact for practice, “as experiment confirms” 

(p. 16). 

Note III. p. 79 gives a comparison of the results of experi- 
ment and calculation, the mean ratio of the results of experi- 
ment to those of calculation equals 1*16. A further section 
treats of torsion, and contains results of the same character as 
Coulomb’s. The rest of the book is occupied with the discussion 
of experiments on iron bars. 

[230.] 1822. E. Hodgkinson: On the transverse strain and 
strength of materials. Memoirs of the Literary and Philosophical 
Society of Manchester. Second Series, VoL iv. London, 1824. 

This memoir is contained on pp. 225 — 289 of the volume, 
and is divided into two parts: Theoretical and Experimental. 
The author commences with the following statement of his aims, — 

The lateral strength of materials is a subject which has engaged the 
attention of the greatest mathematicians; but our knowledge of the 
action of the fibres or particles of bodies during their flexure, chiefly 
perhaps for want of suflSicient experiments, seems still to be imper- 
fect The intention of the writer is first to unite in a general 

formula the commonly received theories, in which all the fibres (with 
the exception of those on the edge of a bent body) are conceived to be in 
a state of tension ; and next to adapt the investigations to the more 
general case, where part of the fibres are extended, and part contracted, 
and to seek experimentally for the laws that regulate both the extensions 
and the compressions. 

[231.] On pp. 226 — 233 the writer obtains his general 
formula, and discusser several cases of it. The ' general formula ’ 
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turns out to be nothing but a very special case of Varignon’s 
formula (see Art. 14), but still suflSciently general to include 
Galilei’s and the Mariotte-Leibniz hypotheses. Throughout this 
investigation the author supposes the neutral line to be in the 
lowest fibre of a beam subject to transverse stress, — 

And this may probably be not far from the case in such bodies as 
glass or marble : but (as Dr Robison has shewn in his valuable essay on 
the Strength of Materials in the Encyclopaedia Britannica) it is, when 
applied to timber, highly eiToneous. 

[232.] The author cites various experiments in confirmation 
of this view, and then proceeds to a method for determining 
the position of the neutral line, when compression as well as 
extension takes place. He arrives by a somewhat artificial and 
cumbrous process at Coulomb’s result, namely that the sum of the 
forces of extension must be equal to the sum of the forces of 
compression across any section. The author attributes this result 
to Eobison, whereas it had long before been stated by Coulomb 
and something extremely like it by both Biilfinger and Belgrado 
(Art. 29). 

[233.] In a footnote the error of Barlow’s method (see Art. 192), 
is pointed out, it consists in making the moment of the com- 
pressing equal to the moment of the extending elastic forces; 
precisely the same error as Duleau had fallen into. (See Art. 219.) 
Hodgkinson also criticised Barlow’s error in a paper which will be 
found in Yol. v. of the Edinburgh Journal of Science, 

[234.] It may be noted that Hodgkinson in the examples he 
gives of the flexure of beams of various section, supposes the forces 
necessary to produce the equal extension and compression of a 
fibre to be unlike; he likewise supposes the relation between 
tension and extension not to be expressed by Hooke’s Law, but 
the tension to be proportional to some power of the extension. 
This power, for still greater generality, he treats as having a 
different value for the relation between pressure and compression. 
Thus he assumes relations of the form suggested by Biilfinger 
(Art. 29, /3): 

Tension = fju (extension)”, 

Pressure = pf (compression) 
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Very little is practically gained by this generality so far as it con- 
cerns the power of the strain, but the adoption of the two moduli 
is undoubtedly right for some materials, e,g. cast iron (see Art. 
239); in the case of a prismatic beam, the neutral line would in 
general not coincide with the axis of figure (see p. 249). 

[235.] We may note the following lemma (p. 247): 

In the bending of any body this proportion will obtain : as the 
extension of the outer fibre on one side is to the contraction of that on 
the other, so is the distance of the former from the neutral line to that of 
the latter. 

This is exactly the same method for finding the position of the 
neutral line as had been given by Belgrade just seventy-six j^'cars 
earlier. So long does it take for the results of mathematical inves- 
tigation to find their way into practical text-books or to bo 
rediscovered by the practical engineer 1 

The rest of the memoir contains a detailed account of experi- 
mental investigations on beams of wood (yellow pine, fir, etc.), 
with special reference to their extension and compression, and to 
the position of the neutral line. The author found extensions 
and compressions to be as the forces, till permanent deformation 
began. 


[236.] The merit of Hodgkinson^s paper consists in the fact 
that it led to practical men in England (notably Barlow, who 
corrected his mistake in later editions, see Art. 185), placing the 
neutral line in its true position. Hodgkinson was of course only 
adopting Coulomb's work of half a century earlier, but ho may be 
said to have done for England what Eytelwein did for Germany, 
namely he gave Coulomb's theory its true place in works on 
practical mechanics. 

[237.] A second paper by Eaton Hodgkinson on the same 
subject may be perhaps best referred to hero. It appears in Vol. 
6 (1831) of the Manchester Literary and Philosophical Society, 
pp. 407 — 544. It is entitled: Theoretical and E(x)perimentiil lie- 
searches to ascertain the Strength and lest Fonns of Iron Beams, 
and was read April 2nd, 1830. 
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Hodgkinson begins by recognising the importance of the work 
of Bernoulli, Euler, Lagrange, Coulomb and Robison. 

They have done much, but owing perhaps to a disinclination 
to the labour and expense of making sufficient experiments, much 
was left undone for later inquirers. 

The author proposes to develop further the results of his 
previous paper, the theory of which he finds in agreement with 
those of Robison and Coulomb so far as they have gone. 

[238.] The theoretical investigation of the weight which a 
beam will support and of the position of the neutral line (pp. 410 
— 417) offers nothing of importance. We may note however 
Hodgkinson's remark that the position of the neutral line may 
change, if the ratio of the moduli of resistance to compression 
and of resistance to extension should change owing to the body 
approaching the limit of elasticity. He quotes (p. 417) an experi- 
ment of Tredgold’s in confirmation of this. 

[239.] On pp. 419 — 425 he corrects the error of Duleau we 
have noted in Art, 219, and gives an experiment of his own on the 
point. These pages are followed by an experimental investigation 
of the laws which connect the extensions and compressions with 
the forces in cast iron. The first deduction of importance is 
obtained on p. 432, namely, that deflections from extension are 
greater than those from compression, the forces being equal, and 
this whether the elasticity be perfect or not. This result was 
obtained by measuring the deflection of a T-shaped beam under 
the same force, first with the more massive head upwards and so 
subject to extension, and secondly with it downwards and so 
subject to compression. 

Still the difference is not so great, but that the deflections may in 
most cases, without material error, be assumed as the same. Hence the 
extensions and compressions from equal forces in cast iron are nearly 
equal. This is a very interesting fact; it is most likely a property 
common to tenacious bodies, when not over-strained generally : it has 
often been assumed by writers, but I have not before seen any proof of 
it, except in an experiment of M. Duleau, which renders it very 
probable that it is the case in malleable iron. 
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[240.] We may note that there are three things to be 
compared when we are considering the extension and compressions 
of any substance. 

(i) We may note whether the moduli for extension and 
compression are equal. 

Hodgkinson finds that they are not exactly equal for cast iron. 
This result has been confirmed by later investigators. Hence 
the neutral line does not exactly pass through the centres of 
gravity of the sections. The difference however is so small that it 
does so very approximately. 

(ii) We may inquire whether the limits of elasticity are 
the same in the two cases. This is somewhat difficult to 
determine in the case of cast iron, because a certain amount of 
permanent set is found to have arisen from almost any stress we 
may have applied to the material, although the body of course 
after removal of the stress returns very nearly to its primitive 
shape. 

Hodgkinson is of opinion that in cast iron a much greater 
force is required to destroy its elasticity in the case of compression 
than by extension. It must be noted however that there is an im- 
portant point to be considered here. Is it the force which will 
produce any the least permanent set, which is to be taken as that 
which destroys the elasticity? Or shall we term that the de- 
structive force for which the extension ceases to obey Hooke’s 
Law? 

(iii) Lastly we may investigate whether .the absolute 
strength in the two cases is the same. Will the same stress tear a 
metal by tension and crush it by compression^ ? 

[241.] An interesting experiment described on pp. 434 — 435 
gives the reason of Hodgkinson’s opinion on our second point. 
He found in the case of a T-shaped bar of cast iron supported on 
two props at its ends and weighted at the centre that it required 
nearly four times as great a weight to break it with the head 

1 The consideration of the liraits mentioned in the above remai-ks is of such im- 
portance, that I shall add a note on the subject at the end of tins volume and will 
suggest a terminology. 
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downwaxds (jl) as mtli the head upwards (T). ' Hence the 
absolute strength is different in the cases of extension and com- 
pression, being greater in the latter. We must, observe however 
that this rather answers the question we have asked in (iii) than 
in (ii). It does not necessarily follow that because the absolute 
strength is greater in one case than the other, that the limit of 
elasticity is greater for compression than for extension. It might 
happen that the range of imperfect elasticity (partial set) was 
much greater in one case than the other. 

[242.] Hodgkinson next turned his attention to malleable 
iron, and came to the conclusion that throughout the whole range 
(by which I suppose he means the ranges of perfect elasticity, and 
of imperfect elasticity or partial set) the extensions and compres- 
sions were nearly equal from the same forces, a result very 
different from what had been obtained for cast iron. The experi- 
ment he gives (p. 437) and the additional one he quotes from 
Duleau cannot however be considered as conclusive, 

[243.] The major portion of the remainder of the paper is 
devoted to an experimental investigation of the best form for 
a cast iron beam, in order that for a given mass of material it may, 
when supported at the ends on two props, best resist transverse 
stress. The form principally investigated is that composed of two 
strong ribs united by a thin sheet of metal thus X . Hodgkinson 
remarks : 

As to the comparative strength of these ribs, that appears to me to 
depend upon the nature of the material, and can only be derived from 
experiment. Thus, suppose it was found that it required the same 
force to destroy the elasticity of a piece of metal, whether the force 
acted by tension or compression. In this case the top rib ought to be 
equal to the bottom one, supposing it was never intended to strain the 
beam so as to injure its elasticity. And if it were found that the same 
weight would be required to tear asunder or to crush a piece of metal 
according as it acted one way or the other, the beam should have equal 
ribs to enable it to bear the most without breaking. Now, from the 
experiments given above, it appears that these qualities are in a great 
measure possessed by wrought iron; and therefore, whether it was 
intended to strain a beam of it to the extent of its elasticity or 
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even to the breaking point, there ought to be equal ribs at top and 
bottom. 

If, however, the metal were of such a nature that a force F was 
needed to destroy its elasticity by sti'etchirig it, and another force G to 
do the same by compressing it, it is evident that the ribs ought to be to 
one another as F to G, in order that the beam might bear the most 
without injury to its elasticity. And if it took unequal weights F^ and 
G' to break the piece by tension and compression, the beam should have 
ribs as F' and G' to bear the most without fracture. 

Our experiments on cast iron were not well adapted to shew what 
relative forces would be required to destroy the elasticities; but it 
appears, by the experiments of Mr Rennie \ that it would tirke many 
times the foi'ce which would draw it asunder to crush it. The bottom 
rib must then be several times as large as the top one to resist best an 
ultimate strain. 

[244.] Hodgkinson commences his experiments on beams 
with equal top and bottom ribs, which he notes had been con- 
sidered the strongest form so long as the stress did not produce a 
strain greater than the limit of elasticity. It results however 
from these experiments that a beam can be found in which the 
ratio of the top and bottom ribs is such that its absolute strength is 
2/5 greater than that of a beam of the 'common shape’ (an 
inverted T (x) "vsrith a somewhat tapering vertical stroke), while 
the 'common shape’ is itself 1/12 stronger than a beam with 
equal top and bottom ribs. (C£ Experiments l., iv. and xix.). 
The shape of this beam was as follows: top rib 2’f33 by 'JU, 
bottom rib 6*67 by *66, vertical part *266 by 4*15, the vertical 
part being slightly spread out where it mot the ribs so that tlic 
total area of section was C*4. 

The gi-cat strength of this section is an indisputable rofutiitiou of 
that tlioory, which would make the top and bottom ribs of a ctxst iron 
beam equal, 

[245.] Wo have referred thus at length to Hodgkinson’s 
second paper because it suggetfe several points which have not 
received full treatment at th^ hunds of the mathematician, 

^ Soe <me Mxk 185, 
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Notably the difference in character between cast and malleable 
iron, the range of imperfect elasticity and the shape of the beam 
of greatest absolute strength, are all points which seem capable 
of mathematical treatment with advantage to both theory and 
practice. The mathematician cannot fail to be struck with the 
very small portion of the phenomena presented by a material 
subjected to continuously increasing strain, which is covered by 
the current theory of elasticity. 

To other work of Hodgkinson’s we shall have occasion to refer 
later, 

[246.] In the Nouveaux M^moires de VAoadimie Roy ale des 
Sciences {Acad, An, 1781), Berlin, 1783, will be found (pp. 347 — 
376) a memoir by John and James Bernoulli^ entitled ; Mdmoire 
sur V Usage et la TMorie dlwne machine qu’on _peut nommer 
Instrument hallistique. This paper is not of any value, and would 
not be mentioned here, had the writers not given a first, although 
erroneous, theory of a spiral spring in their third section : Th^orie 
de la Machine hallistique (pp. 854 — 858), Their work however 
led the Italian physicist 0, F. Mossotti to a more complete 
consideration of the problem. His memoir : Sul movimento di uri 
elice elastica che si scatta, was presented to the Sodetd Italiana 
delle Science in 1817 and published in the mathematical part of 
Tom. XVIII. pp. 243 — 268 of their Memorie di Matematica e di 
Fisica, Modena, 1820. Owing to the fact that this and other 
memoirs of the same volume are unrecorded in the Royal 
Society's Catalogue of Scientific Papers, I did not discover its 
existence till it was too late to insert any account of it in its 
proper place in this chapter. The memoir appears to me of 
considerable interest and remarkably clearly expressed. 

[247.] The author describes his method in the following 
words : 

Per risolvere i problemi che mi sono proposti ho assunto due 
ipotesi, le quali sono perb cosi da vicino verificate dagli sperimenti 
che, piuttosto che ipotesi, possono risguardarsi come regole di fatto. La 

^ Tids James Bernoulli is the same as that mentioned in Art. 122. John was his 
brother. 
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prima di queste ipotesi h riposta. in cib, clae 1’ elice elastica debba 
ill tutto il tempo dello scatto o dilatazione conservare la figura d’ elice 
ed un egual numero di rivoluzioni, talmente che nelF allargarsi i 
passi delle spire, sia soltanto il diametro delP elice che venga succes- 
sivamente a diminuire. Colla seconda ipotesi stabilisco ad imitazione di 
Daniele e Giacomo Bernoulli che gli aceorciamenti o costipazioni che 
possono farsi soffrire all’ elice siano proporzionali alle forze o pesi 
comprimenti atti a produrle. Allorchb nella soluzione dei problem! mi 
occorrer^ di assumere per la prima volta alcuna di queste ipotesi 
avrb cura di far conoscere gli esperimenti che mi hanno persuaso ad 
adotarla, accib il lettore sia egual mente convinto della legittimitk della 
medesima. 

I Bernoulli ed altri autori, che hanno considerate il movimento 
degli elastri piegati in forma d’ elice, hanno per semplicith supposto nei 
loro calcoli che il movimento oscillatorio di un’ elice fissa in un 
estremo sia eguale a quello di una fibra rettilinea ed omogenea dotata 
d’ una stessa massa e d’ una pari elasticity, e la cui lunghezza fosse 
rappresentata dall’ asse stesso dell’ elice. Alla fine della presente 
Memoria farb vedere comme questa supposizione b giusta, e come 
le equazioni che rappresentano il moto di una fibra rettilinea ed 
omogenea sono le stesse di quelle appartenenti alle oscillazioni di 
un’ elice elastica, V’ b perb una notabile differeuza fra i miei risulta- 
menti e quelli degli autori che mi hanuo pi'oceduto. Secondo quest! se 
si suppone che la fibra elastica sia spogliata in tutta la lunghezza 
della sua massa, e si imagini che il terzo della medesima sia concentrate 
neir estremity mobile, i moti di quest’ elastro immaginario devono 
accompagnare esattamente quelli dell’ elastro vero • secondo me non e il 
terzo della massa dell’ elastro che deve supporsi concentrate nell’ es- 
tremity mobile, ma la ^mety. (pp. 244 —5.) 

[248.] Mossotti supposes his spiral wire to be without weight, 
to be placed perpendicular to a rigid plane and compressed by a 
superincumbent weight ; this weight is removed and the motion 
of the expanding spiral is then required. 

Let the axis of the spiral be taken as axis of 0 , and let the 
axes of X and y be in the rigid plane perpendicular to the axis of 
the spiral and such that the axis of x passes through one end of 
the spiral wire. Let xyz be the co-ordinates of a point on the 
sectional axis of the wire distant s from its extremity i /, /', f are 
the ‘accelerating forces' at the point xyz parallel to the axes; 
T. E). 9 
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lensity and the section of the wire, 
ions 




A^rr®, 


df^ ds^ 


Mossotti deduces 


Airr^ , 


df ds * 


^nations of the helix formed hy the sectional axis of the 


x= a cos 0 
y = a sin 0 
z^aO tan e 


and again, 


^ = s sin e, 
ad = s cose, 


LS the radius of the cylinder upon which the helix lies, 
le the tangent at any point makes with the plane of xy, 


The experiment made by the author to aid him in the 
f these equations was the following : A steel spiral with 
mity fixed in an immoveable plane was compressed till it 
continuous cylindrical surface, a white line was then 
ipon it parallel to the axis. Being released the wire 
so that the series of white marks on the different turns 
mained in the same straight line parallel to the axis, 
vhen the oscillations were slow enough to render each 
.rk individually visible, they appeared always to be at 
ances from one another. From this experiment Mossotti 
following conclusions. (1) The wire retains the form of 
'2) the number of turns in the helix remains unaltered, 
7ords, a and e are functions of the time, but not of the 
e spiral ; 6 and $ are independent of the time. Since 
se, it follows that either of these ratios is a quantity 
mt alike of the time and of the position of the point 
he spiral. Terming either of them 1/X, and substituting 
1 the equations of motion, we find, after an integration 
rd to 5, 

A-TTr® cos e . ^ - 
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A7rr* cZ* cos e 


cos \s^f + c', 


2 •' ^ ’ 

where c, c', c" are constants independent of s, but may be functions 
of t To determine them put 5=0; at this point /= /'=/"' = 0, 

thus c = c =0 and c = . 

y df 


Let or be the length of the wire supposed to contain a complete 
number of turns, then putting 5 = <r we deduce for the extremity 
of the wire 


/=/ = 0, Aot" 


dZ^ sin e ^ 
df~~ 2 • 


[250.] In order to continue the discussion we must now make 
some hypothesis as to the nature of f\ Mossotti argues as 
follows : 

E evidente che, se supponiamo V elastro costipato e posto verti- 
calmente, sovrapponendo un peso che impedisca che piu si allunghi, 
questo peso misurer^ la somma delle forze acceleratrici verticali colle 
qiiali V elastro si distenderebbe in quel? istante essendo in liberty, ossia 
la forzia Questa forza sari poi diversa anche nello stesso elastro 

variando la sua lunghezza ossia secondo i diversi stati di compressione, e 
la sola esperienza pub somministrare la legge della variabilita della 
medesima. * 


The experience to which the author appeals is that of the 
above J ohn Bernoulli, of ’s Gravesande and of Francesconi. He 
might also have cited Hooke (see Art. 7). 

Let h be the height of the unstrained spiral spring, / its height 
at time t, and jm a constant ; then, /" fi(h — z') is the form 
of the force /" he assumes. Here /jl must be determined in each 
case by experiment. Hence, since / = cr sin c, we have 


m 

2 W 




where m = AwrV == the mass of the wire. 


[251.] It is obvious that this is the same equation as would 
hold for the motion of a non-gravitating mass half that of the 

9—2 
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spiral supported by an elastic string of length equal to the axis of 
the spiral and modulus of elasticity equal to pu. This is shewn at 
somewhat unnecessary length in the second part of Mossotti’s 
memoir entitled : Prohlema IL The conclusion of the first part is 
devoted to the discussion of the simple harmonic motion given by 
the above equation and its application to the ‘ ballistic machine.' 
Although I am not entirely satisfied with Mossotti's method or 
results, the paper seems to me suggestive. 

' [252.] Summary. It will be seen that these miscellaneous 

investigations of the first quarter of the nineteenth century were 
principally occupied in extending or correcting the labours of the 
previous century. We note also how the results of mathematical 
investigation by a long process were finding their way into 
practical text-books and being put to the test of every-day 
experience. From this time onwards Galilei's Problem will cease 
to occupy so much of the energy of the mathematical world. This 
energy will be directed to the wider question of the eqtiilibrium 
and motion of elastic solids. 



CHAPTER III. 


MISCELLANEOUS RESEARCHES 1820—1830. 

NAVIEE, GEBMAIN, SAYAET, PAGANI, AND OTHEBSA 

253. Navieb. Navier more than any other person is to be 
regarded as the founder of the modern theory of elastic solids. 
In a memoir presented to the Institut on the 14th of May 
1821 he gave for the first time the general equations of equi- 
librium and motion which must hold at every point of the 
interior of a body, as well as those which must hold at every point 
of the surface. This memoir is published in VoL vii. of the Paris 
Memoirs, dated 1827. Navier had previously presented a memoir 
to the Institut, namely on the 14th of August 18’20, in which 
he treated of the flexure of elastic plates; only an abstract of this 
seems to have been published. We shall now give an account 
of the writings of Navier which bear on our subject, taking 
them in the order of their composition, and not in that of their 
publication. There are other important memoirs on which we 
do not touch, as for instance one on the motion of fluids : see 
Saint-Venant in Moigno’s Statique, page 695. 

254. Sar la flexion des verges ilastiques courhes, par 
M. Navier {Extrait d'un M^moire prisenU d VAcad4mie des 
Sciences, le 25 novemhre 1819). This is published in the Bulletin.., 
Philomatique for 1825, pages 98 — 100 and 114 — 118. The 
abstract consists of two parts; in the first, Navier considers the 
flexure of rods which are naturally straight, and in the second the 
flexure of rods which are naturally curved; the memoir was 

1 Memoirs of this period by Poisson, Cauchy and Lam^ are -considered in the 
chapters especially devoted to those writers. 
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written before Navier had commenced the modern theory of 
elastic bodies, and does not bear on that subject \ 

255. In the first part of the abstract Navier adopts the 
ordinary principle that the curvature of an elastic lamina at 
any point is proportional to the moment of the forces round this 
point. He supposes the rod to be originally horizontal, to be 
built-in at one end (encastree), and to be acted on by forces at 
the other end. Take the axis of x horizontal, and that of y 
vertical, the origin being at the fixed end ; and in the expression 
for the curvature neglect (dyjdoif in comparison with unity; then 
from the assumed principle we have the equation 

6 ^ (o - ^) + Q (/- y) (1). 

Here e is a constant proportional to the force of elasticity ; c and f 
are respectively the horizontal and vertical co-ordinates of the 
other end; and P and Q are the forces acting there, parallel 
to the axes of y and x respectively. This equation is well known, 
allowing for possible differences as to the directions in which P 
and Q act, and also for the neglect of {dyjdx'f : see for instance, 
Poisson’s M^canique, Vol. I. page 606^ 

256. Put for P/e and g® for Q/e; then the integral of 
(l)is 

('-»>} 

where the constants are determined so that y and dyjdx may 
vanish when ^ = 0 ; also the following condition must hold among 
the quantities 

tan qc^qc-- qY/p^ (3). 

The length of the curve into which the straight rod is transformed 



1 [Before 1819 Navier appears to have held an erroneous theory as to the position 
of the neutral axis of a beam. This he corrected in a lithographed edition of his 
lectures on applied mechanics given at the ESole descants et chaiLssiea 1819 — 1820. 
No. 60 is entitled : jDe la resistance a la flexion des corps prismatiques etc. I have 
not been able to examine this work, but its substance doubtless appears in the later 
Legons : see Art. 279. En.] 

2 [The eiiuation is, I believe, based upon a wrong assumption : see the foot- 
note to Art. 75. En.] 
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this is approximately 




dx. It will be found that if 


we neglect the square of ^fjp^ this gives 


50V 




It must however be admitted that it is not quite consistent to 
regard {dyjdxY as small in comparison with unity in one part of an 
investigation, and to retain it in another \ 


237. In the case of rods originally curved, Navier assumes 
that the moment of the force is proportional to the difference 
between the curvature of the original rod, and the curvature 
of the rod as transformed by the action of the forces applied to it. 
He calls this a new principle; it is in fact that adopted by 
Euler in 1744. For the original rod let s denote the length from 
the fixed end up to the point (so, y), and let ^ be the inclination 
to the axis of x of the tangent at this point; let letters with 
accents have a similar meaning with respect to the transformed 
rod ; then the new principle leads to an equation of the form 
€ {d(j) Ids ~ d^jds) = — P(c — x) + Q(f--y) 

= T, let us suppose, 

where the notation is the same as that of the preceding article. 

Hence ^'-^=11 1 + dx. 

Now cos <f) = cos (<^ -f </)' — ^) = cos ^ — (<5&' ~ <^) sin 
approximately ; similarly 

sin </)' = sin ^ cos <^. 

Also cos = dxjds, sin </> = dyjds, cos = dod jds, sin = dy jds. 
Hence we have approximately 

dx —dx = — ^dy J|l + J | Tdx, 
dy'-dy= + 

Navier makes some interesting applications to the case in which 
the original curve is the parabola y = Ix^ja^. 

1 On p. 100 in the value of 2P for (t read 
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258. Extrait des recherches sur la flexion des plans 
elastiques. This is published in the Bulletin.,. Philomatique for 
1823, pages 95 — 102. We have here an abstract of the memoir 
sent to the Institut on the 14th of August 1820; it consists of 
11 sections. 

259. In the first section Navier adverts to the prize essay 
by Mdlle Germain, to Poisson's memoir of 1814, and to the 
integration of the partial differential equation by Fourier (see 
Art. 209) ; he then states the object of his own memoir thus : 

Les recherches dont cet article contient Texpose avaient pour 
ohjet principal les lois suivant lesquelles s’op^re la flexion d'un plan 
eiastique, soutenu sur des appuis dans une position horizontale, et 
charg6 par des poids. Elies sont contenues dans un Memoire pr^sent^ 
k TAcademie des Sciences, le 14 aout 1820, et dans une Note manu- 
scrite, remise quelques mois apr^s aux commissaires charges d’ examiner 
ce Memoire. 

2G0. In his sections 2 and 3 Navier investigates the general 
equation which must hold for the equilibrium of an elastic plate 
that deviates slightly from a plane, and also the conditions which 
must hold at the boundary; but his process is very obscure. 
With respect to the elastic forces he appears to adopt an hypothesis 
like that of Mdlle Germain ; but he does not explain it clearly. 
He seems to present as exact the following expression for the 
virtual moment 


{(iJ' iJ") ^ {r' R') ^ 3 iJ'iJ"} ’ 

where e is a constant coefficient, h is the thickness, and R' and 
JJ" are the two principal radii of curvature : but I do not under- 
stand how he obtains this. Then he says that this is ap- 

d^z d^z 

proximately equal to eA® ESE, where E stands for + ^2 5 

here again I do not follow his reasoning. Starting with this ex- 
pression and proceeding as in Lagrange's M^canique Analytiqxie 
(Vol. I. pages 140 — 142 of Bertrand's edition), Navier obtains 
the general equation of equilibrium, and also the equations which 
must hold at the boundary. The general equation coincides in 
form with that given by Poisson, on page 219 of his memoir 
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of 1814. Navier puts it thus, where T stands for J{Xdx -f Ydy) ; 


z-x~ 


V 

dy 


T 


f^z d?z 
\dcd^ dg 


,)+eA»(; 


d*z 


+ 2 - 


d*z ^ 




dx^ ‘ ^dx^dif 

This equation does not agree with that obtained by Poisson in 
his later researches : see our account of the sixth section of the 
memoir of 1828. 

As to the equations which must hold at the boundary we 
may observe that Navier has expressed them in a form which 
is almost unintelligible, and as we shall see hereafter, Poisson 
would not accept them : when we express them in the notation 
which Navier ought to have used we find that Poisson’s objection 
does not hold. But these boundary equations do not agree with 
those obtained by Poisson in his memoir of April 1828, nor with 
those since proposed by Kirchhoff in opposition to Poisson’s. 
Suppose the boundary of the surface to be entirely free, then 
Navier has four equations which must hold; but two of these 
apply to forces in the plane leaving two to apply to the case 
for which Poisson has three. We shall find that the matter was 
noticed in a controversy which arose between Poisson and Naviex\ 


261. Navier in his sections 4 — 9 applies his formula to the 
case of a horizontal rectangular plate, acted on by no force 
except weights, disposed in any arbitrary manner over the surfixee. 
He obtains a general solution in the form of expressions involving 
sines and cosines of multiple angles, and illustrates it by con- 
sidering two special cases, namely, first that in which the weight 
is diffused uniformly over the whole plate, and next, that in 
which the weight is concentrated on an indefinitely small area 
close to an assigned point. 


262. By suppressing one co-ordinate Navier renders his 
equations applicable to an elastic lamina; and for an example 
takes the case of a horizontal lamina supported at each end ; ho 

thus obtains known results, namely the equation, /*= 24 ^ > 

Poisson’s M^caniquOf Vol. i. page 636, and the equation ,/=: > of 

the same volume, page 641. 



138 


NAVIER. 


263. Navier in his section 10 draws from his formula some 
inferences as to the conditions for the rupture of the plate, in the 
two cases mentioned in Art. 261 of the weight uniformly diffused 
and the same weight concentrated at the middle point of the 
plate. Suppose that in the former case a weight W will produce 
rupture, then he says that a weight Tf/4 will produce rupture in 
the second case ; but it seems to me that according to his formula 
it should be 

264. In the differential equation given in Art. 260 it will be 
seen that the third power of the thickness occurs as a coefficient ; 
Navier says in his last section that persons who have attended to the 
subject are not all agreed as to the power of the thickness which 
should occur: but he seems confident that he is right in using the 
third power. It is however certain that he is wrong in using A® 
instead of if he gives to X, Y, Z their usual significations : 
see the equation (10) in our discussion of the sixth section of 
Poisson’s memoir of 1828, confirmed by Clebsch on page 307 of 
his work when we recur to page 289 for the values of C\ B'\ 
This is quite consistent with the fact noticed by Navier that the 
expression for the equilibrium of an elastic lamina involves the 
cube of the thickness. 

265. Memoire sur les lois de V^quilihre et du mouvement de$ 
corps solides dlastiques. This memoir occupies pages 375 — 393 of 
the Mdmoires,,Je VInstitut, Vol. vii. published in 1827; the 
memoir was read to the Academy on the 14th of May 1821. 

266. This memoir is justly famous as being the real 
foundation of the modern theory of elastic solids. On pages 375 — 
384 an investigation is given of the three equations which hold at 
any point of the interior of an elastic body ; they are obtained in a 
form equivalent to that given by Lara^ Legons, p. 66, supposing 

Let p denote the distance between two particles in the 
natural state of a body, and p^ the distance when forces have been 
applied to the body; then Navier assumes that the mutual action 
between the paiticles is (Pi“*p)/(p), where f(p) denotes some 
function which decreases rapidly as the distance p increases; 
the direction of the force is assumed to be that of the original 
direction of p : then the constant X ov pu o{ Lam^ is replaced by e, 
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Stt 

where € = p^f(p)dp. The investigation though of great 
iO J Q 

interest as being the first of the kind would not now be accepted 
as satisfactory. Instead of (Pi— p)/(p) the expreKSsion of the 
force would now be taken to be (f> (pj, that is (p + — p), that is 

approximately (p) -h Tpi “ p) <f>' (p), where (p) would correspond 
to the /(p) of Navier. Also the assumption that the body is 
continuous, so that summation may be replaced by integration, is 
not now accepted : see Art. 436 of my account of Poisson’s memoir 
of April 1828. 

267. Another investigation is given by Navier on his 
pages 384 — 393, which furnishes not only the general equations 
which must hold at every point of the interior, but also the special 
equations which must hold at every point of the boundary. The 
general equations thus obtained agree in for in with those obtained 
by the first investigation ; the special equations agree practically 
with those given by Lamd, Legons, p. 20, though in expressing 
them Navier, by not giving sufficient generality to his symbols, is 
led to suppose a double statement necessary. 

268. I have said that Navier’s second investigation leads 
to general equations of the same form as the first; Navier holds 
that the two forms perfectly agree, and they ought to do so if both 
processes are sound. But the fact is that if a mistake is cor- 
rected by removing ^ which occurs near the foot of page 387, it 
will be found that in the second form of the equations we get 2e 
as a coefficient instead of e in the first form, e having the value 
already assigned. Thus one of the two forms must be wrong. 
The second investigation is conducted by the aid of the Calculus 
of Variations, but I do not understand the process. The precise 
point at which the difficulty enters is on page 386, where after 
saying correctly that a certain force is proportional to f Navier 
adds: 

Le moment de cette force, cette expression 6tant prise dans le m^me 
sens que dans la Micanique Analytique, sera 6videmment proportionnel 
kfhf on a hf\ 

This seems to me a purely arbitrary statement. I may observe 
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that the letter /is unsuitable, for it has been already appropriated 
by Navier in the symbol / (p). 

269. There is a notice of this part of Navier's memoir 
by Saint-Venant in Moigno’s Statique page 717 : see also page 711. 
Saint-Venant would seem to agree with me in considering the 
statement I have quoted as arbitrary; for he says that Navier 
‘posait pour le travail ou virtuel moment etc.’ Saint-Venant does 
not notice that if we adopt this expression for the virtual moment 
the result of the second investigation is inconsistent with that of 
the firsts 

270. 8ur les lots de Vequilihre et du> mouvement des corps 
soUdes dastiques. Extrait dun Mdmoire presente d VAcaddmie 
des ScAenceSf le 14 mai 1821 : par M. Navier. This occupies 
pages 177 — 183 of the Bulletin,., Philomatique for 1823. The pre- 
amble of the memoir of 1821 is here reprinted. Navier then says 
that there are two ways in which the investigation can be carried 
on, namely, the two employed in the original memoir ; after briefly 
alluding to the first he fully expounds the second. 

271. Observations communiqudes par M. Navier d Voc- 
casion du Memoirs de M. Cauchy. This occurs on pages 36 and 37 
of the Bulletin,,, Fhilomatique for 1823. 

Cauchy was one of the persons appointed by the Paris 
Academy to examine Navier s memoir of August 1820. Cauchy 
had inserted on pages 9 — 13 of the Bulletin for 1823 an account 
of some investigations of his own relative to elastic bodies, 
and in these he mentioned the memoir of Navier, and made some 
brief remarks upon it. Navier alludes to these remarks, but his 
main object seems to be to draw attention to his own priority, and 
he mentions that he had since sent another memoir to the 
Academy, namely on the 14th of May 1821. We learn from 
the following sentence the nature of the memoir of August 1820 ; 

La demonstration de ^equation diflerentielle de la surface ^lastique 
ne forme que la moindre partie du travail contenu dans le M^moire du 
14 aout 1820, et I’auteur n’y attache aucune importance. L’objet 

1 Lam4 on his page 79 is perhaps alluding to such a matter. 
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special de ce travail est la reclierche des conditions de la flexion 
d’un plan charge par des poids, recherche fondee sur Tint^gration de 
cette Equation, comme depuis long-temps. 

[272.] Mdmoire sur les pouts suspendus. Paris, 1823. This 
memoir is accompanied by a report of Navier to M. Becquey 
on the results of his examination of the English suspension, 
bridges. There is little in the memoir which belongs properly 
to our subject. We may note however § xi. (pp. 147 — 160) 
entitled : Des vibrations Idngitudinales des chaines, dues d 
VilasticiU du fer. This contains a somewhat lengthy discussion 
of the ordinary equation for the longitudinal vibrations of a 
rod. The memoir concludes with a long extract from Barlow’s 
Essay on the strength and stress of timber, 1817, particularly the 
experiments contained in that work on the resistance of iron. 
A few additional experiments due to Brown and to Brunei 
are cited at the end. 

273. Note sur les effets des secousses imprimdes aux poids 
suspendus d des fils ou d des verges dlastiques. This occurs on 
pages 73 — 76 of the Bulletin.., Philomatique for 1823. Navier 
quotes the known formula for the extension of an elastic string 
suspended by one end, and having a weight at the other. He 
then gives the approximate results of the following easy dynami- 
cal problem : Suppose the weight suspended to be very large 
compared with the weight of the string itself, and let a certain 
velocity downwards be communicated to the weight; then find 
the greatest extension and tension at any assigned point of the 
string. The formula obtained for the tension ^t the fixed end is 
illustrated by some numerical examples. 

[274.] Solution de diverses qiiestions relatives aux mouvements 
de vibration des corps solides. Bulletin des Sciences par la Socidte 
Philomatique. Ann^e 1824, Paris, pp. 178 — 181. Navier treats 
here by usual methods problems which presented even at that 
date no novelty. They are : 

(1) Motion of two points connected by an elastic string. 

(2) Longitudinal vibrations of an elastic rod with one end 
fixed. 
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(3) Special case of the same rod when the other end is free. 

(4) Special case when the same rod is treated as infinitely 
long. 

The paper is of no importance. 

[275.] Experiences sur la Resistance de diverses substances d 
la rupture causee par une tension longitudinale. Par M. Navier. 
This occupies pages 225 — 240 of the Annales de Chimie, Vol. 
xxxin. 1826. An abstract appeared in the Quarterly Journal of 
Science, Second Series, Vol. i., page 223. 

Navier describes his labours as follows : 

Les recherches dont je me suis occupe ayant principalement pour 
objet la resistance des tuyaux et autres vases exposes k des pressioiis 
int^rieures, j’ai soumis k Texperience la tole ou fer laming, le cuivre 
laming, le plomb lamine et le verre, dont on fait quelquefois des 
vases dans les appareils de physique et de chimie. 

The general results of his experiments are given on p. 226, 
and in a concise tabulated form on p. 240. The experiments 
themselves seem too few to be of any great value. I may however' 
note experiments 26 and 27 (pp. 238 — 239) entitled : Vases 
spheriqiies roonpus par Veffet June pression interieure. So far as I 
am aware, these are the first experiments ever made to determine 
the internal pressure which will rupture a spherical shell. 
The spherical iron shells of Navier were not very satisfactorily 
constructed for comparison with theory, for they consisted of 
two halves riveted together. In both cases the rupture was 
first manifested by the formation of a ' trh-petite fente! througli 
which escaped the water, by means of which the internal pressure 
was applied. 

276. A controversy between Navier and Poisson was carried 
on during the years 1828 and 1829 ; an account of this is given 
in the chapter devoted to Poisson. 

277. A 'memoir by Lam^ and Clapeyron entitled: Memoirs 
sur requilibre inUHeur des corps solides homoghies was sent to the 
Paris Academy. The memoir was referred to the judgment of 
Poisson and Navier ; a report on it was drawn up by the latter 
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and communicated to the Academy on the 29th of September 
1828 : the report is printed in Crelles Journal fur...Mathematik, 
Vol. VII. 1831, pages 145 — 149. 

Navier’s repoi't contains nothing of importance ; he speaks 
highly of the memoir, indicating however a certain anxiety which 
seems to have been habitual in him with respect to his own claims 
to priority. Two points may be noticed in the report. 

Ils ont reconnu, d’une part qu'un Element de volume, dont la 
figure serait, dans I’etat naturel du corj)s, une sphere d’un rayon tres 
petit, se changeait toujours en un ellipsoide. 

No doubt this proposition is very closely connected with some 
which Lamd and^Clapeyron give, but I do not see it explicitly 
stated in the memoir. They do give the ellipsoid of elasticity, 
and the surface of directions: see our account of the memoir in the 
chapter devoted to Lamd. 

After alluding to some researches of Cauchy in his Exercices 
de Mathimaiiques the report says : 

MM. Lam€ et Olapeyroii remarquent que la th^orie exposes dans 
leur ouvrage diff^re essentiellement de cells qu’avait adoptee M. 
Cauchy. 

I see however no allusion to M. Cauchy in the memoir. 

[278.] Eote sur la flexion d!une piece courhe dont la flgure 
naturelle est circulaire. Annales des pouts et chauss^es, 1” sdrie, 
1®' semestre. Paris, 1831, pp. 428 — 436. 

In his Resumd des legons donn^es d VEcole royale des ponts 
et chauss4es Navier devotes a section to the resistance of prismatic 
beams whose axes are curved (1st edition, 1826, p. 243). 

The equation he makes use of has the following form : 

e (!//>' - Ijp) = -P {a- x) + Q{h-y). 

In other words, he takes the bending moment at any sec- 
tion proportional to the difference of the imposed and primitive 
curvatures. He applies his equation to several cases, as where 
the primitive axis is of parabolic shape. (Cf. Art. 257.) 

In the note cited above Navier supposes that the primitive 
shape is circular. If r be the radius of the circle, before applica- 
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Lon of force, tan ^ = dyjdx, <E> = whole angle of arc, he finds 
quations of the form : 

€ — ^) = — r® {P[sin <I> (sin ~ ^ cos 0) + sin® 0 + cos ^ — 1] 

+ C [4 0 ~ i sin ^ cos 0 — cos <1> (sin ^ cos 0)]}, 
e (jr' - y) = r*® {P [sin 4> (^ sin ^ + cos ^ — 1) + sin 0 cos ^ 

H- -- sin 4 ^]+ Q[i sin®^ — cos $ (<^ sin 4- cos ^ — 1)]}, 

or the displacements of any point determined by (x, y, <^) parallel 
espectively to the directions of the forces Q and P applied at the 
erminal (<I>). These equations are then applied to various 
ateresting cases on the supposition of <1> being small, and the 
isplacements at the terminal are calculated to the 5th power 
f<E). 

Navier afterwards treats the case of a circular arc bent only by 
bs own weight, and determines values for the like displacements. 
There 'is no reference in the paper to the work of Lagrange 
see Art. 100) or other investigators in the same field. This note 
3 practically reproduced in the second edition of the Resume : see 
>p. 292 — 295 and pp. 299 — 302. 

I think that Navier’s assumption as to the bending moment 
3 invalid, although the necessary correction does not alter the 
orm of his equations. There would in general be a longi- 
udinal force at some section, and hence, the 'neutral axis’ not 
massing through the centres of section, the moment of resistance 
o flexure (e) would not be an elastic constant. 

[279.] RSsumi des Legons donnees d Vicole des ponts et 
haussees sur V application de la Mdcanique d V itahlissement des 
onstructions et des machines. Premibre Partie. This book was 
irst published in 1826. Navier himself corrected and sup- 
demented it for a second edition in 1833 \ while a third appeared 
inder the superintendence of Saint-Venant in 1863. The second 
md third parts contain nothing of value for our present purpose. 
IVe are concerned here only with the second edition as containing 
Sfavier s final revision. It differs considerably from the first 

^ This appears to he the last occasion on which Navier busied himself with 
lasticity. He died in 1836 and a funeral oration was delivered in the name 
f the Institvt by the engineer and elastician Girard. 
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the progress which had been made in experimental 
elasticity. The first forty-three pages of the book are devoted 
principally to experimental results drawn from Rennie, Tredgold, 
Barlow, Rondelet, Vicat, etc. Article III. (pp. 43 — 66) contains 
the usual theory of beams subject only to transverse strain, 
together with further experimental results from the same sources. 
Article iv, (pp. 66 — 99) deals with special cases of the common 
theory. Articles v. and VI. (pp. 99 — 112) treat of torsion with 
reference to the then recent work of Cauchy, Lame and 
Olapeyron. 

280. An approximate formula relating to the torsion of a 
rectangular prism is quoted, on page 102 of the first volume, from 
Cauchy’s Exercices de MathSmatiques, Vol. iv. page 59 : see my 
account of Saint- Venant’s memoir on Torsion, Navier adds the 
following note on his page 102 : 

Les equations differentielles qui expriment les conditions de 
Pequilibre et du mouvement des corps solides, et qui sont la base 
des recherches dont il s’agit, ont ete donn^es en premier lieu par 
Tauteur, pour le cas d’un corps homogkae, dans un mlnioire presents en 
1821 k P Academic des sciences, et imprime dans le toine 7® de ses 
M^moires. Cette matiere a Ite depuis le sujet de recherches tr^s- 
€tendues, qui sont contenues principalement dans un memoire de 
MM. Lam6 et Olapeyron, presente PAcademie des sciences en 1828, et 
imprim6 dans le journal de mathtoatiques de M. Crelle, dans uu 
memoire de M. Poisson imprim^ dans le tome 8° des Mtooires de 
PAcademie, et dans les Exercices de matli^matiques de M. Cauchy. 

On page 108 of his first volume Navier gives a formula for the 
extreme torsion which can be admitted if we are to avoid rupture : 
this he says is not due to Cauchy, but may be obtained by the 
analysis which Cauchy used. Saint-Venant on page 413 of his 
memoir on Tormn notices the matter, and explains how Navier’s 
formula is obtained ; but he proceeds to demonstrate that it is not 
trustworthy. 

[281,] Art. VII. (pp. 112 — 120) contains general remarks 
on the limits of safety for various kinds of stress. This concludes 
the first section. The second and third sections, devoted to the 
equilibrium of masses of eaith, etc., and to arches, do not directly 
T. E. 10 
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concera us. The fourth section returns to the subject of elastic 
beams, under the heading of constructions in carpentry. Art. i. 
(pp. 227 — 245) attempts a theory of continuous beams. So far as 
the results treat of beams huilt'in at both ends^ I believe them 
to be erroneous, for Navier assumes in this case that the mo- 
ment de la resistance d la flexion is a constant depending on the 
material of the rod, which I think impossible, as longitudinal strain 
is in such cases introduced. The following article reproduces Euler 
and Lagrange’s theory of columns; both this article and nearly 
all the following labour under the same error as the first ; i.e. the 
moment of resistance to flexure is treated as an elastic constant 
although there is longitudinal strain. Various experimental results 
are quoted from Girard, Lamandd, Aubry and others. A passage 
on p. 258 may be quoted with which I can hardly agree. After 
giving several reasons why experiments as to the force which will 
just bend a column do not agree with theory, JSTavier continues : 

Mais, lorsqu’on prend les precautions conienables pour accorder 
les circonstances de Texperience aveo les hypotheses sur lesquelles 
les formules sont fondees, le resultat est alors repi-esente exactement par 
cette foi'mule. 

The precautions appear to be that the terminal force shall 
be applied exactly at the axis of figure. 

We shall return to this work when considering later the 1864 
edition due to Saint- Venant. 

* 

[282.] One further remark may be made with regard to 
Navier. He seems to have been the first to notice that problems 
relating to reactions, for the determination of which elemen- 
tary statics does not provide sufficient equations, are perfectly 
determinate w^hen account is taken of the elasticity of the reacting 
bodies. The matter is considered by him in a note contributed 
to the Bulletin,...,. Phihmatique 1825, p. 35, and entitled: 
Sur des questions de statique dans lesquelles on consider e un 
corps supporte par un nombre de points d! appui siirpassant trots. 
A number of problems of this kind are solved in the R4sim6 
des Lemons mentioned above, and were first given by Navier in 
his lectures for 1824 : see Saint-Venant’s account in his edition of 
the Resume, p. cvii. 
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283. Germain. 1821. Recherches sur la thiorie des surfaces 
4lastiques, 'par Mdlle Sophie Germain. Paris, 1821. This is in 
quarto ; the title and preface occupy x. pages, the text occupies 
96 pages, and there is one plate. A list of Errata is given on 
the two last pages, but it is far from being completeh 

284. The preface gives an interesting account of the cir- 
cumstances which led Mdlle Germain to devote her attention 
to the subject. As soon as she became acquainted with Chladnf s 
experiments she wished to determine the laws to which the pheno- 
mena described by him are subject; she says : 

Mais j’eas occasion d’apprendre d’un grand geom^tre, dont les 
premiers travaux avaient 6t6 consacr4s a la theorie du son, que cette 
question contenait des difficultes que je n’avais pas m^me soupQonn6es. 
Je cessai d’y penser. 

The grand giomltre was doubtless Lagrange. 

The French Institut proposed as a subject for a prize: JDe 
donner la thiorie 'mathimaiique des vibrations des surfaces 
ilastiques, et de la comparer A Vexpirience. October 1st, 1811, 
was fixed as the date for receiving the essays of candidates. The 
programme relating to this proposition is reprinted on pages 263 — 
357 of Chladni’s Traiti d'Acovstique 1809 : it is stated that the 
prize was offered by the desire of the Emperor Napoleon. Mdlle 
Germain was a competitor for the prize ; she says respecting her 
essay : 

J’avais commis des erreurs graves; il ne fallait qu’un simple 
coup d’ceil pour les apercevoir ; on aurait done pu condamner la pi^ce 
sans prendre la peine de la lire. Heureusement, un des commissaires, 
M. de Lagrange, ' remarqua Thypoth^se; il en d^duisit Tequation que 
j’aurais du donner moi-mtoe, si je m’^tais oonformee aux regies du 
ealcul. 

It appears from the Annales de CMmie, Vol. 39, 1828 (pp. 149 
and 207) that the following note was written by Lagrange ^ Note 

1 [A few particulars as to Mdlle Germain’s life will be found in the Biograjphie 
universelle, its Swp^Ument, in the Journal des DShats, May 18, 1832, reproduced in 
the prefatory matter to the lady’s own Considerations sur Vetat des sciences et des 
lettreSi published in 1833, two years after her death, and in the Oeuvres jpJiilo- 
sophiques, Paris, 1879.] Ed. 


10—2 
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co7nmuniqude auco Gommissaires pour le prix de la surface dlastique 
(d^cembre 1811), 

L^equation fondamentale pour le mouvement de la surface vibrante 
ne me paratt pas exacte, et la manib'e dout on cherche k la deduire 
de celle d’une lame ^lastique, en passant d’une ligne k une surface, 
me parait peu juste. Lorsque les z sont tr^s-petits, Tequation se 
r^duit k 




dx^ df 


d% \ 

dy* da?) ~ 


0 , 


mais en adoptant, comme Tauteiir, 1/r + l// pour la mesure de la 
courbure de la surface, que Telasticit^ tend k diminuer, et ^ laquelle on 
la suppose proportionnelle, je trouve dans le cas do z trfes-petit une 
Equation de la forme 


^ 4 . 2 .« 4 . 

dt^ \dx'*' dx^ dy 
qui est bien differente de la pr^cedente. 


s + 


d*z\ 


Fourier giving a notice of Legendre's second supplement to the 
Throne des Nombres, 1825, says : 

II cite une proposition remarquable et une demonstration trfes- 
ing^nieuse que Ton doit k mademoiselle Sophie Germain. On sait 
que cette dame cultive les branches les plus 61ev6es de Tanalyse, 
et que TAcadtoie des Sciences de I’lnstitut lui k decerne en 1825 
un de ses grands prix de math^matiques. Mhnoires de VAcad, 
VIII. 1829', page x. 


The Institut proposed the subject again, fixing Oct. Isrt, 1813, as 
the date for receiving the essays of candidates. Mdlle Germain 
was again a competitor ; she says: 

J'envoyai, avant le 1“ oetobre 1813, un M^moire dans lequel 
se trouve Tequation dijk connue, et anssi les conditions des extremit^s 
d6termin€es a Taide de Fhypoth^se qui avait fourni liquation. Ce 
M^moire est termini par la comparaison entre les resultats de la 
thtoie et ceux de I’exp^rience. 

The judges made honourable mention of her essay and approved 
of the comparison between theory and observation. 

The Institut proposed the subject once more, asking for a 
demonstration of the equation, and fixing October 1st, 1815, as 
the date for receiving the essays of candidates. Mdlle Germain 
competed and gained the prize. The judges must have been far 
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from severe, as they awarded the prize though they were not quite 
satisfied with her demonstration ; and moreover she admits that 
the agreement between theory and observation was not close, as 
she had taken without due examination a formula from a memoir 
by Euler, De sono campanarum, which was incorrect (see Art. 93 
and footnote). Since that date Mdlle Germain had on various 
occasions given renewed attention to the subject, and had been 
assisted by some explanations given to her by Fourier. 

There are also various allusions to Poisson, and to his 
memoir of August 1814, though he is not mentioned by name. 
In my account of this memoir by Poisson I conjecture that he 
refers to a memoir by Mdlle Germain (Art. 414); and as he implies 
that the equation is there given correctly, I suppose that he refers 
to the second memoir which she wrote. In the allusions which 
Mdlle Germain makes to Poisson there is I think a rather defiant 
tone, notwithstanding the elaborate praise she confers on him, 
such as : 

Tin nom justement c£^bre...,...le talent qui caracterise tons sea 
onvrages...,...ce savant auteur....... Van torite attach^e k son nom...,.., 

dont les talens infinspirent la plus haute estime. 

Poisson and Mdlle Germain had both obtained the same 
equation for the vibration of a plane elastic surface, but by very 
different methods. The equation is that which we shall presently 
give, denoted by (B) : see Art. 290. 

285. Mdlle Germain’s work is divided into four sections: 
The first section is entitled ; Exposition des principes qui peuvent 
servir de base d la thdorie des surfaces dastiques ; it occupies pages 
1 — 12. Mdlle Germain takes the following hypothesis: let It and B' 
denote the two principal radii of curvature of a surface in its natural 
condition ; let r and r' be the two principal radii of curvature at 
the same point when the surface has been brought into a new 
form by any forces, then the action of the forces of elasticity which 
act on the surface is proportional to 1/r + 1/r' — (1/iJ + l/iJ'). 
The authoress tries to justify this hypothesis in two ways; but 
it seems to me that her statement of the hypothesis is vague, 
and that the general reasoning by which she tries to support 
it is quite ineffectual ; her pages 2 — 5 are to me specially unsatis- 
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factory. She appears to regard her hypothesis as absolutely true, 
and not as a mere approximation ; and it is not until she arrives 
at her page 20 that she begins to approximate by supposing that 
the surface after the action of the forces differs but slightly 
from its original form. Mdlle Germain seems to say that this 
hypothesis is not that which she originally adopted. Thus we 
read on her page viii. : 

Dans la pi^ce que j^adressai k ITnstitut avant le 1®^ octobre 1815, 
je donnai une hypothese plus g^n^rale que celle qui se trouvait dang 
mes pr€c6dens Memoires. J’essayai de demontrer ma nouvelle hypothese. 

And again on page 27 : 

L’hypothlse contenue dans le premier de mes Memoires sur les 
surfaces ^lastiques j hypothese qui, ainsi que je Tai dej^ dit, ne pouvait 
s’appliquer qu’au seul cas des plaques 6lastiques. 

286. On her page 8 Mdlle Germain adverts to the memoir 
by Poisson of August 1814 ; she says with respect to this : 

L' auteur borne ses recherches au cas de la surface ^lastique natu- 
rellement plane, et il est facile de voir, en poursuivant la lecture de 
son M^moire, que I’hypoth^se qu^il admet, m^ne k regarder les forces 
d’elasticit^ qui agissent sur ce genre de surface, comme proporfcionelles 
^ la quantite 1/r- 1/r'. 

I do not see how this statement with respect to the elastic 
forces is justified by anything in Poisson’s memoir; nor can I assent 
to the general reasoning by which Mdlle Germain in her next 
paragraph endeavours to shew that it is practically the same thing 
in this case whether we take the elastic force to be proportional to 
1/r + 1/r' or to 1/r — 1/r'} She says : 

Si, comme il me semble permis de le supposer ici, les quantit^s 
1/r + 1// et 1/r - 1 /r' sont proportionelles,. . . 

Also on her page vii. she says : 

II r6sulte dhin th^or^me du k Tauteur m^me du M^moire dont je 
viens de parler, que mon hypothese conduirait ^galement k son Equation 
g^nlrale. 

The theorem here meant is probably that in the Calculus of 
Variations which is given at the end of Poisson’s memoir;** but 

^ [Mdlle Germain is correct in her result if not in her reasoning : see the foot- 
note I have put to Art. 419.] En. 
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there is no need of it for the present purpose, inasmuch as Poisson 
in the course of his memoir does obtain from his hypothesis the 
same equation as Mdlle Germain obtains from hers, 

287. Poisson as we have just said obtained the general 
equation which we may call Germain’s ; but as we shall see in 
our account of his memoir he postponed the determination of the 
conditions which 'must hold at the boundary (Art. 418). Our 
authoress says on her page 10: 

J’ai long temps attendu que Tauteur publiat la determination 
dont il s’agit id; j’aurais desire, dans Tinter^t de la question, qu’il 
developpat lui-meme toutes les consequences de rhypoth^se qu’il a 
adoptee. 

288. The second section of Mdlle Germain’s work is en- 
titled: Recherche des tennes qui doivent conduire d V equation 
de la surface dastique ; it occupies pages 12 — 19. The object of 
the section is to obtain a general equation for the equilibrium 
of an elastic surface by imitating the methods used by Lagrange ; 
she however introduces difiSculties of her own. The following is 
the result : let denote a certain constant, and dm an element 
of mass ; then integrate by parts the expression : — 



the terms which remain under the double integral sign must 
be equated to the terms which express the action of the 
accelerating forces ; the terms which are outside the double 
integral sign will determine the conditions which must hold 
at the boundary. But the process by which this general con- 
clusion is obtained seems to me very arbitrary and obscure, 
especially pages 14, 16, 17. It is shewn by Kirchhoff in Crelle’s 
Journal, Vol. 40, page 63, that the solution given by Mdlle 
Germain is untenable. 

289. On her pages 13 and 14 Mdlle Germain endeavours to 
shew by general reasoning that her constant must contain as 
a factor the fourth power of the thickness of the vibrating body. 
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Poisson in his memoir of April 1828 found only the second power 
of the thickness, and this is confirmed by the researches of 
Clebsch in his treatise on Elasticity. 

She says on page 14 : 

Dans la suite de ce Memoire je presenterai encore quelques ob- 
servations sur la determination du coefficient IP, 


But I cannot perceive that she has kept this promise. 


290. The third section of Mdlle Germain’s work is entitled : 
Equations de la surface cylindrique vibrante et de Vanneaio 
circulaire; it occupies pages 19 — 75. This section consists of 
various parts ; the first of these extends to page 27, and in this 
the diflferential equations of motion of the problem are definitely 
obtained. By a circular ring here is meant an indefinitely short 
cylinder, and the differential equation for this can be found 
from that for the general circular cylinder, and so the authoress 
confines herself to the latter; from this she also deduced the 
equation for the case of a plane lamina. She uses for 1/72 + 1/iJ' 
the exact value, namely — 1/a, where a is the radius of the circle ; 
for 1/r+l/r' she uses an approximate value obtained by the 
supposition that the elastic surface deviates but little from its 
original form. The process is that of Lagrange, by which the 
solution of a mechanical problem is made to consist of a process 
in the Calculus of Variations. The following is the form of the 
result : 




j. ^ 


.(A). 


Here r is the difference between the distance of a point from 
the axis of the cylinder at the time t and its original distance ; 
but from the form of the equation r may also be taken to be 
the distance itself at the time t. The variables s and ^ in 
conjunction with r determine the position of the point ; s is the 
arc which is intercepted between the generating line of the 
cylinder corresponding to the point and a fixed generating line ; 
for ^ in the original work we have usually which I consider to 
be inadequately defined, but practically instead of a?" we have 
X which denotes a distance measured along the generating line 
from one end. This equation is denoted by (A) in the original 
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work. When we have occasion to refer to it we shall suppose that 
^ is replaced by x. 

Suppose a infinite, and change f and s into the ordinary 
rectangular co-ordinates ; also put a for r ; we thus obtain 


iW 




d*z d*z 

t • 


[dx*'^^ dx‘d/'" dy' 


+ ^=0 


.(B); 


this equation the authoress gives as that for the vibration of a 
plane lamina. 

Again in (A) efface the terms which involve we thus 
obtain 


’d*r 1 d\\ d^r 


0 


( 0 ); 


this the authoress gives as the equation for the vibrations of a 
circular ring. 


291. I have not found the general equation (A) in any 
other place, and I cannot understand the demonstration by which 
it is obtained. The process seems to have been constructed with 
the express purpose that it should by proper supposition lead 
to the equation for the vibrations of a plate, that is to equation 
(B). The latter coincides with that obtained by Poisson on 
page 221 of his memoir of August 1814, and also on page 533 of 
his memoir of April 1828 ; this is also confirmed, at least as 
approximately true, by Clebsch in his treatise on Elasticity. 
Mdlle Germain states on her pages vi. and 27 that Lagrange had 
deduced his equation (B) from her hypothesis ; but Poisson says 
on page 439 of the Annales de Ghimie, Vol. 38, 1828: 

Je n’ai vu nulle part que Lagrange eut deduit de cette hypoth^se 
I’equation relative aux petites vibrations des plaques 6lastiques que 
Ton a trouvee dans ses papiers sans aucune demonstration, et qu’il 
n a pas inseree dans la seconde edition de la Mecanique analytique, 
oil il a seulement donne Pequation d’equilibre de la membrane flexible. 

See however our Art. 284, page 148. 

292. One point connected with the Calculus of Variations 
must be noticed. Consider the term 
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•where jp stands for dzjdx, and q for dzjdy ] also +]f + (f* 

This term occurs on page 25 ; the notation is the same as Mdlle 
Germain’s, except that she has accents on the variables which are 
unnecessary for our purpose. Q may be regarded as a function of 

I d\ d?r\ 

X and y ; in her notation it represents — ( ^^2 + ^ 2 ) • Now the 

above term is to be transformed; it is sufficient for our purpose 
to attend to Sp only. We have then, according to well-known 
principles, 

//I? ip * iy -If 8, <iy -//^ (f ) 8- iy. 


Now Mdlle Germain instead of ^ses 

that she omits she offers no justification 

whatever. 


293. I will notice two other points as specimens of the 
unsatisfactory way in which the process is conducted. On her 
page 23 she wishes to shew that a certain angle co is equal to 
another angle v; this she infers from the fact that the straight 
lines which form co are respectively at right angles to those which 
form V : the argument would be sufficient if the four straight lines 
\vere all in the same plane, but they are not. However in a 
subsequent publication by the authoress, she seems to admit that 
pages 21 — 25 of this section are unsatisfactory \ 

Again, on page 26 she has an equation ; 

Sz' dx dy = cos® v Sr dx ds ; 

she wishes to change cos v into unity and justifies the step thus : 

Mais il est evident que la valeur de cos v depend uniquement du 
choix des coordonnees, c’est-^-dire de leiir situation autour du centre 
du cercle qui a ete pris pour origins ; or, la valeur de v ne peut varier 
qu'entre les limites 0 et 7r/2 ; Ico valeur de cosv yrise entre ces limites^ se 
reduif. d Vuniti. 

The words which I have put in italics have no meaning as they 
stand. 

1 Instead of her process on page 23 it would have been better to assume a new 
variable a;" connected with the old x by the relation a; = a;"cosi'. Then on page 24 
it is assumed that dxjdx'^ is constant, which is not in harmony with the meaning 
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294. We have seen in Art. 290, that Mdlle Germain gives a 
certain equation (0) as belonging to the vibrations of a circular 
ring. According to her this equation was given by Euler in 
Vol. X. of the Memoirs of St Petersburg in a memoir De sono 
campanarum, but with ■fl/a'* instead of —1/a®: see the footnote 
Art. 93. She says on her page 29 : 

Je t^cherai de prouver, dans les numeros suivans, que F^quation 
de Fanneau donn6e par Euler, dans le Memoire De sono campanarum^ 
n’est affect^e que d’une simple erreur de signe, et que cette erreur 
qui, analytiquement parlant, est peut-toe la plus l^g^re qu*un g^omtoe 
puisse commettre, sufiit eependant pour Eloigner enti^rement la th^orie 
de Fexperience. 

All that she gives in the subsequent articles as to the 
difference between herself and Euler seems to amount to the 
consideration that her formula agrees fairly with experiment 
and therefore Euler’s cannot be correct. 

But the most curious thing connected with this equation 
is that Mdlle Germain would agree with Euler had it not been for 
a mistake in her own work, assuming her process to be otherwise 
satisfactory. The mistake occurs at the fifth line of her page 25, 
where she goes wrong in the Calculus of Yariations. Using 
ordinary notation she puts in effect 

syi +/ + 2" = - {pSp + g-Sg} ; 
the negative sign should be cancelled. 

295. On page 32, Mdlle Germain says : 

Revenant ^ Fobjet principal des pr^sentes recherches nous nous 
bornerons considerer, parmi les difiPSrens mouvemens qui peuvent 
se manifester, ceux qui interessent la th^orie du son. 

Accordingly pages 32 — 57 are devoted to the integration of the 
equation (0) of Art. 290, and to numerical deductions from the 
integral. She assumes for the integral a formula 
r =ifsin (f-h tjfsjk), 

where ^ is a constant and M a function of s. Then to determine 
M we get the equation 

ds^ ds^ ^ 
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this is an ordinary differential equation which can be easily 
integrated. The result will he of this form: 

r = sin (^-f 4- 0 sin ir^cr + D cos TTyScr], 

where a is put for sjl^ and I is the extreme value of s. Here 
A, I) are arbitrary constants, also a and ^ are constants. This 
is the equation (G) of our authoress on her page 36. The only 
difference in notation is that she uses A for our Z, which is bad, 
since A has been already used in a different sense; she also puts 
two accents on a and on y8 which are unnecessary for our purpose. 
Now to determine the arbitrary constants she has obtained the 
conditions that d^rjds^ and d?rjds^ must vanish both when 5 = 0 
and when 5 = Z. These give four equations, and unfortunately she 
goes quite wrong in them. For example, the two which arise 
from putting 5 = 0 she expresses thus, 

^ + = -4- J?-G=0, 

instead of 

and she makes the same mistake in the two equations which 
arise from putting 5 = Z. It is not too much to say that the 
whole of the rest of the work is ruined by these mistakes, as 
almost every formula will have to be corrected. For example 
instead of th^ equation 

4—2 ( 5 ’^“ + cos 7r/3 = 0, 
which immediately follows, we must have 

4 — 2 + e cos sin = 0. 

296. I may just notice a small mistake which occurs at the 
top of page 37. Mdlle Germain says that we have three equations ; 
they are of the form 

E8(dr/ds) — 0y e73r = 0, KBr = 0: 

but she is wrong, for the principles of the Calculus of Variations 
would give only two equations, namely 

ESidr/ds)^0, (J+ir)Sr = 0. 

The lady does not appear to have paid that attention to the 



GERMAIN. 


157 


Calculus of Variations wLich miglit have been expected from the 
pupil and friend of its great inventor Lagrange. 

297. The serious mistakes which are made in determining 
the values of the constants A, B, G, JD destroy the interest 
of a reader in the inferences she draws from the value of r ; 
and especially I have not examined the numerical results on 
pages 52 — 56. Two other mistakes which present themselves 
may be noted. 

On page 39 it is said that coSjS" will be positive provided 

= (4in + 1/2 + S) TT, where n is any integer, and 8 is less than | : 
this however is insufficient, for we must add the condition that S 
is to be negative if the upper sign is taken, and positive if the 
lower sign is taken. 

Again, on page 36 a formula is given which is said to apply to 
the case of two-thirds of the circumference, and which involves the 
factor ; instead of two-thirds we must read three-fourths ; 

when the formula is employed on page 52, instead of | by a mistake 
J has been taken. 


298. On her page 57 the authoress proceeds to consider 
equation (B) of Art. 290; she obtains a particular integral and 
deduces numerical results as to the nature of the sounds caused by 
the vibrations. These pages are not affected by the mistakes 
which I have noted in Art. 295. 

On her page 63 the authoress takes a more general form of 
the integral of equation (A) ; this is 

r == cos ^ . ilf sin (f + ^ /VS), 


where A' is a constant and M is of the same form as in Art. 295. 
For M a value is obtained like that of Art. 295, only a and yQ 
are not the same as before. Mdlle Germain has to determine the 
four arbitrary constants which occur in M by the condition that 
both when s = 0 and when s = Z 


d^r dPr _ ^ . d [dPr d*r\ _ * 

ds^^ dco^ ’ docy 


She merely states the values, and I cannot verify them : she seems 
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to me to make the same mistake as I have noticed io Art. 294, 
and also to neglect altogether the presence of the term d^rjdx\ 

On page vi. of her preface Mdlle Germain says : 

J’eus occasion de faire remarquer, centre Topinion Inonc^e au 
programme, qu’il s’en fallait beancoup que les lignes de repos observees 
par M. Chladni fussent toujours analogues aux noeuds de vibration 
des cordes vibrantes. 

She seems to return to this matter on pages 31, 64, 65, but I 
cannot understand exactly what she wishes to establish. She says 
on page 64 : 

J'insiste sur cette observation, parce qu’Euler, et apres lui plusieurs 
autres auteurs, out regards le mot lihre appliqu6 aux extremit^s, 
comme designant un certain 4tat analytique k Texclusion de tout autre, 

299. The fourth, section of Mdlle Germain’s work is en- 
titled : Gomparaison entre les rSsultats de la tlidoHe et ceux de 
Vexpirience; it occupies pages 75—96. I have not examined this 
very carefully, having little faith in the theoretical formulae. It 
does not appear that the authoress found any very close agreement 
between her theory and her experiments. It is curious that 
the deviations were all in one direction ; she states on her page 
76 that in a large number of cases the sound obtained was 
graver than it should have been according to theory, and she 
never observed the inverse phenomenon. 

SOO. The next production of our authoress which we have 
to notice is entitled: JRemarques sur la nature, les homes et 
Vdtendue de la question des sm'faces 4lastiques, et Equation ginirale 
de ces surfaces, Paris, 1826. This is in quarto, and consists 
of 21 pages, besides the title pRge^. We have first some 
Observations Friliminaires, and then the work is divided into two 
sections. It appears from the preliminary observations that the 
authoress had no doubt wdth respect to the accuracy of the 
formulae which she had already published, though she admits in a 
vague way some defects in the method she had used : 

II ne me restait auoun doute sur I’exactitude des formules qne 
j’avais publi6es ; mais je reconnaissais cependant qu^une analyse em- 
barrasses et fautive dtait i ces formules le caract^re d’^vidence qui 
leur est n^cessaire. 
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301. The first section of the work is entitled: Exposition des 
conditions qui caractirisent la surface; it occupies pages 2 — 10. 
This consists of general remarks which do not seem to me of any 
great interest or value. In a note on pages 5 and 6 ildlle 
Germain adopts more strongly than in her former work the 
untenable opinion that a certain coejficient involves the fourth 
power of the thickness : see Art. 289. With respect to her in^ 
vestigations on this subject she says : 

Les recherches dont je fais mention ici ont ^te rassemblees dans 
un Memoire que j’ai presente k TAcademie il y a environ deux ans, 
et dont MM. de Prony et Poisson, nommes commissaires, n’ont pas 
encore fait le rapport. Je publierai ce Memoire lorsqiie Texamen 
successif de tout ce qui concerne la theorie des surfaces elastiques 
en am^nera Toccasion. 

302. On the last page of this section Mdlle Germain says : 

An reste, je n’aurais rien d’important k ajouter aux deux premiers 

paragraphes du Memoire que j’ai deja public ; ils sont dans un parfait 

accord aveo ce qu’on vient de lire Le § in du m^me Memoire 

doit ^tre r^form^. 

The last sentence might suggest that she was dissatisfied with the 
whole of the third section of the former work ; but a note on 
page 15 limits the part to be given up as that on pages 21 — 25. 
After all she does not distinctly admit any errors in her former 
process, but seems to consider she is merely making some 
improvements. 

303. The second section is entitled: Equation ginirale des 
surfaces dlastiques vihrantes ; it occupies pages 10 — 21. The 
result is that an equation of precisely the same form as 
(A) of Art. 290 is now obtained for the vibration of any surface 
whatever, and not merely for a cylindrical surface. It is assumed 
that the vibrating surface differs very slightly from its original 
form, and that the direction of motion of any point is along the 
original normal to the surface at that point. 

304. I cannot say that the demonstration convinces me. 
In the first place the method is liable to the serious objections 
that have been urged against Lagrange’s method, which is imitated : 
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see Art.* 159 of my account of Lagrange. In the second place there 
are inadmissible steps due to the authoress herself. Thus for 
instance the error which I have noticed in Art. 292, and that as 
to signs which I have noticed in Art. 294, are reproduced ; also 
corresponding to the arbitrary step of making cosz^ = l, which 
I have noticed in Art. 293, there is an equally arbitrary step, 
having the same object in view. These three difHculties are all 
connected with the integration by parts of the second term in the 
expression given in Art. 288, With respect to the first term she 
implicitly puts dsds in her notation for cZm; she should for 
consistency have put Bdsds' for Bdm in the second term, and then 
the rest of her process would have been very different from what 
it is. 

305. The work closes with a few remarks as to the 
possibility of deducing some results from the very general equation 
which has been presented applicable to any vibrating elastic 
surface. The authoress says : 

Ces considerations, ainsi isolees, perdent sans doute beaucoup de 
leur vraisemblan.ee ; n m’a cependant paru que c’4tait le lieu d'exposer 
ce premier apergu. J’attendrai, pour en d^velopper les consequences, 
qu’un travail plus approfondi m’ait mise k m^me de leur donner le 
double app\u du calcul et de Texp^rience. 

306. The last publication by Mdlle Germain which we 
have to notice is entitled: Examen des Principes qui peiivent 
conduire d la connaissance des lots de Vdquilihre et du mouvement 
des soUdes dlastiqves ; it occupies pages 123 — 131 of the Annales 
de Chimie, Vol. 38, 1828. This consists of general remarks the 
object of which is to recommend the method she had adopted of 
dealing with the problem of elastic surfaces, that is by starting 
with the hypothesis we have stated in Art. 285 ; she holds that it 
is better than the attempt to construct a theory of the action of 
molecular forces. The article does not contain anything of im- 
portance. The authoress seems to have been dissatisfied with the 
reception given to her memoir of 1821 ; she says on her page 124 : 

Je voyais s’6tablir une opposition redoutable, surtout en ce qu’au 
lieu de proc^der par da discussion elle se rifugiait dans le d^daiu 
des g4n6ralit6s que j’ai toujours regard6es coni'me incontestables. 
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307. Laplace. The fifth volume of the Mdcanique Celeste was 
published in 1825. Livre xii. is entitled: De V attraction et de 
la repulsion des spheres, et des lois de Vdquilihre et du mouvement 
des fluides ilastiqiies. The contents of this book though not very 
closely connected with our subject may be conveniently noticed 
here^ ; they occupy pp. 87 — 144 of the original edition of this 
volume. 

308. The first chapter is entitled: Notice historique des 
Recherclies des OdomUres sur cet Objet; it occupies pages 87 — 99. 
Part of this had appeared in the Annales de Ohimie, VoL 18, 
1821, pages 181 — 187. Laplace adverts to the two remarkable 
propositions demonstrated by Newton relative to the attraction of 
spheres, under the ordinary law of attraction ; namely that a sphere 
attracts an external particle in the same manner as if the mass of 
the sphere were collected at its centre ; and that a shell bounded 
by concentric spherical surfaces, or by similar and similarly situated 
ellipsoidal surfaces, exerts no attraction on an internal particle. 
Laplace then passes to his own researches; he had shewn that 
among all laws of attraction in which the attraction is a function 
of the distance and vanishes when the distance is infinitely great, 
the law of nature is the only law which is consistent with Newton's 
two propositions: see my History of the Theories of Attraction.,, 
Chapter xxvill. Laplace’s demonstrations have passed into the 
ordinary text books. 

309. Laplace then speaks of researches of his own which 
had for their object to establish the ordinary laws of elastic fluids 
on hypotheses of a reasonable nature as to the mutual action of the 
molecules. The ten pages which are spent on this consist mainly 
of the substance of his mathematical processes divested of mathe- 
matical symbols; they are scarcely intelligible apart from the 
following two Chapters which contain the mathematical processes, 
and when these have been mastered they become superfluous, 

^ [I am unable to give any reason for Dr Todhunter’s introduction here of these 
paragraphs relating to elastic fluids. There is a long series of memoirs on this 
subject of an earlier date, to which he has not referred, and notices of which it did 
not seem to me advisable to introduce into the work. On the other hand I have 
followed here my almost invariable rule of printing all matter which Dr Todhunter 
inserted in his manuscript. En.] 

T. E. 
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Laplace himself well observes on page 186 of Vol. 18 of the 
Annales de OAzmie... after some verbal statements : 

Les geom^tres saisiront mieux ces rapports traduits en langage 
alg^braique. 

310. The velocity of sound in air is an interesting subject 
which is specially noted by Laplace. He adverts, on his page 95, 
to the formula obtained by Newton, and says: 

Sa thiorie, quoique imparfaite, est un monument de son genie. 

He gives his own famous correction which, as is well known, 
brings the theory into agreement with observation. This he first 
published, without demonstration, in the Annales de Chimie.^, 
VoL 3, 1816, pages 238 — 241. There speaking of Newton’s 
formula he says : 

La manih'e dont il y parvient est un des traits les plus remarquables 
de son g4nie. 

Laplace corrects a mistake he had made on page 166 of the 
same volume with respect to the velocity of sound in water, by 
which he obtained a result V3 times too large. 

311. Laplace finishes the Chapter with the following sen- 
tences relative to forces which are sensible only at imperceptible 
distances : 

Dans ma th^orie de Taction capillaire, j’ai ramen€ k de semblables 
forces les effets de la capillarite. Tons les ph4nomfenes terrestrea 
dependent de ce genre deforces, commeles ph^nomfenes c61estes dependent 
de la gravitation universelle. Leur consideration me parait devoir 
Itre maintenant le principal objet de la Philosophie math^matique. 
II me semble m§me utile de Tintroduire dans les demonstrations de la 
Mecanique, en abandonnant les considerations abstraites de lignes sans 
masse flexibles ou inflexibles, et de corps parfaitement durs. Quelques 
essais m’ont fait voir qu’en se rapprochant ainsi de la nature, on 
pouvait donner k ces demonstrations, autant de simplicit6 et beaucoup 
plus de clarte que par les m^thodes usit6es jusqu’^ ce jour. 

312. The second chapter is entitled : Snr V attraction des 
Sphh'es, et siir la repidsion des fluides elastiques. It occupies pages 
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100 — ] 18. Laplace begins 'with quoting his own results for the 
attraction of a spherical shell on an external particle ; from this he 
derives an expression for the attraction of one sphere on another : 
this might usefully be introduced into the text-books. The same 
expression will hold for spheres which repel each other. Newton 
supposed that between two molecules of air a repulsive force is 
exerted which is inversely as the distance ; Laplace examines this 
hypothesis briefly, and shews that it affords no prospect of 
agreement with observation. He says, on his page 105 : 

...aussi ce grand glomtoe ne donne-t-il h cette loi de repulsion 
qu’une sphere d’ activity d’une etendue insensible. Mais la manibre dont il 
explique ce defaut de continuite esb bien pen satisfaisante. 11 faut sans 
doute admettre entre les molecules de Pair une force repulsive qui ne 
soit sensible qn’^ des distances imperceptibles : la difficnlte cousiste a 
en d^duire les lois que pr^senteut les fluides elastiques. C’est ce que 
Ton pent faire par les considerations suivantes. 

313. Laplace^s hypothesis is that in a gas we have molecules 
of two kinds, which may be called matter and caloric; matter 
attracts matter and caloric, but caloric repels caloric. Also for the 
permanent gases the attraction of the matter is insensible 
compared with the repulsion due to caloric. Starting from these 
principles Laplace obtains the ordinary facts with respect to gas 
enclosed in an envelope, namely that the pressure is constant 
throughout, and that the laws of Mariotte and Gay Lussac hold. 
The mathematical investigation is reasonably satisfactory; it 
involves a certain quantity K which represents a definite integral 

I (s) ds : this can not be effected because the function i/r is not 

J 0 

kno-wn. Approximations are freely used in the investigation. 

314. Much of the second chapter originally appeared in 

pages 328 — 343 of the Gomiaissance des Terns for 1824, published in 
1821 ; the following points of diflference may be noted. A passage 
on pages 103 and 104 of the M^canique Gdeste is new, beginning 
with Dans les sept 2’?ite^ra^ion5,...and ending Newton a 

d6montr6. Three short paragraphs from page 336 of the Con- 
naissance des Terns are omitted, beginning with II rdsulte,,. Sind 

11—2 
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ending with... Pages 111 — 113 of the Miaanique Celeste 
first appeared in the Connaissance des Terns for 1825 published in 
1822, pages 219 — 223. Pages 114.. .118 of the Mecaniqiie differ 
from the pages 339 — 343 of the Connaissance for 1824. 

In the catalogue of Scientific Papers published by the Eoyal 
Society under the head Laplace No. 51 there is a reference 
to the Journal de Physique xciv. 1822, pages 84 — 90 ; so I presume 
there is some abstract or account of what is contained in the 
chapter of the Micanique Gdeste, which -we are considering ; but I 
have not seen the volume referred to. 

315. There is also an article in the Annales de Chimie. -Nol, 
18, 1821, which like that just cited bears the title: Sur V attraction 
des corps spheriques, et sur la repulsion des fluides dlastiques. 
It occupies pages 181 — 190 of the volume. The same article 
occurs almost identically on pages 83 — 87 of the Bulletin.,, SocieU 
Philomatique, 1821. This is substantially embodied in the chapter 
of the Mecaniqiie Celeste wLich we are considering. On pages 
273 — 280 of the same volume of the Annales is another article by 
Laplace entitled; Eclaircissemens de latkSorie des fluides dlastiques; 
this is only partially reproduced in the Micanique Celeste, Laplace 
alludes to his article in the Connaissance des Terns for 1824, and 
promises to return to the subject in the volume for 1825. 

Some criticisms by Mr Herapath on the Theory of Elastic 
Fluids contained in Laplace's second Chapter will be found in the 
Philosophical Magazine Vol. 62, 1823, pages 61 — 66 and 136 — 139; 
but they are not connected with our subject, and so we will not 
investigate them. 

316. The third chapter is entitled : De la vitesse du Soil et du 
mouvenient des Fluides dlastiques. It occupies pages 119 — 144. 
Here Laplace supplies the mathematical investigation of a result 
respecting the velocity of sound which he had made known in 
1816 : see Art. 310, Laplace's formula is now universally received, 
but it is demonstrated in a more simple manner in the usual 
works on the subject. Laplace compares his theoretical value of 
the velocity of sound in air with that given by recent observation, 
and finds that the difference is only about 3 metres in 340. This 
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iparisoa had already appeared in pages 266 — 268 of the 
nales de Chimie, Vol. 20, 1822, and pages 371 and 372 of the 
maissance des Terns for 1825 published in 1822. 

317. Laplace having discussed the velocity of sound passes 
to other subjects connected with elastic fluids under the 
owing heads : Equations generales du mouveinent des fluides 
cliques; Eu milange de plusieurs gaz ; Les atmospheres; De la 
eur aqueuse ; Considerations sur la TMorie precddente des gaz, 

318. The third chapter, in substance, first appeared in the 
maissance des Terns for 1825, published in 1822 ; see pages 
' — 227, 302 — 323, 386 and 387 ; the following differences may 
acted. In the Mioanique Gdleste the passage on pages 135 and 

I as to the velocity of sound in a mixture of gases is new; and 
lIso is the section on pages 139 and 140 entitled : De la vapeur 
euse. The passage on pages 386 and 387 of the Connaissance 
Terns is not reproduced in the Micanique Celeste ; here Laplace 
des to the recent curious experiments by Cagniard Latour as 
he compression of certain liquids ; this passage is also printed 
he Annales de Chimie,,. Yol, 21, 1822, pages 22 and 23. An 
jlish translation of it is given on pages 430 and 431 of the 
rterly Journal of Science,, No\. 14, 1823. 

In pages 161 — 172 of the Bulletin. ,,Philomatique, 1821, is an 
cle by Laplace entitled : Ddveloppement de la Theorie des fluides 
tiquesj et application de cette thdorie d la vitesse du so7i. This 
esponds very closely with pages 219 — 227, 302 — 306 of the 
naissance des Terns for 1825. 

319. The pages of the Micanique Celeste contain several 
ta which are reproduced in the National edition. On page 111 
•e is a formula in which we have in succession u, w, u"; here 

we must read u\ the National edition reads u, u\ u \ which 
oduces another misprint. The formula is given correctly in 
Connaissance for 1825, page 221, and also in the Bulletin,,, 
lomatique, 1821. On page 133 we read : 

La chaleur sp^cifique du melange sous \me pression constante, ou 
un volume constant, est visiblement.... 
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Here the words ^ ou sous un volume constant ’ must be omitted. 
In the Con, des Terns for 1825 page 313 the words 'sous une 
pressure constante, ou sous un volume constant ' do nob occur ; so 
that the passage is correct, though we have to ascertain from the 
context which specific heat is meant. Le V errier drew attention to 
the inaccuracy of the National edition in the Comptes Rendus, 
Vol. 29, 1879, page 22. A memoir by M. Pouillet entitled: 
Memoire sin' la theorie desjluides elastiqiies et surla chal&itr latente 
des vapextrs is published in the Comptes Rendus, Vol. 20, pages 
915 — 927, It begins thus : 

Le XII® livre de la 2fecanique cUeste contient une theorie generale des 
fluides Cdastiques qui repose iiniquement siir les lois de Tattraction des 
sphl^res, et sur quelques proprietes primitives attidbuees aux elements de 
la chaleur ; c’est a la fois Fun des demiers et des plus beaux travaux de 
Xiaplace. II eut la satisfaction de voir sa theorie confirmee d'une 
maniere remarquable, d’un c6te par les experiences relatives a la vitesse 
du son, qu’il avait lui-meme propos6es dans ce but, et d^un autre c6t6 
par quelques experiences de degagement de chaleur, ex^cutees toutefois 
comme elles pouvaient I’etre, dans des limites assez restreintes de tempera- 
ture et de pression. 

[320.] Fresnel. The important works upon Light, notably 
the memoirs on double refraction of this great physicist belong 
to this period (memoirs of 1821 to 1825). They can hardly 
however be treated as contributions to the theory of elasticity. 
So far as Fresnel treats of molecular motions, be understands by 
the elasticity of his medium a cause producing a force proportional 
to absolute and not relative molecular displacement; so far as 
he treats of vibrations his medium possesses properties which 
we cannot reconcile with those belonging to our theoretical 
elastic solid. 

Premierement Fresnel admet, sans demonstration sufllsante, que 
les ^lasticites mises en jeu dans la propagation des ondes planes sont 
uniquement determinees par la direction des vibrations et ne depen- 
dent pas de la direction du plan des ondes (see the second memoir 
on double refraction, CEuvrea completes, Tome li. p. 532). Ensuite, il 
regarde comme n^gligeable et absolument inefiicace, en vertu des 
proprietes de Tether, la coraposante de Telasticite normale sur le plan 
des ondes, oubliant qiTapr^s avoir constitue son milieu elastique avec 
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des points mat^riels disjoints et sonmis k leurs actions r^ciproques, 
il n^avait plus le droit de recourir k des suppositions auxiliaires du 
genre de celles sur lesquelles on a coutunae de fonder I’liydrostatique 
et riaydrodynamique, sans avoir egard h la vraie constitution mol^- 
culaire des fluides. II pouvait sembler singiilier que le r^sultat 
definitif dun raisonnement incomplet et inexact en denx points 
fut une des lois de la nature dont Texp^rience a le mieux confirm^ 
la v^ritA (Note by E. Verdet to Eresnels first memoir on double 
refraction in the (Euvres cowpletes^ Tome ii. p. 327.) 

Saint-Venant remarks with regard to Fresnel’s relation to 
the history of elasticity : 

Nous ne pensons pas pour cela qu’on doive attribuer k Fresnel, 
non plus qu’^L Ampk*e, qui a prisente k ce sujet quelques considerations 
elevees, rinvention de la theorie de I’elasticite qui, apr^s Navier, 
doit etre regardee comme appartenant k Cauchy. Historique Ahr^gi, 
p. cl. in the 3rd edition of Navier’s Resume des Leqo'nis, 

On the contrary it seems to me that but for Cauchy’s 
magnificent molecular researches, it might have been possible 
for Fresnel to completely sacrifice the infant theory of elasticity 
to that flimsy superstition, the mechanical dogma, on which 
he has endeavoured to base- his great discoveries in light. 
Cauchy inspired Green\ and Green and his followers have done 
something, if not all, to reconcile Fresnel’s results with the 
now fully developed theory of elasticity, the growth of which his . 
dogma at one time seriously threatened to check. 

[321.] Savart. a long and most valuable series of me- 
moirs by this author is spread over the pages of the Annales de 
Chimie et de Physique from 1819 to 1840. They are principally 
experimental and belong more especially to that portion of 
elasticity which falls properly under the theory of sound. They 
have been largely influenced by Chladni’s acoustic experiments, 
but at the same time present the views of an original, if not very 
mathematical physicist. The importance they possess for our 
subject arises from the strong light they occasionally cast on the 
structure of elastic bodies. 

^ Not Green Oauoliy, as Sir William Thomson seems to suggest. Lectures 
on Molecular Dynamics, p. 2. 
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[322*] Sur la communication des mouvemens vihratoires entre 
les corps solides. This paper was read to the Academy of Sciences, 
Xov. 15, 1819, and published in the Annales de Ghimie, Tom. 14, 
pp. 113 — 172. Paris, 1820. The experiments to determine the 
nodal lines of rods subject to longitudinal vibrations are de- 
scribed in § 1 (p. IIG). It would be interesting to compare the 
results with those given by the theory of the longitudinal 
vibrations of a rectangular plate with three free edges, but I 
am not aware that this problem has been mathematically con- 
sidered, 

[323.] Memoire sur les Vibrations des corps solides considevdes 
en general This was presented to the Academy of Sciences on 
April 22, 1822, and it is printed in the Annales, Tom. 25, pp. 
12—50; pp. 138—178; and pp. 225—269, 1824. The aim of 
the author in this paper is to consider the most general character 
of the vibrations which it is possible for solid bodies to perform. 
He begins by recognising three different kinds of vibratory 
motions: longitudinales, transversales et tournantes. It is not 
easy to see under 'which head he would have included vibrations 
involving contraction and expansion. Such vibrations might be 
conveniently termed pulsations / they are I’ecognised as a fourth 
distinct class by Poisson : see Art. 428. 

Savart believes that all these motions are of the like kind : 

Les vibrations transversales d’une verge, par exemple, paraissent 
avoir 6te considerees conime un simple mouvement de flexion du corps 
entier, et non comme un mouvement moleculaire dhii resulterait le 
mouvement de flexion ; il en est de mime des vibrations tonrnantes : 
les vibrations longitudinales sont les seules pour lesquelles on a admis 
que les mouvemens generaux sont le risultat de mouvemens plus petits 
imprimes aux particules mimes ; et il faut avouer qu’on ne pouvait 
gulre se faire une autre idee de cette espece de vibrations, Mon but, 
dans ce mimoire, est de montrer qu’il n’existe qu'une seule espice de 
mouvement de vibration, et que selon que sa direction est parallble 
perpendiculaire, ou oblique aux arltes ou aux faces d'un corps, d’une verge, 
par exemple, il en risulte des vibrations longitudinales transversales ou 
obliques. 

As I understand Savart here, hath his longitudinal and 
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transverse vibrations are in the face of the wave, and so un- 
accompanied by dilatation or contraction. His paper would seem to 
hint that some vibrations had previously not been attributed 
to molecular motion. If he only means by une seule esjpece de 
mouvement a mere motion of molecules, his statement is correct, 
but he seems to have some idea that the characteristics of that 
motion are the same in all cases. 

[324.] In his experiments vibrations of various kinds were 
induced in the solid body by means of an oscillating cord or string 
attached to it; by changing the plane of oscillation of the cord, 
different vibrations were produced in the body. 

I confess that I am unable to understand how by means of 
a string oscillating in a plane it would be possible to give every 
variety of vibration to a solid body, nor does Savart really appear 
to have done so in his experiments. The kinds of vibration 
classified by him have distinct analytical characteristics and I 
should judge distinct physical characteristics also, especially in the 
case of fibrous bodies like wooden bars used in these experiments. 

[325.] In the first section of the memoir the author treats of 
the communication of vibrations by means of a cord united to one 
or more solid bodies. This discussion involves, the author holds, 
the chief end of the memoir, namely to shew that : 

II n^existe qvJune seule es’plee de moummmt vihratoire qui s^accom- 
pagne de circonstances particulieres selon le sens dans lequel il a lieu 
relatimment d la forme du corps vihrant. 

In the second and last section of the memoir Savart treats of 
various phenomena which present themselves in bodies, when the 
motion takes place in the sense of their length, breadth, height, 
or in any direction more or less oblique to these. 

[326.] The first section contains a most interesting and 
valuable experimental investigation of the tangential and normal 
vibrations of circular and rectangular plates. The apparatus and 
method of experiment are extremely suggestive, but in several 
places I cannot feel satisfied with the author's deductions. His 
view that tangential and normal vibrations are the same, would I 
think involve the absolute elastic isotropy of all bodies, but 
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further than this it does not seem to me to recognise the distinction 
between a vibration which produces dilatation and one only in- 
volving shear. If we take as Savart does a plate with free edges, 
it is quite conceivable that the normal vibrations may be of the 
same character as the tangential vibration in any direction in its 
face. This involves only the complete isotropy of the material 
of the plate, or the capacity of the particles of the plate for 
vibrating in any direction in parallel lines, but that this complete 
isotropy can exist in a substance like wood seems to me highly 
improbable. Still more obvious is it, that, if the plate had 
not free edges, there would be something quite different in the 
tangential vibrations of such a plate from the normal vibrations of 
a plate with free edges. I have equally strong objections to the 
theory that if a string be fastened to one end of a rectangular 
beam clamped at the other, then the vibrations of the particles of 
the beam will be parallel to the plane of oscillation of the string ; 
this seems to me at the very least to assume that the beam has a 
uniform elastic character in the plane perpendicular to its axis. 
Even for a beam whose sides are parallel to the fibres this can 
hardly be true; there must be a distinction in the elastic character 
between directions parallel and perpendicular to the ligneous 
strata. Unsatisfactory also seems the discussion of the torsional 
vibrations on pp. 174 — 177. The first section concludes with, 
the following paragraph, which I leave to the judgment of the 
reader : 

Puisque les vibrations appelees touniantes ne sont qu’une espece de 
vibrations normales, il resalte de toutes les recherches qui precedent, 
que les vibrations normales, ainsi que celles qui sont obliques ou qui 
sont tangentielles, soit dans le sens de la longeur, soit dans le sens de la 
largeur, ne different entre elles que par les mouvemens de transport ou 
de flexion qui sont produits par les petites oscillations moleculaires. II 
faudrait done rechercber quelle est la nature de ces mouvemens secou- 
daires dans les differentes esptces de corps, selon que les molecules 
oscillent dans une direction ou dans une autre, II est clair que puisque 
cea diverses espfeces de mouvemens gen6raux sont produits par une 
meme cause, elles doivent avoir un lieu entre elles, et qu^on ne doit pas 
les isoler en cherchant ^ en decouvrir la nature ; e’est pourquoi je les 
considererai toutes en m§me temps dans la section suivante. (p. 177.) 
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[327.] The second section is occupied with the experimental 
discovery of the nodal surfaces for vibrations of various kinds in 
prisms of circular and rectangular section. This again appears to 
me extremely suggestive. The section concludes with the state- 
ment of seven general results. They are briefly the following : 

(i) . When a body gives a sound, there is always a molecular 
movement, which is accompanied by particular phenomena ac- 
cording to the direction in which it takes place relative to the 
faces of the body. This is indisputable. 

(ii) . That in all cases of vibration the molecules move in 
straight lines, en Ugne droite, as ^has been admitted in the case of 
longitudinal vibration.^ This seems to me less obvious. 

(hi). That vibrations tournantes are only a particular case of 
normal vibration. I do not feel convinced by Savart’s remarks on 
this point. 

(iv) . When a body is in vibration there are always faces or 
sides upon which the nodal lines do not correspond. 

(v) . Dans les cylindres rigides pleins ou creux, dans les cordes qui 
executent des vibrations longitudinales, il existe une suite de points 
immobhes dont I’ensemble constitue une ligne de repos continue, qui 
toume en rampant autour du corps. 

(vi) . The laws of normal vibrations have been verified by ex- 
periment, when the depth of the body examined is much greater 
than its breadth. 

(vii) . Dans un syst^me de corps disposes d'une mani^re quelconque, 
toutes les molecules se meuvent suivant des droites parallMes entre elles 
et £t la droite suivant laquelle on prom^ne Tarchet (i.e, direction of 
excitation); ce qui conduit k considerer un tel syst^me comme ne 
formant qu'un seul coi*ps, puisque les molecules s'y meuvent de la m^me 
mani^re : toutefois il est k remarquer que cela n’est vx’ai qu’autant que 
les parties du syst^me sont unies bien intimement entre elles. 

For the reasons given above I am disinclined to accept this. 

[328.] The mathematical reader of this as well as other of 
Savart's papers will be struck with the amount of theoretical 
investigation still wanting in the theory of sound. Particularly I 
may note the need for a full investigation of every kind of 
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vibration of a rectangular plate or beam of non-homogeneous 
elastic structure. This of course can only be investigated from 
the general equations of elasticity. 

[S20.] Xute sur les Modes de division des corps en vibration, 
Annales, Tom. 3G, pp. 384 — 393, 1826. There is an abridg-ed 
translation uf this paper in the Edinburgh Journal of Scieyice, 
Tol. VI. pp, 204—209, 1827. 

This note, like the last memoir, is concerned with the modes 
of vibration possible to a solid body. The author shews that there 
are an infinite number of nodal systems possible to a body, 
corresponding either to free or forced vibrations. The memoir is 
illustrated by series of gradually changing systems of nodal lines 
for square and circular membranes, for square plates and for flat 
rods. We may quote the first and last paragraphs as containing 
the general conclusions which Savart draws from his experiments. 

Les diverses recherches qu’on a faites jusqu’ici sur les modes de 
division des corps qui resonnent, conduisent toutes a ce resultat, que 
chaque corps d’une forme donnee est susceptible de se di'vdser en parties 
vibrantcs dont le nombre va toiijours croissant suivant une certaine loi ; 
de sorte que chaque corps ne peut produire qu’une seiie determinee de 
sons qui deviennent d’autaut plus aigus que le nombre m§me des parties 
vibrantes est plus considerable. D’un autre c6t§, c’est un fait que j’ai 
etabli par une foule d ’experiences, que quand deux ou plusieurs corps 
sont en contact, et qu ils soiit ebranles Tun par Tautre, ils s’arrangent 
toujours pour executer le meme nombre de vibrations ; d’oii il semble 
qu’on doive tirer cette consequence, qu’il n’est pas vrai que les corps ne 
soient susceptibles que d’une certaine serie determinee de modes de 
division, entre lesquels il n’y a pas d’intermediaire, et qu’au contraire 
ils en peuvent produire qui se transforment graduellement les uns dans 
les autres : ce qui fait qu’ils sont aptes a executer des nombres quel- 
conques de vibrations. J’ai pour but dans cette Note, de faire voir que 
cette derniere assertion est ia seule qui soit conforme k la verity. 

Les divers r^ultafcs que contient cette note 6tant reunis, on peut en 
deduire cette consequence generale, que les modes de mouvement des 
corps qui rmnnent sont beaucoup plus vaii^s qu’on ne I’a cru jusqu’ici ; 
ct qu’on ne doit admettre I’existence des series d^termin^es de sons pour 
chaque corps d une forme donnee qu’avec cette restiiction importante, 
que le caractere propre des modes de subdivision doit demeurer le meme. 
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[330.] Savart in this paper is really stating from experimental 
considerations results which are easily deduced now-a-days from 
the general theory of small oscillations. He does not in this note 
however appear to distinguish clearly between the free and forced 
oscillations of his vibrating body. 

[331.] Mdmoire sur un mouvement de rotation dont le systlme 
des parties vibr antes de certains corps devient le silge. This 
memoir was read before the Academy of Sciences, July 30, 1827. 
It is printed pp. 257 — 264 of Vol. 36 of the Annales, 1827. It 
belongs properly to the Theory of Sound, and is concerned with 
cases of the rotation of a system of nodal lines which has been 
set up in a plate. The paper is, as one would expect from the 
author, of considerable interest. 

[332.] Recherches stir la structm'e des metaux, Annales^ pp. 
61—75, Tom. 41, 1829. 

This contains an analysis of the structure of metals by means 
of the nodal systems produced by the vibrations of circular 
metallic plates. The author has much developed the method 
in a memoir of 1830 to be referred to later. Although metals are 
supposed among the most homogeneous of bodies, they act with 
regard to sound vibrations as if they belonged to fibrous or 
regularly crystallised substances. Savart deduces this result from 
the facts that the nodal system composed of two crossed lines at 
right angles cannot be made to take up any position in a cir- 
cular metallic plate, and that laminae cut in different directions 
from a block of metal do not present the same acoustic properties \ 
Thus again there is a great difference between metal plates which 
have been cast and those which have been cut from a block of metal. 

Ces faits et beaucoup d’autres du m^me genre quo je ^Dourrais 
rapporter montrent nettement que les m€taux ne possfedent pas une 
structure homog^ne, mais qu’ils ne sont pas non plus cristallis6s r^ 
guli^rement II ne reste done qu’une supposition k faire, e’est qu’ils 
poss^dent une structure semi-r%uli^re, comme si, an moment de la 

^ Sir William Thomson seems to have rediscovered this peculiarity, but attributes 
the unique position of the quadrantal nodal lines to the plates used by him being 
only approximately circular and symmetrical. Lectures on Molecular Dynamics^ 
pp. 62—64. 
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solidification^ il se fonnait dans leur interieur plusieurs cristaux distiiicts, 
d’un voliime assez considerable, mais dont les faces homologues ne 
seraient pas tournees vers les memes points de Tespace. Dans cette 
idee, les metaux seraient comme certains cristaux groupes, dont chacun, 
considere en particulier, offre une structure reguliere, tandis que la 
masse entiere parait tout-ii-fait confuse. 

This seems to some extent confirmed by the consideration of 
bright lines in the spectrum of a simple metal. 

[333.] Memoire sur la reaction de torsion des lames et des 
verges rigides. Annales pp. 373 — 397, Tom. 41, 1829. 

This is an endeavour to extend experimentally the results 
which Coulomb had obtained for the torsion of a wire ; Poisson 
had obtained theoretically like results for cylindrical rods in his 
Memoire sur Vequilibre et le mouvement des corps elastiques, and 
Cauchy had extended his laws to rods of rectangular section : see 
our Chap. V. 

Savart proposes to verify the results of Poisson and Cauchy. 
He refers in a footnote to Duleau’s experiments (Art. 229), but 
holds them not to have been sufficiently general or conclusive. 

[334.] After a general description of his apparatus in the 
first section, the writer proceeds to detail his experiments on rods 
of circular, square, rectangular and triangular section. On pp. 
393 and 394, Savart states three experimental laws of torsion : 

(i) . Quelque soit le contour de la section transversale des verges 
les arcs de torsion sont directement proportionnels au moment de la 
force et a la longeur. 

(ii) . Lorsque les sections des verges sont semhlahles entre elles... 
les arcs de torsion sont en raison inverse de la quatrieme puissance des 
dimensions lineaires de la section. 

(iii) , Lorsque les sections sont des rectangles et que les verges 
possMent une elasticite uniforme dans tons les sens, les arcs de torsion 
sont en raison inverse du produit des cubes des dimensions transversales, 
divise par la somme de leurs carres ; d’ou il suit que, si la largeur ^st 
tr^s-grande relativement a Tepaisseur, les arcs de torsion seront sensible- 
ment en raison inverse de la largeur et du cube de Tepaisseur, lois qui 
sont encore vraies dans le cas oil Felasticite n’est pas la m^me dans 
toutes les directions. 
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These laws, Savart holds, are completely in accord with the 
theory of Poisson and Cauchy : — 

On pent m^me aj outer que le calcul ne s’est jamais mieux accords 
avec I’experience qu’il ne le fait en cette circonstance. (See however 
Art. 398.) 

The memoir concludes with a few experiments and remarks on 
the relation of heat to the torsional resistance of bodies. 

[335.] Recherches sur VilasticiU des corps qui cristallisent 
T^gulilrement Memoires de V Academic de France, Tom. ix., Paris, 
1830. An abridgment of this paper appeared earlier in the 
Annales de Chimie, Tom. 40, Paris, 1829, and a translation 
in Taylor's Scientific Memoirs, Vol. 1, 1837, pp. 139 — 152 and 
pp. 255 — 268. See also the Edinburgh Journal of Science, i., 
1829, pp. 206—247. 

[336.] The author commences his memoir by remarking that 
precise notions of tho inner structure of bodies have hitherto been 
obtained by two methods, (i) by the cleavage for substances which 
crystallise regularly whether transparent or opaque, (ii) for 
transparent bodies only, by the modifications they produce in 
the propagation of light. Although many new conceptions have 
been obtained by these methods yet the author considers that that 
part of physics which treats of the arrangement of the particles 
of bodies, and of the properties which result from them, such as 
elasticity, hardness, fragility, malleability, etc., is still in its infancy. 

Les travaux de Oliladni sur les modes de vibrations des lames de 
veiTe on de metal, et les recherches que j’ai publiees sur le meme sujet 
surtout celles qui se rapportent aux modes de division des disques de 
substance fibreuse, com me le hois, permettaient de soupgonner qu’on 
parviendrait, par ce moyen, a acquerir des notions nouvelles sxir la 
distribution de Telasticite dans les corps solides ; mais on ne voyait pas 
nettement par quel precede Ton pourrait arriver 5, ce resultat, quoique 
la marche qu’il fallait suivre fut d’une grande simplicity 

Toutefois, si ce mode d’exp4rience, dont nous allons donnor la 
description, est simple en lui-meme, il ne laisse pas cepeiulant de 
s’environner d’une foule de difficult6s de detail qui ne pourroiit 6tre levees 
qu’aprfes de nombreuses tentatives, et qui, je I’esp^re, servironb d’excuse ^ 
Fimperfection de ces recherches, que je ne donne d’ailleuvs que comme 
les premiers rudiments d’un travail plus etendu. 
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[337.] It will thus be seen that Savart proposes to investigate 
the elasticity of crystals, by considering the Obladni figures, 
which arise from the vibrations of laminae cut from them in 
various directions of section. His method, which seems to me 
of very considerable value, is explained in the first section of the 
memoir and is based upon the following train of argument. If a 
circular plate of uniform thickness and elasticity unifoimi in all 
directions be set vibrating, a certain system of circular and 
diametral nodal lines wdll be produced. This nodal system owing 
to the symmetry in form and structure of the plate will be quite 
independent of the place of excitation, so long as it remains at the 
same distance from the centre. The same nodal system is capable 
of taking up successive positions all round the plate. If now the 
plate, still remaining circular and of equal thickness, have not the 
same degree of elasticity in different directions, it will become 
impossible to shift the same nodal system into a continuous series 
of positions round the plate. It is found that there are two 
positions and two only in w^hich the same mode of excitement 
relative to the centre produces like nodal systems. Intermediate 
nodal systems vary more or less from these like systems. This 
immoveability of nodal figures and the double position they can 
assume are distinctive characters of circular plates, all the diameters 
of which do not possess a uniform elasticity \ 

[338.] We have thus a method of analysing the character of 
the structure of a body. Savart remarks that he has not found 
any body in which the same nodal figure can take up all positions, 
and this seems to him to indicate that there are very few bodies 
w^hich possess the same properties in all directions. 

The author proposes to commence by analysing a simple body, 
and having ascertained the laws connecting the nodal lines with 
the axes of elasticity in such a case to proceed to the more 
complicated phenomena presented by regular crystals. 

[339.] In the second section of his memoir he analyses wood by 
means of the nodal lines presented by plates cut in different 
directions. In the case of wood, if we take a small block near 
the surface of a tree, the ligneous layers may be considered 

1 As to the correctness of this deduction see however the footnote, p, 173. 
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sensibly plane, hence there are three rectangular directions of 
varying elasticity, i.e. in the direction of the fibres, in the direction 
of the ligneous layer and perpendicular to the fibres, and lastly in 
the direction perpendicular to the fibres and to the ligneous layer. 
Five series of circular plates are then cut from wood in various 
directions of section, and the resulting vibrations and nodal lines 
described and figured at considerable length. 

[340.] Savart draws the following conclusions with regard to 
bodies having three rectangular axes of elasticity (p. 427) : 

(i) . Lorsque Tun des axes d’6lasticit6 se trouve dans le plan de 
la lame, Tune des figures nodales se compose toujours de deux lignes 
droites qui se coupent k angle droit, et dont Tune se place constamment 
sur la direction meme de cet axe ; I’autre figure est alors form^e par 
deux courbes qui ressemblent aux branches d^une hyperbole. 

(ii) . Lorsque la lame ne contient aucun des axes dans son plan, les 
deux figures nodales sont constamment des courbes hyperboliques ; 
jamais il n’entre de lignes droites dans leur composition. 

(iii) . Les nombres des vibrations qui accompagnent chaque mode 
de division sont, en g^n^ral, d’autant plus ^lev^s que Tinclinaison de la 
lame sur Taxe de plus grande ^lasticit^ devient moindre. 

(iv) . La lame qui donne le son le plus aigu, ou qui est susceptible de 
pi'oduire le plus grand nombre de vibrations, est celle qui contient dans 
son plan Taxe de plus grande 6lasticit€ et celui de moyenne 61asticit6. 

(v) . La lame qui est perpendiculaire k Taxe de plus grande elasticity 
est celle qui fait entendre le son le plus grave, ou qui est susceptible de 
produire le plus petit nombre de vibrations. 

(vi) . Quand Tun des axes est dans le plan de la lame, et que 
Telasticite dans le sens perpendiculaire 4 cet axe est egale ^ celle 
qu’il poss^de lui-myme, les deux system es nodaux sont semblables; 
ils se composent chacun de deux lignes droites qui se coupent 
rectangulairement, et ils se placent ^ 45° Pun de Pautre. II n^y a, dans 
un corps qui poss^de trois axes inegaux d’ylasticit6, que deux plans 
qui jouissent de cette propiiyty. 

(vii) . Le premier axe des courbes nodales se placent toujours suivant 
la direction de la moindre rysistance k la flexion, il suit de 1^ que, 
quand dans une syrie de lames cet axe se place dans la direction occupye 
d’abord par le second, c^est que, suivant cette demi^re direction, 
Pylasticity est devenue relativement moindre que dans Pautre. 

T. E. 
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(viii). Dans un corps qui possfede trois axes inegaux d^elasticite il y a 
quatre plans pour lesquels Felasticite est distribuee de telle mani^re que 
les deux sons des lames paralleles k ces plans de'viennent egaux, et que 
les deux modes de division se transforment graduellement Tun dans 
Tautre, en toumant autour de deux points fixes que pour cette raison 
j’ai appeles centres nodaiix, 

(ix) . Les nombres des vibrations ne sont li6s qu^indirectement avec 
les modes de division, puisque deux figures nodales semblables 
s’accompagnent de sons tres-differents ; tandis que, d’un autre c6t§, les 
memes sons sont produits k Toccasion de figures tres-differentes. 

(x) . Enfin une consequence plus generale qu’on pent tirer des 
differents faits que nous venons d'examiner, c^est que quand une 
lame circulaire ne jouit pas des memes proprietes dans toutes les 
directions, ou en d’autres termes, quand les parties qui la constituent ne 
sont pas arrangees sym^triquement autour de son centre, les modes 
de division dout elle est susceptible afiectent des positions determinees 
par la structure meme du corps; et que chaque mode de division 
considere en particulier, pent toujours, en subissant toutefois des 
alterations plus ou moins considerables, s’etablir dans deux positions 
egalement d^termin^s, de sorte qu’on pent dire que, dans les lames 
circulaires h^terogenes, tons les modes de division sont doubles. 

[341.] In the third section of the memoir the author, starting 
from these data, attempts an analysis of rock crystal. We premise 
that the rock-crystal is a hexahedral prism terminated by pyramids 
with six faces ; also that its primitive form is a rhombohedron such 
as would be obtained were the crystal susceptible of cleavage 
parallel to three non-adjacent pyramidal faces. 

[342.] Savart’s results again seem of sufficient interest to be 
cited at length. His r^sum^ is given on p. 445 : 

(i) . Lelasticite de toutes les diametrales d'un plan quelconque 
perpendiculaire a I’axe d’un prisme de cristal de roche, pent ^tre 
consider^e comme etant sensiblement la m^me. 

(ii) . Tons les plans parallMes k Taxe sont loin de poss^der le m^me 
€tat elastique; mais si Ton prend trois quelconques de ces plans, en 
sastreignant seulement k cette condition, que les angles qu’ils forment 
entre eux soient egaux, alors leur etat elastique est le mime. 
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(iii) . Les transformations des lignes nodales d’une s4rie de lames 
taillees autour de rune des aretes de la base du prisme sent tout4-fait 
analogues ^ celles qu’on observe dans une serie de lames taillees autour 
de I’axe intermediaire dans les corps qui possedent trois axes inegaux et 
rectangulaires d’^lasticite. 

(iv) . Les transformations d’une s6rie de lames perpendiculaires 
^ I’un quelconque des trois plans qui passent par deux aretes oppos^es 
de rhexaedre sont, en g6n§ral, analogues h. celles d^une s6rie de lames 
taillees autour d'une ligne qui partage en deux parties 6gales Tangle 
plan compris entre deux des trois axes d’elasticit6 dans les corps oil ces 
axes sont inegaux et rectangulaires. 

(v) . An moyen des figures acoustiques d’une lame taillee dans 
un prisme de cristal de roebe, ^ peu pr^s parall^lement h Taxe, et 
non parall^lement k deux faces de Thexa^dre, on pent toujours 
distinguer quelles sont celles des faces de la pyramide qui sont 
susceptibles de clivage. L’on pent encore arriver au m^me r^sultat 
par la disposition des modes de division d’une lame prise k peu pr^s 
parall^lement k Tune des faces de la pyramide. 

(vi) . Quelle que soit la direction des lames, Taxe optique ou sa 
projection sur leur plan y occupe toujours une position qui est liee 
intimement avec Tarrangement des lignes acoustiques : ainsi, par 
exemple, dans toutes les lames taillees autour de Tune des aretes de 
la base du prisme, Taxe optique ou sa projection correspond constam- 
ment k Tune des deux droites qui composent le syst^me nodal forme de 
deux lignes qui se coupent rectangulairement. 

[343.] Comparing these results with those derived from bodies 
having three rectangular axes of elasticity, Savart concludes that 
the rock-crystal has three axes of elasticity but that they are not 
rectangular. He deduces that the axis of greatest elasticity (that 
of greatest resistance to flexure) and that of intermediate elasticity 
are perpendicular to each other and lie in the lozenge face of the 
primitive rhombohedron, the smaller diagonal of the face being 
the direction of the former axis ; the axes of least and intermediate 
elasticity are also perpendicular to each other and lie in the 
diagonal plane through the shorter diagonal of the lozenge face 
of the rhombohedron. Thus the angle between the axis of least 
and greatest elasticity is equal to that between the face and 
the diagonal plane of the rhombohedron, or to 57® 40' 13". (p. 448.) 

12—2 
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[344.] This analysis of rock-crystal is followed by a brief 
discussion of carbonate of lime. The memoir concludes as follows : 

Les recherches qui precedent sont loin, sans doute, de pouvoir 
etre consider^s comme nn travail complet sur T^tat elastique dn cristal 
de roche et de la chaiix carbonatee j neannioins nous esperons qu elles 
suffiront pour montrer que le mode d’experience dont nous avons fait 
usage pouna devenir, par la suite, un moyen puissant pour ^tudier 
la structure des corps solides cristallises regulierement ou meme 
confusement. C’est ainsi, par example, que les relations qui existent 
entre les modes de division et la forme primitive des cidstaux per- 
mettent de presumer qubn pourra, par les vibrations sonores, de- 
terminer la forme primitive de certaines substances qui ne se pretent 
nullement a une simple division mecanique. II est ^galement naturel 
de penser que les notions moins imparfaites que celles qu’on posside sur 
Tetat elastique et de cohesion des cristaux, pourront jeter du jour 
sur beaucoup de particularites de la cristallisation ; par exemple, il 
ne serait pas impossible que les degr^s de I’elasticit^ d’une substance 
determine ne fussent pas exactement les monies, pour une m^me 
direction mpportee k la forme primitive, lorsque d^ailleurs la forme 
secondaire est diff<§rente; et, s’il en etait ainsi, comme quelques faits 
m’induisent a le soupgonner, la determination de Petat elastique des 
cristaux conduirait a Pexplication des phenom^nes les plus compliques 
de la structure de ces corps. Enfin, il semble que la comparaison des 
resultats foumis d’une part, par le moyen de la lumi^re, touchant 
la constitution des corps, et de Tautre, par le moyen des vibrations 
sonores, doit necessairement concourir aux progr^s de la science de la 
lumik'e elle-m^me, ainsi qu’^ ceux de Tacoustique. 

[345.] I have reproduced so much of this admirable paper 
because its methods seem to me extremely suggestive. Their 
fuller development should lead to increased knowledge of the part 
the ether plays in the transmission of light through crystals, 
whose elastic character had once been analysed by Savart’s 
method. There ought not to be much difficulty in deducing 
Savart’s results theoretically, yet so far as I am aware the theory 
of the vibratory motion of a plate of unequal elasticity has not yet 
been discussed. 

[346.] We may here mention two somewhat later memoirs 
by Savart the date of which is somewhat later than that of our 
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present chapter, but which are included here as belonging to the 
same mode of investigation. 

[347.] Becherches sur les vibrations longitudinales, pp. 337 — 
402 of the Annales de Ghimie, Tom. 65, Paris, 1837. 

This memoir is concerned with the nodal surfaces of rods 
or bars which vibrate longitudinally. These rods or bars differ 
from those usually considered in the theory of sound, in that their 
section is of finite dimensions as compared with their length. 

[348.] Savart remarks the following peculiarity of the nodal 
lines : 

Si les verges sont cairees ou bien cylindriques, il pourra arriver que 
les lignes de repos soient disposees en h^lice, tournant tantdt de droite k 
gauche, tant6t de gauche k droite d’un bout k Tautre des verges, ou bien 
tournant dans un sens pour Tune des moities de la longueur, et en sens 
contraire pour Tautre moiti^. 

Cette disposition alteme des lignes nodales n’existe pas seulement 
dans les corps qui sont along^s et qui vibrent dans le sens de leur 
plus grande dimension : on Tobserve aussi dans les corps dont les trois 
dimensions sont entre elles dans un rapport quelconque, mais seulement 
pour celle de ces dimensions qui est parallMe k la direction du motive- 
ment. Elle existe egalement dans les bandes et les cordes tendnes ; dans 
les verges fixees par une ou par deux extr^mites, dans les verges 
ebranlees en travers comme dans celles qui le sont longitudinalement. 

[349.] The production of these nodal lines is susceptible of two 
interpretations, either they are an inherent peculiarity of the 
longitudinal vibrations of solid bodies, or they belong generally to 
that kind of vibration which is produced by longitudinal motion. 
Savart in the first part of his memoir endeavours to establish 
the latter proposition, namely, he wishes to show that these nodal 
lines are the result of a normal movement of a particular character 
which is the product of the alternate contractions and dilatations 
which accompany longitudinal motion. 

In the second part of the memoir this normal movement, 
established in the first, is considered for rigid bars of different 
forms and for bands and cords stretched by weights. The third 
part of the memoir is chiefly busied with the relation of tempera- 
ture, tension, etc. upon the disposition of the nodal lines. 
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[350.] Savarb distinguishes (pp. 347 — 353) between trans- 
verse vibrations which are the result of flexure and the normal 
vibrations which accompany longitudinal vibrations; these latter 
being the outcome of alternate contractions and expansions. He 
considers that the coexistence of the normal vibrations and of those 
of contraction and dilatation in a rod vibrating longitudinally 
must give rise to two sounds and only their isochronism hinders us 
from distinguishing one from the other. 

[351.] In his third section Savart compares the extension 
produced by a weight and that produced by a longitudinal 
vibration in a bar, and comes to the following conclusion : 

La comparaison des alongemens des verges, par les vibrations 
longitudinales et par des poids, montre qu’un 16ger ebranlement 
moleculaire pent donner lieu k un d6veloppeinent de force qui parait 
4norine en egard k la cause qui le produit, et qui est d’autant plus 
extraordinaire qu’il semble proportionnel k Taire de la section 
des verges, (p. 402.) 

This memoir, like all Savart’s work, is very suggestive for the 
extension in various directions of the mathematical theory of 
elasticity, especially that branch of it which falls under the Theory 
of Sound. The author seems to me however to have deserted the 
standpoint taken up by him in the memoir of 1822, see Articles 
323—327. 

[352.] Extrait diun Mimoire snr les modes de division des 
plaques vibrantes. Annales, Tom. 73, pp. 225 — 273. 1840. There 
is a footnote to this title as follows : 

Tout ce qui a rapport, dans ce travail, aux modes de division 
des plaques carries et des plaques circulaires a 6t6 donn6 au cours 
d’acoustique que j'ai fait au College de France en 1838 et 1839. 
Tin extrait de ce travail a 6t€ ins€r6, avec planches, dans le journal 
intitule VInstitut oil il a rendu compte du cours que j’ai fait 
en 1839. 

Savart commences with an eulogy of Chladni as the discoverer 
of the nodal figures, but remarks that that distinguished physicist 
has almost entirely confined himself to rectangular or circular 
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plates. In the present memoir Savart proposes to consider plates 
whose boundaries are squares, triangles, pentagons, hexagons, 
heptagons, octagons, dodecagons, circles, ellipses, rectangles and 
lozenges. 

The nodal lines were obtained by scattering a colouring powder 
on the plate and then, when the system had been formed, pressing 
a sheet of paper slightly damped with gum-water on the top. 
Over 1800 figures were obtained in this fashion. 

The memoir is accompanied by numerous figures, and is 
remarkable for its freshness and ingenuity. In conclusion we 
must again point out the wide field for mathematical inves- 
tigation which the verification of Savart’s experimental results 
opens out. 

[353.] The researches of Chladni and Savart on the nodal 
figures of vibrating plates were taken up in Germany by 
F. Strehlke, who contributed several papers to Poggendorff's 
Annalm on the subject. We notice them here only briefly, as 
they belong rather to the history of acoustics. 

[354.] Beobachtungen liber die Klangfiguren o/uf ebenen nach 
alien Dimensionen schwingenden homogenen Scheiben. Annalen der 
Physik, Bd. 4, pp. 205 — 318. Leipzig, 1825. 

Strehlke states two conclusions as the outcome of his experi- 
mental investigations : 

(i) Die Klangfiguren, oder die bei schwingenden Scheiben in 
E/uhe bleibenden Stellen der Oberflaohe sind nicht gerade, sondern 
stets krumme Linien, aber Linien im Sinne der Geometrie, keine Flaohen. 

(ii) Diese Linien durchschneiden sich nicht. 

[355.] These conclusions do not appear to be sufiSciently 
proved, and Chladni at once objected to them. To Chladni’s 
objections Strehlke replied in a memoir entitled : 

Ueber Klangfiguren auf Quadratscheiben, Annalen der Physik, 
Bd. 18, pp. 198 — 225, 1830. In this memoir he makes more 
accurate measurements of the position of the nodal lines and tries 
to represent them by means of conic sections. That their forms 
are not those of the conic sections is now known, and his results 
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are not satisfactory; still less do they conclusively prove that 
nodal lines never cut each other. 

Other later papers hy Strehlke may be conveniently referred to 
here. 

[356.] Ueher die Lage der Schwingungshnoten auf elastischen 
geraden Stdben, welche transversal schwingen, ivenn heide Enden frei 
sind, Annalen der Physiky Bd. 27, pp. 505 — 542. Leipzig, 1833. 

This paper is an extension of the results of Daniel Bernoulli 
and Giordano Riccati (see Arts. 50 and 121). The latter had 
determined the position of the nodes for the first modes of 
vibration, the present memoir proposes to give formulae for the 
distance of the nodes from the nearest end of the rod, whatever 
their number may be. 

The equation for the distance s of the nodes from one end of a 
rod free at both ends, is 

. e*^®cos a + (± 1 — sin «),(+!-“ cos a) sin (sic) , . , . 

cos a — sin a + 1 sina ^ ^ ^ 

where c is a constant depending on the length, material and 
elasticity of the rod, and a is a root of the equation 

cos a = 2/(e® + g““). 

It is next shewn that s is approximately a root of the equation 

e-sjo _ gjjj 

Strehlke then calculates the roots of this equation approxi- 
mately. The values calculated for the position of the nodes are 
afterwards compared with experimental results, and found in close 
accordance. 

[357.] A NacUrag in Bd. xxviii., p. 512 of the AnnaleUy 1833, 
makes a few numerical corrections. It also contains a table of the 
values of s for the first twelve modes of vibration. 

[358.] TIeher Biotas Behauptung, Oalildi sey der erste Entdecker 
der Klangfiguren. AnTialen der Physik, Bd. 43, pp. 521 — 527. 
Leipzig, 1838. 

Biot had asserted in his Experimental Physics (Part i., p. 388), 
that Galilei was the discoverer of the method of investigating the 
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nodal lines of vibrating bodies by means of sand. He refers only 
to Galilei's Dialogi. Streblke, examining passages in that work 
which may possibly refer to the subject, dismisses his claim entirely, 
and thereby reinstates Ohladni as the real discoverer. 

[359.] Ueher die Schwingungen homogener elastischer Scheiben, 
Annalen der Physik^ Bd. xcv., pp. 577 — 602. Leipzig, 1855. 

This memoir commences with a reference to a paper of 
Lissajous (to which we shall refer later) confirming Strehlke's 
results of 1833, and extending them to other cases of the vibratory 
motion of a rod. The substance however of the memoir is a com- 
parison of the theoretical results of Kirchhoff for the nodal lines of 
a vibrating circular plate, with experimental measurements ; a like 
comparison is also made for a square plate. References are given 
to several papers on the same subject, some of which we shall 
consider in their places, others would carry us too far into the 
theory of sound : see Articles 512 — 520. 

[360]. We may mention finally a short note by Strehlke on 
pp. 319 and 320 of the Annalen der Physik, Bd. CXLVI. Leipzig, 
1872. It is a reprint from the programme of the Petrissohule in 
Dantzig for 1871. It points out the incorrect shapes of the 
Ohladni figures given by recent French and English writers, 
notably Tyndall in his well-known book on Sound. 

361. Paoli. Picerche sul moto molecolare d^ solidi di D, 
Paoli. Pesaro, 1825. This is an octavo volume of xxiii + 350 
pages, together with a page of corrections. It is not connected 
with our subject ; there are no mathematical investigations ; the 
author's design seems to be to shew that all bodies, mineral as 
well as vegetable, possess a life analogous to that of animals. I 
have not studied the work. 

There is a review of the book by G. Belli in the Giornale di 
Fisica, . .Decade ii., Tomo ix., Pavia, 1826; the review 

occupies pages 167 — I7l and 322 — 334 of the volume. The 
review speaks well of the work on the whole, especially for its 
collection of facts; but it expresses the hope that if a new edition 
is issued all the doubtful statements may be collected together, so 
that the rest of the work may be left unaffected by the incredulity 
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which these are likely to provoke. Belli adverts to his memoir of 
1814, and says that he was then ignorant of the experiment of 
Cavendish and of the observations of Maskelyne : see our Art. 166. 
He promises to return very soon to the question whether molecular 
action can be made to depend on universal attraction: but his 
next contribution to our subject did not appear until 1832. It 
will be considered later. 

362. A work was published at Milan in 1825 entitled: 
8ulV applicazione de prindpj della Meccanica Analitica del 
Lagrange ai principali problemi Memoria di Qabrio Piola, This 
memoir obtained a prize from the Imperial and Royal Institute of 
Sciences. Piola alludes to elastic curves on his pages 170 — 178, 
but there is nothing really bearing on our subject ; he notices on 
his pages 175 and 178 the correction which Binet had made of an 
error in Lagrange : see Art. 159 of the account of Lagrange. 

The subject of virtual velocities was proposed for a prize by 
the Academy of Turin in 1809; and an essay written in com- 
petition for the prize by J. F. Servois is published on pages 177 — 
244 of the mathematical part of the volume of the Turin Memoirs 
for 1809—1810. 

[363.] 1827. P. Lagerhjelm. This Swedish physicist under- 
took for the Bruks-Societet of Stockholm a long and interesting 
series of experiments on the density, elasticity, malleability and 
strength of cast and wrought iron. BQs results are published in 
the Jern-Conio7'ets Annaler ; Tionde Argdngen, Sednare Hdftet, 
1826. They are entitled : Forsok att bestdmma valsadt och smidt 
stangjerns tdthet, jemnhety spdnstighet, smidbarhet och styrka^ and 
dated 1827. They occupy 287 octavo pages. A German trans- 
lation by Dr F. W. PfafiF appeared in Niirnberg in 1829 \ Pre- 
viously a short account of Lagerhj elm’s results had been given in 
Poggendorff's Annalen der Phydk und Chemie, Bd. 13, p. 404, 
1828, and some remarks of Lagerhj elm’s upon this account appear 
as a letter to the editor on p. 348 of Bd. xvii. of the same periodi- 
cal. A fairly good account will also be found in F4russads Bulletin 
des Sciences Technologiques, t. 11, p. 41, 1829. 

^ Neither the Britidi Mnsemn nor the Institution of Civil Engineers possess a 
copy of this translation. 
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[364] Lagerhjelm adopted, 1 believe for tbe first time, a test- 
ing machine involving the hydraulic press and balanced lever. His 
results are principally of practical value, although he shews an 
acquaintance with the theoretical work of Young, as well as with 
such books as those of Tredgold, Duleau and Eytelwein. Some 
of his statements seem however to bear so closely upon the phy- 
sical structure of bodies, that it will not be out of place to repro- 
duce them here. I shall make use of the analysis of the more 
interesting points provided by Poggendorff. 

[365.] If a bar be fixed at one end and subject to an extending 
force at the other, the limit to which it can be extended without 
permanent set is termed the limit of elasticity. If G be the ex- 
tension of the bar when this limit is reached, and A the extension 
when the bar breaks, Lagerhjelm finds that OVA is constant. 

The quantity G seems to have been measured by deflection ex- 
periments : see p. 248 of the Forsok att bestdmma. I have not 
found any later confirmation of this result. 

[366.] A further very remarkable result is that all sorts of 
iron, hard, soft or brittle, appear ‘ within the limits ’ of elasticity to 
possess the same degree of elasticity, ie. the modulus of elasticity 
is the same for all of them\ Thus the tempering or hardening 
of steel does not alter its modulus. Two tuning forks of like 
dimensions which gave the same note, also gave the same note 
after one had been hardened. Lagerhjelm himself adds to this (Bd. 
XVII., p. 349) that wrought iron and steel possess the same modulus. 

[367.] The experimenter found a slight apparent variation in 
the modulus as the limits of elasticity were approached. Hence it 
would seem that in that neighbourhood Hooke’s law is not abso- 
lutely true. 

The limit of elasticity depends on the character of the iron, 
and is greater for hard iron than soft although the modulus of 
both is the same. This remark applies also to the absolute 
strength (breaking weight) of the material which increases with 
the limit of elasticity, and according to Lagerhjelm is nearly 
proportional to it. 

^ This result is practically confirmed by more recent experiments. 
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If a beam or wire be subject to tension, which produces a 
permanent extension, its limit of elasticity is increased, and in 
proportion to its diameter it possesses a greater absolute strength. 

[368.] An interesting property with regard to specific weight 
of an iron bar extended to rupture is noticed. Namely that the 
specific 'weight of the material at the point of rupture, that is 
where it has been most extended, is smaller than at other places. 
Thus a 'permanent set’ produces an increase of volume. The 
writer in Poggendorff here refers to a mathematical investigation 
by Poisson in the previous volume of the same periodical (p. 516). 
The note there printed is a translation of a Note sur VEocftension 
des Fils et des Plaques dastiques; by Poisson in Tom. 36 of the 
Annales de Chimie et de Physique, p. 384. Paris, 1827. The 
following is the important part of this note : 

Soit a la longueur d^un fil elastique qui ait partout la m^me 
^paisseur; soit h Paire de la section normals k sa longueur, et par 
consequent ab son volume. Supposons qu’on lui fasse subir une petite 
extension, de sorte que sa longueur devienne a(l+a), a €tant une 
tr^s-petite fraction ; en m^me temps le fil s’amincira : et si nous d^signons 
par h (1 — yS) ce que deviendra Paire de la section normale, /3 6tant aussi 
une tres-petite fraction, son nouveau volume sera k tr^s-peu pr^s 
(1 + a ~ yS). Or, d’apres la theorie des corps elastiques que j’exposerai 
dans un prochain memoire, on doit avoir yS = Ja, dbu il risulte que 
par Pextension a d’un fil elastique, son volume se trouve augments, 
suivant le rapport de 1 + |a ^ Punit€, et sa density diminuee suivant le 
rapport inverse. 

Poisson quotes an experiment on the point by Cagniard Latour. 

[369.] With regard however to this note of Poisson’s it must 
be remarked that he supposes yS = from a theory of elasticity, 
but in the case of rupture of a bar, we have long passed the limits 
of elasticity; in fact the section of the bar does not uniformly 
diminish but it reaches what is a condition of flow or plasticity, 
namely it draws out at some point, often very considerably, before 
ruptured 

1 Some experiments ty McFarlane on the augmentation of density by traction 
are mentioned by Sir William Thomson in his article on Elasticity, § 3. Encych 
Brit, 



LAGERHJELM. SEVAN. 


189 


[370.] Finally we may note that Lagerhjelm has attempted a 
comparison of the modulas of elasticity as found from the velocity 
of sound in metals with that derived from the extension or flexure 
of metal bars. The velocity itself is calculated from the note of a 
bar vibrating longitudinally. The two values of the moduli as cal- 
culated for iron, copper and silver from these methods are 
extremely close. Thus the modulus for iron as obtained by 
Lagerhjelm from experiments on its extensibility, etc., was about 
1070, but as calculated from Savart’s experiments on the notes of 
iron bars it was 1033. 

[371.] 1826 — 29. Benjamin Bevan. There is a series of 

short experimental papers by this author in the Philosophical 
Transactions and the Philosophical Magazine, 

[372.] Accownt of an experiment on the elasticity of ice, Phil, 
Trans,, 1826, pp. 304 — 6. This is a letter to Dr Young with a 
note attached by the latter physicist on the modulus of ice, 
Bevan’s experiments to determine the modulus were made upon 
ice-beams subject to transverse strain. Adopting Young’s defini- 
tion of the modulus, he finds that its value for ice = 2,100,000 feet^ 
He then compares this with the modulus for water calculated 
from Young’s account of Canton’s experiments on its compression. 
This modulus he reckons to be 2,178,000 feet, which agrees pretty 
closely with his own experiments on ice, Dr Young remarks in his 
footnote that : 

It does not appear quite clear from reasoning that the modulus 
ought to come out different in experiments on solids and fluids; for 
though the linear compression in a fluid may be only ^ as much as in a 
solid, yet the number of particles actiug in any given section must be 
greater in the duplicate ratio of this compression, and ought apparently 
to make up the same resistance. Aud in a single experiment made 
hastily some years ago on the sound yielded by a piece of ice, the 
modulus did appear to be about 800,000 feet only: but the presumption 
of accuracy is the greater in this case the higher the modulus appears. 

^ Sir William Thomson in his Art. Elasticity, § 77, gives ice a modulus ten 
times too great. The error is repeated in Thomson and Tait’s Natural Philosophy, 
Art. 686. Some interesting experiments as to the bending of ice bars with valuable 
references are given by Prof. Morgan in Nature, May 7th, 1885. 
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Both Young and Bevan seem to have been quite unconscious 
of any distinction to be drawn between a fluid subject to com- 
pression and a solid subject to traction. The traction modulus is 
essentially zero for the former. 

[373.] On the adhesion of glue, p. Ill; On the strength of 
bone, p. 181 ; On the strength of cohesion of wood, p. 269 and p. 343. 
These four short papers are in the Philosophical Magazine, 
Vol. Lxvm. London, 1826. 

[374.] Bevan finds that the actual cohesion of glue is some- 
thing greater than 715 pounds to the square inch, when a thin 
coat is placed between two surfaces. This he remarks is greater 
than the lateral cohesion of fir wood; this cohesion being only 
562 pounds to the square inch according to an experiment of his 
own. He finds from an experiment on solid glue that its cohesion 
is 4000 lbs. to the square inch, ' from which it may be inferred 
that the application of this substance as a cement is susceptible of 
improvement.' 

[375.] In his experiments on bones, Bevan obtains results 
which are much in excess of those of Musschenbroek. Thus fresh 
mutton bone supported 40,000 lbs. to the sq. inch, while the 
modulus of elasticity for beef-bone was found to be 2,320,000 
pounds. 

A substance like bone, so universally abounding, possessing such 
great strength, and considemble flexibility, ought to be restored to its 
proper place in the scale of bodies, applicable to so many purposes in 
the arts. 

[376.] The paper on bone leads up to those on wood by a 
criticism of Barlow's apparatus and experiments, which the author 
thinks liable to objection. The two papers on wood contain only 
the results of experiment on the cohesion of various kinds, without 
detail of the individual experiments. 

[377.] Experiments on the cohesion of cast-iron. Philosophical 
Magazine, New Series. Vol. L, p. 14. London, 1827. This paper 
corrects an error in the last paper of the preceding year and 
notes the irregular results of experiments on cast iron bars. 
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[378.] Experiments on the Modulus of Torsion. Phil. Trans. 
p. 127. 1829. Bevan remarks that numerous experiments have 

been made on the strength of wood and other substances as far as 
regards their cohesion and elasticity, but he knows of no exten- 
sive table of the modulus of torsion for different kinds of wood. 
This he has endeavoured to supply in the present paper. 

He' states, without proof, the following rule ; 

To find the deflection 3 of a prismatic shaft of length when 
strained by a given force <o in pounds avoirdupois acting at right 
angles to the axis of the prism, and by a leverage of given length = r ; 
the side of the square shaft = d. T being the modulus of torsion from 
the following table ; I, r, S and d being in inches and decimals: — 

r^l<o . 

The modulus of torsion thus appears to be a weight divided by 
an area, or a surface pressure according to Bevan's notation. 

[379.] Bevan draws two results from his tables for the 
modulus. 

(1) That the modulus of torsion bears a near relation to the 
weight of the wood when dry, whatever may be the species. If 5 be 
the specific gravity, he finds that for practical purposes we may take 

” 2’-soooo... 

(2) From some experiments on the modulus of torsion of 
metals, he finds that for metallic substances the modulus of torsion 
is about 1/16 of the modulus of elasticity. 

It may be noted that the meaning Bevan gives to the term 
modulus fluctuates from Young's definition to the more modern 
conception of it as a weight. 

380. Pagani. M^moire sur V6quilihre des systhmes flexibles, 
par M. Pagani. This is published in the Nouveaux Mimoires de 
VAcad6mie...de Bruxelles^ Vol. 4, 1827 ; it occupies pages 193 — 244 
of the volume. The memoir was read on the 24th of Feb. 1827. 

In the preamble the author alludes to the equation of a 
flexible surface in equilibrium, given by Lagrange in the second 
edition of the Micanique Analytique, to the memoir of 1814 by 
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Poisson, and to the memoir of Cisa de Gresy. Pagani then 
divides his memoir into parts ; in the first part he treats of linear 
flexible systems, and in the second part of superficial flexible 
systems. 

381. The first part of the memoir is substantially a discussion 
of the well-known mechanical problem of the equilibrium of a 
funicular polygon ; it occupies pages 197 — 221 of the volume; this 
presents nothing of importance. Two particular cases are treated 
separately which may easily be reduced to one. First suppose the 
system to be composed of rigid straight rods, without weight, 
hinged together, and let a weight m be suspended at each hinge ; 
next suppose each rod to weigh Now Pagani supposes, quite 
justly, that we may take the weight of each rod to act at its middle 
point; but instead of this he might suppose the weight to be 
placed at each end, and then the second case becomes practically 
the same as the fiorst. Then a result which he obtains on pages 
217 — 220, and which he calls assez remarquahle, is obviously 
included in what he had previously given. 

382. The second part of the memoir occupies pages 221 — 
244 ; this treats of the equilibrium of a flexible membrane. Two 
investigations are given ; the first is based on ordinary statical 
principles, and resembles that adopted by Poisson in his memoir of 
1814, but is not completely worked out; the second uses the 
Calculus of Variations, and to this we shall confine ourselves as it 
presents a little novelty. 

383. De Gresy maintained that Poisson’s solution of the 
problem in 1814 was not general, but involved a certain limitation; 
Pagani holds that the solution was general, and proposes to obtain 
Poisson’s result by the aid of a method resembling Lagrange’s; the 
difference between Lagrange and Pagani we will now state. 

Let dm stand for an element of surface, that is for 

dxdy 

then Lagrange takes as the type of virtual moments 
(Z&r + Yhy + Zhz) dm + Fhdm, 
where jF is an undetermined multiplier. 
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Pagani in effect says that the type should he 

(ZS«+ Y^ + Ziz)dm + F^da: + Q^dy, 

where F and G are undetermined multipliers. , 

Then in each case the solution is to be obtained by making the 
sum of such virtual moments vanish. Pagani’s statement as to 
the proper tjrpe for the virtual moments seems to me quite 
arbitrary. 

384 Starting with this assumption, Pagani works out the 
problem and obtains three general equations referred to rectangular 
coordinates, which coincide with those in Poisson^s memoir of 
1814. Then he gives a second investigation in which he uses the 
ordinary polar coordinates in space instead of the ordinary rect- 
angular coordinates. 

385. Note mr le mouvement vibratoire dJune mewbrane Slasti^^ 
que de forme circulaire; lue k TAcaddmie Koyale des Sciences 
de Bruxelles le 1®^ Mai, 1829, par M. Pagani. This is published in 
Quetelet's Oorrespondance Mathimatique et Physique, Vol. V., 1829, 
pages 227 — 231, and Vol. vi., 1830, pages 25 — 31. 

386. The object of this memoir is the discussion of those vibra- 
tions of the membrane which are performed in the direction of the 
normal to the plane of the membrane in equilibrium, Pagani 
starts with the differential equation — 

cPz „ fdPz 


d^z _ 3 fd^z ,1 , 1 d^z\ 

Kdi^^r'dr^^W] ^ 


He does not say from what source he takes this, but probably 
it is from Poisson’s memoir of April, 1828. In the example which 
Poisson considered in detail he supposed z a function of r only, so 
that the term d^zjdO^ vanished ; thus the problem as discussed by 
Pagani is more general than that to which Poisson confined 
himself; see Art. 472, page 241. 

387. We have to find z from equation (1) subject to the 
following conditions : 

when r = a, the radius of the membrane (2), 

13 


T. E. 
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2 = ^ (r, 6) and ff)i wlien < = 0 . 


where ^ and 'ifr denote known functions. 

Suppose s — n (r, 0, t) to be a value of z which satisfies (1) ; 
we may by Fourier’s Theorem develop this in the form 

^ "i” 

r2ir 

where 7 rg^ = cos7i0 j II (r, 0, t) co'm0d0 

+ smn0j^ n (r, 0, t) smn0 d0. . . (5). 

Put for z in (1) the series (4); then we obtain a series of 
differential equations of which the type is 

df \dr^ ^ r dr r® / 

We can satisfy this differential equation by supposing 

= {A coscfd + B ^inciit)u 1 (6), 

where A and B denote functions of 0, and fi a constant, all at 
present undetermined, and is a function of r which satisfies the 
differential equation 

/ w® - \ Id^u 1 du 


/ w* \ Idru 1 du 

~ V “ = 


For the integral of this equation Pagani refers to a memoir by 
Poisson in Cahier xix. of the Journal de VEcole Polytechnique. It 
will be suflScient for us to cite formulae now to be found in 
elementary books. If we put sc for yjr the equation (7) coincides 
with that satisfied by Bessel’s Functions : see Art. 370 of my 
Lajdacds Functions. Hence by Axt. 371 of that work we have as 
a solution of (7) — 

u^ry(jMr) ( 8 ), 

where / (jir) = | cos (jir c<^ to) sia®’*a> dw (9). 

J 0 

In order to satisfy the condition (2) we put 

I cos (/4a cos ©) sin^ codco^^O (10), 

J Q 
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and from this equation we must find the possible values of /a a 
constant at present undetermined. 

We may substitute in (6) all the different values thus found 
for fi, combining the values which differ only in sign; then we 
may write 

= S (-4^ coscyu-^ 4- Bff, sinc/ti) Ty(jjir) (11), 

where % denotes a summation extending to all the positive values 
of II found from (10) ; also A^, and denote functions of at 
present undetermined. 

888. The value of will be completely determined when 
we know the value of and of 

Suppose i = 0 ; then by (11), (5) and the first of (3), we have 

Trr** S A^f(fir) = cosnd f <f) (r, 6) comOdd 

J 0 

r2ir 

+ sin«0 I <j> (r, $) simiddO ..... .(12). 

J a 

Again, differentiate (11) and (5) with respect to and then put 
^ = 0 ; thus by the second of (3) we get — 

r2jr 

= comO I (r, 6) GosnOdd 

J 0 

+ sin?i0 [ •yfr (r, 6) suxnddd (13). 

Jo 

From these equations (12) and (13) we shall be able to deter- 
mine separately the quantities of which and are the types, 
as we will now shew, 


389. Let be another root of (10), the square of which 
differs from and the corresponding solution of (7) ; then it 
may be shewn that : 


and 


f uu^rdr = 0, 

J 0 

w® rdr = ^\ a"+‘/ (/4a)l , 


13—2 
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where/' denotes the derived function of that denoted by /. These 
two formulae are the same as equations (20) and (22) of Chapter 
XXXV. of my Laplace's Functions, 

Hence it follows that if we multiply both sides of (12) and (13) 
"by f(jir) dr and integrate between the limits 0 and a, we get 


where 




(14), 


ilf = J ffjir) dr | com6 1 ^ (r, 6) comOdO 

+ sin7^5 j tf> (r, 0) sinnff dflj , 

fa f2tr 

jN’= j /(/xr) drr comO J y}t (r, 6) cosnO dd 




+ sinn^ j ■f' (r, &) sinw0 d6 1 , 


(16). 


Thus ^ is known, and we have for the complete integral of (1), 
subject to the conditions (2) and (3), 


+ (16), 


where S denotes a summation with respect to n from unity to 
infinity. 

Pagani applies his general formulae to special cases, in all of 
which it is supposed that the membrane is originally plane. 


390. Suppose then that ^ (r, 6) = 0, so that the membrane 
is originally plane. In this case we have from (16) : 

^ ^ §c ^ ^ S smcfd ... (17), 

wh&n. f (jir)y N, and P are to be determined from (9) and (15); 
also Nq and indicate the values of N and P respectively when 
n is made zero. 2 denotes a summation with respect to the 
values of furnished by (10), and 8 denotes a summation with 
respect to n from unity to infinity. 
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391, Let Tis suppose the initial velocity to be a function of r 

r2ir 

only, so that ^|r (r, 0) may be replaced by F (r). Since I ^mnOdd 

J 0 

vanishes for every value of n, and I costi^ dd also vanishes, except 

J 0 

when 71=0, we get 



where /(/IT") is given by 

/(/IT") =1 cos (fir cos ay) da> (19) 

J 0 

and /I is to be determined by 


0 = I cos (fia cos ay) day, (20) 

Jo 

also G is put. for f (/^a). 

The values of /i found from (20) will not be commensurable, 
and then the various terms in (18) will not vanish simultaneously, 
except for t = 0 ; thus the sound produced by the membrane will 
not be unique, unless F (r) be such that (18) reduces to a single 
term. Suppose it does reduce, so that 



Differentiate with respect to t, and then put < = 0; thus we 
obtain the initial value of the velocity, which by supposition is 
i?’(r) ; so that — 

^(r)=%^fy(r)f(/^r)rdr. ’ 


If we suppose F(r) = Kf{fir), where K is any constant, this 
equation is satisfied ; for we know, by Art. 389, that — 

Substitute in (21); then we obtain for determining the motion 

* d/Sf 

on the supposition that initially e = 0, and ^ (^)> 

g = —f(fir)smcnt (22). 
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We see from (22) that z will vanish when/(/zr) =0 whatever t 

may be. Let denote values of fia found from (20) ; 

then there will be as many nodal circles as there are values of r 
less than a in the series pJP'sf 


392. Suppose that the initial velocity is equal to i for all 
points of the membrane from the centre to a very small distance 
hy and is zero for all other points. From (18) we have 


ac 




Develope f(jMr) in powers of r ; then by (19) we have 


so that 


/(/i»-)= 7r|] 

rh 

I f(jir)rdr = Tr' 
J 0 


,£Z_ 

2“ ■^2*.4*‘ 


2 ■ 


Rl 

■4.2* 


/iV 

2". 4*. 6’ 


+ . 


}■ 


}• 


6.2\4“ 

Suppose h to be so small that we may neglect all the terms 
of this series after the first ; then we have 

f(fi,r)smc/Mt 

a^c ^ /iC'^ ^ /* 

It follows then from the analysis that if the membrane is 
struck at the centre and within a small extent round the centre, it 
will give out several sounds simultaneously. The gravest sound 
will be that which corresponds to the least value of fi, and only 
two or three of the sounds will be appreciable. 


393. We ‘will now suppose that the function (r, 0) is equal 
to the constant b for all values of r comprised between the limits 
r and r", and for all values of 0 comprised between the limits 0 
and 0'; and that it is zero for all points of the membrane not 
within these limits ; we will also assume that r" — r is very small. 
By (15) we have : 

cos n0j cos n0d0 + kijin0 J sin n0d0 
Since / is very small, we have approximately: 

[ , / dr = (r" - r')/(jLcp) p^^\ 

J f 
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where p is some value intermediate between r’ and t”, and may be 
supposed equal to {r' + r") /2 = /, if / be not zero. Thus 

^ — »•')/ {h-p) P’^ {sinn0 — sinn(0 -O')]. 
and again N^ = h (r" - r) f (jip) pd'. 


Also P„ = -5 and therefore P„ = - a® <7 ®. 


Substitute in the formula (17); then the result may be 
expressed thus : 


. 2b(7"-r')p 




2 




smc/Aji 


+-^j {sin0 — sin(0 - 6')] % siacp^t 

+ ^ {sin20 — sin2(0 - 6')} 't sincju/ + 




where denotes a value of fi found from (10), and C denotes the 
corresponding value of f\iJi*a ) ; also S denotes the sum of all the 
values found from (10). 

If is so small that we may reject all powers of it above 
the first we get : 

^ _ 6 (/' - r') pff ^ f (fi,p) sincfz^t 

Pagani remarks : 

En comparant cette valeur de ^ avec celle de la formule (23), on voit 
que les sons qu'elle rendrait seraient les m§mes dans les deux cas, 
quoique les circonferences uodales aient des rayons differens. 

I do not see how these radii are different ; they are determined 
with respect to (23) by the equation /Qar) = 0, and in the present 
case by the equation f = 0, which means precisely the same 
thing. In fact if we suppose ^ == 27r, p = (r" + r )/2, and r' = 0, 
the present case coincides with that in (23). 


394. Pagani finishes his memoir thus : 

Nous terminerons cette note par la remarque que la serie donnee par 
I’equation (23), ainsi que les s6ries que nous fournissent les deux 
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derniferes fommles, ne ponvant 6tre r^duites ^ un seul terine, qu’en 
n^gligeant oeux qui out des valeurs comparables h celle du premier 
terme dont la valeur est la plus grande ; la membrane fera entendre, 
dans tous ces cas, outre le son fondamental qui est le m^me, plusieurs 
autres sons appr^ciables, lesquels n*etant pas harmoniques . avec le 
premier, causent cette singuli^re sensation que Ton Iprouve lorsqu’on 
frappe d’un coup de baguetto la caisse d’un tambour. Oeci nous 
explique ainsi pourquoi la corde d*un piano fait entendre un son 
lorsqu'on la fiappe d’un coup de marteau, tandis que la membrane du 
tambour ne fait entendre qu’un bourdonnement, et enfin, pourquoi ce 
bourdonnement est sensiblement le meme, soit que Ton frappe la 
membrane au centre ou dans un autre endroit quelconque peu ^loigne 
de ce point. 

395. Considerations sur les principes qui servent de fondement 
d la thdorie matMmatique de V6quilihre et du mouvement vihratoire 
des corps solides dlastiques ; par M. Pagani (Extrait d'un m^moire 
lu le 5 ddcembre 1829, k I’Academie Koyale des sciences). This 
is published in Quetelet’s Correspondance Mathematique et Phy- 
sique, Vol. VI. 1830, pp. 87 — 91. 

The opening paragraphs explain the object of the Article. 

M. Namer a donn^, le premier, lea Equations fondamentales de 
Fequilibre’ et du mouvement des corps solides 6lastiques. M. Poisson 
est parvenu ensuite aux m^mes Equations dans un m6moire fort 6tendu, 
oil Ton trouve. plusieurs applications des formules g^n^rales (tom. vili. 
des m€moires de I’lnstitut de France), H s’ est pourtant 4lev6 une 
contestation entre ces deux illustres acad^miciens au sujet du principe 
qui leur a servi de base, et du mode que Ton a employ^ pour le traduire 
en langage alg^brique. 

Nous examinerons d’abord les principes et la marche adopt^s par 
les deux savans g^m^tres, afin d’arriver, s’il est possible, & expliquer la 
contradiction apparente des hypotheses et la coincidence remarquable 
des rlsultats. 

In this article Pagani shews that by adopting certain special 
and arbitrary suppositions as to the nature of the molecular force 
he can bring the hypotheses of Navier and Poisson into agree- 
ment. I do not attach any importance to this article,- and I 
presume that the memoir of which it is an abstract has not been 
published. 
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396. Note SUV V^quilihre dJun systeme dont une partie est 
suppoB^e inflexible et dont V autre partie est flecdble et extensible. 
This is published iu the memoirs of the Academy of Brussels, Vol. 
viiL 1834, pp. 1 — 14. It does not relate to our subject but to 
the well-known indeterminate problem of Statics, a simple example 
of which occurs when a body is on a horizontal plane, and in 
contact with it at more than three points. The subject was 
much discussed in the early half of the century by various Italian 
mathematicians: see for example Fusinieri, Ann, Sci, Lomb, 
Venet, li. 1832, pp. 298 — 304. 

397. Mdmoire sur V^quilibre des colonnes. This is published 
in the Memorie della reale Accademia,,,di Torino, Yo\, i. 1839, pp. 
355 — 371. The article is stated by the author to form a supple- 
ment to the Note which we have mentioned in the preceding 
Article. It has scarcely any connection with our subject, as 
the author adopts nothing with respect to elasticity except a 
portion of the ancient assumptions, such as will be found for 
instance in the section on the equilibrium of an elastic rod 
in Poisson’s Mdcanique, Yol. i. [He assumes for example the 
neutral line of a beam under longitudinal stress to coincide with 
the mean fibre: see p. 357 of the memoir.] 

[398.] C. J. HiU. Disputatio Physica de elastidtate torsionis 
in filis metallicis, Lundae, 1819. This tract was submitted by 
by C. J. Hill and G. Lagergren. We have referred to it in 
Art 225, Pp. 1 — 3 contain dedications, 4 — 22 text, and 23 — 29 
tables of experimental results. 

The tract commences with a few remarks as to compression, 
fiexure and torsion, referring on these points respectively to the 
experiments of ’s Gravesande, Bernoulli and Coulomb. The 
authors propose to experiment on the laws of torsion by a 
statical, as distinguished firom Coulomb’s kinetic method. The 
torsion balance adopted for this purpose is described in Art. 6. 
If we lay any stress upon these experiments it would appear 
that Coulomb’s rules are not so completely in agreement with the 
phenomena of torsion as Coulomb himself and Savart (see Art. 334) 
seem to have supposed. 
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[399.] Tractatus Oeometricus de ciirvarum quae ah elastidtate 
nomen hahent, theoria, aptissimoque constniendarum modo..-suh- 
mittit Carolus Job. Ds. Hill. Londini Gothonim, 1829. This 
is a university dissertation of the Swedish type, in which the disser- 
tation is the work of a Professor or some such person as Praeses, 
The candidates for the degree or the Respondentes were probably 
examined in the subject matter of the dissertation. Every eight 
pages has a fresh title page with a different Respondens and 
date. These title-pages do not mark any chapters or sections 
of the work, but are placed in the middle of sentences. The 
several Respondentes had the privilege of dedicating their respective 
eight pages. The tract concludes abruptly with the end of the 
third respondent’s eight pages. Poggendorff has no reference 
either to this tract or to the one considered in the previous article. 

[400.] The author proposes to treat those curves which 
derive their name from elasticity with that fulness which has been 
reached in the case of cycloids, catenaries, caustics, etc. He 
lays down the scheme of his work as follows : 

Priraum igitur quaestionis de curvis elasticis historiolam breviter 
exponamus; deinde, cum omnes fere curvas, si placuerit, ut elasticas 
spectare liceat, accuratius, quaenam pmecipue hoc nomine sint in- 
signiendae, definiamus ; turn vero, priusquam ad harum theoriam atque 
constructionem nos propius accingamus, aliqua, istis mox applicanda, 
generalia de curvis analytics considerandis praecepta, itemque de 
functionibus EUipticis, quae quidem nostris curvis arctissime necti 
constat, praemonere lubet. 

[401.] The historiola contains an interesting remark on the 
first statement of the elastic curve for a heavy rod, which I 
had not met with before : 

Primus igitur, quoad resciverimus, hujusmodi problematis mentionem 
fecit anonymus quidam, qui Parisiis degens, doctis quidem omnibus, 
praesertim vero iis qui illustrissimis, quae Parisiis atque Londoni florent, 
Societatibus adscripti erant, celeberrimum illud proposuit his fere 
verbis®: ^^catenulae mediocriter flexilis, attamen realis (ideoque etiam 
elasticae), utroque in limits clavis retentae, figuram, quam ponders 
innate induat, curvam indagare.’’ Cui quaestioni cum statim baud 
responsum fuisset idem eandem denuo proposuit, atque ad collectores 



hill. 


203 


Actorum Eruditotum transmisit^. Attamen quadriennium responsio 
expectanda fait : turn vero, idque eodem propemodum tempore, Clar. 
turn D. Bernoulli turn L. Eulerus hujus problematis dederunt solutiones®, 
casque egregie inter se convenientes. 

» Journ, des Sav,, 1723 p. 366. i> Act. Erud. Lips., 1724, p. 366. 
c Comm. Ac. JPctro p., T. in. p. 84. (1728). 

[402.] The writer refers (p. 5) to Lagrange’s treatment of the 
elastic lamina in the M^canique Analytique (see our Art. 159), 
and to his error with regard to the torsion. His equations are 
thus only true for plane curves, and, when reduced to two co- 
ordinates, agree with Euler’s. Binet’s correction of Lagi*ange 
(see our Art. 174) is thus alluded to : 

Cel. vero Binet, formulas generales emendaturus, torsionis effectum 
considerat, formulamque hujus moment! exhibet, eas vero, quae ad ten- 
sionem fili atque flexionem attinent, baud calculavit, dicens: “on 
ne parvient aux valeurs g4n4rales (de celles-ci) que par des calcules 
penibles, dont les r^sultats paraissent fort compliques.” Omne igitur 
hand tulit punctum. 

[403.] The historiola is followed by a discussion on the 
notio curvarum elasticarum. The curva elastica gemdna is that 
assumed by what we term the neutral axis of a beam, built 
in at one end and subject to transverse force at the other. It 
is thus a plane curve. The writer uses the following notation, 
y is the vertical height of any point of the neutral line above the 
loaded end, sc is the corresponding horizontal distance, the 
horizontal distance between the ends, s the arc from the loaded 
end to the point (xy), <}> is the angle between the tangent at (xy) 
and the horizontal, p the radius of curvature, and a, 5, c certain 
constants. 

[404.] He obtains the following equations, which agree with 
the results of Euler and Lagrange : 

p = Ja/{sm (t> — c) 

. ds = d<j>J aj {sin 

dx=d(}>.cos^ Ja/{sin ot x-x^-lja (sin ^ - c), 

dy = d<j> sin J a/{sm </> — c), 

dy ^ {he + x^) dx'lJb^ - {be + x^ where x =x- x^. 
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Tliis last is the differential equation to the gmuina curva 
eldstica. If the built-in end of the rod be horizontal c = 0, and 
this equation reduces to dy = dx' j Jb^ — which is termed the 
rectangula, in every other case the equation represents an 
ohliquangula (p. 10). 

[405.] Proceeding from the differential equation of the 
ohliquangula the author defines the familia elastica as the series 
of curves whose co-ordinates x and y are related by an equation of 
the form 

PdxjjQ, 

where P is any rational algebraical function of x and Q an 
integral function of the fourth degree. We thus see that the 
relation between the co-ordinates can always be expressed by 
elliptic functions. 

[406.] Pp. 11 — 20 contain a discussion on the forms into 
which the equations to curves can be thrown, Mobius and 
Ampfere being the authorities chiefly made use of. Simple 
formulae for the osculating parabola of a curve are here obtained, 
and are claimed by the author as original The one of which use 
is afterwards made is the now well-known 

tan €=1/3 cZp/cfe, 

where € is the angle between the diameter of the parabola, 
to the point of osculation, and the normal to the osculated curve 
at that point. The relation between p and e for any curve 
is (p. 19) termed its caracteristica. 

[407.] On p. 21 the caracteristica for the genuine elastic 
curve is investigated. From the equations cited above the author 
easily finds 

36a®tan®€ = (1 — c®)p* — 2acp* — a*. 

What remains of the memoir (pp. 22 — 24) is occupied with 
showing that the caracteristica as deduced from Lagrange’s 
equations in the Mecanique Analytique (ed. 1811, p. 156) is 
really identical with the above. It appears from Marklin’s cata- 
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logue of Swedish Dissertations (TJpsal, 1856) that nothing was 
published after page 24, where the essay breaks off abruptly. 

[408.] 1830. William Kitchie. On the elasticity of threads of 
glass with some of the most useful applications of this property 
to torsion balances, Phil, Trans, 1830/ pp. 215 — 222. 

The author commences his memoir with the following 
statement : 

From facts connected with crystallization and elasticity, it seems 
extremely probable, that the atoms of matter do not attract each other 
indifferently on all sides* There appear to be peculiar points on their 
surfaces which have a more powerful attraction for each other than for 
other points on the same molecule. This property is not peculiar to 
the atoms of ponderable matter, but seems also to belong to those of 
light and heat. It is as impossible to prove directly the existence of 
this property, as it is to prove the existence of atoms themselves ; but 
on account of the satisfactory manner in which it enables us to explain 
the phenomena of crystallization and elasticity, it is now generally 
adopted. 

To this polar property of atoms the author attributes that 
peculiar elastic effect termed torsion. He has noticed the 
very large amount of twist which can be given to such a brittle 
substance as glass thread before it obtains a permanent set or 
breaks. He thinks the resistance of glass threads to torsion is 
due to vitreous molecules being held together by the attractions of 
their poles or points of greatest affinity. These points are dis- 
placed by torsion along the whole line of communication, and 
as they endeavour to regain their former state of stable equi- 
librium, the thread will of course untwist itself.^ He remarks 
that if a thread could be drawn so fine as to consist of a single 
line of vitreous molecules, torsion would have no tendency to 
displace the points of greatest attraction, and this elementary 
thread might be twisted for ever without breaking,— the com- 
pound molecules of glass would only turn round their points of 
greatest attraction like bodies revolving on a pivot. This theory 
is exemplified by the statement that the author has drawn 
threads of glass of such extreme tenuity, that one of them, not 
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more than a foot long, may be twisted nearly a hundred times 
without breaking. 

It can hardly be said that the above theory contains any 
very lucid atomic explanation of the phenomenon of torsion. 

[409.] In § 4, Kitchie states the diflSculty which arises in 
proving for glass threads the laws of torsion determined by 
Coulomb for metallic wires. This is due to the impossibility 
of obtaining glass threads of uniform diameter, and hence 
the force of torsion cannot be shown to vary as the fourth 
power of the diameter. The property however required for 
torsion-balances, — ^namely, that " the force of torsion or that force 
with which a thread tends to untwist itself is directly pro- 
portional to the number of degrees through which it has been 
twisted, — is easily deduced experimentally. Experiments for this 
purpose are described \ 

[410.] § 5 explains the best method of drawing a fine glass- 
thread. 

§ 6 is devoted to the description and use of a torsion gal- 
vanometer with glass-thread. 

The concluding paragraphs (§ 7, and § 8) contain an account 
of an ingenious torsion balance for the weighing of very minute 
portions of matter. 

[411.] Summary. Although the most important work of 
that period to which this chapter has been devoted has still 
to be considered in the following chapters, yet the reader cannot 
fail to remark the great stride which the theory of elasticity 
made in these ten years. Within this decade the theory may 
be said to have been discovered and in broad outline completed. 
It is entirely to French scientists that we owe this great con- 
tribution to a wider knowledge of the physical universe, and 
however we may regard the relative merits of Navier, Poisson, and 
Cauchy, there cannot be the least doubt as to their dividing 
between them the entire merit of the discovery. Even if we 

^ The torsional imperfection of glass fibres is however eraphasised by Sir 
William Thomson in his paper on Elasticity in the EncycL Brit, Art. 4. 
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put on one side the more important work of these leaders of 
scientific investigation we cannot fail to be struck with the 
essentially modem character of the minor memoirs. The methods 
of Lagrange and Fourier had become general, and the more 
complex forms of analysis were wielded, not without success, 
by lesser mathematicians. Sophie Germain with all her vagaries 
at least succeeded in finally establishing the equation for the 
normal vibrations of a plate ; while Pagani following Poisson gave 
some very general results for the vibrations of a circular 
membrane. Lastly we may note that amidst this wealth of 
theoretical power, France possessed in Savart a physical elastician 
of an extremely thoughtful and suggestive kind. 
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POISSON. 

412. The contributions of Poisson to our subject begin with 
his Memoire sur les surfaces elastiques; this was read to the 
French Institut on the 1st of August, 1814, and is contained in the 
volume of the Memoires for 1812, published in 1814 ; it occupies 
pages 167 — 225 of the volume. 

413. The introductory remarks occupy pages 167 — 172 ; 
these supply some historical information. Poisson says 

Jacques Bemouilli est, comme on sait, le premier qui a donn6 
r^quation d’^quilibre de la lame ^lastique, en se fondant snr cette 
hypoth^se, que T^lasticit^, en chaque point, est nne force normale 
la courbe, dont le moment est proportioimel k Tangle de contingence, 
ou en raison inverse du rayon de courbure en ce point. Depnis ce 
grand g^om^tre, plusieurs autres, et principalement Euler et Daniel 
Bemouilli, ont public un grand nombre de Memoires sur les con- 
ditions d’^quilibre des lignes elastiques et sur les lois de leurs 
vibrations ; mais il n’a paru que quelques Essais infructueux qui aient 
pour objet les surfaces elastiques, pliees ^la-fois en deux sens 
differents. 

Poisson also refers to tin autre Jacques Bemouilli who con- 
sidered the problem of the vibration of an elastic lamina in the St 
Petersburg Memoirs for 1788, but the equation he obtained was 
deficient in a term ; see Art. 122. 

414. The Institut about five years before the date of Poisson^s 
memoir had proposed the vibrations of sonorous plates as a prize 



POISSON. 


209 


subject ; only one essay bad been received worthy of attention, 
which was from an anonymous author ; in this essay an equation 
was given without demonstration, which contained the term 
omitted in the St Petersburg memoir of 1788. Probably this 
anonymous writer was Mademoiselle Sophie Germain. The 
equation is that which will be found in Art. 290. 

415. The introductory remarks conclude thus : 

Dans un autre Memoire, j’appHquerai les m^mes considerations 
aux lignes elastiques, ^ simple on h. double courbure, d’une epaisseur 
constante ou variable suivant une loi donnee; ce qui me conduira 
d’une mani^re directe et exempte d’hypothese, non-seulement h leurs 
equations d’equilibre, mais aussi k Texpression des forces qu’on doit 
appliquer k leurs extremites, pour les tenir fixes et balancer Teffet 
de Telasticite. 

I do not think that this design was carried out, though, as we 
shall see, a note on the subject appeared in the third volume of the 
Gorrespondance sur VEcole,.,Polytechmque. The present memoir 
is divided into two sections, which are devoted respectively to 
inelastic and elastic surfaces. 

416. The first section occupies pages 373 — 192 ; it is entitled: 
Equation Eequilihre de la surface flexible et non-elastique. The 
problem had been considered by Lagrange, but not in a satisfactory 
manner: see Art. 158 of my account of Lagrange. Poisson works 
it out in an intelligible and accurate manner ; he assumes that a 
rectangular element of the membrane is acted on by tensions at 
right angles to the edges, but he does not assume that the tension 
on one pair of parallel edges is the same as the tension on the other 
pair. As a particular case he shews that if certain conditions are 
satisfied the two tensions may be taken equal, and then his 
equation for determining the figure of the membrane coincides 
with Lagrange’s. The equation in question is 

{(1 + 5 -) g - + (1 . 0 , 

where the axis of z is perpendicular to the plane of the membrane, 
X, Yy Z are the components of applied force per unit area at the 
point [Xy z)y p = dzjdx, q = dzjdy^ T is the tension and k an elastic 
T. E. 14 
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constant. Poisson justly says that Lagrange’s equation cannot be 
considered as the general equation to flexible surfaces in equi- 
librium. 

417. The second section occupies pages 192 — 225 ; it is en- 
titled: Equation de la surface dastique en iquilibre. The method 
is peculiar. On each rectangular element tensions are supposed to 
act, as in the first section, but now they are assumed equal ; and 
besides these tensions repulsive forces are supposed to act on each 
particle arising from elasticity ; the repulsive forces are supposed 
to be sensible only so long as the distance is insensible. The 
surface is supposed to be of uniform thickness. The repulsive 
force between two particles at the distance r is denoted by the 
product of p (r) into the mass of the particles. In the course of 
the investigation the powers of the distance beyond the fourth are 
neglected ; and finally a complicated differential equation of the 
fourth order is obtained to determine the form of the surface in 
equilibrium', see page 215 of the Memoir. In this equation the 
repulsive force enters only in the values of two constants, 

namely which stands for j r^p (r) dr, and b^ which stands for 

I* o'^p (r) dr ; the integrals are supposed taken from r = 0 to the 
extreme value of r for which p (r) is sensible. 


418. With respect to motion Poisson confines himself to the 
case of a surface nearly plane, with no applied forces ; and then he 
arrives at the equation 


dx^d'f dy 


>) = o; 


this agrees with the result he obtained by a later investigation : 
see Art. 485. The second James Bernoulli had omitted the term 
d^zj{dxdy)^ (see Art. 122). With respect to the solution of the 
equations Poisson says on his page 170 : 


Malheureusement cette equation ne pent s’iat^grer sous forme finie, 
que par des integrales definies qui renferment des imaginaires; et si 
on les fait disparaltre, ainsi que M. Plana y est parvenu dans le cas 
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des simples lames, on tombe sur une equation si compliquee, qu’il 
paralt impossible d’en faire aucun usage. (See Art. 178.) 

A form of solution has been since obtained, which is not com- 
plicated. See the account of a paper of 1818 by Fourier, 
Art. 207. 

419. In the course of the investigation Poisson has to effect 
certain integrations in order to determine the force which acts on 
an element of the elastic lamina. If the element is at a sensible 
distance from the boundary of the surface no difficulty occurs 
with respect to the limits of the integrations ; but if the element 
is extremely near to the boundary, a difficulty does occur, because 
the particle considered is not completely surrounded by other 
particles up to the limit of molecular activity. PoLsson notices 
this point on his page 202, and says : 

Mais pour trouver T^quation differentielle de la surface 41astique 
en equilibre, il suffit de considerer les points int^rieurs, situes ^ une 
distance quelconque de son contour; et Ton n’a besoin d’examiner 
ce qui arrive aux points extremes, que pour determiner les forces 
particuliferes que Ton doit applLquer aux limites de la surface pour 
la tenir en Equilibre; determination tres-delicate sur laqiielle je me 
propose de revenir par la suite, mais dont il ne sera pas question 
dans ce memoire. 

The intention here expressed does not seem to have been carried 
into effect. 

420. A curious property of the elastic surface in equilibrium 
is noticed on pages 221 — 225. Poisson determines by the 
Calculus of Variations the differential equation to the surface of 

constant area for which ^ maxi- 

mum or minimum, where p and p are the two principal radii of 
curvature at the point (a?, y, z ) ; he finds that the differential 
equation is the same as that which he had already obtained for 
the elastic surface in equilibrium : see my History of the Calculus 
of Variations, page 333 ^ 

1 [In the place referred to, Poisson states that the differential equation obtained 
is the same as that which arises from making JJ p') + dxdj/ a 

14—2 
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421. The Memoir considered as an exercise in mathematics is 
a fine specimen of Poisson’s analytical skill, but it adds little to 
the discussion of the physical problem. In his later writings 
Poisson objects strongly to the use of integrals instead of finite 
summations, in questions relating to molecular force, which here 
he adopts. I have quoted in Art. 435, of my account of his 
memoir of ilpril 1828 the opinion which he there expresses of the 
present memoir. 

422, A very good abstract of the memoir by Poisson himself 
was published in the Bulletin de la SocietS Pliilomatique, 1814, 
and afterwards in the Correspondance de VEcole Poh/tech7iique, 
Vol. III. 1816. A note in the later work, on page 154, states that 
the Institut has again offered as a prize subject the theory of the 
vibrations of elastic plates ; and on page 410, it is said that the 
prize has been awarded to Mademoiselle Sophie Germain. 


423. 1816. An article by Poisson entitled: Sur les Kgnes 
^lastiques d double courbure, occurs on pages 355 — 360 of the Cor- 
respondance sur VEcole Polytechnique, Vol. III. 1816. The object 
of the article is to prove that the moment of torsion round the 
tangent to the curve is constant throughout the curve when there 
is equilibrium. The mechanical problem assumed is that at any 
point of the curve the elasticity tends to produce two effects, 


minimum, for ^ J 5 vanishes so far as the terms under the sign of 

double integration are concerned. Hence the same differential equation must arise 
from making ^ (p ” ^) } q^dxdy a miuiTuntn, or 

from making tlie surface integral of C - 


V 


0 - 


minimum. But this is the 


j + —> + - , 

PPj 

form usually adopted for the potential energy per unit of area due to the bending of 
a thin plate of uniform thickness and isotropic material. (Of. Lord Bayleigh, Theory 
of Sounds L p. 293.) I must remark here that I am not quite satisfied with this expres- 
sion for the potential energy of the bending of a plate. My doubt arises exactly as in 
the case of a bent rod, for which the potential energy of bending does not seem to be 

proportional to i per unit of length, if the bending is accompanied in any degree by 

longitudinal stress. In the same manner I am inclined to think the above expres- 
sion only true for a plate when the applied forces are wholly normal to the plane 
of the plate. ] Ed. 
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namely one to change the value of the angle of contingence in the 
osculating plane, and the other to twist the curve round the 
tangent at the point considered ^ 

As we have seen in Arts, 159 and 173, the problem of the 
equilibrium of such an elastic curve had been considered by 
Lagrange and by Binet Poisson says 

M. Binet a eu regard le premier a la torsion dont les courbes 
elastiques sont susceptibles i mais on n’avait point encore explique 
la nature de cette force, et montre que son moment est constant 
dans r^tat d'equilibre. Lagrange a donn^, dans la Mecanique 
analytique, des equations de la ligne elastique a double courbure, qu il 
a trouvdes par une analyse tres-dijSerente de la n6tre, et qui 
reviennent cependant k nos Equations (1), en y supposant ^ = 0. 

Here 6 denotes the moment of torsion. Poisson’s article is 
reproduced substantially in his Mecanique^ 1833, VoL I. pages 
(522—627. 


[424] 1818 Eemarques sur les rapports qui ecdstent entre la 

propagation des ondes d la surface de lean, et leur propagation 
dans une plaque ilastique. Bulletin des Sciences par la Society 
Philomatique, Annde 1818, Paris, pp. 97—99. This is a short 
note by Poisson on Fourier’s memoir on the vibrations of elastic 
plates (see Art. 207). He notes how relations between waves 
at the surface of water and those in an infinite elastic plate arise 
from both being determined by linear partial differential equations 
with constant coefficients. 

Ces rapports singuliei-s tiennent k ce que les lois de ces deux 
mouvemeus sont renfermSes dans des equations aux^ differences 
partielles de meme nature, savoir, des equations lin€aires k coefficients 
constans, qui ne sont pas du nigme ordre par rapport au temps et 
par rapport aux distances des points mobiles au lieu de I’gbranlement 
primitif, mais avec cette difference, que I’equation du probleme des 
ondes est du quatrifeme ordre par rapport au temps, et du second 
par rapport aux coordonnees; tandis que dans I’autre probllme elle est 


1 [Poisson’s equations are not the most general conoeiTable, as there would 
usually he a couple round the radius of curvature of the ‘mean fibre of the wire, 
llis result as to the moment of torsion is not genei-aUy true. We shall return to 
this point in the Chapter devoted to Saint-Venant.] En. 
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au contraire du second ordre par rapport au temps, et du qnatri^me 
par rapport aux coordonnees. De la vient qiie tout ce qui se dit du 
temps ou des distances dans le premier probl^me, doit s’appliquer aux 
distances ou au temps dans le second, et mce versd. 

Poisson remarks in conclusion : 

Au reste, cette propagation des sillons dans les plaques 6lastiques 
infinies est une question de pure curiosite, qu’il ne faut pas confondre 
avec la propagation du son dans ces mimes plaques,* celle-ci se fait 
tou jours d’un mouvement uniforme; la vitesse ne depend ni de 
Tebranlement primitif ni de Tlpaisseur de la plaque. 


425. 1818. jSur HinUgrale de V equation relative aux vibrations 
des plaques dastiques. This is published in the Bulletin des Sciences 
par la 8oci4U Philomatique, Paris, 1818 ; it occupies pages 125 — 
128 of the volume. 

The object of the paper is to give the integral of the differential 
equation for the vibration of an elastic plate : see Art. 418. 

The equation is 




d^z 

da?dy^ 


+ 


dyV 


( 1 ). 


Let f be another function of x, y and t, which satisfies the 
equation 



where m is a constant. Differentiate with respect to t ; then 
df \dix?dk dy*dt) ’ 


put for d^jdt on the right-hand side its value derived from (2) ; 
thus we get 



\dx^ dx^dy^ 


d^\ 

dyr 


Hence if we put = we shall satisfy (1) by taking z=^. 
In this way we shall obtain only a particular integral of the 
equation ; but if we take in succession m = -b and — at, where 
t is put for y — 1, the equation (2) will give two values of the 
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sum of whicli will express the complete integral of the equation 
(1). The question then is reduced to the integration of the 
equation (2). 

Now Laplace has given the integral of the equation 
in the form 

5*= f {x J rnt) dcL^ 

where <p denotes an arbitrary function. It is easy to extend this 
form of integral to equation (2); with respect to this we shall 
have 


?= f f ^ (f>(x + 2ajmt, 2 /+ 2^^/ mt) dadfi. 

J — oQ J _oe 

If we put successively in this formula and — at for m, 
and take the sum of the two results, we shall have for the complete 
integral of the equation (1) 

/* 00 i-|-i Q n 

J —00 J — oc 

+ f ( 6 “““"^' ■\lr{x + 2oLj — ait,y + 20j— ait) dod^, 

J “ oc J — oc 

where and n|r denote two arbitrary functions. 

To shew how these arbitrary functions are to be determined 
from the initial conditions of the plate, suppose that the origin of 
the motion corresponds to i = 0, and that at that instant the 
equation to the plate is - 3 : = % (a;, y); then we have 

X (®. y) = (®> y) + y)} f f -.(3). 

J _oc J — oc 

Let us also suppose that initially the velocity of every point is 
zero; we must then have dz/dt = 0,'wh.eTi t = 0, for all values of 
X and y : this condition will be satisfied by supposing the functions 
^ and to be equal, so that from (3) we have 

X (sc, y) = 2 ^ (x, y)f f* dad0 = 27r<j> (x, y). 

J —cc J — oc 

Thus ^(a!>y)=V^(aj.y)=^x(®'y)- 
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It is easy to get rid of the imaginary quantities which occur in 
the general value of z, by putting instead of a and ^ respectively 

-p and ^ in the first integral, and and - 7 = in the second 
N b N t, V~4V— 6 

integral, which will make no change in the limits. Let us also 
put % in place of the arbitrary functions ^ and 'ijr, and change the 
imaginary exponentials into sines and cosines ; thus we obtain 

1 I* f sin -h j3^) y (a? + 2 a y + 20jat) dad^. 

TT j _cc J -ce 


Another form may be given to this expression by making 
x+'^ajat = and y + Jat = q\ thus it becomes 
1 


z = 


4iaTri 




Poisson adds with respect to the last formula : 

Sous cette demiere forme, Tintegrale de Tequation (1) coincide 
avec celle que Ton trouve en r^solvant d^abord cette equation par 
line serie infinie d’exponentielles reelles ou imagiaaires, et sommant 
ensuite cette serie par des integrales d^finies, ainsi qne I’a fait 
M. Fourier dans son Memoire sur les vibrations des plaques el-astiques. 

I presume therefore that the integral was first obtained by 
Fourier in the form here given; but the memoir by Fourier 
to which Poisson here refers seems not to have been published : 
see Art. 207 for an account of a note published by Fourier in 
1818. 


426. 1823. A memoir by Poisson entitled: Sur la distribution 

de la chaleur dans les corps solides was published in the Journal 
de VJEcole Polytechnique, XIX® Cahier, 1823. This does not belong 
to our subject, but I mention it because of a reference made to it 
by Saint-Venant in Moigno’s Statique, page 619. After speaking 
of two different definitions of pressure in the theory of elasticity 
Saint-Venant says : 

Au reste, M. Poisson a montre en 1821 (Journal de VEcole 
Foly technique^ xix® Cahier, 1823, p. 272) que les deux definitions ana- 
logues, relatives au Jiux de choleur, donnent dans les calculs les memes 
resultats quand on neglige certains ordres de quantites. 
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427. 1827\ An article by Poisson entitled : Note sur les 
vibrations des corps sonores was published in the Annales de 
Gliimie, Vol. 36, 1827. It occupies pages 86 — 93 of the volume. 
It is also printed in Ferussads Bulletin, Vol. ix. 1828, pages 
27 — 31. The first paragraph explains the nature of the article: 

Je m’occupe actuellement d’lm travail fort ^tendu sur les lois 
de Tequilibre et du mouvement des corps ^lastiques, et particulierement 
sur les vibrations des corps sonores. En attendant que j'aie pu en 
terminer la redaction definitive, je demande k TAcademie la permission 
de lui faire connaitre le principe de mon analyse et plusieurs des 
consequences qui s’en deduisent. 

The article states some results obtained in the memoir as to 
the vibrations of an elastic rod ; and for the case of longitudinal 
vibrations seven experiments made by Savart are compared with 
calculations made by Poisson, and a satisfactory agreement ob- 
tained. Two points of interest will now be noticed. 

428. In the Annales Poisson says on page 87 : 

Tine m^me verge elastique pent vibrer de quatre maniferes dif- 
ferentes. Elle executera, 1® des vibrations longitudinales, lorsqubn 
r^tendra on qu’on la comprimera suivant sa longueur; 2° des vibra- 
tions normales quand on la dilatera ou qu’on la condensera perpen- 
diculairement k sa plus grande dimension; 3® des vibrations que 
Chladni a nomm^es tournantes, qui auront lieu en vertu de la torsion 
autour de son axe ; 4° enfin des vibrations transver sales, dues aux 
flexions qu’on lui £era eprouver. 

He seems to imply on the next page that he has determined 
the laws of the normal vibrations, but that they are too complex 
to be indicated in the present note. In the memoir which this 
note announces all that is said about normal vibrations seems 
contained in a brief passage on pages 452 and 453. 

Mais il iaut aj outer que, clans tons les cas, les vibrations longitudi- 
nales seront accompagnees de vibrations normales de la m^me duree.... 

Finally in his Mdcanique, 1833, Vol. il. page 368, Poisson says : 

Les vibrations normales consistent en des dilatations et condensa- 
tions alternatives des sections de la verge, perpendiculaires k sa 
longueur ; elles nbnt pas encore 4t6 d^terminees par la th^orie. 

1 [A letter of Poisson’s in the Annales for this year will be noticed when we 
consider his memoir of October, 1829.] En. 
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There seems to me an inconsistency between these various 
statements, but I cannot explain it\ 

429. In the Annales Poisson says that he has determined the 
ratio of the transversal to the longitudinal vibrations for the case 
of a cylindrical rod and for the case of a rod in the form of a 
parallelepiped. The former case however alone appears in the 
memoir. Of the seven experiments made by Savart, three refer 
to the former case and four to the latter ; the former three are 
alone given in the memoir. 

The following are Poisson’s words on this point ; 

Le rapport des vibrations transversales aux longitudinales depend 
de la forme de la verge; je Tai determine dans deux cas differens : 
dans le cas des verges cylindriques et dans celui des verges paral- 
lelepipediques. S’il s’agit, par exemple, d’une verge libre par les deux 
bouts, rendant le ton le plus grave dont elle est susceptible ; que Ton 
represente par I sa longueur, par n le nombre de ses vibrations 
longitudinales, et par n' celui des transversales; et que Ton designe 
par e son ^paisseur dans le cas des verges parallelepip6diques, ou 
son diamtoe dans le cas des verges cylindriques, on aura, 

= {2-05610) ne/l 

dans le premier cas, et 

w =(1*78063) nejl 

dans le dernier; le second nombre compris entre parentheses se 
d^duisant du premier en le multipliant par J 

See pp. 88 and 89. 

430. Another article by Poisson occurs on pages 384 — 387 of 
the volume of the Annales cited in Art. 427 ; it is entitled : Note 
sur Vewtension des fils et des plaques ilastiques. We have referred 
to this article in the previous chapter (Art. 368). 

At the end of the article Poisson cites another result which he 
had obtained from theory, which he says would be less easy to 
verify by experiment : see Art. 483. Poisson’s article is trans- 
lated into German in Poggendorffs Annalen, Vol. xii. 1828, pages 
516—519. 

1 [This note of Poisson’s should be read in conjunction with Savart ’s memoir of 
1822: see Articles 323 — 327.] Ed, 
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431. 1828. An article by Poisson entitled: M^ynoire sur 
V^quilihre et le mouvement des corps (Hastiques was published in 
the Annales de Chimie, Vol. 37, 1828; it occupies pages 337 — 355 
of the volume. The object of the article is to give an account of 
the memoir which Poisson read to the Academy on the 14th of 
April, 1828 ; the pages 337—348 of the article coincide with the 
introduction to the memoir, that is with the pages 357 — 368 of 
it. A note in the memoir relative to a point in the Theory of 
Equations is not in the article ; on the other hand a brief note is 
given in the article which is not in the memoir ; this note in the 
article consists of simple reasoning to illustrate in a particular 
case the general result obtained by Poisson, and denoted by Ar= 0 : 
see Art. 442 of my account of the memoir. 

432. After this introduction Poisson enumerates various results 
obtained in his memoir which may interest students of physics ; 
these he distributes under eleven heads. 

There are a few lines in the A7inales with respect to the 
vibrations of plates which are not in the memoir. Poisson 
obtained by calculation in the memoir for the ratio of the lowest 
two sounds in the case of a free circular plate the number 4*316 ; 
he says in the Annales : 

M. Savart a obtemi pour ce rapport, un nombre qui surpasse un peu 
4, mais d'une fraction sensiblement moindre que nous ne le troiivons. 
II pense que la difference entre le caleul et Texperience n’est pas 
hors des limites des erreurs dont est susceptible ce genre d’observations. 

433. The article in the Annales concludes with the following 
paragraph in which Poisson puts forth the just claims of his 
memoir to consideration : 

La discussion qui s’est €levee h. TAcad^mie apres la lecture de 
mon M^moire, mbblige de faire observer qu’il se compose de deux 
parties : Tune, toute speciale, est relative des questions d’acoustique, 
dont ce qui pr^c^de est un resume, et que personne jusqu’a present 
n^avait trait^es ; Tautre renferme des considerations g^n^rales sur 
Taction moleculaire, et sur Texpression des forces qui en r^sultent. 
On y fait voir que pour parvenir k cette expression, il est n^cessaire 
d’apporter quelque restriction k la fonction de la distance qui exprime 
Taction mutuelle de deux molecules, et qu’il ne suffit pas, comme 
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on Tavait suppose jusqu’ici, que cette fonction soit une de celles 
qui deviennent insensibles d^ que la variable a acquis une grandeur 
t-ensible. On y prouve aussi que la somme qui exprime la resultante 
totale des actions moleculaires n’est pas de nature a pouvoir se 
convertir en une integrale ; ce qui n’avait pas non plus ete remarqu^, 
et ce qui est cepeudant essentiel, puisque la representation de cette 
resultante par une integrale definie rendrait nul son coefficient aprfes le 
changement de forme du corps produit par des forces donnees, et 
];ar consequent impossible la formation de ses equations d’equilibre. 
Enfin, apres avoir etabli les equations generales de I’equilibre d’un 
coi-ps elastique de forme quelconque, en ayant egard aux diverses 
circonstances que je viens d’indiquer, j’en ai deduit celles qui ap- 
partiennent aux cordes, aux verges, aux membranes et aux plaques 
elastiques ; deduction que personne, a ma connaissance, n’avait cliercli6 
a effectuer, et qui exige des transformations d’analyse par lesquelles j’ai 
ete longtemps arrete meme dans le cas le plus simple, celui de la corde 
elastique. 

On this paragraph three brief remarks piay be made. The 
discussion in the Academy probably consisted mainly of criticisms 
by Navier which we shall notice hereafter. The restrictions 
which must he imposed on the function representing the mutual 
action between two molecules do not seem to be very decisively 
stated in the memoir, though there are certainly hints bearing on 
the point : see Ai*t. 439 of my account of the memoir. It is not 
obvious what great difficulties Poisson can have found in his 
discussion of the simple problem of the elastic cord. 

434, 1829. Memoire sur Vequilihre et le mowoement des corps 
elastiques. This memoir was read to the Paris Academy on the 
14th of April, 1828; it is published in the Memoirs of the 
Academy, Vol. viii. 1829, where it occupies pages 357 — 570; on 
pages 623 — 627 of the volume there is an Addition to the memoir 
which was read on the 24th of November, 1828. The memoir is 
one of the most famous written by this great mathematician. 

435. The introduction to the memoir occupies pages 359 — 368. 
We have here a rapid sketch of the history of questions connected 
with the theory of elasticity. Leibniz and the Bernoullis solved 
the problem of the form of the catenary, as to wffiich Galileo had 



POISSON. 


221 


erred; James Bernoulli investigated the form of an elastic lamina 
in equilibrium. After these problems relating to equilibrium 
some relating to motion were discussed. D Alembert was the 
first who solved the problem of vibrating cords, and Lagrange 
some years later gave another solution. Euler and Daniel Bernoulli 
determined the vibrations of an elastic lamina for all the circum- 
stances in which the ends of the lamina could be placed. Then 
Poisson proceeds thus on his page 360 : 

Tels sont, en peu de mots, les principaux resultats relatifs k 
r^quilibre et au mouvement des corps elastiques, qui etaient connus 
lorsque j’ essay ai, dialler plus loin dans un Memoire sur les suo'faces 
Elastiques, lu k ITnstitut en 1814. J’ai suppose que les points d’une 
plaque ^lastique, courbee d’une maniere quelconque, se repoussent 
mutuellement suivant une fonction de la distance qui decroit tres- 
rapidement et devient insensible d^s que la variable a acquis une 
grandeur sensible ; hypoth^se qui na’a conduit k une Equation d’equilibre 
des surfaces elastiques, laquelle prend la m^me forme que celle de la 
simple lame courbee en un seul sens, quand on Papplique k ce cas 
]>articulier. Mais cette maniere d’envisager la question ne convient 
rigoureusement qu’^. une surface sans epaisseur, sur laquelle sont places 
des points materiels, contigus ou tres-peu distants les uns des autres ; 
et quand, au contraire, on a egard k Tepaisseur de la plaque courbee, ses 
particules se distinguent en deux sortes : les unes se repoussent 
efiectivement en vertu de la contraction qui a lieu du c6t6 de la 
concavite, et les autres s’attirent en vertu de la dilatation produite 
du c6te oppose. II etait done necessaire de reprendre de nouveau cette 
question ; et pour qu’elle soit compietement resolue il faudra trouver, 
relativement k une plaque elastique d’une epaisseur donnee, les con- 
ditions qui doivent etre satisfaites, soit en tons ses points, soit k ses 
bords en particulier, pour Tequilibre des forces qui lui sont appliquees 
et des actions mutuelles de ses molecules. 

436. In his introductory remarks Poisson draws attention to 
a point which he considers very important ; see his pages 365 and 
366. It amounts to this : in all cases hitherto in which molecular 
action has been considered, such as questions of capillary at- 
traction and heat, the forces which arise from this action have 
been expressed by definite integrals, but this mode of expression is 
inapplicable. For in the natural state of the body no force would 
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be called into action, and the definite integral would vanish ; it 
would follow that after the body has suffered deformation the 
definite integral would still vanish, and so no force would be 
called out, which is absurd. The mathematical process is given at 
page 398 of the memoir, and we shall recur to the point: see 
Art. 443. 

437. A remark is made by Poisson in a note on his page 367 
relating to the Theory of Equations. Fourier on page 616 of the 
volume contradicts Poisson, and goes fully into the matter in the 
Memoirs of the Paris Academy, Vol. x. pages 119 — 146. 

438. The first section of the memoir is entitled : Eccpressmi des 
forces r^sultantes de V action moUculaires ; it occupies pages 
368 — 405. The object of this section may be said to be gene- 
rally the investigation of the equations of equilibrium of elas- 
ticity ; and the results coincide with those of the ordinary text- 
books on elasticity provided we take X — fi, Thus where Lam^ 
writes : 

the corresponding equation with Poisson is, if k — fju, 

We proceed to notice some special points in this section. 

439. On his page 369 Poisson gives an example which may 
illustrate the law of molecular force Let r be the distance 
between two particles; then the molecular force may be the 
product of some constant into the expression 

Here h denotes a constant greater than unity, m is a large positive 
quantity, a is the distance between two consecutive particles, 
n is a large integer but yet such that na is a line of imperceptible 
length. This expression will remain nearly constant so long as 
r is not a considerable multiple of a ; but when r becomes greater 
than na the expression diminishes very rapidly, and soon becomes 

^ [Tliis example is not wholly satisfactory as the molecular force cannot in tins 
case become repulsive ; it is necessary to consider the difference of two expressions 
of this kind.] En. 
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insensible. We may denote the product of this expression into a 
constant by p (?"). 

44)0. On page 375 Poisson uses without any formal demon- 
stration a theorem as to the tension produced by molecular action 
across an infinitesimal plane area taken in the substance of an 
elastic body. 

[The following interesting historical note relative to this 
theorem is given by Saint-Venant : 

Nous Tavons d6m outre pour la premiere fois pour cette definitiorb 
de la pression k la Soci6t6 philomatique en mars 1844, et aux 
Comptes rendiLS, 7 juillet 1845 (t. xxi, p. 24). Cauchy Ta demontr6 
de m4me dans un Memoire in6dit (Comptes rendus^ 23 juin et 14 
juillet, t. XX, p. 1765, et t. xxi, p. 125). 11 est, au reste, presque 

Evident, et il a 6t^ admis aussi par Poisson (t. viii. des Memoir es de 
V Institute p. 375, et Journal de VEcoh Poly technique^ xx® cahier, art. 16 
ou p. 31), par MM. Lam^ et Clapeyron (Savants Grangers ^ t. iv, p. 485 
ou Art. 20), par Cauchy (Exercices^ troisi^me annee, p, 316), pour 
une autre definition de la pression ; et il n’a contest6 que depuis 
qu^on a pr^tendu etablir les forniules des pressions par un simple 
raisonnement math^matique, sans se baser sur la loi physiqixe des 
actions moUculaires h distance. 

The theorem in question assumed by Poisson is thus stated by 
Saint- Vcnant : 

La pression sur une petite face, ou la r^sultante de toutes les 
actions moleculaires sensibles qui s’exei'cent k travers sa superficie 
0 ), peut 6tre reinplacce par la r6sultante des actions qui seraient 
oxerc^es sur chaquo molecule m d^un des c6tes de son plan, par une 
masse concentric k son centre igale, pour chaque molicule m, k celle 
d’un cyliudre de la matiire du c6ti opposi, ayant co pour base, 
et une hauteur igale k la distance de m au plan de co. Moigno's Lepns 
de Mccanique Analytlque: Statique, pp. 673— 675.] 

441. Poisson as wc saw in Art 421 condemns the mode of 
expressing the elastic forces by definite integrals ; but he allows 
himself to do this to some extent ; see Art 542 of my account of 
the memoir of 1829. In the case of a triple summation Poisson 
transforms two summations into integrations leaving only one 
summation untransformed : see his page 378. 
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, „ dll dv dw\ 
dx'^dy^ dzj’ 


442. As we have stated in Art. 438 if we put \ = jju — km the 
well-known formula we obtain such an expression as 

The corresponding form for which Poisson first obtains is 
iKT 7 ^ U . . 7 dv dw\ 

KWa K stands for S and k for?? S / (ri 


3 -^ 5 / V J> “'JtXVA fV X\JX ^ s 7 I 

^ ^ Id a: dr [r‘ 

Then Poisson shews that as the body was originally in equi- 
librium K must be zero ; and this reduces his expressions for the 
elastic tensions to the ordinary forms in which we take X = /a. 

Two matters occur for notice which we shall consider in the 
account of the memoir of 1829 : see Ai*ticles 542 and 554, 


443. We can now give the mathematical process alluded to 
in Art. 436. Suppose that we could replace the summations by 
integrations. Then in the summation denoted by K multiply 
by dr la ; thus we obtain 


And k becomes 



dr. 


?!r [ A jl I 

15 Jo a^drlr^^^^)^'^ 
and this by integration by parts is 



that is — A" ; so that k vanishes. But this is absurd for then the 
elastic tensions all vanish. Hence we see that the summation 
with respect to r cannot be transformed into an integral^ 

In the preceding operation it will be seen that we assume 
^ y(^) vanish both when 'r=0 and when r = <x., Poisson says 
thaty*(r) is zero at the two limits ; buty (r) does not necessarily 
vanish with r, as we see by the example which he suggests for 
f(r) in Art 439; and it is not enough that /(r) should vanish 
when r is infinite, we must have r^j^ (r) vanishing. 


^ [I shall return to this point in so far as it involves a criticism of Navier when 
considering a paper by Clausius. The legitimacy of the molecular hypothesis which 
leads to \—/i will be best discussed after the chapter devoted to Cauchy.] Ed. 
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444. Poisson's process seems to me sometimes deficient in 
rigour; the following will serve as an example, taken from his 
page 378. He arrives at a certain result and then adds : 

Oe r^sultat exige k la verity, que r soit un multiple tr^s-consid^rable 
de z ; mais d’apr^s la supposition que nous avons faite sur le mode de 
decroissement de Taction moleculaire (N’o. 1), on pent, sans erreur 
sensible, n^liger dans la somme S relative k r, la partie ou cette 
condition n’est pas remplie par rapport a Tautre partie. 

This statement as to what may be neglected in comparison 
with the rest seems to me quite arbitrary. 

445. Poisson in his pages 392 — 395 obtains the general 
equations for the equilibrium of a body subject to applied forces 
by transforming his equations by the aid of a process like that 
adopted by Lam6 in his ElasticiU, p. 21. 

446. Poisson objects on his page 400 to a use which had been 

made of the Calculus of Variations; following the example of 
Lagrange ; he says that the method is not applicable to the case in 
which we regard a body as made up of molecules separated by 
intervals, however small the intervals may be ; but he is very brief 
and does not unfold' his objection. Compare Saint-Venant in 
Moigno’s Statique, page 718. ^ 

447. Suppose an elastic body under the actioii of no applied 
forces except a constant uniform normal pressure over the surface ; 
Poisson states that all the conditions of equilibrium will' be 
fulfilled if we suppose that the body is every where and in all 
directions equally compressed or expanded : see his pages 400 — 402. 
In fact the fundamental equations of elasticity will be satisfied by 
supposing that the three normal tensions are equal and constant, 
and the three tangential tensions zero. 

448. After establishing the equations for the equilibrium of 
an elastic body, namely the three which hold at every point of the 
interior and the three which hold at every point of the surface, 
Poisson says that they agree with those given by Navier in the 
seventh volume of the Paris memoirs, but that Navier's own 

T, E. 15 
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process would really have made all the forces vanish, according to 
what we have seen in Art. 442. As Poisson gives no reference to 
Cauchy, or any other writer except Navier, we are I presume to 
infer that the equations were first established by Navier. Saint- 
Venant considers that the step in Navier s investigation to which 
Poisson objects might easily have been avoided: see Moigno's 
Statique, page 719. 


449. Poisson’s second section is entitled: Vibrations d^une 
sphere dlastique; it occupies pages 405 — 421. We reproduce this 
investigation with some change of notation, not at first putting 
with Poisson \ — fi. 

We assume that all points of the sphere at the same distance 
from the centre are moving with the same velocity along their 
respective radii. Thus we must have 


X , y , z , 

U=-^. v=^ir,w = --^; 

where -v/r is some function of r, the distance of the point considered 
from the centre of the sphere. 

We may denote by cZ^/cZr, where ^ is a function of r ; thus 
dd) dd> d(t> 

Hence for the cubical dilatation we have 

dx^'^ dz^’' dr^^rdr 

Now we assume that there are no applied internal or external 
forces. Then the first of the usual equations of an elastic solid 
becomes 


2 d^u 


that is — 


Hence by integrating with respect to x we get 

rk — I n 
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where C is constant with respect to co, but so far as we see at 
present may involve jr, and t But by taking the other two 
equations we arrive at results exactly like (1); and in this way 
we find that G in (1) cannot involve yoxz\ thus it cannot involve 
any variable except t 

Thus (1) may be written 

i\ + 2fi)d = p^+C, 

. , . . X + 2fjb d?T(i> d^(f> ^ 

that IS 

r dr^ ^ df 

tlmtis + (2), 

where is put for (K + 2fi)/p, 

Poisson himself assumes that X = )L6, so that with him = 


450. Thus we have to discuss equation (2). It is unnecessary 
to trouble ourselves with the term rGlp\ for suppose that we have 
obtained a general solution of (2) without this term, and denote 
it by ^ Then for the solution of (2) as it stands we have 


^ = <!> — 1 jj Gdt dt 

We shall therefore confine ourselves to the equation 
d\<i> 2 

W’ 


(3). 


Now it is obvious that the following is a solution 
(j>==^(A cosmt + B sim^a^) + {A' cosvat + S' sinvat) ; 


where A, By A\ B' and v are independent of r and t; and the 
aggregate of any number of such expressions would also be a 
solution. But (cosz/r)/r would be infinite at the centre of the 
sphere, and to avoid this we must suppress the term which 
involves (cosvr)/r; hence we may take for the solution 

^ = S cosvat + B sinvat) (4), 

where % denotes the summation of terms in which different 
values are given to A, B, and k 


15—2 
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461. We must seek to determine the quantities at present 
unknovm by means of the equations to be satisfied at the surface 
of the sphere ; we will denote the radius of the sphere by Z. The 
first equation of these equations takes the form: 




this gives the following result in which we are to put finally 
I for r, 


X 

r 


that is 

or 


X , o 4. _ n 

r Vi" dr* ^ da?) r dacdy r dzdy ’ 

Xx d)rd> V/ . d)4> d*<}>\_^ 

r* dr* r V da? ^ da>dy daidz) ' 


that is 
that is 


7 ^ 2fjLX cZ^</> 

cZr® r 


= 0 , 

= 0 . 


Put b for (\ + 2/i)A, then we obtain the following equation 
which is to bold when r=l 


b 


d!‘<l> 2 d<j>^ 

d/i^^ T dr 


(5). 


The other two surface equations also lead to (5). 

Substitute in (5) the value of from (4) ; then we shall find 
that the following relation must hold : 

+ sinz/Z-f ^ (1 — 6)cosz;Z = 0 (6). 


452. According to Poisson X=/i, so that 6 = 3; thus (6) 
simplifies to 

(4 ^ %vH^) sin z/Z = 4z;Z cos z/Z (7). 

We shall keep henceforward to his case, as it sufiSciently 
illustrates all that is interesting in the discussion. We have now 
to shew how A and B can be found. 
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453. 'From (4) we have 

dch ^ ^ -n • cos vr — sin vr 

r-^ = t (A cos vat + B sin vat) 

= S (-4. cos vat 4- B sin vat) R say. 
Now equation (3) gives 


.( 8 ). 


'df~r K Tr)> 


differentiate with respect to r, thus 

dr^ ^ \dr^ r dr^ r^drj r dr^ \ dr) r® dr ’ 


df 

thus by (8) 
so that 


Rv'^a^ _ a“ (PR 2a^ ^ 






.(9). 


And from (5) the following must hold at the surface 


dR 


B 


J‘r + (2-6)^ = 0 


3 ^_:?_0 

dr r 


that is 

This is easily verified by means of (7) 


.( 10 ). 


454. Now the initial circumstances must be supposed known, 
so that d(p/dr and d‘<l>l{dr dt) must be known initially in terms of r. 
Let us suppose that initially 

then putting t == 0 in (8) and in the differential coefficient of it 


with respect to t we get 

tAR^rxir) ( 11 ). 

^avBR = rxi {r) ( 12 ). 


We have now by means of (11) to isolate and thus to deter- 
mine the value of each coefficient of which j 4 is the general type ; 
and by means of (12) to -do the same with respect to B. Let 
i/j stand for a specific value of the general symbol v ; so that v^ 
is a root of (7) : let v^ stand for toother specific value. Let A^ 
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and correspond to the former value of and A and B to the 
latter; Then we shall obtain our end by means of the following 
formula 

Rfi,dr=0 (13), 

Jo 

where JR^ and are any two values of R which correspond to 
two different values of v satisfying (7). 


455. To establish (13) we observe that the integral may be 
written in two ways ; 

r. -n 7. / „ A ^ sinv^r , 


J R^R^dr == J {v^T cos v^r ~ sin v^) 

lo ^ /o ~ ^ 

Integrate by parts ; thus we get 
ri sin I 

j RJR^dr = {vj> cos vj, — sin vjj) — J sin v^r sin dr, 

J RJt^dr = (y^l cos vj, — sin vj^) J sin j/^r sin dr. 

Now by (7) of which both and are roots 

gj, 2p 

cos vj, — sin = ^ sin 


v} cos v} — sin v } = — sin v}. 


Hence we have 


/;w=„-{/; sin vjr sin v^dr — ~ sin v} sin VgZj , 
RJt^dr = z// 1 sin p^r sin p^rdr - ^ sin pj sin pj ^ . 


Hence it follows that 


and therefore 


B^R^dr=^0, 

J 0 

f JR^R^dr = 0. 

J 0 


456. Now to apply (13). Multiply both sides of (11) by 
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and integrate with respect to r from 0 to Z ; then by (13) all the 
terms vanish except one, and we are left with 

[ R^dr = f (r) R dr : 

0 Jo 

this determines A and similarly all the other coefficients of which 
A is the general type may be determined. 

In like manner from (12) we get 

av,B, = l^rx, (r) B,dr. 

457. The value of f R^dr which occurs in the preceding 

J 0 

Article may easily be found. For 

f R^dr = f (vr cos vr — sin z/r) ^ dr. 

Jo,, J 0 ■ ' dr r 

Integrate by parts ; thus 

J R?dr = {vl cos vl — sin vl) 
n 1 

that is J Rj^dr = ^ + vl sin vl cos vl — 2sin® vl]. 

458. It may be shewn that the equation (7) has no imaginary 
roots. For if possible suppose that there is a root + gV — 1; 
then there must be also a root p — q J — ly which we will denote 
by Vg. Let R^ take the form P + Q V — 1 ; then must take the 
form P — QJ — 1. Hence (13) becomes 

f\r-hQ^)dr = 0; 

Jo 

but this is obviously impossible, as every element of the integral 
is positive. 

459^ Let m be put for vl, so that the equation (7) becomes 


(4 — 3m^) sin m = 4m cos m (14) . 

According to Poisson we have for approximate values of the 
least two roots of his equation 

2*56334, m = 6*05973 / (15). 
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The larger roots are found approximately from m = vrr, where 
i is au integer. Thus if we put m = ^tt — we shall have x small ; 
and by (14) the value of x is approximately to be found from 

^ j 

If we put i = 2 we shall find from these formulae that 
m = 6*05917, which differs very little from the value given above. 


460. Suppose that in the interior of the sphere there are one 
or more surfaces concentric with that of the sphere, all the points 
of which remain at rest during the isochronous vibrations which 
correspond to a specific value of v found from (7); then the radii 

of such surfaces will be determined by the equation ^ = 0 > 


by (8) leads to 

i/r cos j/r — sin vr = 0 (16). 

The sound which corresponds with the specific value of v will 
be accompanied by as many nodal surfaces as (16) will give values 
cf T less than Z. The least two roots of (16) are found to be 
4-49331, z/r = 7*73747. 


On comparing these with the values of m or vl given in (15), 
we see that for the least value of m there can be no node ; but 
for the next valu6 6f m there is on6, and the radius of this is 
determined by 


r 


4-49331 

‘6-05973 


Z= -74150 k 


so that the radius is about three-quarters of that of the sphere. 
Poisson adds : 

II est inutile de dire qiie Texistence des ^rfaces nodales interieures 
ne pourrait pas se verifier par Texp^rience ; et il pai*ait m^me difficile 
que Tobservation puisse faire connaitre les difierents sons d’une sphere 
elastique qui sent determines par le calcul. 


461. tVe have hitherto supposed that no force acts on the 
surface. Let us now however suppose that there is such a force, 
namely a normal pressure which is the same at every point of the 
surface, but is a function of the time denoted by where N 
and h are positive constants. 



POISSON. 


233 


We can satisfy the conditions of the problem by adding to the 
value of 4> as given by (4) the term 

- - e " ) ~ e-\ 

provided we determine 7 properly, as we will now shew. In 
the first place with this additional term the fundamental equation 
( 3 ) is still satisfied, as is obvious on trial. 

In the next place consider the surface equations as in Art. 451 ; 
instead of zero we have now on the right-hand side 
where 


X, = Z, = -^-Ne-\ 

Then proceeding as in Art. 451 we shall now obtain 

and putting, as sufficient for our purpose, X = fJ^, we get 

( 17 ). 


This is to hold when r = Z; it replaces the more simple 
equation (5) which we formerly used. The value of (f> as hitherto 
used will contribute nothing to (17). We have now to regard the 
terms added in the present Article ; and using these we find that 
(17) leads to 


^__/4 3A" 

fM a* 




this determines 7 . Thus the problem with the specified condition 
as to the force acting at the surface is satisfied. 


462. Poisson says that one of his objects in discussing the 
example of the vibrations of a sphere was to elucidate a certain 
difficulty : see his page 405. The difficulty seems td be this, if 
I understand Poisson correctly. Imagine that the sphere has 
been subjected to a uniform normal compression, and that this 
compression is instantaneovsly removed, and the sphere left to 
pass into motion; then we cannot obtain formulae which will 
satisfy these conditions. That is we cannot obtain formulae which 
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shall correspond to the state of compression of the body when 
i = 0, and when t has any value dilSferent from zero shall exhibit 
that motion which has been developed in the preceding articles. 
Or we may state the matter generally thus: we have found in 
equation (5) that we must have at the surface 




r dr 


hence the x W 'W'hich is introduced in (11) cannot be taken 
arbitrarily, but must be subject to the condition 




463. Poisson takes an example as sufficient to illustrate the 
difficulty and the explanation. Suppose that the sphere is 
originally compressed uniformly ; thus a radius of natural length 
r becomes r (1 — r) where t is a constant quantity. Then 




hence 


3 + 


instead of being zero is — 5t. Poisson says that however rapidly 
the compressing force may be removed the removal cannot be 
really instantaneous; so we may represent such a compression 
by Ne'^ where h is very large ; thus when i = 0 this compression 
is denoted by N, and it is practically zero as soon as t has any 
sensible value. With the value of x (f) considered we have 
initially -N"— 5/it = 0 (p. 416). This is quite consistent with the 
case of uniform compression ; for then w = — to, = — ry, ?(; == — 
Thus 0 = — 3t and each normal stress = — (3\ + ^fji) r = — hfir on 
Poisson’s hypothesis of the equality of X and fi. 

This problem is considered by Lam^ in his pages 202 — 210 ; 
his treatment is in some respects more general than Poisson’s, for 
he does not assume his expressions to be functions of the radius 
only, but allows them to involve angles. On the other hand Lamd 
does not regard any condition which must hold at the surface, but 
assumes that a fluid medium surrounding the body will furnish 
what normal pressure may be required. 
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Clebsch on pages 55 — 61 of bis work gives a solution wbidi 
substantially agrees with Poisson’s. Put v for the JcjoL on Clebsch’s 
page 58; then as A = 4 the function on the right-hand side of 

Clebsch’s equation (45) will be found to be ^ ^ 

And Clebsch’s equation (48) on his page 59 will agree with 
Poisson’s equation (4) on his page 409, that is with my equation 
(7). Observe that the expression 1 4 fi/1 — of Clebsch is 5/3 
according to Poisson. 

464. Poisson’s third section is entitled: Equations deVequi- 
Ubre et du mouvement d'une corde dastique, and occupies pages 
422 — 442. The conditions of equilibrium of an elastic cord had 
been long known and given in ordinary works on Statics ; it is the 
object of this section to deduce these conditions from the theory 
of elasticity, and thus to explain the nature of the force which 
is called the tension of the cord in the ordinary investigation. 
Poisson’s process is very simple and satisfactory ; it is reproduced 
substantially in pages 93 — 106 of Lamd’s work. 

[465.] If s be the length of the cord measured from some fixed 
point to the point xyz, <o its section, p its density and XYZ the 
applied forces on the element ds, Poisson finds firom the equations 
of equilibrium of an elastic solid the following equations : 



where T is une nouvelle inconnue qui reste inditerminee. 

The elimination of T gives the equations to the curve assumed 
by the cord. 

If 6 be the dilatation of the element ds of the cord, Poisson 
easily deduces r= — 5p-/2 . 6, 

When there are no applied forces and therefore T is a constant 
Q will be uniform along the cord and equal therefore to the total 
extension divided by the length. The above equation then agrees 
with Hooke’s Law, for if TT be a weight suspended at an extremity 
Tg) 4 W — 0, or (see his p. 430) 

^ _ 5/ico extension 

^ T 
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The following pages are devoted to the discussion of the longi- 
tudinal and transverse vibrations of a cord. We may note one 
point. 

Suppose n the frequency of longitudinal vibrations of a cord, 
and9^'the frequency of transversal vibrations; then Poisson obtains 
the result n'ln — Jajl^ where I is the length of the cord, and a the 
elongation of the cord produced by the tension it experiences. 
Poisson says that this result had not been noticed before ; it is now 
usually given in treatises on this subject : see Lamd, page 106. 
Poisson on his page 438 states that the result had been confirmed 
by an experiment made by M. Cagniard-Latour. He adds that the 
cord was 14*8 metres long, and that observation gave = 
he asserts that by calculation from the formula we deduce a = *052 
metres which differs but little from the observed value *05 of a 
metre. But there is some mistake here ; for with the value which 
he assigns to Z and to njn' the formula gives for a a value very 
different from that which he obtains. He himself quotes his own 
result wrongly here; he quotes it correctly in his Mecanique, 
Vol. II. page 316, but there he does not give the fi.gures of the 
experiment. In the Annales de Ohimie, Vol. xxxvii. page 349, 
instead of n/n'=^^^we have njn* = 16*87, which is consistent with 
the rest. 

466. Poisson s fourth section is entitled : Equations de Vdqui- 
lihre et du Tnouvemeni dHune verge elastique. It occupies pages 
442 — 488. The section begins thus : 

Dans ce paragraphe, nous allons consid^rer une verge elastique 
proprement dite, qni tend k revenir k sa forme natnrelle quand on Ten 
a 6cart4e en la faisant flechir, et capable de vibrer transversalement sans 
avoir besoin, comme une simple corde, d’etre tendue suivant sa longueur. 
Cette verge sera homog^ne et partout k la mtoe temp6rature ; dans 
son 6tat naturel, nous supposerons qu^elle spit un cylindre droit k base 
circulaire ; et quoique le rayon de sa base soit tres-petit, nous aurons 
mamtenant €gard, dans chaque section perpendiculaire k Taxe, aux 
petites variations des forces mol6culaires et du mouvement des points 
de la verge, circonstances dont on fait abstraction dans le cas d’une 
corde 6lastique. 

467. The investigation soon becomes a process of approxima- 
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tion, and is ratlier complex. With respect to the equations of 
motion the most important case is that of transversal vibration ; 
and then, supposing there are no applied forces, the following are 
the principal results : 

d?y ^ d^y 

df Sp dx^ 4 dc(?d1?^ 
d^z __ 5^6® d^z 6® d^z 

df^ 8p dx^ dc(?df’ 

The axis of x coincides with the axis of the rod originally, y' and 
z are transverse coordinates of a point which was originally on the 
axis of the rod at the distance x from one end ; e is the radius of 
the rod, p is the density, and & is a constant which corresponds to 
the X of Lamd, supposing X = These equations correspond 
with one in* Clebsch’s work, namely (17) on page 253 ; observing 
that the M of Clebsch denotes a force acting at one end and is 
zero with Poisson. 

468. Taking the equations ^s just given Poisson observes that 
if in the second term on the right-hand side we substitute from the 
left-hand side we introduce which he neglects ; thus he reduces 
his equations to 

It is suflScient to discuss one of these as they are precisely 
similar; and Poisson shews how to integrate the first. This 
process of integration is reproduced by Poisson in his M^canigue 
1833, Vol. n. pages 371 — 392. Some numerical values on page 
485 of the memoir are not quite the same as on the corresponding 
page, namely 389, of the Mdcanique, The value of X' on the 
second line of page 390 of the Mecanique does not follow from 
what he has given before: it should be 1'87511. 

469. In the course of his process Poisson arrives at the follow- 
ing result : suppose that I is the original length of the cylinder, 
and e the original radius, and let the former become Z (1 + S) by 
the deformation ; then the latter will become e (1 — ^3) ; see his 
pages 449, 451. Thus the volume was originally ttZc®; and it be- 
comes by the deformation TrZe® (1 -1- S) (1 — that is approxi- 
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mately irli (1 + |S) : so that the volume is augmented in the ratio 
of 1 + |S to unity. Poisson adds 

Ce fait int^ressant de raugmentation de volume des fils ^lastiques, 
par I’effet de leur aHongement, a ete observe par M. Caguiard-Latour y 
et sur ce point, le calcul et Tobservation s’accordent d’une mani^re 
remarquable, comme on pent le voir dans la note ou j*ai rendu compte 
de son expliience. 

A note refers to the Annales de Physique et de Ghimie, Tome 
XXXVI. page 384. See Art. 368. 

[470.] Poisson obtains a proportion between the number of 
longitudinal vibrations which a cylinder will perform in a given 
time, and the number of torsion vibrations wWch it will perform in 
the same time: this he makes to be VlO/2. By experiments 
Ohladni put it at f, and Savart more recently at 1‘6668; the 
mean of the experimental values differs little from Poisson's 
theoretical value : see page 456 of the memoir, and also page 369 
of VoL II. of the M^canique, 

Poisson's method is as follows: he obtains equations for the 
torsional and longitudinal vibrations of the forms 
d?'^ __ h cPyfr , _ 5k d\ 

IP ^Ypd^ 


respectively. 

These agree with those usually given in treatises on sound, if 
we remark the relation supposed by Poisson to exist between 
the elastic constants. Thus Lord Eayleigh {The Theory of Sound, 
Vol. L pp. 191 and 199) uses the same equations, if we remember 
that his g' is Poisson's k, and that his is taken by Poisson to be 
equal to l/4\ 

If n be the number of longitudinal, n' of torsional vibrations in 
unit time, I the length of the rod, Poisson finds® 


or 


n 


1 /5k ,1 /k 

2iV 2p^ _^“2JV p> 

n __ VlO 


1 Lord Bayleigh’s fi is equal to the ratio of lateral contraction to longitudinal 
extension, and this Poisson makes equal to 1/4, 

2 Poisson has dropped the coefficient 1/2 in the values of both n and n ' : see 
p. 456 of the memoir. 
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Ce qui montre que les sons d’une m 6 me verge cylindrique qui 
execute successivement des vibrations tournantes et des vibrations 
longitudinales, sont dans un rapport independant de la longueur, du 
diam^tre et la matiere de la verge. O’est ce que Cbladni avait reconnu 
par Texp^rience. 


It wiU be seen that Poisson’s remark as to the ratio being 
independent of the material of the rod is not indisputably true. In 

Lamp’s notation the ratio equals 


3X 


which will only be 


a constant if the ratio 
materials. 


//» 4- X. 

X be admitted to be the same for all 


471. Again,- Poisson: obtains another proportion; namely 
between the number of vibrations of a cylindrical rod which 
vibrates longitudinally, and the number of vibrations of the same 
rod in the same time when it vibrates transversely : see his page 
486. Take the case of a rod free at its ends and giving forth its 
gravest sound; then if represent the number of transversal 


e /Sk 

vibrations in a unit of time he finds that = 3*5608 ^ ^ , the 

notation being the same as in Arts. 467 and 468. Let n denote the 
corresponding number for the case of longitudinal vibrations ; then 


1 /5ik n e 

he finds that n = Thus — = 3*5608 7 : Poisson records 

26 V 2p , n I 

some observations communicated to him by Savart, which agree 
well with this theoretical result. 

Later in the memoir Poisson obtains another such proportion, 
namely between the number of longitudinal vibrations of a rod, 
and the number of transversal vibrations of a plate; and he 
expresses a wish to have this result tested by experiment : see his 
page 567. 

[472.] Poisson’s fifth section is entitled: Equations de V^quilihre 
et du mouvement d'une memhrane doMique, It occupies pp. 488 — 


523. 


This section is occupied with the equilibrium and vibrational 
motion of a membrane. It contains much the same matter as the 
ninth and tenth of Lamd’s Legons with of course Poisson's usual 
supposition as to the equality of the elastic constants. 
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After the general equations of equilibrium (p, 491) we may 
note the following results : 


(i) For a plane membrane subject to no normal force 


pZ+|(s 




d^v 


dif dxdy 


+ 8 


d?u\ _ 


dxV 


= 0 . 


^ A: / o cPv , d?u „ drv\ ^ 

The notation being the same as in the earlier part of the memoir, 


p. 494. 

Special cases are considered, thus that of a membrane subject 
only to tension at its boundary. On p. 498 Poisson makes the 
remark : 


On voit que la mime force appliquie successivement k la superficie 
d’un corps, au contour d’une membrane, et aux extremites d’une corde, 
produit des dilatations linlaires qui sont entre elles comme les nonibres 
2, 3, 4 ; la quantity h dipendante de la matiire Itant supposle la mime 
dans les trois cas, (Of. LamI, p. 114.) 


The case of longitudinal vibrations follows with special treat- 
ment of a circular membrane, whose boundary is subject to uniform 
tension, and while it vibrates radially (pp. 499 — 508). 

(ii) For a plane membrane subjected to force which may be 
partially normal and so rendered slightly curved. 

where the plane of is the primitive plane of the membrane, 
Z, Xy Y are the components of applied force, and 


P, = -A: 



-Ps = - 


3 \ dic dy) ' 



2k f .dv . du\ 


values not involving z. These results are given by Lamd: see 
page 110 equation (6) and page 112 equation (8). 

Poisson applies the equation to the case of transverse vibrations 
of a membrane subject to uniform tension. He deduces the 


d z \ 

, which he applies at considerable 


equation 


— ^ g 

df~^ w 
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length to the case of a square membrane (pages 510 — 519) and to 
the case of a circular membrane (pages 519 — 523) after transforma- 

tiontotheform^, = c + 

In his treatment of the first case he has been closely followed 
by Lamd and later writers, while the analysis he presents of the 
second is by no means without interesting points. For the inte- 
gration of the equation for the transverse as well as for the radial 
vibrations of a circular membrane Poisson refers to a memoir of his 
own in the Journal de VEoole polytechiique, 19® Cahier, page 2S9\ 

473. A few additional remarks may be made. Poisson refers 
on his pages 491 and 493 to his former memoir on elastic surfaces. 
After stating that he will confine himself to the case in which the 
membrane deviates but little from a plane, he says on his page 493: 

L^^quation diff6rentielle de la surface flexible que Lagrange a 
donn^e, et qui se trouve aussi dans le Memoire que je viens de citer, 
n’est pas soumise k cette restriction ; elle est seulement fondee siir la 
supposition particuli^re qu’en chaque point de cette surface, la tension 
est la m^me dans toutes les directions : on la deduirait sans diflficult^ 
des Equations (2) en y introduisant cette hypoth^se. 

The equations (2) to which Poisson refers are substantially 
equivalent to equations (5) on Lamd's page 110. On the same page 
Lame expresses emphatically his surprise that Poisson adopted a 
method so long and complex ; but it seems to me that Lamd gives 
an exaggerated notion of the length and complexity of the method, 
which is in fact connected in a natural manner with formulae 
already given by Poisson in the present and in his former memoirs. 

474. Poisson’s sixth section is entitled: Equations de V^quilihre 
et du mouvement June plaque ilastique. It occupies pages 523 — 545. 

This is the first investigation of the problem of the elastic 
plate from the general equations of elasticity. Owing to the 
importance of the subject and the considerable controversy which 
has arisen over Poisson’s contour-conditions, we substantially 
reproduce this investigation. The reader will remember Poisson’s 
hypothesis as to the equality of the elastic constants. 

p The very important Mimoire sur VinUgration des Equations Ivieaires aux 
differences jgartielles, read before the Academy Dec. 31st, 1821.] Ed. 

T. K 
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The lamina will be supposed in its natural condition to be 
plane, and of constant thickness ; that is to say it will be com- 
prised between two parallel planes which constitute its faceSy and 
the distance between these will express its thickness. The houn- 
dary of the lamina will consist of planes or of portions of 
cylindrical surfaces perpendicular to the faces. We will denote 
the thickness by 2e, and we will suppose it very small with regard 
to the other dimensions of the lamina ; but the thickness will be 
sufficiently great for the lamina to tend to recover its plane figure 
when it has been disturbed from that by given forces, and for the 
lamina to execute transversal vibrations when these forces have 
been withdrawn. It will now be necessary to pay attention to 
the variation of the molecular forces in the direction of the thick- 
ness; this is the essential difference between the case we are 
about to consider and that of a flexible membrane, where the 
thickness is taken indefinitely small, and these forces constant. 


475. Let a plane be taken in the natural state of the lamina 
parallel to its faces, and equidistant from them : this we will call 
the mean section of the lamina, and we will take the plane of it 
for that of (xy). Let Mice any point of this section ; let x and y 
be its original co-ordinates ; let ^ -I- % y + ?;, be the co-ordinates 
of this point after the change of form of the lamina, so that u, v, z 
are unknown functions of x and y. Let M be another point 
situated originally on the straight line through M at right angles 
to the lamina ; and let its original co-ordinates be a?, y, f ; *and let 
these co-ordinates become x^'vi, y'\-v\ f + w' after the change of 
form : then w', v\ w' are unknown functions of x, y, ^ which coin- 
cide with u, Vy z respectively in the case of f = 0. These displace- 
ments of M and if' wiU be taken to be very small, and it will be 
then assumed that the lamina does not deviate much from the 
plane of {xy) when its form is changed. 


476. The expressions for the elastic tensions are (see Art. 438) 




fdu . dv' . ^dw'^ 




\dx dy 


dw\ 




dv' dw\ 
dy) 
did . du^\ 

~M) 

du dd\ 
dy dxj 


...( 1 ). 
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The variable f being very small, if we develop u\ v\ w in powers 
of f we shall have series which are in general very convergent. 
We shall exclude the case of exception which might exist if these 
quantities varied very rapidly in the direction of the thickness, as 
for example would happen if their values depended on the ratio 
The following analysis and the consequences deduced from it 
are all founded on the possibility of this development. We shall 
then have the following convergent series : 


u —u + 

\du'] 


'^1 1:^+ 


i 1 

r+i 


w' = z + 

"dw'’ 

L^r. 




the square brackets indicating that f is to be made zero after the 
differentiation. 


477. By means of the equations of equilibrium we must 
determine in succession the coefficients of the preceding series, 
and then we shall know the condition of the plate to as close a 
degree of approximation as we please. We will stop at the first 
power of and thus we have simply 


u' — u-\- 






VJ 



? ( 2 ). 


These formulae contain only six unknown quantities which must be 


expressed in terms of x and y. 


(They are, I suppose, u, v, 




The expression for z when obtained will 


give the form which the mean section assumes ; the values of u 
and V will be the displacements of the points of the mean section 
in the original direction of the plane ; the difference of the values 
of w' which correspond to ?= ± e will give the thickness of the 
lamina, which becomes variable from point to point after the 
change of form. 


478. Let X\ Y\ Z* denote the components parallel to the axes 
of a?, y, z respectively of the inner applied forces which act at the 

16—2 
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point M’. Then by the general equations of body-equilibrium we 
have 


don ay af ^ 

S -+ f *+ f +'■‘’'=0 


(S). 


479. Let us now consider the faces of the lamina. We will 
suppose that there are no outer applied forces at these faces: 
hence iVg, and naust vanish at every point of these faces, 
that is both when §’=€ and when 5‘=“€. Hence if we expand, 
and neglect powers of e beyond e®, we shall obtain 




6*=0, 

-dNJ 

.d^\ 

+i 

.d^^_ 

6* = 0 

ra+i 

( 1 

2:^ 


f ) 

+ i 

1 — 

1 1 



fd^T; 

d‘=0, 

Id^. 

+ i 

Vd^T; 

O 

ii 


The equations which belong to the boundary will be given further 
on. The investigation to which we now proceed is to eliminate 
between equations (S) and (4) the differential coefficients of u\ v\ w' 
with respect to f which are of the second order, or of a higher 
order, and to deduce the values of the six unknown quantities in (2). 


480. Let X, F, Z denote the inner applied forces at the point 
M of the mean section ; that is what X\ Y\ Z respectively become 
when 0. Give to f this value in the first two equations of (3) \ 


then substitute for 



their values from (4), and 


neglect the terms which have for a factor, and which are very 
small compared with the terms independent of e : we have thus 
simply 




( 5 ). 
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Make f=0 in tlie third equation of (3), and substitute for the 
three terms involving elastic tensions from (4), — as all these terms 
involve e® we must preserve them all — thus : 



481. Differentiate the last equation of (3) twice with respect 
to thus: 

dr (dr d^dy^ d^^dx)^ 

Make ?= 0 in this formula, multiply by eY^, and add to the last 
result in Art. 480 ; thus 



The first two equations of (3) give in like manner 

d^dx [d^^dx^ d^dxdy d^^dx) ' 

d^Yp_ ( d?T, dW^ d^T, ] 

d^dy [d^dxdy d^dy^ d^^dy) ' 


Make f = 0 in these formulas, multiply by 6^/3 and add to the 
preceding formula : thus 



In the equations (5) and (6) there remain to be eliminated 
only and their diflFerential coeflScients with respect to 

we cannot simplify them further without substituting the values 
of these quantities which correspond to f = 0 ; but in calculating 
these values we may neglect the terms dependent on which will 
allow us to reduce the equations (4) to 

(jg-o, ra-o, [2^=0. [f].o, [f]=o. 

482. We suppose the lamina homogeneous; the density p 
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and the coefiScient h will then be constant ; and by means of (1) 
the six equations just given become 


(Zm cZ« g r dw'l „ 
dx^ ’ 



rcP^n' 

Id^dxy [d^dyy'' 

r^i=o 


r^i 

[d^dyrldVl ’ 


■(ZVI [(pu'l 
_dUx\ + \_d^^\ 


These six equations give 



II 

1 

1 

__ 1 fdPu d% 
jd^^\ 3 \da? dxdy) 


dz 

''dPv'~\ 1 / dJ^u d^v\ 

J “ 3 [dxdy ^ dyV 

Ud 


Tdw'' 

1 fdu dv\ 

1 /d!‘z 

~ 3 \dx dy) ’ 


The values of and their differential coefficients with 

respect to when f is zero, are 



483. From these formulae we see that the unknown quantity 
z will enter singly into equation (6), and that the equations (5) 
will contain only the unknown quantities u and v. Thus the dis- 
placements of the points of the mean section in the direction of 
the section and the form which this mean section will take are in- 
dependent, and can be determined separately. We see also that the 
equations (5) are the same as in the case of a flexible membrane ; so 
that with respect to the values of u and v we have nothing to add to 
what has been mentioned in Art. 472. But it appears from the third 
of equations (7) that these displacements will be always accompanied 

\ equal and of contrary sign to a third 
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of the sum of the dilatations dujdx and dvidy which occur in the 
directions of x and y respectively. Suppose that a lamina has 
experienced parallel to its faces a linear dilatation equal in all 
directions and throughout its extent, and represent this by S; then 

2S 

there will at the same time be a normal condensation equal to . 

By the dilatation the volume of the lamina will be increased in 
the ratio of (1 + S)^ to 1 ; by the condensation it will be diminished 

2g 

in the ratio of 1 — -g- to 1 : the total variation will be in the ratio 


of (1 + S)® to 1, that is approximately in the ratio of 


43 

1 + to 1. Thus the extension of an elastic lamina in the 


direction of its largest dimensions gives rise to an increase of 
volume, and consequently to a diminution of density; this result 
is similar to what occurs in the case of an elastic string, but would 
be more difficult to verify by experiment. (Cf. Art. 368.) 


‘484. In what follows we may omit the consideration of the 
displacement of the points of the mean section parallel to cc and y, 
and suppose that u and v are zero. By reason of the first three 
equations (7) the formulae (2) will then become 


f dz ^ 


dz 

IJy 






These values of v! and v' shew that the points of the lamina which 
were originally on one perpendicular to the mean section will after 
the change of form lie on a common normal to the curved surface 
into which the mean section is transformed. At every point there 
will be on one side of this ''section dilatation parallel to its direction, 
and on the other side condensation. It is this difference of state 
of the faces of the lamina which produces its elasticity by flexion, 
or its tendency to recover its natural form. In the directions of 
the principal curvatures of the mean section the dilatations and 
condensations will be proportional to the distances from this 
surface, and inversely proportional to the corresponding radius 
of curvature. Whether there is equilibrium or motion the condi- 
tion of the lamina will be known throughout its thickness when 
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the form of the mean section is determined, that is when we know 
the value of z in terms of (z and y. 

By means of the formula (8) equation (6) becomes 


Syfce^ fd*z 

9 p \dx^ 


9p 


d^z d^z\ 
dsdd'f dy^J' 


.(9). 


485. In the case of equilibrium this will be the partial differen- 
tial equation to the surface required; the forces Z, X', F,X being 
then given as functions of x, y, In the case of motion, and sup- 

posing that there is no inner applied force, we must put Z= — ^ , 

Cut 


X'=- 


^v! 


Z' = — . If we make ^=0 after 




df’ df 

the differentiations we have by the aid of (7) — 

[dX'-\_ d?z 
LdrJ dMif’ 

[d?Z~\_ l( d^z , d*z\ 

zWdf^d^)' 

and consequently the first member of equation (9) will become 

56 ® I dS-z . 


18 


\d!^df^ dj^dfj 

But the term which has e® for a factor is evidently very small 
and may be neglected with respect to the first term; this equation 
will then be simply 

Vda?* 


«*)• 




' .I. o 


^ da?dy‘'^ d^. 


0. 


.(10), 


where for abbreviation we put a* = ^ . 

9p 

To the equations (9) and (10) we must add those which relate 
to the boundary of the plate, and which will serve with the initial 
state of the plate in the case of motion, to determine the arbitrary 
quantities involved in the integrals. These special equations we 
now propose to investigate. 

486. Let X^ 7^ Z^ be the outer applied forces at any point of 
the boundary, 6 the angle which the normal to the boundary there 
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makes with the axis of oc. Then (cf. Lam^, page 20, equations (8)), 
Xo = i\^jCos^ + ^gSin^, Fo= T^cosO + N^sind, 

Z,^T,cos9-\-T^smd ( 11 ). 

Since the quantities u and v have been supposed zero the values 
of and which correspond to 5' = 0 are also zero. Neglect- 

ing the powers of f above the first the foregoing values of and 
Fg become 

f [®] ^ + f [^] ““ 

Now it seems to me that according to the ordinary principles of 
the theory of elasticity the three equations (11) must hold at every 
point of the boundary ; and thus the last two must hold approxi- 
mately at every point. Hence we may if we please multiply by f 
and integrate between the limits — e and e : thus 



Therefore by the aid of equations (8) we have 



- 3 sin d 4- 
dxdy 









Again, take the last of the three equations (11) ; suppose 
and Tjj to be expanded in powers of g; eliminate by means of 

, and 

neglect terms of the third order with respect to e and thus 

Then as this is true at every point of the boundary we are at 
liberty to integrate with respect to and thus we get 



equations (4) the values of [TJ, [fj, 


^~\ and 

rj \_d^ 
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Now the first two equations (3) give by the aid of (8) 

L^rJ ."IdU lda:d^] [«. 


'dX'' 

Sk (d^z 

d^z 1 



dxdy^] 


di-milorw ^ \d?z ^ d?z \ 

Hence by substitution we get 

r^V ^y- 26= (8k (d?z ^ d?z\ , rdZ'l] . 
J _5 3 i 3 W ■'■ dxdf) P Id^ J I cos ^ 

Sk /d^z 


^ 26^ [8i fd^z ^ d?z \ , p 

”*■ o ) fi> ( -7.. 3 Tnor. ) p , 




sin ^ (13). 


487. The equations (12) and (IS) seem to me to coincide with 
those which Poisson maintains to hold at the boundary ; they cor- 
respond to the equations (13) on his page 538 : but the point is 
one of great difficulty. Poisson’s mode of obtaining them is 
circuitous and not very clear; I have put them in what seems the 
most natural connexion with the ordinary theory of elasticity. 
But at the same time that theory requires that (11) should be true 
at every point of the boundary, and this condition Poisson does not 
attempt to satisfy ; but deduces certain aggregate or average 
results by integration. It may be asked too why Poisson chose the 

two equations (12) instead of d^= (JKT^ cos 0 sin d) d^,. 

/ +e r+e 

I (2^8 0 4- JVg sin &) which it would seem 

must also hold, Bdrchhoff first, followed by Clebsch, objected to 
Poissons boundary equations; according to them (13) is approxi- 
mately true ; but they replace the two equations (12) by a single 
equation : see the end of Art. 531. 


[488.] These boundary equations of Poisson^ express the con- 
ditions that the total applied force perpendicular to the plate at 

1 [Dr Todliunter had included in his manuscript at this point a long discussion 
of the relative merits of the Poisson and EirchhofE contour-conditions. His general 
conclusion seems to he that Poisson’^ three conditions are not only sufdcient, but 
necessary. I h&ve felt justified in replacing this discussion by the above article, as 
Dr Todhunter had added a note at a later date ihat it wonld be necessary for him 
to reconsider the whole subject.] En. 
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any element of the boundary shall he equal to the shearing force 
produced by the strain at that point (13), and again that the stress 
couples with axes parallel to the axes of x and y shall be in equili- 
brium with the applied couples at the same element of the 
boundary (12). 

Now the couples applied to the edge of the plate at any 
element may be reduced to two, having respectively the tangent 
and normal to the contour in the plane of the plate for axes. The 
forces of the latter couple lie in the same plane and may be taken 
parallel to the shearing force. Now it has been argued that it is 
,not needful that the three conditions, equality of shearing force 
and shearing stress, equality of applied couple and stress couple 
about the tangent, and equality of applied couple and stress couple 
about the normal, should hold. For the latter couple may be 
combined with the shear to give a single condition of equilibrium 
without affecting the state of the plate at distances from the edge 
sensibly greater than the thickness. Hence instead of Poisson’s 
three boundary-conditions we should have only two. Such appears 
to be Thomson and Tait’s explanation of the discrepancy be- 
tween the Poisson and Kirchhoff boundary conditions^. (See 
their Treatise on Natural Philosophy, Part ii. pages 190 — 193.) 
The literature of the controversy will be treated more fully when 
we consider Kirchhoff ’s discussion of the problem. We may 
remark here however that Poisson’s work is not in the least 
invalidated supposing Thomson and Tait’s view to be the correct 
one. Poisson finds that the stress consists of a certain shear and 
two couples about the axes of x and y. These must certainly be 
kept in equilibrium by the applied system, say the force F and 
the couples R and H\ That is Poisson’s real statement as to the 
boundary conditions (page 538). Thomson and Tait now add that 
if the couples H, H' be replaced by others M, N about the tangent 
and normal respectively, then the couple distribution N may be 
replaced by a shear distribution dNjds where ds is an element of 
arc of the contour. It seems to me that if we are given the dis- 
tribution of force upon the edge of a plate, Poisson’s boundary 

^ This reconciliation of Poisson- and Kirchhoff has been attributed by French 
writers to M. Boussinesq. His memoirs however are of considerably later date than 
the first edition of Thomson and Tait’s Treatise, 
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conditions ougtt to give exactly the same result as KirchhoflTs, for 
we should make F, M and F in equilibrium with the given distri- 
bution and in doing so find that F, M and N were not separately 
determinate. Poisson’s error appears first, I think on page 537, 
when in considering a special case, he adds : mais en g4n4ral, ces 
trois quantites F, H' seront inddpendantes Vune de V autre. On 
page 547, when treating a circular plate with a free edge, he 
supposes H, 3' zero, but in this case the symmetry of the 
plate preserves him from error. I am inclined then to think that 
Poisson’s so-called error has been much exaggerated. It is one of 
stating the results of analysis and not of analysis itself. Further, 
in the most general case of a discontinuous distribution of shearing 
force and normal couple, it would seem more convenient to take 
Poisson’s calculation of the shear and couples, and we should 
have at every element to make them in equilibrium with the 
discontinuous applied system of force. I feel also some doubt as 
to whether Poisson’s method of treating the whole problem is not 
really more satisfactory and suggestive than Kirchhofif’s when the 
plate has a definite although small thickness ^ 

489. Among equations (7) we have 

f— — — f— n — 

we shall now give the equations which correspond to these when 
the approximation is carried to a higher order. 

By (1) and (4) we have 


— 4-jfc— m — ““ d?T^ ^ 

2LdrJ’ 


hence from the value of 


found in Art. 486 we get 


dy'^2kldl\ Z\df 


.df da^dyj' 


^ Saint-Venant remarks ; Ce snjet est d^licat. Nous ne doutons pas que les 
equations aus limites de M. EirohJioff ne soient les v^ritables ; mais quoi celles de 
Poisson sont-eUes fausses? C’est ce que nous n’avons pas encore eu le loisir d’6tudier 
h. fond.... La matiSre demands done un examen approfondi, Historiqite Ahr4g4 
prefixed to Nayier^s Legons, 3rd Ed. p. cdxx. This ‘ examen approfondi ^ Saint- 
Venant has given in his edition of Clebsch, pp. 689 — 733. He adopts Thomson and 
Tait’s reconciliation, attributing it however to Boussinesq. I shall return to the 
subject later. 
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Similarly 

r^n .Ip ^ 

Ld?J (iaj“*’2 & Ld?J 

[Poisson seems liere as in other places in this memoir to have 
wrong signs which I have tacitly corrected.] 

490. When the parts of the boundary are supported in such a 
manner that it cannot slide parallel to the axis of z the equation 
(13) will not hold, and it must be replaced by the condition ^ =0. 
The right-hand member of (13) will then express the pressure 
parallel to the axis of z, and referred to the unit of length which 
the points of support will have to bear. 

491. But suppose that at some point or points the plate is so 
constrained that it cannot slide, cannot turn on itself, and cannot 
turn round the tangent to the mean section ; the plate is then 
said by Poisson to be encastr^e, or as we call it built-in. Then the 
conditions (12) and (13) do not hold, but in addition to 2 ? = 0 it will 
be necessary that the displacements u' and v' should be zero at the 
boundary throughout the thickness of the plate. Hence by the 
formulae (2) we must have 



and in these equations we shall employ the values obtained in 
Art. 489. In special applications instead of these equations it will 
be more convenient to use 

which are equivalent to the preceding, where ds denotes an 
element of the perimeter of the mean section. In the first of 
these we may neglect the terms multiplied by e®, which are small 
with respect to the terms independent of the thickness; this 
reduces it to^ 

dz dy dz dx _ Q 
dx ds dy ds^' 

^ [This result has been criticised by Cauchy, hut Mathieu makes Poisson and 
Cauchy agree. We shall return to the point later.] Ed. 
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The case is different with respect to the second equation, which 
becomes 


rdz dx ^ 

d$ dy ds) 2 k 


dX^- 


dx 


‘cZF 

.d^ 


1 


8 6 ® ^d?z ^ d^z \^dx 8 6 ^ 




3 2 \dx^ dxdy^J ds 3 2 \dy^ 


dx^dy) ds 


But if we differentiate the equation s = 0 with respect to x and y, 
considering x and y to be functions of s given by the equation to 
the perimeter of the mean section, we have 

^ ^ ^ ^ Q . 

dx ds dy ds ’ 

thus the term independent of e will disappear from the preceding 
equation, and reduce it to the term dependent on e^, which has 
been preserved for this reason. In this manner the three equa- 
tions relative to a part of the boundary which is built-in will be 




dz dy 
dx ds 


dz 

dy ds"^ ' 


p frcZXn dx VdYH^ dy) 8 d fd^z d?z\ ^ 

k \ld^\ ds'^lW] 




4f92. These formulae relative to the different points of the 
perimeter of the mean section apply to the two cases of equilibrium 
and motion. But in the case of motion, and supposing that there 
are no inner applied forces, we put, as in Art. 485, 

VdT] _ dh [dYl __ d^z 

ld^\ dxdf^ Id^i’^dydf 


Now having regard to equations (10), and to the equation 
a® = , we see that the terms p 


[f] “ '[f] 


of 


equation (IS) and of the last equation (14) will be very small and 
may be neglected with respect to the other terms. 


493. Poisson closes this section of his memoir by using, as he 
expresses it, equations (12) and (13) to verify the ordinaiy equations 
of equilibrium of all the given forces which act on an elastic plate 
having its boundary free. He restricts himself however to three 
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equations out of the six which must hold for a rigid body. This 
he says wiU serve to confirm the analysis. It is perhaps meant 
to throw some light on what appears arbitrary in his process ; see 
Art. 487. 

494. Poisson's seventh section is entitled : Application desfor- 
mules precedents d V^quilihre et au mouvement d'une 'plaque circu- 
laire, and occupies pages 545 — 570. As the first attempt at this pro- 
blem and as an excellent example of the application of the equations 
of the preceding section, it is reproduced here. It will enable the 
reader to judge of the comparatively minor importance of later 
additions to the solution, and give him a most valuable example of 
the clearness and power of this great master of analysis \ 


495. In the case of equilibrium we will suppose the plate 
horizontal and heavy, and its boundary entirely free or constrained 
everywhere in the same manner. Let us apply to its upper 
face a normal pressure 6f equal intensity at equal distances from 
the centre; take the centre for the origin of co-ordinates, and 
denote by It the pressure at the distance r from the centre, 
referred to the unit of surface, so that is a given function of r. 
If we neglect the squares of dzjdx and dzjdy the components of 
this force par&llel to the axes of a?, y, z respectively will be 

^ ^ being very small with respect 


to the third we will neglect the small horizontal displacements 
which they produce, and consider only the curvature of the 
plate or of its mean section. Now it will be the same if ^instead 
of applying the pressure It to face of the plate, we suppose all 
the points of the plate solicited by constant forces in the direction 
of the thickness, and represented in intensity by jR/(2pe) per unit 
mass. We will put then in equation (9) of Art. 484, 


Z' — Z = g + 


A 

2pe’ 




It dz 

%pe~dy^ ^ 


— ^ . 
2p€ dx ' 


^ [I have thought it better to print this section as it was left by Dr Todhunter, 
though for the sake of proportion it would perhaps have been fitter to abridge! 
leaders who take a genuine historical interest in the method by which a great master 
like Poisson attacked an unsolved problem, wiU not regret the space devoted to 
these two sections of his greatest memoir.] En. 
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where g denotes gravity, and the axis of -a: is supposed to be 
directed vertically downwards. Thus the equation will become 


^ 2p6 9p dy^J ' 


^ 2p6 9p \€lx^ dy^J' 

where ^ stands for + same equation would hold 

if the plate were drawn by weights suspended from its lower 
face, and represented at the distance r from the centre by R 
for every unit of surface. 


496. Since we suppose that everything is symmetrical round 
the centre of the plate, the ordinate z of any point of the 
mean section will be a function of r. Hence we have 
dPz d^z 1 dz 

^ da? dy^ dr^ r dr* 

and 

da?^ df'^ dr^^ T dr^ 

Let I denote the radius of the plate, and p its weight ; then 
p^^irVepg, * 

9 

so that if we put for brevity "the equation of equi- 

librium may be written 

+ 


497, In the equations which relate to the boundary of the 
plate we put 

cos 6 = a)lr, sin 9 = ylr, 

because the normal to the perimeter of the mean section coincides 
with the production of the radius vector. We will suppose that 
there are no outer applied forces ; then the left-hand members of 
equations (12) and (13) of Art, 486 vanish. 

Thus in the case of a perfectly free boundary we have the 
following two equations which must hold when r = i : 


^ — 0 — 4- Jl — 

dr * dr^ 4 ^ dr ^ 


( 2 ). 


For the two equations (12) reduce to one, namely the first of 
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those just given, and equation (13) reduces to the second of those 

'd7'~ 

. Txrncfn ■aro -nckrYlQ/^-f-. I I onrl I 

' 6-^ 


~dXl 


and 


just given, when we neglect j j . 

If the boundary of the plate is supported and cannot ascend or 
descend vertically, we shall have, as the conditions which must 
hold when r^l, 


^ d^z .Idz ^ 
« = 0, = 
dr^ ^ r dr 


.(3). 


If the plate is built-in round the boundary we have the equations 
(14) of Art. 491 which must hold round the boundary. The 
hypothesis that ^ is a function of r makes the third equation 
of (14) identical ; and we are left with the following to hold 
w'hen r = l: 

dz 


0 , 


dr 


= 0 


.(4). 


In the last two cases the vertical pressure at every point of the 
perimeter will be equal to the expression on the right-hand side 
of equation (13) of Art. 486. This reduces to 
l^/c€® fd^ X d(j) y 


9 


dx dy r. 


Hence if we denote by P the vertical pressure 


that is to -i ^ . 
k dr 

on the whole perimeter we have P = . 

k dr 

498. Putting C and C' for arbitrary constants the complete 
integral of (1) is 

^=0+0'logi" + A;'|^ + J(fRrdr)^j. 

Integrating by parts we get 

J (JSrdr) ^ = logr j Rrdr —J Rr logr dr-, 

we may suppose that these simple integrals vanish with r, and we 
may write if we please logr/l instead of logr. But which 
d?z 

represents ^ + ^a> cannot become very great, and therefore 

cannot become infinite at any point of the plate ; thus the term 
T. E. ly 
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C' log r must disappear, and therefore C' must be zero. Thus the 
formula for <f> becomes 

^ = (7 4. A;' + jjSrdr - jUrlogj dr^ , 

the integrals being supposed to vanish when r = 0. Hence we get 



If we put 27r I JRrdr^'sr, then zr will be the total pressure 

exerted on the plate, and the first equation of (2) will reduce to 
+ -53* = 0 ; this manifestly ought to hold for the equilibrium of 
the plate when it is entirely free. In the case of the plate 
supported or built-in we have from the last result of Art. 497 
the equation P—jp + 'cr; a relation which is also obvious a 
priori. 


499 . Put ^ ^ integrate again; thus 


+ ? j(JRrdr) r hgj dr 


dz^B Or 
dr r 2 


-- J[fIirlogjdrJ rdrj, 

where B is an arbitrary constant. 

Integrating by parts we get 

J (fSrdr) r log ^ dr 

= — — 21og^j JiJrdr + ^1— 21og0 dr, 

J ^/Brlogjdr^ rdr jBrlogjdr — ^ Jur^log- dr. 

We will suppose that these simple integrals vanish with r ; and 
as dzjdr must not be infinite for any value of r we will suppress 
the term Bjr. Thus we shall have 


|i?r log jdr 


Br^drl . 
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From this we can deduce ^zjdr ^ ; then in both put I for r and 
substitute in the second equation of (2) or (3) : thus we get 




this value of O will hold for the two cases of the plate entirely 
free, and of the plate supported at its perimeter. In the third 
case, that in which the plate is built-in, we deduce from the 
expression for dzjdr and the second equation (4) 

Hence in all cases the constant G is determined. 


500. Integrate the value of dzjdr found in the preceding 
Article, and put 7 for the arbitrary constant : thus 

^ = 7 + ^ + *' {ggp - i / (J-Srdr) (1 - 2 log rdr 

-ij (/Hr log j dr') rdr + ij(flir^dr) . 

Integrating by parts we get 


J (fBrdr) ^1 — 2 log rdr 

— log0 JUrdr — JjR 

J (jUrlog^dr^ rdr = ^ Jjir log jdr — ^ log ^ cZr, 
J(JIir^dr)^ = logj JUr’dr-JSr^logjdr. 


We shall suppose that the simple integrals vanish with r, and we 
shall have finally 




+ 1 


, + log 0 JjSr^dr — JjRr log j dr — J Rr^ log ~ cZrj ... (5), 


This is the equation to the surface formed by the plate in 
equilibrium. 


17—2 
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501. If the plate is entirely free the constant 7 remains un- 
determined ; and in fact it is indifferent then whether the plate 
occupies one position or another in space provided it is horizontal. 
Leaving this constant out of consideration the equation of the 
plate will be the same in this case as in the case of the plate 
supported vertically, since in these two cases the same value must 
be ascribed to the constant <7. When the plate is supported 
round the boundary, or when it is built-in, the condition ^ = 0 for 
r~l will determine the value of 7 . We must put for G the first 
or the second of the values previously found for this constant, 
according as the plate is supported or built-in at the boundary. 
In the two cases the constant 7 will be the sagitta (fleche) of the 
plate curved by its weight and the pressure which it experiences. 
We will continue to denote by 7 the value in the case where the 
boundary is supported, and by 7 ^ the value when the boundary is 
built-in. We shall have then 


= B^dr+i log^ dr\ , 


^ 4 t807r'^ 207r lOf 




502. If the pressure R is everywhere the same, and therefore 
equal to - 57 / 77 ?*, the integrations indicated may be easily effected. 
It will be found that the quantity log rfl disappears from the 
equation (5), which becomes 


h' 


Poisson says that the equation represents a paraboloid of revolu- 
tion : we see that it is not the common paraboloid. 


If we put for h' its value we find that in this case 


2ihi\ , 


where h stands for ^ ^ ^ i ^ depends solely on the 

quantity k, and is the greater the less this quantity is ; Poisson 
expresses this result by saying that h is greater the less the 
elasticity is: see Art. 522. 
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603. If the plate is drawn by a weight suspended in its 
centre, it will be necessary in order to apply, the general 
formulae to this particular case to suppose that the function 
R has sensible values only when the values of r are insensible. 

By the nature of this kind of function the integrals f Rr^dr and 

j 0 

/ It fjf* ^ ^ 

log j dr -will then be suppressed, as being insensible com- 
pared with Z* J Rrdr, that is with . 

In this manner we shall have 


7 = - 


21 ^ 


P + 


52sr'\ 


7i= -^(P + 4w). 

c 


By comparing these formulae with those of the preceding Article 
we see that the weight -Bar produces now a greater sagitta {jieche) 
than when it was spread over the entire surface of the plate. We 
see also that other things being equal the values of 7^ are less than 
those of 7 ; such a result might have been anticipated, but the 
exact measure of the excess could be found only by calculation. 


504. The last case includes that in which the centre of the 
plate is supported and maintained at the level of the perimeter. 
We must then consider tst as an unknown force which is exerted 
in the direction opposite to gravity, and represents the resistance 
of the central point of support. The sagitta of the plate must be 
zero in this case ; this condition will serve to determine -sr, and 
we shall have 






according as the boundary is supported or built in. These values 
of taken with the contrary sign, will express the pressures which 
are exerted at the centre ; the corresponding values of the pressures 
at the boundary will be 

52 ’ 4 • 


Thus the pressure exerted by the weight p of the plate is divided 
between the centre and the boundary in the ratio of 21 to 31 
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when the plate is simply supported, and in the ratio of 1 to 3 when 
it is built-in. These ratios then depend only on the manner in 
which the boundary of the plate is treated, and not at all on the 
radius, the thickness, or the degree of elasticity. But the elasticity 
must not be absolutely zero, for if the matter of the plate is 
supposed to be absolutely rigid, and deprived of all elasticity, 
which is never the case in nature, the distribution of the 
pressure p between the centre and the boundary, and even 
between the different points of the boundary, would be quite 
indeterminate. 


505. Let us now pass to the consideration of the vibrations of 
a circular plate. We omit gravity and every applied force, and 
we suppose that at any instant the points at the same distance 
from the centre have the same ordinate normal to the plate ; so 
that the ordinate is a function of t and r, where t denotes the 
time, and r is the same variable as before. Hence the equation 
(10) of Art, 485 applied to this particular case will be 



where <f> stands for ^ ^ , 

^ dr^ rdr 


Let / and z" be two other functions of r and t, such that 
dz' . — - fcPz' 1 dz\ ^ 

dz" ,—r: fdV , 1 dz''\ „ 

then (6) will be satisfied by z = z^ and by and if we take for 

z and z their most general values the complete integral of (6) will 
be ^ 


Now the following are values of z' and z'\ as may be easily 
verified, 

*'=/ ^ j^l^fCrcosa + 2ka J^) dm 

+ jo (^’cosci) + 2Aa Jai) log (rsin^s)) cZci)| e“““cZa, 
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/ + ao C rir 

I j 0 /i (^cos CO + 2hjCi Jat) dco 

-f J F^(2 cos CO + 2\a Jat) log (r sin^ co) cZcoj e'^^da^ 

where /, F^ denote arbitrary functions, e is the base of the 
Napierian logarithms, and h and are n/ + V — 1 ; that is 








1 + 7-1 


V2 ^ ” s/2 

These values of z* and Poisson says that he has found in 
another memoir ; they may be easily verified. 


506. But in order to give to these expressions a form which is 
more convenient for the calculation of vibrations, let us suppose 
that 

f{x) = S ((7 cos vx + D sin i^x), F(x) = % (E cos vx+ G sin vx), 

(a?) = 2 ( Cj cos vx + Dj sin vx), F^(x)=^% {E^ cos vx + sin vx). 
Here C, E, (?, (7^, E^, G^, v are quantities independent 

of the variable x, and the sums denoted by 2 extend to all their 
possible values real and imaginary. Now we have 

I sin {^vha Jai) da = 0, 

J -00 

f e"®* cos (2j//i'x Jat) da = Jtt 

J —CO 

= Ttt (cos v^at + 7 — 1 sin v^at]. 
Similar formulae hold when we put \ for h. Hence it will follow 
that the values of z' and z'\ and therefore of will be expressed in 
a series of quantities of the form 

i2 cos v^at + jBj sin v^aty 

where iZ and are functions of r. The terms which involve the 
cosme will depend on the initial values of Zy and those which 
involve the sine will depend on the initial value of dz/dt. The 
treatment of the two classes of terms is of the same kind, and thus 
in order to abridge the formulae we will consider only the former ; 
this amounts to supposing the velocity of all parts of the plate to 
be zero initially, so that the plate is made to take the form of a 
surface of revolution, and is then abandoned to itself. 
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507. Since we have 


rir Ttt . • n 

I sin (yr cos©) doo = 0, and sin (z/r cos©) log (r sin®©) dco = 0, 
Jo Jo 

the value of z derived from z' and z" will be 


[ cos (yr cos©) ^7© 
Jo 




+ j cos (j/r cos©) log (r sin®©) (i©| cos v^at, 

where -4 and are, like v, quantities independent of r and t ; and 
the summation denoted by 2 has reference to these quantities. 
Let m denote another constant ; put in succession m and 
instead of : in the case of m let the coefficients A and A^ be used, 
and in the case of ^/ — 1 let them be replaced by B and B^. We 
shall get 

- 2 ?= 2 1 4L J cos (mr cos©) d© + ^ bJ ^ 


+ AA cos (mr cos©) log (r sin®©) dco 
J 0 

“h V 4- log (r sin®©) d©| cosrn^at ... (7), 

and this is the form we shall employ for z, 

508. The expression for which follows from that for z 
just given may be simplified by considering the following differen- 
tial equations ; 

Idu 2 d^%b' Idu' 2 / 

dir r dr dr r dr 

The complete integrals of these are 

u = A [ cos (mr cos ©) do) + A^[ cos (mr cos ©) log (r sin®©) cZ©, 

Jo Jo 

2^' = J jB I (e»tt^*cosu, ^ g-7»rcos») 

Jo 

+ 1 (e«»-oos<. ^ g-™rcos<o) log sia'ffl) : 

where A, A^^ B, B^ are arbitrary constants. Poisson refers for 
these to the Journal de VEcole Polytechnigue, 19® Cahier, page 
475 ; it is however e.asy^to verify them. 
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-f 6“ 


^ + 6” 


^rcoso,) QQ^rn^at, 

®“) cZo) 


.( 8 ). 


Hence from the formula (7) we infer that 
^ = 2m* (e^nrcos<o ^ do) — A j cos (mr cos co) dco 

-hi I (e^rcosco + g-mr cos sin*6>) cZcD 
Jo 

— -4j J cos (m?* COSO)) log (r sm^co) dco | cos rn^at 

509. We suppose in. what follows that there is no part 
fixed at the centre of the plate ; the value of z must then apply 
when r=0; and as z cannot be infinite the coeflBcients A^^ and B^ 
of the terms which involve log r must be zero. Then the expres- 
sions for z and ^ will reduce to 

£: = 2 1 -4 J cos (mr cosco) d<o 
J 0 

— J. J cos {mr cos a) cZo)| cos m^af j 

The conditions relative to the boundary will be the same as in 
the case of equilibrium, and will be expressed by the equations 
’ (2), (3), or (4) of Art. 497 according as the boundary is free, or is'fixed 
so that it cannot slide normally to the plate, or is built-in. These 
conditions must hold when r = l, where I is the radius of the 
plate, and they must hold for all values of t. We will examine 
these cases in succession: Arts. 510 — 513 refer to the built-in 
plate, Arts. 514 — 516 to the plate which is supported, and 
Arts. 517 — 520 to the free plate. 

510. In order to satisfy- the condition z=iQ when r=l, 
whatever t may be, we must take 

A = j2 J (e^icosa ^ g-jwzcosw^ 5=r — 2JS j cos (ml cosco) doo ; 

if being an unknown coefficient. Put for brevity 

iJ = f ( 6 »» 2 :cos&> ^ j QQg cosa>) do) 

Jo Jo 

— I cos (ml COSG>) dco I (e«M‘eos<a ^ g-7»rcosv) . 
Jo Jo 
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then the formula (8) becomes 

z = SifiZ cos (9) ; 

and this applies to the two cases of the plate built-in, and the 
plate simply fixed. 

SjZ 

In the former case the condition ^ = 0, or the second of equa- 

dJRf 

tions (4) of Art. 497, will require that-^^ = 0 when r=l; this gives 

f Uml cos « ^ Q-ml cos cu^ f ^ 

Jo Jo 

4- J (e3»2cos«_g-5w2cosa>) J cos(mZcosft)) cZa) = 0...(10). 

This equation will serve to determine the values of w. We 
may prove as in Art. 458 of this chapter that the equation 
has no root which is partly real and partly imaginary; and we 
can determine the value of the coeflBcient denoted by J? as a 
function of m: these processes have been already suflSciently 
exemplified, and so we will omit them with respect to the present 
case, and to the cases to be discussed hereafter, and we will 
proceed to consider the different sounds of a circular plate, which 
is the essential object of the problem. 


511. The roots of (10) being incommensurable it is neces- 
sary that the formula (9) should reduce to a single term in order 
that the plate should perform isochronous vibrations. Let 
X denote one of the values of ml derived from (10) ; let t 
denote the corresponding duration of an entire vibration; then 
T = 27rf*/(\®a). The number of oscillations in a unit of time will 
be 1 /t; denote this by n\ then putting for a its value as given 


in Alii. 485 we have n — 


SttP 



Hence we see that, other 


things being equal, the sound measured by this number n will be 
directly as the thickness of the plate, and inversely as the square 
of the radius. 


512. Poisson gives some numerical results^ respecting the 

^ [These results are not (salcnlated to any very great degree of accuracy. Thus 
in Art. 518 we find but in Art. 519 , /v/ 91 ' 75 , and corresponding varia- 

tions appear in the other quantities.] En. 
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first two solutions of (10). Develop the left-hand member of (10) 
according to the powers of ml or of X, effect the integrations with 
respect to and make X® = 4a! ; thus we get 


\ +01 + 


+ 


of 


(1 . 2)" ^ (1 . 2 . sy 


+ 


} " 


1 - 


2a! 


(1.2)* ■*■(!. 2. 3)® (1.2. 3. 4)* 


3a!* 


4a^ 






CC + 


or 


( 1 . 2 )* 


1 + 


(1.2.3)* 
2a! 


( 1 . 2 )* ■''( 1 . 2 . 3 )* ■^( 1 . 2 . 3 . 4 )* 

This becomes when we multiply out 

.V.8 

--... = 0. 


3^" 


i 




+ 


X* x^ x^ 

6'^^ ""181440 ^ 209018880 


= 0 . 


By resolving this equation with respect to we obtain for the 
least two roots 

0)''= 6-5227, a;®=:98; 
the corresponding values of X® are 

= 10-2156, = 39*59; 

and the two gravest sounds of the built-in plate, or the numbers 
of vibrations which measure these sounds, are in the ratio of the 
numbers just given, that is nearly as 1 to 4. 


513. If we wish to determine the radii of the nodal circles 
which accompany these sounds we must put E = 0; this equation, 
putting mV = 4a? and mV® — 4y, becomes when developed 

|H-a! + ^j-^,-l-(l 2 3)a+ I X 

t t + 

\ (1.2)*^(1.2.3)“ (1.2. 3. 4)*^ 

f a?® a?* 

- |1 -aj-f - (1 2 . 3)* ■'■ J 

fi i y \ y* \ ^ I 

( ^ ( 1 . 2 )* ^( 1 . 2 . 3 )* ^( 1 . 2 . 3 . 4 )“^ 

Moreover we must have r less than ?, that is y less than x. 
If we employ the least value of a? we obtain no values of y which 
are less; this shews that corresponding to the gravest sound 
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there is no nodal line except the perimeter of the plate. If we 
employ the next value of x we obtain one value of y which is less 
than X, namely y = 1*424. Thus we obtain r = ‘SSIZ for the 
radius of the nodal circle in the case of the sound which is next to 
the gravest. 


514. In the case of the plate which is supported at its 
boundary we substitute the formula (9) in the second equation 
(3) ; and as this must hold for all values of t it will follow that 

(PR }_dR_ 
dP 4r dr ^ ’ 

in which r must be put equal to L This gives after certain 
reductions ^ 


2mZ f f 0Qg coso>) dco 

Jo Jo 

— if (6”*^ ") do) I sin (ml cos x) cos © dm 

Jo Jo 


— f j _ g-« 2 Zcosa)) CQSct) dm [ cos (ml cos©) dm = 0. . .(12). 

Jo Jo 

This equation will serve to determine the values of m, and 
consequently the different sounds which the plate will produce. 
If we denote by X' one of the values of ml which are obtained 
from the equation, and by n' the number of vibrations in the 
unit of time, which serves to measure the corresponding sound, 


we shall have n' = 


3rf 



as in Art. 511. 


515. By developing the first member of (12) according to 
powers of ml or V, and putting V® = Poisson obtains 


^ 2^96 25920 ■^ 23224320 ' 


^ + 1 = 0 

6^480 181440^209018880 j 

For the approximate values of the least two roots of this equation 

in x'^ he gives 

a;'" =1*4761, ©'"=55; 

1 [Poisson's equation (p. 563) seems to have an error in the second integral.] En. 
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the corresponding values of are 

= 4*8591, 29*67, 

and the gravest two sounds for the plate, the boundary of which 
is supported, are in the ratio of these two numbers. 

516. If we make = 4ix\ and mV® = 42/', the radii of the 
nodal circles will be determined by the equation (11) in which x' 
and y must be put for x and y respectively. It will be necessary 
that y should be less than x ' ; and if we take for x' its least value 
there exists no value of y' which satisfies this condition : if we 
take for x its second value there exists one value of y' less than x^ 
namely 2 /' = 1*447. Hence it follows that corresponding to the 
gravest sound there is no nodal circle except the perimeter of 
the plate, and that corresponding to the next sound there is 
one nodal circle the radius of ivhich is r = *441Z. 


517. Consider now the case of a free plate. In order that 
the second formula (8) may satisfy the first of equations (2) 
we must take 


A — H' \ cos « _ Q-ml cos QQg ^ 

Jo 

B=: — 2 H' I sin (ml cos o)) cos co dco, 
Jo 


li' being a new constant. We shall then have 

z = XS'JR' cos m^at (13), 

where for abridgement we put 


iJ' = j cos to „ cos coscu dco [ COS (mv cos to) do3 
Jo Jo 

— I sin (ml cos 00 ) cosco dx f (6»^»*cosw ^^-wtrcosw) 

Jo Jo 


The second equation (2) is the same thing as 

ir dr ’ 


if then we substitute in this from the second formula (8) and the 
formula (13) we shall obtain 
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j (^Qva cos « ^ 0-ml cos J sin (3QS cOS CD dcD 


Jo 


cos » _ g- w? cos »> cos coda) f cos (mZ coseo) doD 
Jo 


Q rir 

— ^ ^ I r^ml cos CO _g -JWZ COS CO^ cos ^ I gin (twZ cos (») cos ft) cZct) = 0 

^mlJo Jo 

(14); 


this equation will serve to determine the values of m. 

Let Xj denote a value of ml obtained from this equation, 
and let denote the number of vibrations in the unit of time 
which serves to measure the corresponding sound; then we 
shall have from the formula (13) reduced to a single term 

_ _ Xj^ 

277? SttZ^ V p 


518. Put = and develop the first member of the 
equation (14) : it becomes 


l-~ 


+ 



480 181440 “^209018880 

X ^ X ^ X ^ 

12 “ 7257^6 1045094405 


= 0 . 


For the approximate values of the least two roots of this equation 
in x^^ Poisson gives 

a:,® =4*9392, <=92; 


the corresponding values of X^® are 

X,® = 8*8897, X,® = 38*36. 

The ratio of the second value of X^® to the first, this ratio being 
that of the frequency of the gravest two sounds of the free plate, 
is thus equal to 4*316. 

The number of vibrations which serves for the measure of the 
P3339 /k 

gravest sound is = — ^ 2 — denote by n the 

number of longitudinal vibrations of a cylindrical rod of length 2Z 
and radius e, formed of the same material as the plate, supposing 
the rod to give forth its gravest sound ; then Poisson has shown (see 
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Art. 470) that Heace -we get ^ = 3'3746 1 . This 

relation Poisson suggests as deserving of being tested by experi- 
ment. 


519. In order to determine the radii of the nodal circles, 
which may correspond to the different sounds of the free plate, 
we shall have to solve the equation Ji'=0 ; put = 4ajj 
and mV = 4^^, then this equation becomes 



2a;, 

(1 . 2 )’''^ (1 . 2 . 3 )“ (1 . 2 . 3 . 4 )® 


X 






(1 . 2 )“ 


( 1 . 2 . 3 )’* 





3a;,® 


4a;J 


2a:, 

(iT^® " (1 .'2 . 3/ (1.2.3. 4)® 




ii+yi + 




(1.2)^^ (1.2.3/ 


= 0 . 


We must take only those values of which are less than. 
If we use the lowest value of we find only one value of 
which satisfies this condition ; if we use the next value of 
we find two values of Thus in the case of the gravest sound 
there is only one nodal circle ; and in the case of the next sound 
there are two nodal circles. With respect to the former sound we 
have 

a;, = V4-9392, 2 ^,= 1-0295; 

hence we obtain for the radius of the single nodal circle r = ’6806Z. 
With respect to the latter sound we have 

= yi = 1-468, y, = 6*674; 

hence we obtain for the radii of the nodal circles r = *3915?, 
r = ^835Z. 


520. The radii of the nodal circles which form themselves 
on circular plates are independent of the matter and of the 
thickness of the plate ; they are proportional to its diameter, 
and besides this they depend only on the way in which the centre 
and the boundary are constrained. M. Savart measured them 
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with care on three plates of copper of different dimensions 
with the centre and the boundary entirely free. Poisson does not 
however say in what way the plates were supported. In the case 
of the gravest sound Savart found for the ratio of the radius 
of the nodal circle to the radius of the plate on these three plates 
*6819, *6798, -6812. The slight differences between these values 
may be attributed to the unavoidable errors of observation, 
and the mean of them, namely *6810, agrees remarkably well with 
the theoretical value. In the case of the next sound Savart 
found for the inner nodal circle *3855, *3876, *3836 ; and for 
the outer nodal circle *8410, *8427, *8406. The differences here 
also are small and fall within the limits of the errors of 
observation. The mean of the first three numbers is *3856, 
and the mean of the other three is *8414; these numbers agree 
well with the theoretical values *3915 and *835 : see Art. 359. 


521. In all the cases of vibration which we have examined, 
the centre of the plate is in motion ; for if we make* r = 0 
in the formulae (9) and (13) we obtain for the ordinate z of 
this point a function of t which is not zero. If we suppose, 
on the contrary, that a circular portion of the plate having 
the same centre and a radius which we will denote by a is 
rendered fixed, its perimeter ought to be considered as if it 
were built-in ; and we shall accordingly have the conditions 
dz 

^ = 0, ^ = 0 for r = a ; besides the conditions which hold for the 

boundary of the plate, that is for r = Z. In like manner if the 
central part were hollow, and its perimeter entirely free, we 

should have ^ = 0, ^ = 0 for r = a. In these two cases the 

dr ^ 4ir dr 

ordinate z would correspond only to values of r between a and 
I, and so it will not be necessary to suppress that part of its 
expression which would become infinite for r = 0 : thus instead of 
the formula (8), which we have hitherto employed, we must take 
the formula (7) and the corresponding expression for <f>. The 
calculations will then be similar to those Poisson has gone 
through, but the formulae will be longer; Poisson refrains from 
giving them. 
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522. A remark may be made bere as to wbat we are to under- 
stand by greater and less elasticity. Poisson obtains on his page 
552 an expression for the amount of depression of the centre of a 
horizontal elastic plate below the plane of the boundary ; the 
expression has in the denominator h in Poisson’s notation: 
see Art. 502. Then Poisson says in effect that this is greater 
the smaller h is, that is the smaller the elasticity is; so he 
takes A; to be a measure of the elasticity. But this seems 
contrary to common notions, for one would expect that the 
greater the elasticity is the greater will be the depression. And 
on his page 554 Poisson seems to consider that if a body is 
absolutely rigid it may be said to have no elasticity, and then 
surely there would be no depression ; so that contrary to what we 
have on his page 552 small elasticity would lead to small depression. 


523. In the volume of the Paris Memoirs which contains this 
memoir by Poisson there is an Addition to it on pages 623 — 627. 
The object of this Addition is to give the complete integral 
of the equations which correspond to the vibrations of an elastic 
body supposing that there are no applied forces. The equations 
according to Poisson’s memoir are 
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These agree in form with those usually given in the text books if 
we suppose only one elastic constant. 


Put 


du dv dw __ d^<l> 
dx^dy~^dz'^df 


then equations (1) may be written 


d\ __ ^ /d^u d^u d\\ d^<f) 

df 3 \dx^ dy^ Z dxdf 

fdJ^v , d% , d^v\ 2a? d^<j> 

df^S [dx^^ dy^'^ dz^j'^Y'd^ 
d^w _o? (d?w d^w d?w\ 2o? 

df 3 dzdf 


( 2 ); 


(3). 


T. E. 


18 
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Differentiate equations (3) witli respect to x, y, z respectively and 
add; tlius 

f I 1 ) 

df \dx^ df dy'^ df di‘ dfj ' 

Integrate twice with respect to t, and we obtain 

where P and Q are arbitrary functions of x, y, and z. Let us denote 
by <p and j two other functions of these variables, and make 

^ 4- gr j 

then we can reduce the preceding equation to this : 


df ~ \daf ^ d^^ dsf) ^ 


df 

provided we establish between 'p and P, and between q and 
Q the following relations, 


^ ^ ^ p ^ ^ A „ 

dx^^df^dz^^ ’ da^^df^dd^^^ 


Now let 


u = ic' + a^^y V =v + w = w' + 

dx dy dz 


..(5); 


substitute these values of u, v, and that of <f> in equations 
(3), then taking into account the results of differentiating (4) 
with respect to x, y, and z^ and reducing, we shall have 


.( 6 ). 
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If we make the same substitution in (2) we obtain 

dvl d'd dw 
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Now according to a formula obtained by Poisson in the Memoirs of 
the Paris Academy, Vol. ill. ISIS, the complete integral of (4) in 
a finite form is 


/ / / (^ + cos a, y + cut sina sin^, 
jo jo 

sin a cos/3) t sin a dad^, 

^ r^r r2ir 

+ F(a! + at cosa, y + at sina sinjS, 

s + at sin a cos/3) t sin a docdjS, 
where /and jP denote arbitrary functions. 

The integrals of (6) can be deduced from this by putting 
a/\/3 in the place of a, and changing the arbitrary functions. Let 
df dF 

us denote by and the arbitrary functions which occur in 
df dF 

and by ^ and the arbitrary functions which occur in w ’ ; 
then we shall have 

, d (at at ^ 

®=^JoJo + 


f at at . . _ 

+ 2/ + ^smasm^, 


■ ^ sina cos/3j t sina cZad/3 


^ ^ sina cosySJ ^ sina dadjS, 


, d f , at at . 

+ y + ^ToSinasmA 


at . 

z + ^-g sina C0S/3J t sina do,d^ 


, d^ ( , at at . . 

+ Woio 73°°®“^ y + ^gSmasmA 


^ ^ sin a cosjS^ isina da.d^. 

Then, in order to satisfy (7) in the most general manner we 
must take 

18—2 
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, , d f , at at . . o 

* = + -5rJ.J/- (*■+ 7S y + V3 “““ 

^ sina coS/8^ t sina dad^ 
d f at at . . n 

v§““’ s'+vs™"'"^ 

at \ 

^ sin a cos/3 j i sina dad^ 


dydtj 


sina coS)S)^ sinadIacZ/3 
^J6 


d? f . at at . -a 

^ sina cos/3^ ^ sina c?a^?/3, 
•where '{[r denotes an arbitrary function of y and z. 


524. With respect to the history of the important formula 
which Poisson gives as the general integral of (4) the reader should 
consult a paper by Liouville in his Journal de Mathematiques, 
Vol. I, of the New Series, 1856, and a note by the same writer 
which we have reproduced in a foot-note to Art. 562. 


525. The last sentence of the memoir is 

Nous reviendrons dans la suite sur les applications des formules 
prec6dentes k des problemes particuliers. 

We shall see as we proceed that Poisson in another memoir 
put the integrals of the general equations in another form ; but he 
does not seem to have applied his formulae to special problems. 

626. The values of u, v, w found by (5) will involve the time 
t in two forms ; in one form we shall have a as the coefficient of t, 
and in the other form we shall have a / as the coefficient of t 
Thus we have two waves, one propagated with the velocity a and 
the other with the velocity a/V3. This is I presume the first appear- 
ance of this result in the history of our subject. 
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527. 1828 — 29. The publication of Poisson’s memoir of Apri 
1828, gave rise to a controversy between Navier and him which wa 
carried on in the Annales de Ghimie, Vols. 38 and 39, 182^ 
and Vol. 40, 1829, and Fdrussac’s Bulletin^ Vol. xi., 1829. Saint 
Venant in Moigno’s Statique, page 695, states that the controvers 
appears also in Vols. 36 and 37 of the same series; but these tw 
volumes contain no article by Navier, and the articles in them b 
Poisson do not mention Navier’s name, though it is possible ther 
may be some oblique reference to Navier \ 

The following are the articles which form this controversy 
numbered for convenience of reference. 

I. Note relative d V article intituli : Memoire sur Vdquilihre i 
le mouvement des Corps dlastiquesj insdrd page 337 du tom 
prdcident; par M. Navier. Vol. 38, pages 304 — 314. 

II. Rip>on8e d une Note de M. Navier inserie dans le dernie 
Gahier de ce Journal; par M. Poisson. Vol. 38, pages 435 — 440. 

III. Remarques sur V Article de M. Poisson insure dam I 
Gahier d'ao'dt; par M. Navier. Vol. 39, pages 145 — 151. 

IV. Lettre de M. Poisson d M. Arago, Vol. 39, page 
204—211. 

V. Lettre de M, Navier d M, Arago. Vol. 40, pages 99 — lO*/ 

VI. Navier. Note relative d la question de Viquilihre et d\ 
moumment des corps solides ^lastiques, Fdrussac, Bulletin de 
Sciences MatMmatiques. Vol. xi. 1829, pages 243 — 233. 

We will now notice briefly the main points of the controversy. 

628. In I. the chief complaint of Navier is that his labours oi 
the subject, as shewn by his memoir published in 1827 in th 
seventh volume of the Memoirs of the Academy, were not adequatel; 
appreciated by Poisson. Navier thinks that he is entitled t< 
consideration as having led the way in the right discussion o 

^ [See however Art. 433, On p. 86 of Vol. 36 and on p. 347 of Vol. 37, Poisso. 
lays it down that molecular action cannot he represented by definite integrals, an 
that therefore the method of Lagrange is not applicable to the very problem 
in which Navier had used it. Saint-Venant criticises Poisson’s view in th 
JSistorique Ahrege, p. cbmi., and Moigno’s Statique, p. 695.] En. 
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problems concerning elasticity ; and this seems to be a reasonable 
claim: see a note on page 243 of the memoir on Torsion by 
Saint-Venant\ 

Navier makes with emphasis some curious remarks on one 
point. We have already stated that in the equation for the 
vibration of a lamina Poisson obtains a coefficient which involves 
the square of the thickness; see Arts. 260 and 289. Now 
Navier says that Poisson's coefficient ought to vary as the cuhe 
of the thickness, otherwise his expression will not hold when 
we suppress one of the coordinates and reduce the elastic plate 
to an elastic lamina. Poisson seems not to have condescended 
to notice this remark ; it is certain that Navier is wrong here : 
compare the equation for the transversal vibration of a rod or 
lamina given in Poisson's Mecanique, Vol. il., page 371, and it 
will be found that the coefficient does involve the square of 
the thickness, and it is obtained in a manner to which Navier 
could not have objected. This is quite consistent with the fact 
that a certain equation of equilibrium presents the cube of the 
thickness : see the Mecanique, Vol. i., page 606. 

Navier distinguishes on his page 305 between membranes and 
elastic surfaces thus : 

Les recherches qui ont 6te faites jusqii’a ces derrders temps sur les 
lois de r^quilibre ou des mouvemens de vibration des corps, s’appliquent 
principalement, d’une part, aux cordes et aux membranes ou tissus, 
supposes paifaitement flexibles, mais susceptibles de resister k I’extension 
et a la contraction ; et, d’autre part, aux plans et surfaces courbes, 
elastiques, auxquels, outre la m§me resistance a Textension et k la 
contraction, on attribue encore la faculte de resister ^ la flexion. 

529. In 11. Poisson states that he had cited Navier’s formulae 
in the place of his memoir which seemed most convenient, and had 
shewn the passage to Navier in his manuscript: the passage 
occurs on pages 403 and 404 of the memoir. Considering the 

1 [Saint-Venant has a short paragraph on this polemic in his Historique AhrSgS 
(p. clxv) in which he sums up Poisson’s attack from the molecular side with the 
words: ‘Tons ces reproehes 6taient ou sans fondement ou esag4r4s’. I cannot quite 
agree with this. Navier made a distinct mistake, and was only saved from its con- 
sequences, because he did not evaluate his integral.] Ed. 
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habit of the French writers to be extremely sparing in references, 
it does not appear to me that Poisson could have been expected to 
do more; but it is obvious that Navier considered this single 
citation quite insufficient: see page 151 of III. Poisson says 
that there is an important difference between his own process and 
that of Navier, for the latter had not considered the natural state 
of the body, and also by expressing his coefficients in the form of 
integrals had involved himself in a serious difficulty : see Arts. 436 
and 443 of the account of the memoir of April 1828. 

Poisson alludes to his memoir of 1814, and makes the same 
admission respecting it as I have quoted in Art. 435 of my account 
of the memoir of April 1828. He says moreover: 

II en r^sulte done qu^en 1814, je n’avais pas trouv6 Tequation de la 
plaque 61astique en 4quilibre ; je Tavoue tr^s-volontiers ; mais qu’il me 
soit aussi permis de dire que personne encore ne Ta obtenue par des 
raisonnemens exacts, et que ce sera dans mon Memoire sur les Corps 
61astiques qu’elle se trouvera pour la premiere fois sans aucune 
hypothfese et d^duite de Taction moleculaire consideree dans toute 
Tlpaisseur de la plaque. 

The correct equation of equilibrium to which Poisson here 
alludes must be that numbered (9) in Art. 484. 

Navier in I. spoke of the principle adopted by Mdlle Germain 
as ingenious and true. Poisson says that this is inadmissible; and 
he implies that there is not the analogy between this and the 
hypothesis which James Bernoulli used for the elastic lamina 
which was apparently claimed for it, since according to Bernoulli 
it is the moment and not the normal force which varies inversely 
as the radius of curvature. 

Poisson says that he obtained the equations relative to the 
boundary of an elastic plate, which had not been given before ; at 
least they did not agree with those of Navier in the Bulletm de la 
SociSte Philomatiquej 1823, page 92. With respect to Navier’s 
equations he says : 

Pour s’assurer de Tinexactitude de celles-ci, il suffit de les appliquer 
k un cas fort simple, au cas d’une plaque circulaire dont tons les points 
du contour sont soumis ^ une force constante et normals k la plaque. 
II est Evident qu'alors la figure d’^quilibre sera celle d’une surface de 
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revolution ; or, cette figure serait impossible d’apr^s Tequation (7) du 
Memoire cit6. En effet, cette equation est : 




{{- 


\dy fdS dH 0 

dy^dx) ds \dy^ dafdy) ds ) ’ 


Z designant la force normale, Jc un coefficient qui depend de la mati^re 
et de ripaisseur de la plaque, x, y, et z les coordonnees d’un point du 
contour, et ds T^lement de cette courbe. Si Ton appelle r le rayon 
vecteur du meme point, et $ Tangle qu’il fait avec Taxe de x ; que Ton 
place Torigine des coordonnees an centre de la plaque, et qu’on regarde 
Tordonn^e z comme une fonction de r, ce qui exprimera que la figure 
de la plaque est une surface de revolution, cette Equation deviendra : 


r^sultat impossible, lorsque la force Z est supposee constante, et par 
consequent independante de Tangle 0. 


530. In III. Navier asserts that be had considered the natural 
state of the elastic body, and that he had obtained seven years 
before Poisson the equations of equilibrium of such a body. 
With respect to a claim made by Poisson Navier says : 

M. Poisson demande qu’il lui soit permis de dire que personne 
encore n’a obtenu, par des raisonnemens exacts, Tequation dont il 
s’agit. Je ne sais si d autres lui accorderaient cette demande ; quant k 
moi, cela ne m’est pas possible, parce que la demonstration que j’ai in- 
diquee, page 93 du Bulletin de la BociHe Fhilomatique pour 1823, et 
qui est contenue dans le Mtooire et dans la Note manuscrite men- 
tionnee dans le m^me article, est fondee sur des raisonnements exacts, 
Ce travail sera public dans pen de temps. 

Navier contradicts the statement that the hypothesis of Mdlle 
Germain is inadmissible. He prints the note found among the 
papers of Lagrange which gives wnthout demonstration the correct 
form of the equation for the vibration of an elastic lamina; see 
my account of Sophie Germain, p. 148. As to the objection recorded 
at the end of Art. 529, Navier says briefly that if the proper values 
of dyjds and dxjds be used, as he has defined these terms, then 6 
will disappear, for instead of cos^ 0 - sin® 6 we get cos® 6 + sin® 6, 

531. In IV. Poisson repeats his objection against Navier^s 
method of representing the resultants of the mutual actions of 
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disconnected molecules by definite integrals ; he believes he is the 
first who has called the attention of mathematicians to this point : 
but Saint-Venant in Moigno’s Statique, page 694, says that 
Oauchy did this en m^me temps que Poisson.*' 

Poisson also objects that Navier omits some of the forces 
which are of the same order of magnitude as those which he 
retains : this I think refers to the point noticed by Saint-Venant 
in Moigno's Statique^ pages 696 and 729 ; namely that instead of 
putting /(rj =/(r) + (r^ - r)f (r), he put only /(r^) = (r, - r)f (r). 

Poisson holds that Lagrange could not have been satisfied 
with the mode of obtaining the equation for the vibration of an 
elastic lamina to which Navier drew attention, for he did not give 
it in the second edition of the Mdcanique Analytique, Poisson 
says; 

Mais je ne veux pas ici reculer devant la difficulte : lors m^me que 
ropinion contraire k la mienne serait actuellement appuyee de Taiitorit^ 
de Lagrange, ce qu’^ la v^rite je suis loin de penser, je me croirais 
toujours fond€ k soutenir que dans la lame elastique ordinaire, c’est le 
moment et non pas la force d’6lasticite qiii est en raison inverse du 
rayon de coiirbure, et que, dans la plaque 6lastique courb6e en difierens 
sens, ni les momens ni les forces ne sont exprim^s par la somme des 
deux rayons de courbure ren versus. Je renverrai, sur ce point, k la 
page 182 de mon Memoire, oil les expressions des momens et de la 
force normal e, c’est-k-dire, de la force qui s’oppose h, la flexion, sont 
donn^es pour le cas de la plaque courb^e en tout sens, et au beau 
M6moire d'Euler qui fait partie du tome xv des Hovi Commentarii pour 
le cas de la lame ordinaii'e. 


The page 182 of Poisson’s memoir corresponds to page 538 of 
the volume of which it forms part. 

Poisson gives the calculation by which he found that a certain 
equation involved 6, while Wavier asserted that it was independent 
of 6, The equation is 

\dxds dydsj 

where <f> stands for ^ . 

ctic® ay® 

Poisson applies this to a circular plate ; the force Z is constant, 
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^ is a function of the radius vector r, the origin being at the 
centre. Thus = r cos y = r sin 6, 


Since ^ is a function of r so also is 6 ; thus ~ ^ , and 

“ doo r dr 


^ ^ ^ • also ds = rdd. Hence the equation becomes 

dy T dr 


that i 


IS 


Z + k^ (cos® 6 — sin® 0) = 0. 


Poisson adds, 

Maintenant Fauteur dit que, pour faire usage de son Equation, il 
faudra changer quelque chose k la signification naturelle et ordinaire des 
differentielles qu’elle contient ; il me semble que ce serait alors changer 
r^quation elle-meme; mais, sur ce point, je n’ai pas assez bien saisi 
le sens de ses expressions pour essayer d’y r^pondre. 

Finally Poisson adverts to the difference between himself 
and Navier as to the equations which must hold round the 
boundajy of an elastic plate ; the difference related both to the 
number and form of these equations: Poisson gave three and 
Navier only two. With respect to the number of these equations 
Poisson supports his own opinion by the following remarks : 

Appelons fjt. une portion de la plaque appartenant k son contour, et 
d’une grandeur insensible. Si Ton tient compte des forces mol^culaires 
qui attachent au reste de la plaque, et aux autres forces donnees qui 
lui sont appliquees, on pourra considerer ensuite comme enti^rement 
libre. Or, en faisant abstraction des mouvemens parall^les k la plaque 
qui donneraient lieu aux conditions d’equilibre dont il n^est pas 
maintenant question, il restera trois mouvemens que yu, pourra prendre. 
En effet, supposons la plaque horizontale et menons k Fendroit de son 
contour oil [i est situe, une tangente et une normale horizontales ; il est 
evident que /a pourra s’elever ou s’abaisser verticalement, qu’il pourra 
toumer autour de la tangente, et qu’enfin il pourra tourner autour de la 
normale. De plus, ces trois mouvemens ^tant independans entre enx, 
ils donneront lieu k trois conditions d’equilibre, qui ne pourront ^tre 
exprimees k moins de trois Equations distinctes. 

Au lieu d’une plaque aussi mince que Fon voudra, s’il s’agissait 
d’une surface ^lastique, absolument sans ^paisseur, les Equations d’^qui- 
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libre se r^duiraient k deux, parce qii’alors il n’y aurait pas lieu de 
considerer le mouvement de /a autour d’une tangente dont il ferait 
partie. O’est encore une difference essentielle entre la plaque elastique, 
et la surface qui r^siste ^ la flexion en vertu des repulsions mutuelles 
de ses diff^rens points : la determination de la forme que celle-ci doit 
prendre, quand elle est en outre sollicitee par des forces donnees, n’est 
plus qu’un simple probl^me de cimiosite, dont la solution exige, ainsi 
que je Fai pratiqu^ dans mon M^moire sur les surfaces elastiques, que 
Ton pousse le d^veloppement des forces moleculaires plus loin que dans 
le cas de la plaque un tant soit peu 6paisse ; mais je conviens de 
nouveau que j’avais confondu mal k propos Tune avec Fautre dans cet 
ancien M6moire. 

532. In V. Navier says that he had given in his memoir 
the expression for his coefiSicient e, in terms of the molecular 
action, thus contradicting the statement made by Poisson to the 

27r 

opposite effect: the expression is 6 = ^7 I p^f{p)dp, Navier 

15 J 0 

has now read Poisson’s memoir of April, 1828, and he criticises 
that as well as defends his own method. He objects to Poisson’s 
results as resting on the equation ry(r)=^0 when r = he 
says that there are many forms of f{r) for which ry(r) does 
not vanish with r. He attempts to defend his use of (r, — r) /' (r) 
where he omits / (r) : see Art. 531. He points out that the 
first volume of the second edition of the Mioanique Analytique 
was issued in September 1811, and that Lagrange’s note which we 
have quoted in Art. 284 was dated December 1811; the second 
volume of the second edition of the M^canique Analytique did 
not appear until long after the death of Lagrange; thus the 
inference which Poisson had drawn in Art. 531 could not be 
sustained. We see from page 110 of the Annales, Vol. 40, that 
Poisson had discovered and acknowledged his mistake. 

Navier defends the equation relative to the boundary of 
an elastic plate to which Poisson had objected \ He says that 

1 [The expression for the potential energy of a plane elastic plate bent to curva- 
tures 1 /JS', 1 /jK", is per unit area equal to a constant x l/i 2"2 + 27 /(jK'i 2 ")}, 

where y is the ratio of lateral contraction to longitudinal extension, and therefore in 
the French theory is put equal to 1/4. Now Navier obtains (see Art. 260) the 
erroneous expression : constant x 4 . 2/(3i2'JR") } for this potential energy, 
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Poisson in applying this equation to the figure he considered 
neglected a preliminary operation. 

Cette operation consiste k remplacer respectivement les rapports 
dx/ds et dyjds par cos a et cos/5, eii designant par a ei /B les angles 
formes par I’element ds du contour avec les axes des x et des y. Quant 
k la necessite de cette operation, qui se represente dans tons les resultats 
analogues obtenus par Tapplication du calcul des variations aux 
questions de mecanique, et que M. Poisson parait avoir perdu de vue, 
il me suffira de renvoyer le lecteur ^ la page 205 du tome 1®^ de la 
Mecanique Analytique oil on la trouve expliquee et d^montree en detail. 
L’equation dont il s’agit ne pent done v6ritablement donner lieu k aucune 
objection, et elle s’accoi'de d’ailleurs avec les resultats que MM. Cauchy 
et Poisson ont donnes dans ces derniers temps. 

I do not understand this ; the page 205 seems to correspond 
to the page 200 of Bertrand’s edition, and to relate to the 
process by which Lagrange condenses into one expression the 
difiference of two integrals. I do not know to what results of 
Cauchy and Poisson allusion is made by Navier. 

With respect to Poisson’s third equation for the boundary 
Navier says that Cauchy thought it involved some difficulties: 
see the Exercices de matMmatiques, Vol. ill., page 346. 

533. In YI. we have no new point of importance. The contro- 
versy in the Amiales had been finished by the remarks of Arago, 
one of the editors of the publication ; and this article by Navier 
in Fdrussac’s Bulletin is mainly a repetition of what he had 
said before, addressed now to a fresh audience. We may, I 
think, fairly sum up the whole controversy thus: the special 
points which Poisson noticed have been decided generally in 
his favour by the subsequent history of the subject; the great 
merit of Navier in commencing a new method of treatment 
might well have been more warmly commended by Poisson, 

having 2/(3JR'E") instead of 1/(2E'J2"). This term only affects the contour-conditions 
but the error in it naturally leads to wrong expressions. It must however be 
noted that Navier’s method of treating the problem by the Calculus of Variations 
leads to only tioo contour-conditions, and Kirchhoff’s work on this point ought to be 
considered in the light of Navier’s. It might even be more just to speak of Navier' s 
two contour-conditions : see Art. 260.] En. 
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while on the other hand Navier might have recognised the 
improvements which had been effected by Poisson’s memoir of 
April 1828. 

534. After Navier’s letter a note by the editor is given on 
pages 107 — 110; the general drift is unfavourable to Navier, 
both as regards his defence of his own memoir, and his objections 
to Poisson’s. Navier seems to misunderstand the difference 
between Cauchy and Poisson; Cauchy does not object to the 
important conditions which according to Poisson must hold at 
a free part of the boundary, but to the less important case of 
the conditions at a fixed part: see my remarks on this point 
in my account of the pages 328 — 355 of the Exercices, Vol. ill. 

535. 1828. Note sur la Compression dlwne sphere. This 
occupies pages 330 — 335 of the Annales de Chimie, Vol. 38, 1828. 
The note was written in consequence of Poisson being consulted as 
to some opinions adopted by Oersted founded on experiment. 
The first sentence enunciates the problem which is discussed : 

Tine sphere creuse, homog^ne et d’une epaisseur constante, est 
soumise en dehors et en dedans k des pressions donnees; on de- 
mands de determiner le changement qu’^prouveiit son rayon exterieur et 
son rayon interieur. 

I need not go over the process as it is given with greater 
generality, by the use of two constants of elasticity instead of 
one, in Lame’s work on Elasticity, pages 214 — 219. From the 
Annales de Chimie^ Vol. 39, page 213, we may infer that the 
problem had already been discussed in a memoir as yet un- 
published by Lame and Clapeyron. As Poisson says, the equations 
which he uses had been given in his memoir of April 1828, 
but he does not supply any exact references. His equation (1) 
is obtained by using rdcf^/dr instead of d<^ldT in the equation 
(1) of page 406, and suppressing the terms involving t ; his 
equation (2) coincides with a statement on page 431 of the 
memoir; and the proposition with which he finishes the article 
seems derived from a comparison of pages 402 and 430 of the 
memoir. 
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636. An article by Poisson occurs on columns 353 and 354 of 
Scbumacber’s Astronomische Nachrichten, Vol. 7, 1829 ; it takes 
tbe form of a letter to the editor, and is entitled in the Eoyal 
Society Catalogue of Scientific Papers : I7ote sur V^quilibre d'wa 
jil Slastique. 

A criticism by Professor de Schulten on a passage in 
Lagrange's Mecanique Analytique appeared on columns 186 — 188 
of the same volume of the Journal; the editor sent a copy to 
Poisson requesting his opinion, and accordingly Poisson replied. 
The passage in Lagrange is comprised in Articles 48 — 52 of the 
fifth section of the part on Statics, pages 145 — 151 of Bertrand’s 
edition ; it relates to the equilibrium of an elastic wire. 

Suppose the wire to be inextensible ; there are three equations 
of equilibrium given on page 145 ; the first will serve as a tj^e : 

Xdm - d .^ + dJ‘.{I(^x) = 0 (1). 

Suppose the wire to be extensible; there are three equations 
of equilibrium as we see from page 151; the first will serve 
as a type : 

Z*. - d . {(f + ^ -§) 1} +<!■.(/*). 0 ...(2). 

According to Lagrange \ denotes the tension in the first case 
and F denotes the tension in the second case. 

Schulten quotes the formulae (2) with \ instead of F; and 
he says that the formulae (1) are wrong, and that (2) are the 
proper formulae for both cases ; and he offers some general reasons 
to shew that the expression for the tension must be the same 
in both cases, but I cannot say that I understand this. Poisson 
treats the matter very briefly. He says that Schultdn should 
retain F in the formulae (2), for it is not the same thing as \ 
of the formulae (1); and he says that the tension ought to be the 
same in the two cases, but that the true tension is not expressed 
either by X in the first case, or by F in the second. Poisson 
uses Jpds for the sum of the tangential forces; he puts a for 
the K of Lagrange, and d$/d(f> for the p of Lagrange. I shall 
assume that the reader has the Mecanique Analytique before him 
in the remarks I make. 
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Poisson says that from (1) we get ^ ~ ^ 

(2) we get Jpds; these results he says are easily obtained by 
making s the independent variable. He holds that the true value 

of the tension is Jpds — for which he cites Eulei^ JVovi Gom- 


mentarii, VoL xv, page 390. 

r 3isr 

It seems to me however that from (1) we get X = jpds — > 


Es f SjST 

and from (2) we get ~J ~ finally 

F= jpds — 


2p^- 


2 /)“ 

Hence F really gives wliat Poisson holds to he. 


the true tension. 

Schultdn obtains from (2) another form of F, namely this : 

F=~Jxdm +^l Ydm + ^jzdm, 

where arbitrary constants may be considered to occur in all 
the three integrals ; but this does not invalidate the form already 
given. 


537. On the whole it seems to me that Schultdn has not shewn 
that there is any real ground of objection to Lagrange’s result, and 
that Poisson contributes nothing to the question. As Bertrand 
does not allude to the matter in his edition of the M^canique 
Analytique I .presume that he sees no error here in Lagrange’s 
process. 


538. Poisson however proceeds to some general remarks on 
Lagrange’s method which seem to me quite just. He says that 
Lagrange’s manner of applying the principle of virtual velocities 
to forces, the effect of which is to vary a differential expression, 
has always appeared to him unsatisfactory : we have no clear 
idea of the meaning of the undetermined coefficients. Poisson 
says also that Lagrange had taken the elastic force as represented 
by the inverse radius of curvature, whereas James Bernoulli 
had so represented the moment of the force and not the force 
itseK, 
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539. The subject is resumed in Vol. 8 of the Astronomische 
Nachrichten in a number which appeared in December 1829 ; the 
complete volume is dated 1831. On the columns 21 — 24 there is 
a note by Schulten entitled : M)te sur la tension des fils elastiques. 
He shews that in the case of an elastic thread in one plane, 
which is the case discussed by Euler, his formula for the tension 
agrees with Euler’s ; but he does not say distinctly, as I have done, 
where Poisson’s statements are wrong. Schulten concludes that, 
as he had originally maintained, Lagrange is in error. A letter 
from Poisson to the editor follows. Poisson had seen the second 
article by Schulten, admits its accuracy, but says nothing about 
the mistakes into which he had himself fallen. Apparently he 
now agrees with Schulten in attributing to Lagrange an error; 
but as I have said I do not concur in this. 

540. 1829. M^moire sur les Equations generales de Vdquilibre 
et du Mouvement des Go7'ps solides 4lastiques et des Fluides, This 
memoir was read to the Paris Academy on the 12th of October, 
1829; it is published in the Journal de VEoole Polytechnique, 20th 
Oahier, 1831, where it occupies pages 1 — 174. 

541. The first paragraph of the memoir indicates briefly the 
nature of its contents : 

Dans les deux Memoires que j’ai lus a I’Academie, Tun sur I’^quilibre 
et le mouvement des corps ^lastiques, Pautre sur Tequilibre des fluides, 
j^ai suppose ces corps formes de molecules disjointes, s^parees les unes 
des autres par des espaces vides de mati^re ponderable, ainsi que cela 
a eflectivement lieu dans la natm*e. Jusque-la, dans ce genre de 
questions, on s'etait contente de considerer les mobiles comme des 
masses continues, que Ton decomposait en 61^mens difierentiels, et dont 
on exprimait les attractions et les repulsions par des int^grales d^finies. 
Mais ce n'etait qu'une approximation, a laquelle il n’est plus permis 
de s’arr^ter lorsqu’on vent appliquer Tanalyse math^matique aux 
phenomenes qui dependent de la constitution des corps, et fonder sur 
la reality les lois de leur equilibre et de leur mouvement. En m§me 
temps, on doit s’attacher k simplifier cette analyse autant qufil est 
possible, en conservant an calcul toute la rigueur dont il est susceptible 
dans ses diverses applications. C’est ce motif qui m’a engage re- 
prendre en entier les questions que j’avais dejk traitees dans les 
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EQtooir.es precldens. Mes nouvelles reclierclies ne m’oEit conduit 
aucuTL ohangemeiit dans les resultats; mais je n’ai rien neglige pour 
rendre plus simples, et quelquefois plus exactes, les considerations sur 
lesquelles je m’etais appuye, surtout dans la partie relative requilibre 
des fluides. 

642. Poisson thus claims as the distinctive character of liis 
own investigations that instead of the definite integrals of the 
earlier writers he used finite summations ; however, as Saint- 
Venant remarks in Moigno's Statique, page 695, definite integrals 
occur in Poisson's memoir of April, 1828, on pages 378 — 381. 
With respect to Poisson's views on this matter Saint-Venant refers 
to pages 366 and 369 of the memoir of April, 1828, to pages 31 
and 378 (rather 278) of Poisson’s Nouvelle theorie de Vaction capil- 
laire, and to Poisson’s controversy with Navier in Vols. 36, 37, 38, 
39 of the Annales de Ghimie et de Physique, Saint-Venant pro- 
seeds thus : 

Cauchy exprime constamment (comme Poisson Fa fait ensuite cmn- 
Dltoment aussi) ses r^sultantes de forces, non par des intcgralos, mais 
)ar des sommes S ou S d’un nombre fini quoique trSs-grand d’actioixs 
ndividuelles ; et, cela, sans se servir, comme Poisson, de considerations 
)eu rigoureuses relatives k la grandeur moyenne de Fespaccment dos 
Qolecule^, et sans avoir besoin de supposer avec lui que “le rayon 
’activite comprend un nombre immense de fois Fintervalle nioleoulairo,’* 
e sorte “que les actions entre les molecules les plus voisines puissent 
tre negligees devant les actions moindres mais plus nombreusos qui 
‘exercent entre les autres,^' ce qui, comme le remarque Cauchy, 
onduirait aux m^mes consequences fausses que la substitution dhin 
ombre infini de particules contiguSs aux molecules isolees et espacees. 

Saint-Venant adds references to various parts of this scutoncc : 
fter coinpUtenient aussi to pages 41 — 46 of the memoir of October 
829 ; after des molecules to pages 32 and 42 of the same memoir ; 
fter les autres to pages 370 and 378 of the memoir of 1S2S, and to 
ages 7, 8, 13, 25, and 26 of the memoir of 1829 ; and at the end 
I the sentence to various pages of Cauchy’s Exercices, troisihna 
nnie. See also a note on pages 261, 202 of the memoir ou 
orsion by Saint-Venant h 

^ Or more recently in the Historiqiie Ahr^g<^y pp. clxi. — clxv, 

T. E. 


19 
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5t3. The first section of Poisson’s memoir is entitled: Notiom 
preliminaires and occupies pages 4 — 8. Here some mention is 
made of caloric as suppl} ing a repulsive force in addition to the 
attractive force which may he supposed to arise from the action of 
particles of matter on each other. Thus on the whole what may 
be called the molecular force between two particles at an assigned 
distance apart may be positive or negative ; and this consideration 
is kept constantly in view, and constitutes one of the main 
differences between the present memoir and Poissons previous 
writings on the subject of elasticity. 

544. The second section is entitled: Galcul des Actions moUca- 
laires et Equations d^equilibre relativement d des MoUcules rangies 
en ligne droite ; it occupies pages 9 — 28. The main result is an 
equation on page 20, namely pX =dpldx ; here p is what would be 
the pressure if the investigation were relative to a slender column 
of fluid, and what would be the elastic tension if the investigation 
were relative to a straight solid rod. X denotes the applied force 
along the column or rod. The special part of Poisson’s process is 
that he finds an expression for p, which denotes the molecular force, 
involving undetermined integrals, namely 

= J;-a,/(0) + 3a//"(0)-5a/r" (0) + .... 

Here f (s) denotes the molecular force between two particles, each 

r CD 

of the unit of mass, at the distance s, and k is put for I s f(s) ds ; 

also 6 denotes the mean distance between two adjacent particles ; 

<^ 35 - •• numerical constants given by the general formula 

2 J 1 , 1 . 1 , 1 

(27r)“*‘ jr** 3’'“ ” J ^ 

so that 

This value of p is obtained by the aid of various steps of 
general reasoning, which are not very convincing I think. The 
principal mathematical theorem used is that which is called Euler's 
Theorem, made accurate by an expression for the remainder due 
to Poisson himself, for which he refers to a memoir on Definite 
Integrals in Vol. vi. of the Paris Memoirs. 
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I do not know that any application has ever been made of the 
value of p which Poisson here obtains. 

545. The third section is entitled : Cahul des Pressions mo- 
leciilaires dans les Corps elastiqiies ; Equations differentielles de 
Cequilihre et du mouvement de ces Corps ; it occupies pages 28 — 68. 
I notice some points of interest which present themselves. 

546. On page 29 a definition is given of the term pressure 
(stress) as used in the theory of elasticity. This corresponds with 
that adopted by Lamd and Cauchy. The action exerted on a certain 
cylinder of a body by the matters below the plane of the base is 
estimated. This is perhaps the first introduction of this cylinder. 

[547.] Poisson in his memoir expressly considers the solid body 
first in the state in which there are no applied forces internal or 
external. He finds that there is no stress within the body, 
and that round any point 2?/(r)=0: see his page 34. Here 
f has the same meaning as in Art. 443; and r is the distance 
of a second particle from the particle considered as the origin : the 
summation is to extend over all the particles round the origin. 
On page 37 of the memoir Poisson uses a formula equivalent to 
the following : 

. du 2 cZ?; , dw o , fdw . dv\ ^ 

(du dw\ , fdv , du\ ,, 

+ U + 

where s^. is the stretch in direction r determined by the angles 
(aySy). 

The formula had been already given by Navier, but did not 
occur in Poisson’s memoir of April 1828 : see Saint-Venant’s 
memoir on Torsion, page 243. ' 


[548.] On p. 45 a result is given of the following kind ; the 
six stress components are expressed in terms of the strain by equa- 
tions of the form 


^ f^du dv dw\ 


+ O 


du 

dso 



dw\ 

Tz)’ 


19—2 
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Poisson shews by a somewhat lengthy process and with a 
different notation that, 

or = 


This relation appears with our notation \ namely, 


iCX = *4" 2yL6 


dll 

dx' 


yz — v 



dw \ 


under the form v = fM, 

Some remarks by Saint-Venant on Poisson s procedure at this 
point will be found in Moigno's Statique, p. 684. Poisson in fact 
here improves upon the sixth section of the Memoir of 1828. 


549. As a simple example, Poisson considers the case in which 
the only applied force is a constant normal pressure at the surface 
of the body. He shews that the equations are satisfied then 
by taking 


du _ 
dx 


dv dw . 

: ^ — 5, a constant, 


and by supposing the other first fluxions of the shifts to be zero. 
In this example the stretch will be uniform and equal to — s. 


550. A simple proposition which is given on pages 61 — 63 
may be noticed. If the stress on a plane at a point is always 
normal to the plane and of the same value, then the stretch is 
the same all round the point ; and conversely. 

For taking the equations for stress across a plane surface 
(a, /3, 7), and applying them at any point in the interior of a body, 
we are by supposition to have relations of the form, 

Q cos a = S cos a + SJ cos )8 + S cos 7, 
where Q is a constant. These are to hold for all values of a, j3, 7, 
and so they lead to 

S = = Qy 

and 5s = 0, S=0, S=0: 

^ [See the note at the end of this volume for the terminology, and the footnote 
p. 321 for the notation. Ed.] 
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then by Art. 54 j 8 we get from these 

du dv dw 


dx dy dz ^ 


.(1), 


dv dw 

dy^ ^ dx dz ' dy dx 

The equations (1) and (2) lead to the required result, 
converse may be established in like manner. 


( 2 ). 


The 


From equations (1) and (2) we can infer that 5 is a linear 
function of Xy y, z) for we can eliminate % v, w by suitable 
differentiations, and thus obtain 

d^s _ d^s d^s __ d^s _ d^s _ 
dx^ ” dy^ dz^ ” dzdy dxdz dydx 


These lead to 

s = a + 4- /S'y 4- I3"zy 

where a, /3, are constants. 


551. Poisson transforms his equations by the aid of a process 
which I think we ought to ascribe to Lagrange. This ho had given 
before: see Art. 445 of my account of the memoir of April, 1828, 
At the close of the section Poisson arrives at the same equations 
as he had previously obtained in the memoir of April 1828. 
There is an important mistake on page 68 : see Stokes’s memoir, 
Camb, Fhil. Trans, Vol. viii. Part III. p. 31 ; or, Math, and Phys, 
Papers y Vol. I. page 125. 


552. The fourth section is entitled: Oalcid des pressions 
moliculaires dans les corps cristallises ; reflexions gineroXes sur ces 
pressions dans les fliddes et dans les solides, and occupies pages 
69 — 90. This is not so much a general theory as a particular 
example. Poisson himself says on page 70 : 

Mais, pour donner im exemple du calcul des pressions mol6culairos 
dans I’int^rieur des cristaux, nous aliens faire une hypoth6se particuliero 
sur Taction mutuelle et la distribution des niol<5cules, qui sera 
propre k Iclaircir la question et k en montrer les diffioultcs. 

The investigation resembles that in the second section ; 
expressions of a complicated character occur involving an 
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unknown function under the form of a definite integral. I 
am not aware that any application has ever been made of the 
result. 


553. We may notice a remark on pages 82 and 83. In 
the ordinary mode of treating the subject of elasticity it is laid 
down that each stress-component is a linear function of six 
quantities, namely the three stretches and the three slidings. 
Poisson takes the following view: each stress may be assumed 
to be a linear function of the nine first fluxions of the shifts, 
so we may take as the expression for a stress 


A 


— + B~ JL X TP 


dv 

dz 


ax ax dy 

Then these nine coefficients may be immediately reduced to six. 
For suppose the body as a whole to be turned through a small 
angle a round the axis of z\ thus we shall have 


ay, v=: ax, = 0 ; 

therefore — = — a, ^ = ,and the other seven first fluxions 

vanish. Thus the expression for the stress reduces to (D' — D) a; 
but no relative displacement has taken place, and therefore no 
stress is exerted; therefore D'-- D = 0, so that In the 

same manner we obtain £J'=JE, and F' = F Thus the proposed 
reduction is effected. 

Poisson then, by appealing to Cauch/s Theorem (Art. 606 
infra), shews that the six shear components of stress reduce to 
three; thus on the whole there are six different stresses which 
will involve 36 coefficients. 


554. Saint-Venant, in Moigno’s Statique, page 627, makes 
the following remark with respect to Cauchy's theorem just 
mentioned : 

trouve et applique par lui, [Oauchy] aussi d^s 1822, et dont 
Poisson a reconnu, en 1829 (12 octobre, Memoire insure au xx® Cahier 
dn Journal de VAcole Polytechnique, Art. 38, p. 83), la grande g6n6ralit6 
d'abord meconnue (t. viii. des Meinoires de VlnstitiU). 
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Thus Saint-Venant holds that Poisson did not fully appreciate 
Cauchy's theorem; the page of the memoir of April, 1828, which 
Saint-Venant has in view is perhaps 385, where Poisson seems to 
say that the theorem, which we call Cauchy's, holds if a certain 
quantity K vanishes. 

655. With respect to the number of independent coefficients, 
Saint-Venant remarks on page 261 of his memoir on Torsion: 

On pent remarquer que M. Poisson, apres avoir, le premier, presents 
les formules avec les 36 coefficients independants (Journal de VEcole 
Polytechnique 20® cahier, p. 83), en a rediiit le nonibre ^15, mSme 
pour les corps cristallises, dans son dernier m^moire relatif ^ ces sortes 
de corps (Mhnoires {nou'o.') de VInstitut, t. xviil., Art. 36, 37). 

[It is however to be noted that Poisson did not make this 
reduction till ten years later; the date of the last memoir 
being 1839.] 

556. Poisson finishes his fourth section by some reflections 
with regard to solid bodies and fluid bodies. They do not seem to 
me very important. Among other things he is led to conclude 
that in uncrystallised solids, in liquids, and in gases the pressure 
and the density p are connected, at least approximately, by the law 

= a/3® + Ip^ ; 

a and 6 either are constants, or vary, when the temperature varies, 
according to some law which is to us unknown. 

557. The pages 90 — 174 of the memoir relate to the equi- 
librium and motion of fluids, and are not sufficiently connected 
with our subject to require notice hero. Saint-Venant, in 
Moigno's Statique, refers twice to this part of the memoir : see 
his pages 619 and 694. The part of the memoir which we have 
examined contains numerous misprints, so that a reader must be 
on his guard. Important criticisms on the memoir of Poisson 
by Professor Stokes will be found in the Camb, PML Trans. 
Vol. viii. p. 287, or Math, and Phys. Papers, Vol. i. p. 116. 

558. An account of this memoir of Poisson’s is given in 
Ferussac’s Bulletin des Sciences Math4matiques, Vol, xiii. 1830, 
pages 394 — 412. It offers nothing of importance. Another 
account of the memoir by Poisson himself is given in the Annales 
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de Ghimie et de Physique, Vol. XLii. 1829, pages 145 — 171. Here 
in a note on pages 160 and 161 we have’ a mathematical 
investigation of which in the memoir Poisson had given only 
the result. It is connected with the law stated in Art. 556 ; Poisson 
combines this, he says, with the laws of Mariotte and Gay-Lussac 
which are established by observation, and obtains the result 

ry = 2 5 — — 5 — r , where 7 is the ratio of specific heat 

under constant pressure to specific heat under constant volume, 
6 is the temperature, a> is the coefficient of dilatation of gases, 
h the ratio of the pressure to the density when 0 = 0 . 

For by the laws of Mariotte and Guy-Lussac we have 

p = (1 -!- CO0) (1). 


Let q be the quantity of heat contained in a gramme of the gas, 
and consider q as an unknown function of p and p. Let i be 
the increment of the temperature, either when q becomes g + c 
the pressure p not changing, or when q becomes y 4 * c' the density 
p not changing. Suppose i very small, then we shall have 


c = i, and c' = ^ and by reason of ( 1 ) we have 

dp dd dv d0 ’ ^ ^ ^ 


dp dd 


ip ^ 
de 


and 

i + <od’ ^ ^ dd~i+o}e 


so that, as c = cj, we get 




Now suppose that p and p become p+p' and p + p' respectively, 
without any change in q the quantity of heat; p' and p' 

being infinitesimal we shall have P P ^7 

differentiating p = ap^ + hp^, which holds in this case, we get 
p = 2 (ap+^ hp~^) /)' = 2 (jp - 1 hp^) p Ip. Thus 


p|+2(j,-5ip‘>S = 0. 


Hence by ( 2 ) we get 


r = 2 1 


8 *^( 1 + 
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559. la the Mimoires de V Academies., de France, Vol. x., 
we have a memoir by Poisson entitled : Memoir e sur le mouvement 
de deux fluides elastiques superposes; it occupies pages 317 — 404j. 
A note at the foot of page 317 says : 

Ce Memoire est une partie de celui que j’ai lu ^ TAcademie le 24 
mars 1823, sous le titre de Memoire sur la propagation du mouvement 
dans les fluides Uastiques. 

This memoir does not concern us, but I quote a few words 
from a note to pages 387 and 388 as they allude to the history of 
our subject : 

...Equations d’oii dependent les petits mouvements des corps 
elastiques, qui sont connues depuis la lecture de ce Memoire... 

560. In the same volume of the Paris Memoirs we have 
another memoir by Poisson entitled : Memoire sur la propagation 
du mouvement dans les milieux Elastiques. This memoir was read 
to the Academy on the 11 th of October, 1830 : it occupies 
pages 549 — 605 of the volume. After a short introduction the 
memoir consists of two parts. 

561. The first part of the memoir is entitled: Propagation 
du, mouvement dans un fluids, and occupies pages 550 — 577. 

Poisson starts with the ordinary equations of fluid motion : 

y. du du du " du dp 
dt dx ~dy dz p dx* 

dv dv dv dv 1 dp 

Y j- — u -z V -7 j > 

dt dx dy dz p dy 

„ dw dw dw dw 1 dp 

dp dpu dpv dpw _ ^ 

dt'^ dx dy dz 

Let D denote the natural density of the fluid, 'gh the measure 
of the elastic force there, g being gravity and h the height of a 
given liquid of which the density is taken to be unity ; so that in 
the state of e(iuilibrium we have 

p = D, 
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During the motion we shall have 

P = D(1-5), p=-gh(l-ys), 

where s denotes the dilatation of the fluid, and 7 is a constant 
greater than xinity which represents the ratio of the specific 
heat under constant pressure to the specific heat under constant 

volume. Put a® for and neglect quantities of the second 

order compared with 5 , u, v, w; then supposing that there are 
no applied forces the equations of motion become approximately 

dti _ ^ds _ 2 ^ _ 2 

dt ^ dx ^ dt ^ dy ^ dt dz' 
ds ^du ^dv ^ dw 
dt^ dx"^ dy dz * 

562. The equations thus obtained are integrated exactly by 
Poisson; he assumes that the fluid extends to infinity in all 
directions, so that there are no boundary conditions to be 
regarded. The process of integration is a fine piece of analysis 
depending mainly on two important formulae. One of these 
[(10) of the memoir,] is Poisson’s own integral of a certain partial 
dijflerential equation : see Art. 523 of my account of the memoir 
of April 1828. The other formula [p. 555 of the memoir] may be 
expressed thus : 

4) [p, = 11 [J 4> y'> *') dx’ dy' dz , 

where for U we may put 

either cos {a — a;') + (y — y') + 7 (5 — z')}, 

or cos a.(x — x) cos ^ {y — y') cos y{z — z')) 

the limits of all the six integrals being ± 00 . 

Eespecting a formula precisely of this kind, with four integrals 
instead of six, Poisson remarks in a note on page 322 of the 
volume we are noticing : 

M. Pourier a donn^ le premier cet important th6or^me pour des 
fonctions d’une seule variable, qui sont egales et de m^me signe, ou 
%ales et de signe contraire, quand on y change le signe de la variable. 
II 6tait facile de I’etendre a des fonctions quelconques, de deux ou d’un 



POISSON. 


299 


plus grand nombre de variables. On en pent voir la demonstration 
dans mes pr^c^dents M^moires. 

[Poisson’s fundamental integral is that marked {d) in the foot- 
note on this page\ It has been obtained more concisely by 
M. Liouville.] 


1 M. Liouville’s method is contained in the following : 

Note snr I’intSgration d’une Equation anx diff6rentielles partielles qui se 
presents dans la th^orie du son. Comytes RenduSy vii. 1838, pages 247, 248. 

Dans les Nouveaux Mimoires de VAcadimie des Sciences (atin6e 1818), 
M. Poisson a donn6 Tint^grale de PSquation 


^ dy^ ^ dz^j 


(a). 


En d4?ignant par F (jj, z)y (a;, y, z) les valeurs de X et pour t=0, 
il a trouv4 


fir f2ir \ 

X— ^ j I ^ (x + at COS0, y + at sinffsinoiy z + at Bin0 COB u) t sin 0d0duj 
j j F{x+atcoBdy y 4- at sin 5 sin w, 2 + at sin 5 cos w)tsindd0dw.J 


LI 

4Tr dt 


.(b) 


Les deux m6thodes qui le conduisent d ee r^sultat sont asse25 simples, surtout 
la seconds, d’ailleursj il montre que Ton peut ais6ment en verifier a posteriori 
I’exactitude. 

Mais, dans un autre Memoirs sur la propagation du mouvement dam les 
milieux ilastiques (Nouveaux Mimoires de VAcad€mie des Sciences, tome x.), 
I’illustre g^omdtre considers, an lieu de rSquation (a), P^quation suivante : 


dt^ 


= + + S + 


a laqueUe on doit joindre les conditions d^finies que voici : 

^^>=0, ^=F(x, y, x) pour t=0, 

^ (®> Vi ^)j ^ Vi 2 ) etant deux fonctions connues de x, y, z. Et le proc6d6 
qu’il emploie pour ramener I’intdgration de l’6quation (c) a celle de P^quation (a), 
ou plut6t pour simplifier Pint^grale de P6quation (c), exige d’assez longs calculs. 
On peut 6viter ces calculs en adoptant la marche que je vais indiquer. 

Je difi^reneie Pequation (c) par rapport t, et je pose j© trouve 

ainsi que X doit satisfaire pr6cisement i P6quation (a ) ; de plus pour t=0, 
il Yient 




puis 


dt 


d^d> o 


y, z), 


ou simplement 
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563. Having thus integrated the equation of motion Poisson 
proceeds to interpret the formulae. This is an approximate in- 
vestigation of a rough kind ; the following is the main result : 
suppose that originally a certain finite portion of the fluid is 
disturbed, then the disturbance spreads in every direction about 
this portion, and at an extremely great distance the wave will be 
very approximately spherical, and the motion of a particle at any 
point will be at right angles to the tangent plane to the wave at 
that point. 


564. The second part of the memoir is entitled : Propagation 
dll mouvement dans un corps solide ilastique : and occupies pages 
578—605. The equations to be integrated are (1) of Art. 523. 
The following is the beginning of the process. 

Put for brevity 

3 = a te + yS (y-y') (^r - /), 

then the equations will be satisfied if we take 

u = (^AcospXat + A' cospS, 

v=(^ Peosp\at-hP' cospS, 

20 cospXat + O' cospS ; 

A, A , By C\ a, y, p, os\ y\ z being constants, the last four 
of which are perfectly arbitrary, while the nine others are connected 
by the equations 


pnisque s’^ranouit en m^me temps <iue t. La valeur de \ on ^ est done 

dt 

ceUe 4cnte ci^dessns et fournie par la fonnule (6) ; ponr en d^dnire 0 il suffit 
d’int^grer k partir de t =0, ce qni donne 

1 fir pw 

^ ”4a- Jq 2/+atsin^sinw, 2+afsin0coBw)^sm^d^c?w| 

J. fat fir W* 

4t JoJoJo y+psin^sinw, z -i- p sin 6 cos (J)p sin 0 dp dff da j 


C^est la formnle de M. 
M^moire. 


Poisson, telle qu’on la lit an No. 5 (p. 561) de son 
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34X" = 4 (3x* + /9“ + 7*) + 25a>3 + 20xry, 

3£X® = B (3yS® + a® + 7®) + 2A^a. + 2C^y, 

SOX.^ = 0 ^87^ 4“ ot® “1“ 4“ 2Ayx 4" 2By^) 

and the three which may be deduced from these by changing 
A, B, 0 into A', B', d respectively. 

Put B for Aa + B^ 4- Cy and JD' for A' a 4- 5'/3 4- O'y then as 
we may without loss of generality suppose that 

a“4-/3^4-7“ = l, 


our equations become 

J.(3X"-l) = 2aZ», (3X^ - 1 ) = 2aZ>', 

B (3X“ - 1) = 2iS A B' (3X^ - 1) = 2/3D', 

G {2.-}^ - 1) = 27 A O (3X^ - 1) = 27 A. 

These equations may be satisfied in two ways ; we may take 

B'^ C'y 


^ ^ aJS’ ^ a a ’ 


OL a 


or we may take 

\ = ±1, 5 = 


a ’ 


c-—. 


B' = 


A'^ 


a=^. 

OL 


Hence we obtain two dijfferent solutions of the original equations 
(1), and as these equations are linear the aggregate of the two 
solutions will constitute a solution. Thus we take for a solution 


i = I ^ COSpa^ + COB pht 


A^ 


COSyoa^ + 


sin pat 
pa 


+ B COS pSi + B oospS, 

- 1^’' cosppf + ^ + O coBpSf + O' j OOBpS, 

where 5 is put for . 

Y o 

We have thus gone far enough to obtain a glimpse of the two 
forms in which the time t occurs in the expressions : see Art, 526 of 



302 


POISSON. 


my account of the memoir of April 1828. Poisson by a most 
elaborate analysis, starting from the particular solution here given, 
arrives at complete integrals of the equations ; the process depends 
chiefly on the extension of Fourieris theorem, to which we have 
adverted in Art. 562. Poisson says that the integrals he now gives 
are less simple but more symmetrical than those in his former 
memoir ; see Art. 523 of my account of the memoir of April 1828. 
Poisson adds in a note another form of the integrals communicated 
to him by Ostrogradsky since his own memoir was written; we 
shall notice these hereafter. 

565. Poisson then proceeds to interpret the formulae ob- 
tained ; he supposes that the original disturbance is restricted to a 
small portion of the body, and examines the nature of the motion 
to which this gives rise at a great distance from the origin. The 
process is an approximation of a rough kind but the results are 
very interesting ; namely : at a great distance, where the waves 
have become sensibly plane in a part which is small compared with 
the whole surface, these waves are of two kinds; in the wave 
which moves most rapidly the motion of each particle is normal to 
the surface of the wave and is accompanied by a proportional dila- 
tation ; in the other wave the motion of each particle is parallel to 
the surface of the wave, and there is no dilatation ; the velocity of 
the first wave is Jz times that of the second. 

566. An account of the memoir by Poisson himself is given 
in the Annales de Ghimie et de Physique^ Vol. XLiv., 1880, pages 
423 — 433. This is very interesting ; but it relates not so much 
to our subject as to fluid motion, and to the controversies round 
the cradle of the wave theory of light. I will extract a few words 
which relate to the results mentioned in the previous article : 
they occur on pages 429 — 431. 

Les int^gi'ales des Equations relatives aux vibrations des corps 
solides, que j’ai donn^e, dans V Addition k mon Memoire sur T^quilibre 
et le mouvement de ces corps, niontrent que de mouvement imprime 
k line portion limitee d’un semblable milieu donnera naissance, en 
general, a deux ondes mobiles, qui s’y propageront uniformement, avec 
des vites&es diflerentes dont le rapport sera celui de la racine carr^e de 
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trois k runite. Ainsi, par exemple, si un ebranlement quelconque avait 
lieu dans rinterieur de la terre, nous ^prouverions k sa surface deux 
secousses s4parees Tune de Tautre par un intervalle de temps qui 
dependrait de la profondeur de I’ebranlement et de la mati^re de la 

terre, regardee comme bomog^ne dans toute cette profondeur 

Quelles qu’aient 6te les directions initiales des vitesses imprimees aux 
molecules dans T^tendue de cet ebranlement, il ne subsiste finalement 
que des vitesses dirigees suivant les rayons des ondes mobiles et des 
vitesses perpendiculaires a ces rayons. Les premieres ont lieu ex- 
clusivement dans les ondes qui se propagent le plus rapidement, et 
elles y sont accompagnees de dilatations qui leur sont proportionnelles, 
en sorte que ces ondes sont constituees corame celles qui se repandent 
dans les fluides. Les vitesses perpendiculaires aux rayons, on parall^les 
aux surfaces, existent, aussi exclusivement, dans les autres ondes dont 
la vite&se de propagation est k celle des premieres comme T unite est 
a la racine carr^e de trois : elles n’y sont accompagnees d’aucune 
augmentation ou diminution de la densite du milieu ; circonstance 
digne de remarque, qui ne s^etait point encore presentee dans les 
mouvemens d’ondulation, que les geometres avaient examines jusqu’e 
present. 

567. Poisson published in 1831 his Nouvelle TMorie de Taction 
capillaire. Saint-Venant in Moigno’s Statique, page 695, refers to 
pages 31 and 378 of this work as repeating Poisson’s objection to 
the replacing of certain sums by integrals ; see Art. 542. Instead 
of page 378 we must read 278. 

568. 1833. In the TraiU de Micanique by Poisson, second 
edition, 1833, there are portions which bear on our subject. In 
the first volume pages 551 — 653 form a chapter which is entitled : 
Exemples de Tdquilihre d'un corps flexible) this consists of three 
sections. The first section is on the equilibrium of a funicular 
polygon ; it occupies pages 561 — 565. The second section is on 
the equilibrium of a flexible cord ; it occupies pages 565 — 598, and 
gives the ordinary theory of the catenary and other flexible 
curves, such as we find now in the ordinary books on statics. The 
third section is on the equilibrium of an elastic rod, and occupies 
pages 598 — 653 ; this section requires some notice. 

569. On his page 599 Poisson makes a few remarks as to the 
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forces which are called into action when an elastic rod is changed 
from its natural form into any other. He adds 

Le calcul des forces totales qiii en resultent et doivent faire 
^quilibre aux forces donnees, appartient a la Physique mathematique : 
je renven'ai, pour cet objet, a moii Memoire sur Vequilihre et le mouve- 
ment des Corps Uastiques, Dans ce Traite, on formera les equations 
d’equilibre d’une verge ^lastique, en partant de principes secondaires 
qui sont generalement ad mis. 

The memoir to which Poisson here refers is that of April 
1828. 


570. Poisson first works out the problem of the equilibrium 
of an elastic lamina, following the method of James Bernoulli. He 
obtains for the equation to the curve 






The elastic lamina is supposed fixed at the origin, and its 
original direction is taken to be that of the axis of x. In obtaining 
the result it is assumed that the action between two parts of the 
lamina at an imaginary section transverse to the original direction 
is at right angles to the section h 


571. On his page 620 Poisson proceeds to a more general 
problem, which he introduces thus : 

Pormons maintenant les equations d'equilibre d’une verge elastique 
quelconque, dont tons les points sont soUicites par des forces donnees. 

The problem had been considered by Lagrange, Binet, and 
Dordoni, as well as by Poisson himself : see Arts. 159, 174, 216, 
and 423. Poisson’s treatment of the problem in his Micanique 
agrees with that which he gave in 1816 : this is now I believe 
admitted to be unsatisfactory, and Saint-Venant, following Bordoni 
and Bellas itis, objected to it, but I have not yet found the place 


^ A better solution of the question, taking into account the transversal action, 
is given by Mr Besant in the Quarterly Journal of, Mathematics^ Vol. iv. 
pages 12 — 18. He arrives at the same equation as we have just quoted from 
Poisson. [The problem has been most thoroughly discussed in Germany by Heim, 
Klein, Grashoff etc. in works to be considered later. En.] 
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where Saint-Venant published his criticism^ Kirchhoff states 
that Saint-Venant has shewn that the suppositions on which 
Poisson proceeded are partly wrong but gives no reference: 
CrelUi Vol. 56, p. 285. A memoir by Saint-Venant on curves 
which are not plane curves is published in the 30th Oahier 
of the Journal de VEcole Polytechnique. He objects to the 
phrase angle of torsion to denote the angle between two con- 
secutive osculating planes of a curve ; and says that it may 
lead to considerable errors such as have already been committed 
more than once : see page 55 of the memoir. In a note Saint- 
Venant cites Poisson’s Mdoanique, Arts. 317 and 318 ; and also the 
Oomptes Bendus, XYii. 9 5S and 1027, xix. 41 and 47. See also 
my account of Bellavitis’s memoir of 1839. 

572. The general investigation which Poisson gives on his 
pages 620 — 629 is very simple and seems correct on the principles 
which he assumes; so that it is interesting to compare it with 
the criticisms which have shewn it to be wrong. I presume that 
the result c?t = 0 which is obtained on page 627 may perhaps be 
one which is attacked®. 

573. On page 621 Poisson makes an allusion to the memoir 
of April 1828 ; the passage to which he alludes is on page 451 of 
the memoir: it is Art. 469 of my account of the memoir. On 
page 629 Poisson makes another allusion to the same memoir: 
the passage to which he alludes is on page 454 of the memoir. 

574. On his page 629 Poisson takes the particular case in 
which the mean thread of the elastic rod forms a plane curve ; and 
in page 631 he limits his process still further by taking the rod 
homogeneous and naturally prismatic or cylindrical. This leads 
to an interesting discussion extending to page 643, in which 
various problems are solved. The treatment however is not very 
satisfactory; see later my account of Kirchhoff ’s Vorlesungen, 
namely of page 435 of that book. We may notice especially 
the problem in which the rod is supported in a horizontal position 

^ [See however the HistoHque AhrBgi pp. cxxx. et seq. Ed.] 

® Poisson’s Micanique was translated into English by the Eev. H. H. Harte, 
2 vols., Dublin, 1842 ; but there is no note on this matter. 

T. E. 


20 
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and a weight is hnng at its middle point ; an analogous problem 
is discussed by M. Chevilliet, who refers to Poisson : see page 6 of 
his Thesis, 1869\ 

575. Poisson s pages 643 — 653 are devoted to the investiga- 
tion of formulae in pure mathematics to which he has referred in 
the immediately preceding pages ; the formulae are those which 
give the expansion of a function in a series of sines or cosines of 
multiple angles. 

576. In Poisson’s second volume the portions with which we 
are concerned are comprised between pages 292 and 392 ; but 
some of these pages are very slightly connected with our subject : 
the whole constitutes a chapter entitled : Exemples du mouvement 
d^un corps fleodhle. The first section of this chapter extends over 
pages 292 — 316; it is entitled: Vibrations d'une corde flexible ; 
here we have the ordinary theory of the vibrations transversal and 
longitudinal of a stretched cord. Suppose that the tension of the 
cord is such as to produce the extension 7 in a cord of length I ; let 
n denote the number of transversal vibrations, and n' the number of 
longitudinal vibrations per second, the vibrations corresponding in 
both cases to the lowest notes : then the theory shews that 



Poisson says, 

Ce rapport tr^s simple du nombre des vibrations longitudinales k 
celui des vibrations transversales d’une m§me corde, a 6t§ verifie par 
une experience que M. Oagniard-Latour a faite sur une corde tr^s 
longue, dont les vibrations transversales etaient visibles et assez lentes 
pour qubn put les compter. 

1 [The whole of Poisson’s analysis for the general case of a rod subject to any 
system of forces is practicaUy vitiated because he has really assumed the bending 
moment to be proportional to the curvature. He has fallen into the same error as 
Euler and Lagrange in applying Bernoulli’s theory without modification to the case 
when there is any force other than transverse applied to the rod. As I have 
had frequently to point out, if there be any longitudinal stress the so-called neutral 
axis does not run through the line of centres, and the bending moment is not 
necessarily proportional to the curvature, e.g. a vertical pole bent by its own weight. 
See the footnote also to Art. 570. En.] 
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The solution to which Poisson here refers has been simplified 
and corrected by M. Bourget in the Annales,,.VEcole JSformale 
Superieure, Vol. 4, 1867. 

577. The second section of Poisson’s chapter is entitled : 
Vibrations longitudinales dime verge dlastique; it occupies pages 
316 — 331. The matter is very simple and Poisson had contented 
himself with a brief notice of it in his memoir of April, 1828 ; see 
page 452 of the memoir. At the end of the section Poisson 
compares the propagation of sound in a solid bar with that of air 
in a straight tube, and refers to a memoir of his own in the 
Mimoires de VAcademie, Vol. ii. 


578. The third section of Poisson’s chapter is entitled : Choc 
longitudinal des verges ^lastiques; it occupies pages 331 — 347; 
this is simple and interesting. A curious mistake occurs on page 
340. Poisson has found an expression in terms of sines of multiple 
angles which from x = 0 to x^c, excluding the last value of x, is 
equal to h, and from a? = c to ^ = c + c', excluding the first value of 
X, is equal to h' ; then he professes to shew that for x = o the 
expression is equal to A' : but we know by the general theory of 
such expressions that the expression must be equal to h'), 

Poisson by mistake has put sin cos ^ , where I stands for c + c', 
equal to ( — 1)* sin : this is wrong ; he should put it equal to 

I 


i i sin (° + ^ sin ^ ~ 


I 


I 


579. Another mistake occurs in this section, which may be 
illustrated thus. Suppose we have n elastic balls, all exactly 
equal in contact in a row ; let there be also n others, exactly equal 
to the former, in contact in a row ; let the second set be in the 
same straight line as the first, and let them be started with a 
common velocity to impinge on the first set at rest. Then in 
analogy with theory and experiment we conclude that out of the 
n + n' balls the foremost n will go off with the common velocity, 
and the hindmost n^ will remain at rest. Poisson then substantially 
holds that to ensure this result n' must be greater than but 

20—2 
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ttis seems to be uimecessary. The mistake, if such it be, appears 
to be introduced at the first line of page 342 ; where it is assumed 
that c' is greater than c, apparently without any reason. 


580. The fourth section of Poisson’s chapter is entitled: 
Digression sur les integrates des equations aux differences paHielles ; 
it occupies pages 347 — 368. This is a discussion in pure mathe- 
matics, and does not fall within our range. 


581. The fifth section of Poisson’s chapter is entitled : 
Vibrations transversales dlime verge eiastique; it occupies pages 
368 — 392. This section is taken substantially from Poisson’s 
memoir of April, 1828, to which he refers for developments. The 
problem reduces to the solution of the differential equation 

^ + 5 =^= 0 - 


the corresponding pages of the memoir are 475 — 488. The pages 
382 — 384 of the Mecanique consist of a simple example which was 
not given in the memoir ; the motion of rotation of which it treats 
must be supposed to hold through only an infinitesimal time. On 
the last page of the chapter we have this note, “pour la comparaison 
de ces formules k Tobservation, voyez les Annates de Ckimie et de 
Physique, tome xxxvi, page 86.” 

Between the dates of the memoir and of the Mecanique 
Cauchy, in his Memoire sur Vapplication du Calcul des Residus 
d la solution des prohlhmes de physique mathematique, considered 
the differential equation. This adds to Poisson’s solution a fact 
which amounts to giving the simple value of his JX^dx between the 
limits. The whole formula is stated by Cauchy on page 35 of his 
memoir to have been given by Brisson in 1823. Again Cauchy 
on page 44 of the memoir has a more simple form than that 
of Poisson. I think Poisson should have noticed these matters. 


582. The next memoir by Poisson to be noticed is entitled : 
Memoire sur Vequilibre et le mouvement des corps cristallises. This 
was read to the Academy on the 28th of October, 1839; it is 
published in the memoirs of the Academy, Vol. xviii., 1842, where 
it occupies pages 3 — 152. Poisson died on the 25 th of April, 1840 : 
the memoir as we shall see was left unfinished at his death, 
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583. A few introductory remarks occupy pages 3 — 6 ; these 
are also printed in the Gomptes Eendus, Vol. ix. pages 517 — 519. 
After these the memoir is divided into three sections; the 
first section entitled: N otions prMminaires occupies pages 6 — ; 
the second section, entitled : Calcul des pressions moleculaires qui 
ont lieu dans Vintirieur des corps cristallises ; equations de 
Viquilihre et des petits mouvements de ces corps occupies 47 — 134 ; 
the third section entitled : Lois de la propagation du mouvement, 
dans un corps cristallisi occupies pages 134 — 151, and is only a 
fragment, unfinished by reason of Poisson’s illness and death. 

584. In the introductory remarks Poisson states very briefly 
some of the results of his previous memoirs, and then speaks of 
the present, and of another which was to follow ; from this part I 
extract some sentences : 

Dans ce nouveau Memoire, je considererai le cas beaucoup plus 
complique des corps cristallises. Les equations de leur eqmlibre, et 
par suite celles de leur mouvement, sont au nombre de six qui ren- 
ferment un pareil nombre d'inconnues. Dans le cas du mouvement, 
trois de ces inconnues se rapportent aux petites vibrations des mol^ules, 
et les trois autres ^ leurs petites oscillations sur elles-m^mes dont 
ces vibrations sont toujours accompagneea On peut facilement eliminer 
les trois demieres inconnues, et Ton parvient ainsi a trois equations 
aux differences partielles du second ordre, d’oii dependent, k un instant 
quelconque, les distances suivant trois axes rectangulaires, des molecules 
k leui^ positions d’equilibre dont elles ont 6te un tant soit pen 
ecartees... 

Je presenterai a I’Academie, le plus t6t qu*il me sera possible, un 
autre M4moire ou se trouveront les lois des petites vibrations des 
fluides, determinees d’apr^ le principe fondamental qui distingue ces 
corps des solides, que j’ai expose en plusieurs occasions, et dont il est 
indispensable de tenir compte, lorsque le mouvement se propage avec 
une extreme rapidite, ce qui rapproche en general les lois de cette 
propagation, de celles qui ont lieu dans les corps solides. J’appliquerai 
ensuite les resultats de ce second Memoire k la theorie des ondes 
lumineuses, c’est-^-dire, aux petites vibrations d^un ether imponderable, 
r6pandu dans Tespace ou contenu dans une matiere ponderable, telle 
que Tair ou xm corps solide cristallise ou non j question d’une grande 
etendue, mais qui ffa ete r^solue jusqu’a present, malgre toute son 



310 


POISSON. 


importaiLce, en aucime de ses parties, ni par moi dans les essais que 
j ai tenths k ce siijet, ni selon moi par les autres geomHres qui s'en 
sont aussi occnp^s. 

A note to the word occasio7is gives a reference to Poisson’s TraiM 
de Mdcanique, Art. 645. 

585. The first section of the memoir is devoted to preliminary 
notions ; I will notice a few points of interest. 

Two kinds of motion with respect to the molecules are con- 
templated in this memoir. Each molecule may execute vibrations 
parallel to fixed axes, and, as is usual in this subject, the 
shifts of a molecule from its mean position parallel to fixed 
axes are denoted by u, v, iv respectively. Also each molecule may 
turn on itself ; thus a set of rectangular axes is supposed to be 
fixed in each molecule, and equations are obtained for expressing 
the change in direction which these axes undergo ; this is one of 
the specialities of the memoir : see pages 16 — 18 of the memoir. 
The molecules are not assumed spherical in general, and thus the 
resultant action of one molecule on another is not necessarily a 
single force acting along the straight line which joins what we 
may call the centres of the molecules. 

586. The ordinary expressions for stretch and dilatation 
which involve u, v, w and their differential coefficients are in- 
vestigated on pages 18 — 27 of the memoir; to these are added 
on pages 28 — 30 some formulae relative to the change of direction 
of a plane section of a body, which we wUl now give. 

Let M denote a point the coordinates of which are y, z\ 
suppose a plane section passing through M, and let MP denote a 
straight line drawn from M at right angles to this section; let 
\ fM, V be the direction angles of MP. 

By reason of a deformation of the body the original plane 
section will take a new position, though still remaining plane ; 
suppose M' the new position of M, and let M'P' denote the 
straight line drawn from M' at right angles to the new position of 
the plane section ; let V, pf, v be the direction angles of M'P ' : 
it is required to obtain expressions for cos V — cosX, cos/i,' — cos/z,, 
and cosz^' — cos v. 
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Let ^ + ^ 1 , 2/ ^ original coordinates of a point 

i\r in tbe original position of the plane section, and let X' be the 
position of X after deformation ; let + u, y + i\ -sr + tv be the 
coordinates of M\ and let a? -f a?' + w, y 4- / 4- v, z + w be the 
coordinates of N\ Then since MP is at right angles to MX we 
have 

cosX 4- cos/x. 4- cosy = 0 (1). 

And since M'P' is at right angles to MX* we have 

X cos V 4- y* cos y! 4- z' cosi/' = 0 (2). 

Also if we suppose X very close to M we have 




du du . 

du" 

X* 

-^1 

=‘'.a+!'-3p+*' 

dz 



dv ^ dv , 

dv 

y' 

-2/i 

dx dy 

^dz 



dw dw . 

dw 

/■ 


“ dx dy 

dz 


From (1), (2), and (3) we must obtain the required result. 
From (1) and (2) when we reject the product of x* — x^ into 
cosV — cosX and similar terms, we have 


- x^ cos\ 4- {y - y J cos /a 4- {z' - cos v 

4- (cosX' — cosX,) + y^ (cosya' — cosya) 4- z^ (cosi^' — cosv) = 0 ; 

and by (3) this becomes 

/du ^ , dv dw , \ 

£C ( ^cosA + ^cosya 4 -^ cosi/ 4 - cosX —cosXj 

fdu ^ dv dw , f \ 

4 ’«?i ^^cosA 4 -^cosya +^ 0081 ^ 4- cosi/' — cosi;^ = 0; 

we will denote this for brevity thus 

Ax^ 4 - By^ 4 - Cz^ = 0 . 

Now the last equation must be identical with (1) as the point 
X is subject only to the condition of lying in a certain plane ; 
therefore 

-^= A=J^ (4). 

COS\ COSfir cosz/ 
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Again we have 

cos®X + cos®^ +cos®z/ = l, 
cos®\' 4* cos® fjtf + cos®i;' = 1 ; 

subtract, neglecting the square of cosX' — cosX, and the two 
similar squares ; thus 

(cosV ~ cosX) cosX+ (cosfi — cosya) cosyL6 + (cosz/' — cosv) cosv 

= 0 (5). 


The equations (4) and (5) supply three linear equations for 
finding cosV — cos\, cosyi^' — cos/i., and cosj;' - cosv : thus we get 


cos X' — cos \ 


/du dv dw \ . 


fdu dv div \ 

fdu ^ , dv , ^ 


cosX co'sx^ 
sin®X. 


The values of cosyLt' — cos/z. and cos j/' — cos can be written 
down by symmetry. 


587. On his page 32 Poisson says that it is well to verify a 
statement which is evident of itself, that a movement of the body 
as a whole has no influence whatever on the stretch or on the 
dilatation. 

First suppose the motion to be one of translation ; then 
u, Vf w are functions of the time which are independent of x, y, z\ 
so that the differential coeflScients of Uy v, w with respect to 
X, y, z are zero. 

Next suppose the motion to be one of rotation round an axis ; 
then by known formulae we have 

^ = (j/ cos??" — 2fCOS?7') CO, ^ ^ ^ 


-^ = (£c COS??' cos??) 


CO, 


where co is the angular velocity; and ??, ??', ??" are the angles 
which the instantaneous axis of rotation makes with the axes of 
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X, y, z respectively. The four quantities 6), 7 ;', t)' will be 

functions only of the time ; let 

fo) cos 7}dt fo) cos jm cos 7 } 


the integrals being taken from i = 0 as the lower limit : then 

and these values make ^ = 0, ^ = 0, ^ = 0: also 
ax ay dz ’ 

dz dy ' dx dz ' dy"^ dx"^ * 

Thus the stretch and the dilatation vanish. 


588. On page 45 the following sentence occurs, the correctness 
of which is probably now generally admitted : 

Dans la reality, cet equilibre n’a pas lieu rigoureusement, et ce que 
nous prenons dans la nature pour I’etat de repos d'un corps, n’est autre 
chose qu’un etat dans lequel ses molecules executent incessamment des 
vibrations d’une etendue insensible, et des oscillations sur elles-memes, 
egalement imperceptibles ; 

589. The object of the second section of the memoir is to calcu- 
late the stresses at any point of an elastic body, and thence 
to form the equations for the equilibrium and moticn of the body. 
The first and second sections taken together constitute in fact a 
treatise on the theory of elasticity so far as concerns the general 
equations of the subject, without any applications. 

590. On page 47 we have a definition of the term pressure 
(stress) as used in this subject ; it coincides with that W’hich Poisson 
had formerly adopted : see Art. 546 of my account of the memoir of 
October 1829. Saint-Venant objects to the definition as leading 
to inconveniences which Poisson himself perceived : see Moigno’s 
Statique, page 619, and the memoir on Torsion, page 249. 

591. In his second section Poisson proposes to consider two 
successive states of a body under the action of different forces ; the 
second state may be a state of equilibrium difiering but very little 
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from tlie first, or it may be a state of motion. Accordingly pages 
47 — 70 are devoted to the consideration of the first state of the 
body. Poisson obtains on his pages 48 — 52 expressions for the 
stresses ; these are left in the form of summations which 
are indicated, though they cannot really be performed. Then on 
pages 53 — 56 he forms the three equations of equilibrium which 
must hold at every point of the interior of the body, by resolving 
the forces parallel to the three axes; on pages 57 and o8 he 
considers the three equations derived from the principle of 
moments, by virtue of which the nine stresses hitherto used 
are reduced to six; and on pages 59 — 61 he obtains the three 
equations which must hold at every point of the bounding 
surface, by a method which presents a little novelty. 

592. On page 65 Poisson adopts a special hypothesis, which he 
does not state very distinctly, but which amounts to assuming a 
symmetrical arrangement of the molecules round any arc; in 
virtue of this he comes to the conclusion that all the shears must 
vanish. Then on page 69 he says that if the first state of the 
body is its natural state the three tractions must also vanish. 

593. On page 70 Poisson proceeds to consider the body in its 
second state. He says 

Occupons-nous maintenant du second 6tat du corps, dans lequel 
ses molecules ont €te tr^s-peu deplac^es des positions qu’elles ayaient 
dans le premier, soit par de nouvelles forces exteiieures ou int^rieures 
qui se font encore ^quilibre, soit par des causes quelconques qni les ont 
mises en mouvement. 

Tlie pages 70 — 122 form the most important part of the memoir ; 
the investigations are rather complex, but they are exhibited very 
fully, so that they may he followed without difficulty. In conse- 
quence of the change of the body from its first state to its second 
the symbols denoting distances and angles receive slight increments, 
and we have to find the consequent changes produced in the 
expression for the stresses and the equations of equilibrium and 
motion. 
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594. Poisson obtains on his pages 71 — S3 expre^^-ions for the 
stresses in the second state of the body; these involve three 
quantities which occur in the expressions relative 

to the first state, and which are in fact the tractions in tlie 
special hypothesis of Art. 592 ; the expressions involve also fifteen 
other quantities w'hich take the form of summations, and which 
will be constants if the body is supposed homogeneous and of the 
same temperature throughout. On his pages 84 — 87 Poisson 
forms the first three equations of equilibrium which must hold at 
every point of the body, and on his pages SS — 91 the second three ; 
on his pages 92 — 95 he forms the equations which must hold at 
every point of the surface. In these investigations squares and 
products of small quantities are neglected, and expausicms by 
Taylor’s Theorem are limited to terms involving first differential 
coeflScients ; under these limitations the process is satisfactory. 
Some points of interest ^vhich may be considered as digressions 
from the main investigations will now be noticed. 


595. We know that ^ + + ^ 

dx dy dz 

. du dv 

tion at the pomt (x, y, z ) ; also j — Ir 


expresses the dilata- 


tion at the point (x, y, z ) ; also ^ + ^ expresses what we may 

term the spread or areal dilatation in the plane xy at this point : 
that is if A denote the original area of any small figure in 
this plane near the point, its area after deformation will be 

du dv _ (du , ^ ^ 

dx dy \dx dy dz) dz ’ 

that is: the spread is equal to thedilatation diminished by the stretch 
in the direction at right angles to the plane considered. This pro- 
position is general, for the directions of the axes of x, y, z may be 
any whatever which form a rectangular system. Now the stretch 
in the direction determined by the angles a, 7 is (see Art. 547) 


COS7 cosyS + f ^ ^ j COS7 cosx 
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Subtract this from ^ ^ , and we obtain for the spread 

ax ay dz 

in the plane of which the normal has the direction angles 

a, /3, 7— 



This is given by Poisson on his pages 96 and 97. 


596. In order to verify by an example the system of 
equations which he has obtained, Poisson applies them to the case 
of a homogeneous non-crystallised body ; see his pages 101 — 109. 
His results are in agreement with those of his earlier memoirs, 
when the proper limitations are introduced. 

597. As in a former memoir Poisson holds that molecular 
force is really the difference of an attraction exerted by the 
molecules themselves and a repulsion exerted by the caloric round 
them : see Art. 543 of my account of the memoir of October 1829. 
He says on pages 113 and 114 of the present memoir : 

Dans un corps solide, on est oblige d’exercer une trfes-grande pression 
k la surface pour produire une tres-petite condensation ; Taugmentation 
aussi tres-grande de la pression moleculaire qui en resulte dans rinteiieur 
provient done aloi-s d’un tres-petit rapprochement des molecules; or, 
cela ne peut avoir lieu a nioins que Taction mutuelle de deux molecules 
voisines ne soit la difference de deux forces contraires, dont chacune est 
extr^mement grande eu egard a cette difference ou a la force apparente ; 
de manibre que pour ce tres-petit rapprochement, chacune des deux 
forces contraires varie d'une tr^js-petite fraction de sa propre grandeur, 
et qu’il s’ensuive neanmoins dans leur difference une variation com- 
parable k sa valeur primitive, ou meme bien plus considerable, qui 
rende, par exemple, la force apparente decuple ou centuple de ce qu^elle 
etait d'abord entre les deux memes molecules. C’est tout ce que nous 
pouvons savoir sur la repulsion et Tattraction dont nous n'observons 
jamais les effets separes, et dont Texces de Tune sur Fautre produit tons 
les phenomfenes que nous pouvons connaitre. J’ai deja eu plusieurs fois 
Toccasion de I'aire cette remarque conforme k ce qui a 6te avanc6 au 
commencement de ce memoire. 
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508. On his pages 115 — 119 Poisson notices the case in 
vhich the molecules of the crystal are supposed spherical, so 
;hat crystallisation consists merely in the regular distribution 
)f the molecules round each other. In this case the fifteen 
quantities mentioned in Art. 594 reduce to nine, including 
; if the first state of the body be the natural state, the 
ast three vanish, and the quantities reduce to sicc. 

599. Poisson returns on his page 119 to the general equations 
svhich he had obtained for a crystal, and simplifies them by 
bhe supposition that the first state of the body is the natural 
state; also the body is supposed homogeneous. He thus finds 
that the differential equations for determining u, v, and lu 
involve twelve constants. But three more constants occur in 
the equations by which we determine the changes in the position 
of the axes supposed to be fixed in each molecule : see Art. 585. 
Saint- Venant refers to the number of constants: see Moigno*s 
Statique page 706, and the memoir on Torsion page 261. 

600. The third section relates to the propagation of motion 
in a crystallised body. This is only a fragment. Poisson here 
shews how to integrate the equations of motion, supposed to 
be in the simple state noticed in Art. 599 ; he follows the method 
of integration given in his memoir of October, 1830 : see my 
Art. 564. With respect to the equations to be integrated Poisson 
says on his pages 135 and 136 : 

Elies sont comprises, comme cas particulier, parmi celles que M. 
Blanchet, professeur de physique au coll%e de Henri TV, a int^grees 
sous forme finie, dans un memoire lu a I’Academie, il y a environ un an, 
ou il est parvenu k exprimer les valeurs de u, v, w, par des integrales 
definies doubles et triples. 

The memoir by Blanchet was published in Liouville’s Journal 
de math^matiques, Yol. V. 1840, and is considered in our 
Chapter vil. 

601. The following sentences occur after the memoir : 

M. Poisson n’a pas acheve d^^crire le troisi^me paragraphs de ce 
premier m6moire, k la suite duq-uel, ainsi qu*il le dit au preambule de 
celui-ci il se proposait encore de presenter k FAcademie un second 
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m^moire sur la lumi^re. Pendant la maladie longue et douloiireuse 
qui Ta enleve aux sciences, il a bien souffert du regret d’eniporter avec 
lui les dwouvertes dont son imagination infatigable etait pleine. Quand 
le mal moins avance lui permettait encore de causer science avec ses 
amis, il a dit qu’il avait trouve comment il pouvait se faire, qu’un 
^branlement ne se propageat dans un milieu elastique que snivant une 
seule direction ; le mouvement propage suivant les directions laterales 
etant insensible aussit^t que Tangle de ces directions avec celle de la 
propagation 6tait appreciable. Il arrivait ainsi a la propagation de la 
lumiere en ligne droite. Plus tard, cedant au mal, et se decidant enfin 
h, interrompre Timpression de son memoire : c’etait pourtant, a-t-il dit, 
la partie originale, c’etait decisif pour la lumiere; et cberchant avec 
peine le mot pour exprimer son idee, il a repete plusieurs fois : c’etait 
un filet de lumifere. Puissent ces paroles, religieusement eonservees 
par les amis de M. Poisson, les demi^res paroles de science qui soient 
sorties de sa boucbe, mettre les savants sur la trace de sa pensee, et 
inspirer un acb^vement de son oeuvre digne du commencement ^ 

On the death of Malus in 1812 Delambre said : 

Si Malus eut vecu, c’est lui qui nous eut complete la theorie de la 
lumiere ; 

and the words might be applied to Poisson, who succeeded to 
the place of Malus at the Institut: see Mem, de VInstitut 1812, 
page xxsdii. A brief, but very good notice of Poisson will 
be found in the Moiithly Notices of the Royal Astronoinical 
Society^ Vol. v., pages 84 — 86; it says, he “was placed, by 
common consent, at the head of European analysts on the death 
of Laplace.” 

[His labours as an elastician are only second to those of 
Saint- Venant, scarcely excelled by those of Cauchy. There is 
hardly a problem in our subject to which he has not contributed, 
and many owe their very existence to his initiative.] 

^ Some attempt has been made to reveal the meaning of Poisson’s dying words : 
see Comptes Bendus xx. 561. 
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602. 1823. Recherches sur Vequilibre et le mouvement interimr 
des corps solides ou fliiides, elastiques ou non ^astiqiies. This 
is published in the Bulletin,.. Philomatique, 1823, pages 9 — 13; it 
is the first of the numerous writings of Cauchy on the subject 
of elasticity; it consists of an abstract of a memoir presented 
to the Paris Academy on the SOth of September, 1822. 

603. Cauchy was one of the commissioners appointed to 
examine the memoir sent to the Paris Academy by Navier on the 
14th of August, 1820 ; and this led him to turn his own attention 
to the investigation of the subject. He here states, without 
the use of any mathematical symbols, the results at which he had 
arrived. We see that he must at this date have constructed a 
complete elementary theory including the following particulars: 
the existence of the six stress-components which have to be con- 
sidered at any point ; the representation of the stress on a plane 
by the reciprocal of the radius vector of a certain ellipsoid; 
the existence of principal tractions; and the representation 
of the resolved part of the stress at right angles to an 
assigned plane by the reciprocal of the square of the radius of 
a surface of the second order\ Also he had obtained, I presume, 
the general equations for the internal equilibrium of a solid body. 
He speaks of these as four in number, one of which deter- 

^ [The reader win do weU to consult the note on elastic terminology at the end 
of this volume, Ed.] 
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mines separately the dilatation; but it should have been stated 
that there are only three independent equations. 

604. The name of Fresnel is introduced after mention of the 
stresses. Cauchy says : 

J’en etais a ce point, lorsque M. Fresnel, venant a me parler des 
travaux auxquels il se livmit sur la lumiere, et dont il n’avait encore 
presente quune partie a ITnstitut, m’apprit que, de son cote, il avait 
obtenu sur les lois, suivant lesquelles Pelasticite varie dans les diverses 
dhections qui emanent dun point unique, un tlieoreme analogue au 
mien. 

605. I am not certain what property Cauchy has in view 
in the following sentence : [It probably refers to what may be 
termed the strain-ellipsoid: see Clebsch, Theorie der Elasticitdt, 
p. 41; Weyrauch, Theorie elastischer Korper, p. 72, erroneously 
attributes it to Clebsch. Compare our Arts. 612, 617.] 

De plus, je demontre que les diverses condensations ou dilatations 
autour d’un point, diminules ou augmentees de Tunite, deviennent 
egales, au signe prfes, aux rayons vecteurs d’un ellipsoide. 

[606.] The paper is of importance in the history of the subject, 
as we have here the origin of the theor}’ of stress. We may 
especially notice the following theorem which may be termed 
Cauchy s Theorem. The stress on any infinitesimal face in the 
interior of a solid or fluid body at rest is the resultant of the 
stresses on the three projections of this face on planes through its 
centre. The projections may be right or oblique: see Saint- 
Venant on Torsion, pages 249 and 250; also Moigno’s Statique, 
pages 627, 657, 693. Eesal on page 4 of his Thhe de Mecanique 
cites the paper, but ascribes to it the date 1825 instead of 1823. 

607. Sur la thiorie des pressions. This is published in 
Fdrussac’s Bulletin, Vol. ix. 1828, pages 10 — 22. It does not 
relate to our subject but to the well-known indeterminate problem 
of Statics, a simple example of which occurs when a body is on a 
horizontal plane and in contact with it at more than three points. 

608. We have now to notice various writings by Cauchy 
published in his Exercices de mathematiques ; the second volume 
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this collection is dated 1827, and contains memoirs relating 
our subject of which we will give an account in the following 
'6 articles, 

609. On pages 23 and 24 there is an article entitled : Be la 
'ession dans les jluides. The object is to demonstrate the 
uality of pressure in all directions round a point: it appears to 
e unsatisfactory from not explaining what is meant by a fluid, so 
at it is not very clear what is the foundation of the demonstra- 
)n. It is referred to in Moigno’s Statique, page 620. 

[610.] An article entitled: Be la pression ou tension dans un 
rps solide, occupies “pages 41 — 56, and is followed by an 
idition on pages 57 — 59. The article may be described as an 
vestigation of the fundamental equations with respect to elastic 
•esses; Cauchy refers to the Bulletin... Philomatique for January 
»23, in which he had enunciated his main results. The following 
opositions are here substantially investigated by Cauchy : 

(i) The stresses exerted at a given point of a solid body 
ainst the two faces of any plane whatever placed at the point 
e equal and opposite forces (p. 46). 

(ii) Suppose two infinitesimal faces of equal area to have 
e same centre at any point of a solid body at rest; then 
e stress on the first face resolved along the normal to the 
3ond face is equal to the stress on the second face resolved 
mg the normal to the first face. Cauchy only treats the case of 
e two planes being perpendicular. In our notation this is 
presented by 

^ [For the purposes of this history I have settled with some hesitation to adopt 
slightly modified form of the dotible-sufiax notation originally introduced by 
riolis and afterwards adopted by Cauchy. In some cases where this notation 
(vever luminous would be still too cumbrous, the convenient but not very suggestive 
ation of Lame has been followed. 

The modification adopted consists in printing ^ for Px^, and so avoiding the 
ublesome subscripts by suppressing the unnecessary letter p. Thus « denotes 
aerthe stress component at a point on a plane whose normal is r in the directimi 
)r on a plane whose normal is « in the direction r. 

T. E. 


21 
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(iii) The properties of the stress-quadric, whose equation is 

'pjif -f 2 ^-yZ’^-^Ztzx + 2 ^xy = ± 1, 

namely, that the stress on any plane is normal to that plane which 
is diametral to the perpendicular to the original plane, and is 
inversely proportional to the product of the radius vector and central 
perpendicular to the tangent plane parallel to the given plane 
(pp, 48 — 51). 

(iv) The property of what we may call CaiLchys stress- 
ellipsoid : 

{xxx + ^y 4“ TzzY -f {^x 4- 4- 55^)* 4- (Sa? 4- 4- = 1? 

namely, that the reciprocal of the radius vector gives the value at 
the point of the stress on a plane perpendicular to the radius 
vector, p. 54. These propositions all seem to be due to Cauchy, 
and are demonstrated here for the first time. 


The following table will serve to connect the various notations for the system of 
stress components ; 


Poisson 

Cauchy 

(earlier) 

r - • • Cfc.i* 1. 

i'*-, - . "■ ! 

> V ■'4" : \ 

Mji\» . k’.-: 

( a*: a » 

LamS 
(Winkler, 
Mindun, etc.) 

Klein 

Beer 

1 1 ^ 

y 1 s 

X y z 

X y z 

2/ 



a 

X 

y 

Z 



A 1 F iE 

Pxx ) Pxy i Pxz 


Jg 


T 

^xz 


T. 

Tv 

w 

Q-2 I ^ 2 


Pax 1 Pn i Paz 



1vx\^2 

Tyz 

Ta 

Ny 

T^z 

prtp. 

Qil^i 


Pzx i Pnf Pxz 




h 

h. 

T 

Ju 


Kirchhoif, fol- 
lowed by 
Riemann and 
Weyraueh 

Thomson 

Grashof 

Clebsch 

Notation 

adopted 

\ X \ y 1 z 

X 

y 1 

XIJ, 

z 

X 

y 

r 

B 

m 

Qj 

X 1 1 Aj 

P 

r! T 

SB 

i 

hi 

ht 


M 

xy 

Q 


V 

Q s 

SB 

g 

^21 

^2S 

#23 

3® 

vy 

M 

Z \ Zy Z^ 

T 

S i B 

ry Ir^ 


^31 

^32 

^33 


zy 

1 } 


Of these notations Poisson’s, Cauchy’s (earlier) and Thomson’s, are not very 
suggestive. Lamp’s has obvious advantages, but for a single-su£&x notation is 
inferior to Kirchhoft’s. Klein and Beer do not much improve on Lam4, nor 
Grashof on Kirchhoff. Clebsch’s notation has aU the disadvantages of the double- 
suffix notation without its generality or luminosity. Wand follows Coriolis 
replacing the latter’s jp^*-** hy I have, after balancing the claims of these 

various notations, adopted Coriolis’s, which has the use of great authorities in its 
favour ; at the same time to avoid subscripts I use an umbra! notation. En.] 
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611. In tiie Addition Cauchy demonstrates some formulae 
used by Fresnel in his theory of double refraction. They are 
equivalent to the well-known relations between the component 
stresses at the centres of the four faces of a tetrahedron: 
see Saint-Venant on Tombw, page 250; Moigno’s Statique, 

627 ^ 


612. [An article entitled: Sur la condensation et la dilatation 
des corps solides occupies pages 60 — 69 of the volume. The stretch, 
or linear dilatation close to an assigned point, in any direction, 
is shewn to be related to the radius vector of a certain ellip- 
soid. This is the first formal appearance of the strain-ellipsoid : 
see Arts. 605 and 617. I use the word stretch generally for linear 
expansion or contraction, Cauchy also finds an expression for the 
cubical dilatation or as I term it simply : the dilatation. He then 
proceeds to simplify his formulae by the supposition that the 
displacements are very small, and thus he obtains the usual 
expressions for the stretches and dilatation. He also gives another 
surface of the second degree by which the stretch is geometrically 
represented. The equation to this quadric is 

cr^x H- (T^^xy = ± 1, 

where a, are the three stretches {dilatations, Dehnungen) 

parallel to the three axes and <r^ ct^ the corresponding slides 
(glissements, Schiebungen, Gleitungen), The property of this stretch- 
quadric is that the inverse square of its radius-vector measures 
numerically the stretch in the direction of the radius-vector. See 
Saint-Venant on Torsion, pages 243, 281, 283 ; Moigno’s Statique, 
pages 644, 650.] 

It will be convenient to shew the way in which Cauchy begins 
his investigations. 

Let X, y, z be the coordinates of a molecule m in the second 
state of the body ; let ic — f , y — - 97 , be the coordinates of the 
same molecule in the original state. Let Ar, 3 ^ + Ay, ^ 4 - As; 
be the coordinates, in the second state of an adjacent molecule m ; 
let T be the distance between the molecules; and a, 7 the 

^ Pages 43 and 44 for ooBydxdif read secyd^dy, 

21 2 
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direction angles of r. The coordinates of m! in the original state 
will be : 

®+A®-(f + gAai + |Ay + f A.4- ). 

2,4A2/-(, + gAx + |A2/ + gA^+ ), 

^ + AA-(c + gAr + |Ay + §A^ + ), 


Let denote the original distance of m and w ! ; then we 
have approximately 



Also Aa!=!rcosa, Ay = rcQS^, Az = rcosr^: thus 


f 


\l+s. 


+v 


4 ^cos7 “ ^ ^ ~ C0S7J . 


cos a — ^ cosp — ^ COS7 

oo; dy dz * 

dn dri ^ drt 


613. An arfcicle entitled : Sur les relations qui esdstent, dans 
Vitat dJ^quilihre d^un corps solide ou jluide, entre les pressions 
ou tensions et les forces acciUratrices occupies pages 108 — 111 of 
the volume. The differential equations between the stresses 
and applied forces for the equilibrium of elementary volumes, 
namely the body stress-equations of the type 

dSi dSS 
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e here demonstrated for the first time. See Saint- Venant on 
>mo7i, page 274, and Moigno’s Statique, page 638. 


We pass to the third volume of the Exercices which is dated 
>28 ; to this we shall devote the following twenty-one Articles. 

614. An article entitled: Sur les equations qui expriment 
? conditions dJequilihre, ou les lois du mouveinent intirieur dJun 
rps solide, elastique, ou non ilastique occupies pages 160 — 187 of 
e volume. We have first some repetition of formulae already 
ven in the preceding volume, and then equations are obtained 
bich we may describe thus : take the usual body-equations for the 
ifts, i.e. those of the type 

(X. H- /I.) ^ -f pX = 0, 

id suppose X = 0, but let p be variable or constant. The 
[nations are obtained by Cauchy on the assumption that 
le ‘stress-quadric’ (see Art. 610, iii.) is similar and similar- 
situated to the ‘stretch-quadric’ (see Art. 612). We may 
ate the assumption verbally thus : the directions of the 
incipal tractions coincide with the directions of the principal 
retches, and the ratio of the traction to the stretch is the 
me for all the three principal tractions. This assumption is 
itirely arbitrary. Cauchy soon after proceeds to another 
jiqiothesis, namely that each of the principal tractions consists 
two terms, one term being k times the stretch in the 
irresponding direction, and the other term depending only on 
le position of the point considered; then he specialises the 
icond term by assuming it to represent the dilatation, so as to 
mder it equivalent to our 6, and thus he obtains formulae 
ith two constants^ equivalent to those of the usual type, 

dQ 

(X + /^) + pX^u + pX = 0. 

ee Moigno’s Statique, page 657. 

1 [This would seem to be the first appearance in the history of our subject of the 
Luations of isotropic elasticity with two constants. Cau(fiiy thus anticipated both 
reen and Stokes. Bemembering this and also remarking that Saint* Venant is and 
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Oa his pages 173 and 174 Cauchy gives the equations 
which must hold at every point of the surface where there is 
equilibrium; i.e. the surface stress-equations of the type 
S cos a + S cos yS + cos 7 = 

There are some references in the article to memoirs presented to 
the French Academy which may be noted ; on pages 177 and 185 
to a memoir by Cauchy of September, 1822 ; on page 182 to a 
memoir by Poisson not then published, which must be that of 
April, 1828; to the memoir by Navier of May, 1821 ; and to a 
memoir by Cauchy of October, 1827. 

On the whole we may say that in this article Cauchy obtains 
the fundamental equations of the subject, involving two constants, 
hut by methods inferior to those now adopted. 

Saint-Venant on Torsion, p. 255, Moigno’s Statique, 658, 702. 

[615.] An article entitled : Sur VequUihre et le mouvement d!un 
systeme de points materiels sollicites par des forces (Tattraction 
ou de repulsion mutuelle occupies pages 188 — 212 of the volume. 
This had been presented to the Paris Academy on the 1st of 
October, 1827: see Moigno’s Statique, page 678 and 690. In 
this important memoir Cauchy obtains the body shift-equations 
from considering the equilibrium of a single molecule of the 
body, — just as Navier in 1821 had done for a simpler case. We 
have here in fact the first consideration of the elastic equations for 
a non-isotropic body. The expressions, really differing only by 
constant terms from those of the stresses, given by Cauchy in his 
formulae (56) and (57) and the shift-equations for body-equilibrium 
and motion in (67) and (68) include nvw constants. 

Les formules (67) et (68) paraissent specialement applicables au cas 
oil Telasticite n’etant pas la meme, dans les diverges directions, le corps 
ofire trois axes d’elasticite rectangulaires entre eux. 

The case is in fact that of a crystal with three rectangular 
axes of elasticity. 

has been the staunchest supporter of an uni-constant isotropy {Navier^s Lemons, 
pp. 746—762, and Thiorie de Vdasticite de Clebsch, pp. 65 — 67), the following 
remark of Professor Tait is perhaps not quite satisfSEWJtory ; 

^The erroneouaness of this conclusion was first pointed out by Stokes, and his 
paper, followed by the investigations of de St-V^iant and Sir W. Thomson, has put 
the whole subject in a new light.’ Properties of Matter, p. 196. En.] 
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Tor the case of isotropy Cauchy proves on pp, 201 an equa- 
tion like that on page 703 of Moigno*s Statiqiie expressed by 

He thus reduces his body- 

equations to the type 

(J?+ (?)V®« + 2i?^ + Z = 0, 

involving two constants determined by the summations 

= cos®a X Wj > -B = 2 cos”a cos*/S / (r)J , 

where m is the mass of a molecule situated at distance r in 
direction (a, y3, 7) from the molecule whose equilibrium is being 
considered, and if xi'^Y the law of force between molecules, 

fOd = ±['ncir)-xO^)l 

We are thus led to biconstant formulae, when we make 
no assumption as to molecular action. But Cauchy continues, 
if without altering sensibly the sums G and B we can neglect 
such of the molecules as are most near to the molecule in question 
we may replace the summations by integrals. He then obtains 
(p. 204) a formula also given with the same assumptions by Poisson, 



which leads to the absurd result + i? = 0. Compare Poisson’s 
memoir of April, 1828, and our Arts. 442 and 443. Now the words 
in italics are exactly the assumption made by Poisson (see 
Art. 144), or Cauchy here proves that Poissons own method 
is hardly more accurate than that of Navier. Compare the 
remarks of Saint-Venant on this point in the Historique Ahrdge, 
page clxiii. 

On his page 211, Cauchy shews that if we put with Navier 
fi we must consider G such a quantity that the ratio GjR 
is negligible. He thus recognises uni-constant isotropy as a very 
special case of bi-constant isotropy. 

On voit an reste que, si Ton consid^re un corps 4lastique comme un 
syst^me de points mat6riels qui agissent les nns sur les autres k de 
trfes-petites distances, les lois de T^quilibre on du mouvement int^rienr 

1 Cancliy uses for x W tlie very confusing /(r), whicli can hardly be dis- 
tinguished from /(r). 
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de ce corps seront exprim^es dans beaiicoup de cas par des equations 
differentes de celles qu’a donn^ M. Navier (page 212). 

In fact Navier s equations apply to a particular case and not to 
the problem in all its generality. 

See Moigno’s Statique, pages 692 — 695, 702. 

[616.] An article entitled : De la pression ou tension dans 
UR sysieme de points materiels occupies pages 213 — 236 of the 
volume. In the preceding article Cauchy had obtained the 
ordinary equations of the equilibrium of elasticity without formally 
introducing the stresses; in this article he explicitly introduces 
the stresses. The method of summation is used as in the pre- 
ceding article. See Moigno, p. 675. 

The importance of this memoir lies in the step made from a 
molecular to a continuous state, i.e. the transition from the 
consideration of the force upon a molecule exerted by its neigh- 
bours to the consideration of the stress, or what Cauchy terms 
pressure, upon a small plane at a point It therefore involves a 
definition of such stress in terms of molecular forces. What is the 
stress across a plane in terms of the action upon each other of the 
molecules on either side of it ? Cauchy’s definition is not perhaps 
entirely satisfactory: see Art. 678. It runs as follows, 0(70" 
being a small plane in the medium : 

Le produit p^s de la pression on tension p^ par la surface 61e- 
mentaire a ne sera autre chose que la r^sultante des actions exerc4es par 
les molecules wi^,...sur les mol^ules comprises dans le plan 00' O'* 
et sur celles des molecules m, m", qui seront situees tout pr6s 
de la surface s. 

The investigation is somewhat similar to that of Poisson’s, but 
more general in that it involves nine constants, and makes no 
assumption as to ‘neglecting the irregular part of the action 
of the molecules in the immediate neighbourhood of the one 
considered.’ On his page 226 Cauchy says : 

On voit par les details dans lesquels nous venous d’entrer que, 
pour obtenir Tegalit^ de pression en tous sens, dans un syst^me de 
mol^ules qui se repoussent, on n’a pas besoin d'admettre, comme Fa 
fait M. Poisson, une distribution particulifere des mol^ales autour de 
Fune quelconque d’entre elles (voyez dans les Annales de physique et de 
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cKimie un extrait du Mtooire pr^sent^ par M. Poisson a TAcademie 
des Sciences, le 1®^ octobre 1827). 

The paper by Poisson to -which Cauchy alludes is that of our 
Art. 431 ; he alludes to it again on his page 230. 

The values of the stresses obtained are of the type 





Here Jff, I are the initial components of stress at y, z) 
and may be represented by 55^,, zz^. 

In the case of isotropy = 7z^ and the formulae reduce to 

£ - % + 2 2 ) + E + -S®. 

S-(ii + £j(* + |). 

Hence if the initial stress vanishes or Sr^ = 0, we obtain 
the usual formulae for uni~constant isotropy. That is to say, 
■without Poisson’s assumptions we come exactly to his result. 
Cauchy appears to consider that because he has two constants 
here, R and and he had two in the last memoir considered 
that these results confirm each other and point to bi-constant 
isotropy 236). With this end in view he uses rather 

a misleading notation which has been censured by Saint-Venant 
as likely to lead to confusion by introducing an apparent similarity 
between two cases really different : see Moigno’s^f^a^ijwe, pp.705 — 
706, and Saint-Venant’s edition of Faviers Legons, page 655. 
The value of as given by Cauchy page 222 is 

t j^± ~ cos’axWj , 

and this is identical in form with the value of G in the preceding 
memoir, the form of R is also identical. The condition that 
the molecules should be initially in a state of equilibrium is 
expressed on page 191 by equations of the type 

2 [± m cosa x W] = ^ (i)- 
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The condition that there shall be no initial state of stress is given 
in the second memoir by equations of the type 


'c r t \ 

^ = S ±-^cosax(r) 


= 0. 


.(ii). 


It seems to me that (i) must hold for the molecules of the second 
memoir always ; and (ii) must hold for the molecules of the first 
memoir if there be no initial stress. This is not distinctly pointed 
out by Cauchy. 

If we put (? = 0 in the first memoir and = 0 in the second 
we get precisely the same body shift-equations for equilibrium, or 
the two methods agree in giving the same uni-constant formulae 
for isotropy. On the other hand if we do not put 6^ = 0 in 
the first set, but = 0 in the second, we get two different forms 
for the equations in the case of no initial stress. In the former 
case bi-constant, in the latter uni-constant isotropy is the result. 
The stresses not having been introduced in the first memoir, we 
appear to arrive always at bi-constant isotropy; the fact being 
that one constant, depends on an initial stress. How to express 
the condition for no initial stress, when the stresses are not intro- 
duced, is not ob\fious, but the second memoir shews us that it must 
be G = 0. We thus reach uni-constant isotropy in both cases. 
Otherwise we should have to conclude that the two methods, 
the one of considering the equilibrium of a single molecule, 
the second of finding expressions for the stresses lead to different 
results — the first to bi-constant, the second to uni-constant isotropy. 
I cannot find that Cauchy had grasped this difficulty. 

Saint-Venant, pp. 261, 266. Further, Moigno, pp. 618, 673, 
684, 702, 704. 

617. An article entitled : Siir quelques theoremes relatifs a la 
condensation ou a la dilatation des corps occupies pages 237 — 244 
of the volume. This contains theorems which are easy deductions 
from the strain-ellipsoid ( Verschiebungsellipsoid, Clebsch, p. 43) ; 
hut it may be interesting to give some account of Cauchy’s own 
method: see Arts. 605, 612. 

Let X, y, s he the coordinates of a point of the body in its 
second state, that is the state into w'hich it has been brought by 
the operation of certain forces; suppose that the coordinates of 
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the same point in the first state of the body are ij? — y -^7, f 
respectively. Let the coordinates of an adjacent point in the 
second state be ^ + Aar, y + Ay, z -f As;. Let denote the distance 
between the points in the first state ; ^8^, 7^ the direction angles 

of the straight line ; in the second state of the body let r denote 
the distance, and a, 7 the direction angles. 

Then the original coordinate of the first point being a: ~ f , that 
of the second point is 


« + A«-|f+gi,+|ij,+gA.+ }: 

and similar expressions hold for the other coordinates. Hence, 
neglecting squares and products of Lx, Ay, and Lz, we have three 
equations of the type 


r. cosa„ = (g Aj^ + gAz) (1). 

Also 

r cos a = Lx, r cosyS = Ay, r cosy = A-gr, ( 2 ). 

Substitute from ( 2 ) in (1), squaring and adding, we obtain 

(5y=(cosa- gcosa-gcos^-gcosr)‘ 

dti 

cos a — 
dy 


dz 

This may obviously be put in the form 



+ 


% 


[ cosy — — cosa — cos^S 


dy 


cos/3 -g cosy)* 



=A cos'a+ 5 cos*j 8 + O' cos’ 7+2Z) cos /8 cos y+ 2^^0037 cos a 

+ 2 Fcos a cos j8 ( 3 ). 

T 

Put 1 + 5 ,. for and suppose that fi:om the point {x, y, z) we 

^0 

measure in the direction corresponding to (a, y) a length 1 + 5,. ; 
let the coordinates of the end of the straight line measured from 
{x, y, z) be x^, y„ : then 


cosa cosyS cosy *■* 

Thus ( 3 ) becomes 

AjJj* + Sy^* + Cz^ + == 1 


( 4 ). 
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Thus a small portion of the body which is spherical in the first 
state becomes in the second state an ellipsoid similar and similarly 
situated to (4). From this Cauchy easily deduces a result which 
he states thus in words : 

Supposons qu’un corps se condense on se dilate par Fefiet d^une 
cause quelconque. Concevons d^ailleurs que Ton construise, dans Tetat 
piimitif du corps, une sphere infiniment petite, qui ait pour centre la 
moiwule wi, et qui renferme en outre im grand nombre de molecules 
voisines, puis, dans le second ^tat du corps, Fellipsoide dans lequel cette 
sphere s’est transform^. Les molecules primitivement situ^es pres de 
la mol^ule m 1°. sur un diametre de la sphere, 2°. dans un plan 
perpendiculaire A ce diametre, se trouveront transportees, apr^s le 
changemeut d’6tat du corps 1®. sur le diametre de Tellipsoide corres- 
pondant au diametre donn^ de la sphere, 2®. dans le plan diametral 
parallfele aux plans tangents meu€s k Tellipsoide par les extr^mites du 
nouveau diametre. 

Other simple theorems are also stated. See Moigno, p. 650. 

618. An article entitled : Sur te'quilibre et le mouvement JHune 
lame solide occupies pages 245 — 325 of the volume, and is followed 
by an Addition on page 327. This long memoir forms by far the 
most elaborate discussion based on the received theory of elasticity 
which the problem of the elastic lamina has received, except 
the researches of Saint-Tenant on flexure; the formulae which 
are used are those which involve two elastic constants. The 
memoir is divided into four sections. 

The method which Cauchy adopts in this memoir and in others 
which relate to an elastic plate and to the problem of torsion in 
this and the next volume of the Exercices is peculiar ; we shall 
give later a portion of the memoir relating to an elastic plate as a 
specimen. Cauchy himself afterwards adopted another method 
due to Saint-Tenant \ 

1 [Hoiguo’s Statiqw "which is based upon Cauchy’s revised and brought 

up to date by Saint-Tenant for that part which relates to Elasticity has the follow- 
ing footnote on p. 616 : Ces Leijons comprennent la statique de T^lasticitd dans ce 
qu’elle a de plus g^n^ral. Hous ne rapportons pas les applications que Cauchy en 
a faites {Exereicest troisi^me et quatri^me ann^) k la th6orie de la dezion, et surtout 
a celle de la torsion pour laquelle il a ouvert une voie nouvelle, parce qu’il a adopts 
{Comptet renduM de$ teancet de VAcadimie dee Sciences, 30 f^vrier 186i t, xxxviii. 
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619. The first section of the memoir is entitled : Considdrations 
generates; it occupies pages 245 — 247. The main point here is 
the definition of the body with which the memoir is concerned. 
Imagine a thin shell bounded by cylindrical surfaces ; the cylinders 
are not to be limited to the circular form, but the generating lines 
of both surfaces are to be parallel. Take a portion of the shell 
bounded by two planes parallel to the generating lines, and at any 
distance apart : such a portion is called a plate {plaque). Cut the 
plate by two planes at right angles to the generating lines, and 
very close together ; the intercepted part is called a lamina (l^me). 
The problem to be discussed then is the equilibrium and motion 
of an elastic lamina ; this is simpler than the general problem of 
the equilibrium and motion of an elastic hody^ for we need only 
regard forces in one plane, namely a plane at right angles to the 
generating lines of the cylindrical surfaces : this plane may be 
called the plane of the lamina. We shall have only two coordinates 
of any point to deal with. 

620. The second section of the memoir is entitled: JEquations 
d^equUibreoudemouvement dlune lame naturell&ment droite et (Tune 
dpaisseur constante ; it occupies pages 247 — ^277. The cylindrical 
surfaces of Art 619, bounding the plate firom which the lamina is 
obtained, now become two parallel planes. The section is almost 
entirely a process of approximation, but is of a reasonably 
satisfactory kind. 

A few remarks may be made on special parts. 

621. At a certain point of his investigations Cauchy finds that 
he has three constants which remain imdetermined ; such a fact 
has been noticed and explained in other parts of our subject. The 
remark which Cauchy makes respecting it on his page 261 does 
not seem very satisfactory : 

p. 329} tine autre manidre de les traiter, due dH.de Saint-Venant, et q[ui donne 
des r^sultats sensibleiuent dMSrents, condxm^ par diverses experiences, ainai que 
par des recherches analytiques entreprises par M. Kirchhoff, rfiminent professeur de 
Heidelberg {Ueber das Gleichgewicht und die Bewegwng tines unendlich durnien 
ela>8tUe'hen Stabes, t. lvi. du Journal de Crelle, p. 285). 

These remarks may serve to explain the frequent references to Moigno’s Statique 
and Saint-Yenant in these pages devoted to Cauchy. En.] 
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II 4tait facile, au reste, de prevoir cea r^sxdtats, attendu qti’on ne 
trouble pas Tequilibre d’une lame ^lastique dont les extremites sont 
libres, lorsqu’on la deplace tres-peu, en faisant tourner cette lame sur 
elle-meme, ou en transportant Tune de ses extremites sur une droite 
parallele soit a I’axe des a?, soit k Taxe des y* 

622. Cauchy shews on his page 262 that the moment of the 
elastic tensions on a transverse section of the lamina, taken with 
respect to an axis at right angles to the plane of the lamina 
through the mean line, varies as the product of the breadth of the 
lamina, into the cube of the thickness, into the curvature. This, 
as he remarks, verifies the hypothesis of James BernouUi : see too, 
Poisson’s Mecanique, Vol. i. page 606. But the solution of James 
Bernoulli is unsatisfactory, because he assumed the tension at 
every point of a transverse section of the lamina to be at right 
angles to the section. 

623. On pages 268 and 269 Cauchy cites the integral of a 
certain dijfferential equation which he had given in his3Iemoiresur 
P application du calcul des rmdiis aua questions de physique 
mathematique ; 1 consider the integral incorrect, or at least not 
demonstrated, and have discussed the question elsewhere. 

624. Cauchy finishes the second section of his memoir by the 
following paragraph : 

Parmi les formules obtenues dans ce paragraphe, celles qui sont 
relatives a T^uilibre ou au mouvement d'une lame ^lastique sollicitee 
par une force acceleratrice constante et constamment parallele a elle- 
m^me coincident avec des formules deja connues, et particulierement 
avec celles que renferme le Memoire d’Euler, intitule : Investiyatio 
7notuum quibus laminm et virgce elastiece confremiscunt [voy. les Acta 
Acadeinice petropolitance pour Tannee 1779]. Elies doivent done s'accorder 
aussi avec celles que renferme le Memoire presente par M. Poisson k 
r Academia des Sciences, le 14 avril dernier. En effet, apr^s avoir 
annonc6, dans les Aimales de chimie, qu’il dMuit de la consideration 
des forces mol6culaires les equations relatives soit k tons les points, 
soit aux extr€mit4s des cordes et des veiges, des membranes et des 
plaques ^lastiques, M. Poisson ajoute : Parmi ces Equations, celles qui 
T^pondent au eorUour dune plaque elasiiqiLe pliee d’une manure quel- 
conqne^ et celles qui nppartiennent h Urns les points dune plaque ou dune 
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7/iembrane qui est restee plane rCavaient pas encore donnees ; les 
auires coincident avec les equations trouvees par diff^ents moyens, II 
parait d’ailleui's par ce passage que M. Poisson s^est occupe seulement 
des lames et des plaques elastiques d^ine epaisseur constante, qui, etant 
naturellement planes, ne cessent de Ttoe qu’autant qu’elles sont pliees 
et courbees par Taction d’une cause exterieure. Lorsqu’une lame on 
plaque est denuee d’elasticite, ou naturellement courbe, ou d’une 
Epaisseur variable, on parvient a des equations d’equilibre ou de 
mouvement qui sont tres-distinctes des equations deja connues, et ne 
sont pas indiquees dans le passage cite. C’est ce que montrent les 
calculs ci-dessus effectues, et eeux que nous developperons ci-apres ou 
dans de nouveaux articles. 

In a note Cauchy says with respect to Poisson’s memoir of April, 
1828. 

Ce beau Memoire, dans lequel M. Poisson a d^uit le premier de la 
consideration des forces moleculaires les equations relatives a T^uilibre 
ou an mouvement des cordes, des verges, des membranes et des plaques 
elastiques, s’imprime en ce moment, et doit paraitre dans le tome viii. 
des Mtooires de TAcademie des Sciences. 

625. The third section of the memoir is entitled : Equations 
dC4quilihre ou de mouveinent dlune lame naturellement droite, mais 
d^une dpaisseur variable, and occupies pages 277 — 284. This is 
throughout an approximate process; the thickness though not 
assumed constant is taken to be always small. 

626. The fourth section of the Memoir is entitled : Equations 
dH equilihre ou de mouvement dhine lame naturellement courbe et dJtine 
dpaisseur constante ; it occupies pages 285 — 326. This form of the 
problem is rather complex; but the process of approximation is 
very clearly developed so that it can be readily followed. Cauchy 
obtains on his page 312 the result that the moment of elasticity is 
proportional to the product of the breadth of the lamina, into the 
cube of the thickness, into the change of the curvature ; this result 
he says agrees with the hypothesis admitted by Euler in the lifoid 
Commentarii and the Acta Academics Petropolitance for the years 
1764 and 1779. I do not know what is meant by the date 1764. 
In the volume of the Novi Comm, for 1764 there are memoirs by 
Euler, but I cannot find any thing to which Cauchy’s words are 
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applicable\ For an application of his general formulae Cauchy 
supposes that the natural form of the lamina is a circle ; he 
obtains numerical results as to the vibrations in this case, and he 
says on his page 326 that these are quite in accordance with 
experiments made by Savart. 

627. The formulae of the theory of elasticity which Cauchy 
uses are those with two constants ; in the Addition to the memoir 
on page 327 he shews how his results will be modified if he uses 
formulae slightly more general : this is of service in a later article 
of the volume beginning on page 356. 

628. An article entitled : Sur Vequilihre et le mouvement d!une 
plaque solide occupies pages 328 — 355 of the volume ; it is divided 
into three sections. 

The first section is entitled: Considdrations ginercdes and 
occupies pages 328 — 330. This explains the notation to be used, 
and gives the three equations which must hold at every point in 
the interior of an elastic body in equilibrium, and the three which 
must hold at every point of the surface. 

629. The second section is entitled : Equations d^iquililre 
ou de mouvement d!une plaque naturellement plane et d^une Spais-- 
seur constants; it occupies pages 330 — 348. This constitutes a 
discussion of what I call Poisson^s Problem, Cauchy’s process is 
somewhat more systematic than Poisson’s, and he uses two 
constants of elasticity whereas Poisson used only one ; by supposing 
finally one of his constants double the other he brings his equations 
into precise agreement with those of Poisson, except as to one 
unimportant point which will presently be noticed. I reproduce 
the whole as a confirmation of Poisson’s investigation, and as a 
specimen of the method used by Cauchy throughout pages 245 — 
368 of this volume of the Exerdces, and pages 1 — 29, and 47 — 64 
of the next. 

630. Let us consider a solid plate which in its natural state 
is comprised between two curved surfaces very near to each other. 
ILet us suppose moreover that after a change of form in the plate 
we apply to the molecules of which it consists given accelerating 

1 [Cauchy possibly refers to the memoir of 1766 cited in my footnote, p. 65. En.] 
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forces, and also to the surfaces which bound it external pressures 
normal to these surfaces. Let us refer all points of space to three 
rectangular axes, and in the state of equilibrium or motion of the 
plate, let 

m denote any molecule whatever, 

X, y, z the co-ordinates of this molecule, 
p the density of the plate at the point (x, y, z), 

<f> the accelerating force applied at the molecule m, 

P'> P"' stresses exerted at the point (x, y, z) on planes 

perpendicular to the axis of a?, the axis of y, and the axis of z, 

A, F, E the algebraic projections of the stress p' on the axes of 
co-ordinates^, 

F, jB, D the algebraic projections of the stress p’\ 

E, By C the algebraic projections of the stress 
Then if there is equilibrium we shall have, by Art. 613, three 
equations of the type : 


dA dF , dE A /i\ 



But if the plate is in motion, and we denote by x"> x '> 

resolved parts of the effective accelerating force at m parallel to 

the axes we shall have three equations of the type : 

, ^F dE , / y /N /a\ 



Also, both in equilibrium and in motion, let a, 7 denote the 
angles comprised between the semi-axes of positive co-ordinates and 
another semi-axis 00’ drawn arbitrarily from the point {x, y^ z ) ; let 
p be the pressure or tension exerted at the point {x, y, z) on the 
plane perpendicular to this semi-axis and on the side which cor- 
responds to it ; let \, fly V be the angles formed by the direction of 
the force p with the semi-axes of positive co-ordinates ; we shall 
have three equations of the type : 

p cos\ = A cosa + J'cosjS -h cosy (3). 

Finally if we suppose the point (a?, y, z) situated on one of the 
curved surfaces which bound the plate, and if we make the semi- 
axis 00 ' coincide with the normal to this surface, the preceding 


^ [I h&Ye thouglit it better throughout this investigation to preserve Cauchy’s 
original notation, as the subscripts (see Art. 632 ) would have rendered the double- 
suffix notation too cumbrous. Ed.] 

T. E. 
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values of p cosX, p cos/x, p cos v will coincide, disregarding the sign, 
with the algebraic projections of the external pressure applied 
at this surface in a normal direction. Thus, if we denote by 
P the external pressure which corresponds to the point (x, z) we 
shall have three equations of the type : 

J. cosa + P cosyS 4- E C0S7 = — P cosa, (4). 

We must remember that these last formulae hold only for the 
surfaces mentioned above. 


631. It remains to shew how from the equations (1), (2) and 
(4), we can deduce those which determine at any instant whatever, 
in the state of equilibrium or in that of motion, the form of the 
plate, and in particular the various changes in the form of the 
curved surface ’which originally divided the thickness of the plate 
into two equal parts. However, as the determination of this surface, 
which we will call the mean surface, is effected in different ways, 
and involves calculations more or less extensive, according as we 
consider a plate elastic or non-elastic, of constant thickness or 
variable thickness, w^e vrill refer the development of these calcula- 
tions to the following paragraphs. 

Suppose that in the natural state of the plate the two curved 
surfaces wdiich bound it reduce to two parallel planes separated 
from each other by a very small distance. Denote by 2i this 
distance, or the natural thickness of the plate ; and take for the 
plane of x, y that which originally divided this thickness into two 
equal parts. Suppose moreover that in the transition from the 
natural state to the state of equilibrium or of motion, the displace- 
ments of the molecules are very small. The mean surface which 
coincided in the natural state wdth the plane of £c, y will become 
curved by reason of the change in the form of the plate ; but its 
ordinate will remain very small : denote this ordinate by f (x, y). 
Let X, y, z be the co-ordinates of any molecule m of the plate ; let 
8 he the difference hetw’een the ordinates z and f {x, y), measured 
on the same straight line perpendicular to the plane of Xj y, so that 
we have generally 




(5). 


Finally let 

y-% *-?• ( 6 ) 

be the primitive co-ordinates of the molecule m ; then rj, f will 
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be functions of a:, y, z which will serve to measure the displacements 
of this molecule parallel to the axis ; and if we consider these 
displacements as infinitesimals of the first order, the function 
f y) infinitesimal, and so also will be the differential 

coeflBcients of this function with respect to x and y. It is easy to 
prove that If we wish to take x, y and s as independent variables 
instead of x, y and z, it will be suflScient to put the letter s in place 
of the letter z in the formulae (1) and (2). TrVe may add that on 
this hypothesis the formulae of the paper mentioned in our 
Art. 614 (see the Exercices, troisieme annde, p. 106) will continue 
to furnish very approximate values of x \ X * Hence we shall 
have, if the plate remains in equilibrium. 


dAdFdE ^ . /.yN 

^ ^ 

ax ay as ^ 

with two similar equations ; and, if the plate is in motion three 
equations of the type : 

dA ^dF ^dE ^ ^ 

; 

As to the formulae (4) it follows firom the suppositions adopted 
that they will give very approximately for 5 = — i, and s — i, 

^=0, D = 0, 0 = -P (9). 

In fact in the natural state the plate was included between two 
planes parallel to the plane of x, y and represented by the equations 

z=^ — i, z — i ( 10 ). 

But by reason of the infinitesimal displacements of the molecules 
these two planes are transformed into curved surfaces which differ 
very slightly from planes. Thus if we denote by (a, 7) the 

direction angles of the normal to one of these surfaces, we shall have 
sensibly, that is neglecting infinitesimals, 

cosa = 0, coSiS = 0, cosy = 1 (11). 

It is obvious that the last formulae will allow us to reduce 
equations (4) to equations (9). Finally, as a straight line originally 
perpendicular to the plane of a?, y, and measuring the half- 
thickness of the plate in the natural state, will change very little 
in length or direction by reason of the displacements of the 
molecules, it is evident that in the state of equilibrium or of 
motion — i and +i will be very nearly the values of s which 
correspond to the two surfaces bounding the plate. 


22 2 
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632. Suppose now that in the formulae (7) and (9) we develop 
the quantities 

D,E,F; X^T^Z; 

considered as functions of x, y, and s, according to ascending 
powers of the variable ^ ; and consequently let 

A = Aq 4* -f" A^ +. • *9 JB = JBq 4* + B,^ ^ 4*. . 


C=C\ + C^s + C,l+... 

D = D, + D,s + D, +..., £= E, + E,s + E, +..., 
J’=i’, + jF,s + jF;|+... 

X = X.+Z,s+Z,J+..., F=F.+ i>+r,|V.... 


...(12), 


...(13). 


...(14). 


ZjS + Z^ j 

Suppose moreover the pressure P to be constant, and also the 
density A relative to the natural state of the body. The density p, 
infinitesimally different from A, may also be regarded as constant, 
and the formulae (7) which must hold whatever 5 may be, will give 

f 4-f+A-i-pr,=o. + 

§ + ^ + = 0 

The formulae (9) which hold only when 5 = — i and when s = i 
will give 


E, + E,\ + .. 

. = 0, z, + z.i + ., 

,.=0 


• = o. A+Af + .. 

,. =0 

<7. + C.f + .. 

. = p, c?.+a,f + ., 

.. =0 
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It is important to observe that, in the preceding formulae, the 
quantities 



■P’o 

K] 

1 



A 

(17), 



C'oJ 

' 

^0. 


^0- 

(18) 


represent 1®. the algebraic projections of the pressures or tensions 
exerted on planes perpendicular to the axes of co-ordinates at a 
point of the mean surface, 2®. the algebraic projections of the 
accelerating force applied at the same point. 

It remains to shew 'what the formulae (15) and (16) become in 
the case where the quantity i is very small. Now if ^we neglect 
for a first approximation all the terms which have the factor as 
we ought to do if the quantity i is of the same order as the 
displacements tj, and if we attribute to the time t a very small 
value, we shall deduce from the formulae (16), 

= I>o = 0, (7,= -P; P, = 0, A = (7,= 0 (19), 

and then from the formulae (15) 


dx ^ 


— ® + pX =0 — " + — “ + pF — 0 


Zq = 0. 


m> 

( 21 ). 


The formulae (20) express the relations which, in the case of 
equilibrium, hold at every point of the mean surface between the 
algebraic projections of the accelerating force applied at this point 
and the pressures exerted upon planes at right angles to the axes of 
05 and y. The formula (21) shews that a plate, naturally plane and 
of a constant but very small thickness, cannot remain in equilibrium 
after a change of form which is almost insensible, unless the 
accelerating forces are directed very nearly along straight lines 
parajlel to the planes which bound the plate. This might easily 
have been anticipated. 


633. Suppose now that the quantity i, although very small, is 
much greater than the numerical values of the displacements 77, 
In order to obtain a second approximation it will be sufficient to 
preserve in the formulae (15) and (16) the terms proportional to 
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the square of i, while we continue to neglect the powers of i 
superior to the second. By proceeding thus we shall obtain from 
the formulae (16) 





I 

t ... (22). 




Moreover we shall obtain from the formulae (15), if we suppress in 
Cg terms proportional to the square of i, 

^ fdA. , dF , -rr^ T\ , v'\ 

0, — pZ, ( 23 ), 

+ + 

Hence retaining terms of the order we shall have 

„ (dA. dF. ^ (dF. , dB. 

C,.-P + ^pZ, (25), 

-^■)} (“)• 


And out of the formulae (15) that which contains gives 
dy^J 

+ p\z, + \ (^^ + 2gj + 2^)J = 0 (27). 


d!ody'^ df) 


634. It is important to observe that the six quantities 

A^, F^, B, 

involved in tte first members of (20) and (27) are the only 
quantities which occur with the variable s and the constant i in 
the approximate values of the pressures or tensions 
A, B, G, D, E, F, 
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when we carry the approximation with respect to F, B as far as 
terms of the same order as % and with respect to JF, D, G as far as 
terms which are of the order In fact the approximate values in 
question are respectively 


A=^Aq-^A^s, F=FQ + FjSf B^B^ + B^s 

...(28) 

and 





..(29), 

o=c,+c,^^ 


. (30), 

or, which is the same thing, 




1 

..(31), 

c=-p+yz,(e-s^ 


..(32). 


635. The equations (20) and (27) are the only equations, which 
in the case of the equilibrium of the solid plate, hold for all the 
points of the mean surface. Suppose now that the plate is bounded 
laterally, in its natural state, by planes perpendicular to the plane 
of xy^ or by a cylindrical surface having its generating lines 
parallel to the axis of z. Suppose that this cylindrical surface 
is subjected to a normal pressure P' different from P ; then 
denoting by 

a, and 7 = ~ , 

the angles which the normal to the cylindrical surface produced 
outwards makes with the semi-axes of x, jr, z, we replace in 
equations (4) cos 7 by zero and P by P' : thus we have for all points 
situated on the boundary of the plate and so for all values of s 
A cosa + Fcos^ = — P cosa, Pcosa + P cos^ = — P'cosyS, | . . 

Pcosa + Pcos^ = 0 J ^ 

Then combining equations (33) with the formulae (28) and (29) 
we deduce 

(j4Q + P')cosctH-PoCos)S = 0, FqCosol + {Bq+P'}cobI3 — 0,., (34), 
il, cosa -f-Pj cos /S — 0, Pj cosa + P^ cos /3= 0 (35), 
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and i^^cosa + 2 >gCOS/ 8 = 0 (36), 

or, wliich comes to the same thing, 




.. (37). 


The five conditions expressed by (34), (35) and (37) must be 
satisfied for all points situated on f7'ee portions of the cylindrical 
surface which forms the lateral boundary of the plate. As to the 
points situated on fixed portions of the latter surface they must 
satisfy other conditions which we will now investigate. 


636. Let 


? = fo + ?!« + li 2 + ^ = 570+ V + % I + •••. 

S) + ti® + & 9 + ••• 


...(38), 


be the developments of tj, ^ considered as functions of ce, y, s 
according to ascending powers of the variable s ; then f,,, 17 ^ will 
represent the displacements of the point {x,y) of the mean surface, 
measured parallel to the axes of co-ordinates. If we neglect in the 
values of 17 , ^ the terms proportional to the square of s we shall 
have simply 

f = ^0 + V = V,> + ViS, ? = g, + (39). 

Granting this, let us now suppose that a portion of the cylindrical 
surface wldch forms the lateral boundary of the plate in its natural 
state becomes fixed ; or rather, that among the points situated on 
a portion of this surface those which belong to the boundary of the 
mean surface become fixed, the others being so restricted that 
every one of them remains constantly on the same generating line 
of the cylindrical surface. We shall have then for all the points 
situated on a fixed portion of the last surface, not only 


fo = 0, O7o = 0, ?„ = 0 (40), 

but also ^=0 and 17 = 0 whatever s may be. Hence we abaH 
obtain from the formulae ( 39 ) 

^1 = 0, ’?i = 0 (41). 


In the particular case where the solid plate is rectangular, and 
bounded laterally by planes perpendicular to the axes of x and y, 
the formulae (34), (35) and (37) give 
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1°. for the points situated on the surface, supposed free, of one 
of the planes perpendicular to the axis of a?, 

A + = ^>0 (42), 

^, = 0, = 0 (43), 

<“)■ 

2". for the points situated on the surface, supposed free, of one 
of the planes perpendicular to the axis of y 

£o + P' = 0, P, = 0 (45), 

P, = 0, P, = 0 (46), 

(47). 




dx 


637. If we consider the solid plate, no longer in the state of 
equilibrium, but in the state of motion, we must in the equations 
(20) and (27), and in the formulae (37) replace the quantities 

-^0,^x5 m 

by the differences 

A. 




Y 

■^0 de 


’ df ’ ^ df’ 

“ df ’ ' df’ ® df 

Hence we shall obtain 

1®. from the equations (20) 


F-^>- 
^ df ’ 


.(49). 


^^0 1 ^0 , Y = O 
dx dy ^ ° P ’ 


df ’ dx 


dFn dBn t 7- d^Vfv 
^+-^ + pT, = p-^ 


df 


(50), 


2®. from the equation (27) when we reduce the polynomial 


?0 + 0 ( ?2 + ^ 


dx dy j 

to the single term g,, 

+2S+2i£’i_„^£ fsii 

3\cZir® dxdy dy^j ^6\ ^ dx dy) ^ df ^ 

3®. from the formula (37) 


\ dx dy 


i+pX , ) cosa + (g + -^+p7) cos^ = 
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We may add that in the case of motion the values of D, G 
furnished by the equations (31) and (32) will become 


.(53), 


C'=-P + ip (^,-5) (*•*-«*) (54). 


638. Suppose now that the given plate becomes elastic, and 
that the elasticity is the same in all directions. Then by the 
principles developed by Cauchy in his earlier papers, and taking 
X, y, z for independent variables, we shall have — 



where h and K are two constants, and Q is the cubical dilatation, 
given by the equation 

(“)• 


Hence if vre put for convenience 

= (57), 

and if we take for independent variables x, y, s instead of x, y, z 
we shall have 


A_ 

K~ 


K 


^ ^ ^ ^ 

dx^dy'^^’ 'E~Jx^'"'^ 

K~dx'^dy'^ ds 



D _K — 1 fdt) d^ E _K — I (d^ df) 
K~ 2 \^^dy)’ K + 


F_K — \[d^ d7}\ 

K"^~^\dy'^'dx) 



J 
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639. Now let us substitute in the formulae (58) for the 
functions A, B, 0, D, E, F, t), f their developments arranged 
according to ascending powers of the variable s ; then, equating 
the coefficients of like powers of a, we have 


-^0 _ „ 1 ^0 . ^ ^ ^^0 I ^Vo 1 V 


K dx^ dy 


dy 


K dx^ dy^'‘^^ 


K 2 V^^dy)' K 2 \^^^dx)' 

j; K-l /d^^ dr};\ 

K~ 2 \dy dx) 

■^ — ye ^ 4- — ‘ 4- f ^ ^ 4- K ^ f 


...(59), 


if dx^ dy 


dy 


.S: 


if 2 ir~ 2 + 


K 2 \cZy <& 


') 


(60). 


By combining the formulae (59) and (60) with equations (19) 
we obtain 

fc _ _ ^Ko y ^ I ((*-[ \ 

dx' 


^ „ =_^ = _ i ('go') 

dx’ dy’ ^ K\dx^ dy) ^ 


dy 


« 2 ^Uy 


(63). 




,( 64 ). 
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Thus, if we put for brevity 

(65) 

we shall have 






, 1 d-n\ 1 

^dx + 1 dyj 


(««• 


or, which is the same thiug, 


i,=-pn*(' 


^da? /c + 1 dy^j 


[df+7+i-d^. 


F,=-pa^ 


K + 1 dxdy 


640. Granting this the equations (20) and (27) which relate 
to the equilibrium of a solid plate will give for an elastic plate 

( ^^ 0 4. 1 ^ , 1 ^4-2 d ^ r }^ \ , ^ _ A 1 

"/c+ldz/* "^K+ldxdy) ° . 

3;.o 

/c H- 1 oJa; ^K’\-ldxdy/ ® 


3 \dx*^‘^d£df'^ dy‘ 


?)=^+5(^.+ ^S+^f)-P»)- 


641. Moreover by reason of the formulae (34), (35) and (37) 
combined with the equations (66) and (68) we shall have for all the 
points situated on a free portion of the boundary of the elastic plate 
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— P' 1 cosa 


1 <^“r. 


= lg-J')co,3 


^ W +i^ ^ = 0 

f? + = 0 

ajr K’^ldxj K-\-ldxdy 


n* -! f 4- 


cosa + 


= Xj cosa + Fj cos)8 


642. On the other hand for all the points situated on a fixed 

portion of the boundary of the plate the values of the unknown 
quantities niust satisfy not only the conditions (40) 

hut also the formulae (41), or, which comes to the same thing, see 
(61), the two following 

£-»■ f-" P*)- 

643. In the particular case where the solid plate is rectangular 
and hounded laterally by planes perpendicular to the axes of x 
and y, the formulae (71), (72), (73) give 

1\ for the points situated on the surface, supposed free, of 
one of the planes perpendicular to the axis of a?, 

S+JT-if = “’ 
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2°. for the points situated on the surface, supposed free, of 
one of the planes perpendicular to the axis of y, 

^ + = (78), 

\dy iic + 1 dxj p \k J dy dx ' ^ 


^0 

df 


K + \ da? 


= 0, 


£L 

dxdy 


= 0 , 


O’ 






(79), 

.(80). 


^(Mdy ‘ dy^J 

644. If we denote by eo the sum of the first two terms com- 
prised in the value of 0, in the formula (56), and consequently put 

W’ 

then CD will evidently express the superficial dilatation experienced 
in consequence of the change in the form of the plate by a plane 
drawn through the point — — parallel to the plane of a?, y. 

Moreover if we represent by 

ct) = ©0 + ^ + (82) 

the development of cd, considered as a function of the variables 
00 , y, s, according to ascending powers of s, we shall have 


I ^Vo 

°~dx'^dy' 


\dx‘ 


df) 

/C 

P 


doo dy 

and the formulae (66), (67) will give 

(*§+■»•)-! 


.(83), 

(84), 


.(85), 


.( 86 ). 
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Moreover the equations (69) will become 


+ X = 0 




I ... (87). 


2 ( a ; + 1 ) \dd^ dy^j 
2(/c + l) 

Differentiate the first of (87) with respect to and the second 
with respect to y, and add ; thus 



Finally the equation (27) will give 

When in the formula (89) we put for its value drawn from 
equation (84), we are immediately brought back to the formula 
(70). 

645. If we wish to consider the elastic plate, no longer in the 
state of equilibrium but in the state of motion, we must, in 
equations (69), (70), (87), (88), and in the formulae (73), (77), (80) 
replace the expressions (48) by the expressions (49). Admitting 
this we shall obtain . 

1®. from the equations (87) and (88) 




2 (/c + 1) 
2 (^ + 1 ) 




+ Xo = 


+ F„ = 


dt 

dS, 

df 


...(90), 




2“. from tHe equation (70), when we reduce the polynomial 


? + 


^ - 5 - W (g + g) 


to the single term ^ 

'(d% 

Kdx* 




da^d"^ dy*J 

= F.+ 


K- 




(92). 
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Moreover if we substitute in the formulae (73), (77), (80) for 
the binomials 

Y — T 4 _ y* = y 4 . ^^0 

^ df ^ dxdf^ ^ df dydf' 

or rather the approximate values of these binomials obtained by 
the aid of equation (92), namely 

dx ’ dy ’ 

we shall thus obtain 

<'*)• 



In the particular case where the accelerating force is the same 
for all points of the plate the formulae (91) and (92) reduce to 

<*')■ 



If this accelerating force vanishes the formula (97) will give 
simply 

^ 3 ^W- ® 


646. If now we consider an elastic body as a system of mole- 
cules which act upon- one another at very small distances, then 
supposing that the elasticity remains the same in all directions, 
and that the pressures supported by the free surface of the 
body in its natural state reduce to zero, we shall obtain between 
the constants denoted by k and K in the formula (57) the 
relation 


k^2K 


(99). 
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We shall therefore have /c = S, and we shall deduce 
equations (90), supposing the forces Xq and to be zero, 


from 


^ dj/V ^ ^ (hi df ’ 

8 , B (^Vo 


XIM 


.( 100 ). 


On the same hypothesis, if the pressures P, P' vanish with 
the force <f>, the formulae (71), (72), (73) will give for the points 
situated on free portions of the surface which forms the lateral 
boundary of the elastic plate 


( S + 1 + 1 = »■ 






..( 101 ). 


.( 102 ), 




647. If the elastic plate were rectangular and bounded 
laterally by planes perpendicular to the axes of x and y, the 
formulae (101), (102), (103) would give 


1®. for the surface, supposed free, of one of the planes perpendi- 
cular to the axis of x, 


ch ^ dy ^ dy dx 

(104), 

dxdy~^ •••• 

(105), 

o 

11 

(106). 

2®. for the surface, supposed free, of one of the planes perpendi- 

cular to the axis of y. 


? 1 ^^0 — n ^^0 t ^Vo fj 

dy ^ dx ' dy^ dx 

(107), 

T. E. 

23 
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sH+f =» W 

It is well to notice that by reason of the second of the condi- 
tions (105) or (108) the condition (106) can he reduced to 

<™>- 

and the condition (100) to 

f -» (“1)- 


64)8. Most of the equations established here, and particularly 
the formulae (20), (27), (34), (35), (36), (50), (51), (90), (91), (92), 
are taken from a memoir which Cauchy presented to the Academy 
of Sciences on the 6th of October, 1828. These formulae, or 
at least those which we can deduce from them by putting /c = 3, 
are found to agree with the formulae contained in Poisson*s 
memoir which was in the press at the time, and which soon 
afterwards appeared. However to the conditions (74), the first of 
which involves the second when we have regard to the last 
of the formulae of (40), Poisson added a third condition which 
disappears of itself when the plate is circular, and the admission 
of which in other cases appeared to Cauchy to be subject to 
some diflBculties. 


649. We can easily infer from equation (96) that the velocity 
of sound in an elastic plate of an indefinite extent is precisely 
the value of fl determined by the formula (65). If moreover we 
suppose /c = 3 we can prove that the velocity in question is to the 
velocity of sound in an elastic body of which all three dimensions 
are infinite in the ratio of js/S to V9 or 3. If we ascribe to /c a 
value different from 3 the ratio of the two velocities will be that of 
Jk* — 1 to or K, 

The equation (98) has the same form as that which was 
found without demonstration among the papers of Lagrange, 
and which served as the foundation of the researches published by 
Mdlle Sophie Germain in a memoir on elastic plates crowned 
by the Institut in 1815 ; see Arts. 284 and 290. 
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650. Cauchy then gives a page and a half to the case in 
which the plate is supposed to be without elasticity ; and afterwards 
seven pages to the case in which the plate is supposed to be 
of variable thickness, but we have given suflScient to illustrate 
his method \ 

651. Thus we are led to make some remarks on a point 
which has given rise to controversy, namely Poisson’s view of the 
conditions which must hold at the boundary of the plate. 

Cauchy says nothing with respect to Poisson’s conditions at a 
free part of the boundary, from which we may infer that he 
saw no serious objection to them. Cauchy obtains five equations 
which must hold at a free part of the boundary ; two of these 
correspond with those which Poisson obtained in the case of a 
memhrane and which he does not formally repeat in the case of a 
plate; there remain ihree^ so that as to the number of conditions 
Cauchy exactly agrees with Poisson. Moreover as to the form of 
the conditions there is substantial agreement : Cauchy puts them 
in the form without integration, see (102) and (103), but as the 
Xq and Yq of my Art. 486 are taken by Cauchy to be constant, and 
the to be zero, the result obtained by Poisson after integration 
coincides with Cauchy’s. 

652. But with respect to the conditions which must hold at a 
fixed part of the boundary there is some difference between the 
two mathematicians, as we see from Cauchy’s opinion given in 
Art. 648. The part to which Cauchy objects must be involved in 
my Art. 491 ; but he does not specify it. Cauchy however should 
not say that Poisson has joined a third conditiony for the facts 
would be more accurately expressed thus : M. Poisson starts with 
two equations equivalent to my (41) and therefore to my (74) ; he 
transforms these into two others, one of which seems to me subject 
to certain difficulties.” 

^ [The articles 630 — 647 are a translation of pp. 328 — 346 of the third year of 
the Exercices. I have retained them here becanse it seemed to be Dr Todhnnter’s 
intention, and becanse while offering a good example of Cauchy’s style, they wiU for 
the first time appear side by side in the same work with Poisson’s solution, and 
enable ns more easily to form an estimate of later work. En.] 


23—2 



356 


CAUCHY. 


The matter is of small consequence and seems to have attracted 
scarcely any attention ; what is important to notice is that as to 
the objection raised by Kirchhoff, and implicitly adopted by 
Clebsch and others, against Poisson, Cauchy agrees with Poisson \ 

653. An article entitled : Sur Vdqidlihre et le mouvement d'une 
verge rectangulaire occupies pages 356 — 368 of the volume. By a 
verge rectangulaire Cauchy means a rod which in its natural state 
has for its axis a straight line or a plane curve, and any section at 
right angles to the axis is a rectangle of small dimensions. The 
equations for this body are deduced very ingeniously from those 
given in the two preceding memoirs for the elastic lamina and the 
elastic plate respectively. 

654 On page 365 Cauchy finds that the velocity of sound 
along an elastic rod is to the velocity of sound in an elastic body as 
V5 is to and he observes that Poisson had already enunciated 
this proposition. 

655. On his page 366 Cauchy quotes a result which he had 
obtained on page 271 respecting the ratio between the numbers of 
longitudinal and of transversal vibrations for an elastic rectangular 
rod corresponding to the fundamental notes. Let if be the number 
of longitudinal vibrations (ends free), and JT the number of trans- 
versal vibrations (ends fixed) in a unit of time ; then 

N' = {2-0oo838...) — N, 
a 

where a is the length and 2h the breadth of the rod in the 
transverse direction considered. Cauchy says : 

Cette demiere formule s’accorde parfaitement avec les experiences 
de M. Savart rapportees dans le Bulletin des Sciences de janvier 1828, 
et difi^re tres-peu d*une formule que M. Poisson a presentee sans 
dtoonstration dans ce m4me Bulletin, mais que Ton ne retrouve pas 
dans le Memoire public par ce geom^tre sur T^quilibre et le mouve- 
ment des corps ^lastiques. 

Cauchy gives on pages 367 and 868 the results of some 
experiments which at his request Savart had made. 


^ [See my remarks, p. 251. Ed.] 
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The article in the Bulletin des Sciences to which Cauchy 
alludes is also printed in the Annales de Qhimie, Vol. 36, 1827, 
pages 86 — 93 : see my Art. 429 on Poisson. The formula to which 
Cauchy alludes is that which is there given thus, 

n' = (2-05610) j: 

Poisson did not reproduce this in his memoir. It agrees closely 
with that given by Cauchy above. 

We proceed to the fourth volume of the ExerdceSy which is 
dated 1829 ; to this we shall devote the following thirteen articles, 

656. An article entitled : Sur Vdquilihre et le mouvement d’une 
plaque Slastique dont VilastidU nest pas la meme dans tons les sens 
occupies pages 1 — 14 of the volume. In the memoir which we 
have noticed in Arts. 638 and 646 Cauchy used two constants of 
elasticity ; in the present memoir he shews how the problem is to 
be treated if we use fifteen constants: see Kirchhoff in Grellei 
Vol. 56, and Thomson, Quarterly Journal of Mathematics^ 1857. 
The formulae become complicated but there is nothing of special 
interest to be noticed. Cauchy calls a body homogeneous when 
the fifteen coefficients of elasticity are, as we suppose them here to 
be, really constant. See Saint-Venant on Torsion^ 261, 263. 

657. An article entitled : Sur Fdquilibre et le mouvement J une 
verge rectangulaire ea^raite Jun corps solide dont Vdastidtd yiest 
pas la mime en tons sens occupies pages 1 5 — 29 of the volume. The 
axis of the rod in its natural state is supposed to be a straight 
line ; the constants of elasticity are taken to be fifteen in number, 
as in the memoir immediately preceding ; the investigation is a 
process of approximation not very complex. Cauchy arrives at a 
theorem which he enunciates thus on his page 28 : 

Th§or^me. Une verge elastique ^tant extraite d’un corps solide 
homogfene qui n’offre pas la m^me ^lasticite dans tons les sens, pour 
obtenir le carr§ de la vitesse du son dans cette verge indefiniment 
prolongee, il suffit de chercher ce que deviennent, en un point quel- 
conque du corps solide, la dilatation ou condensation lineaire =*=€, 
mesur^e parallMement A Paxe de la verge, et la pression ou tension p* 
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supportee par un plan perpendiculaire k cette axe, tandis que les 
pressions ou tensions principales se reduisent Tune a les deux 
autres k zero, puis de diviser la dilatation ou condensation ± € par le 
facteur p' et par la densite p. 

If the section of the elastic rod is a square Cauchy finds that 
the transverse vibrations produce the same sound whether they 
are parallel to one or to the other of the sides of the square. He 
adds on his page 29 : 

H etait important de voir si cette conclusion, qui pent paraitre 
singuliere quand on suppose la verge extraite d’un corps solide dont 
r^lasticitd n*est pas la m^me dans tons les sens, serait confirmee par 
I’ohservation. Ay ant consulte, k ce sujet, M. Savart, j’ai eu la 
satisfaction d’apprendre que des experiences qu’il avait entreprises, 
sans connaitre mes formules, I’avaient precis^ment conduit au m^me 
r^sultat. 

See Saint-Venant on Torsion, 297. 


658. An article entitled ; Sur les pressions ou tensions sup- 
poi^ies en un point donne d'un corps solide par trois plans perpen- 
diculaires entre eux occupies pages 30 — 40 of the volume. Here 
we have formulae expressing the stresses for one set of rectangular 
axes in terms of the stresses for another set, and some applications 
of them, the nature of which we will indicate. 

Suppose that of the stress-components S, SJ, S, ... all vanish 
except XX ; we have six formulae which we may write thus, 


^ cos* a, yV = S cos*/3, 7z' cos* 7, 

= S cosyS C0S7, = Scos7COSa, Jy' =xSrcosacos^... (1). 

Again as in Art. 547 we have 
du dv ^ ^ dw 


^ att i av 2 ^ aw « . /dv dtv\ ^ 

_ cos a + ^ cos ^ ^ cos 7 + ^ j cos /9 C0S7 

^ fdw , dii\ fdu dv\ ^ ... 

-^[Tx^Tz) 

Now we can express S, ...as linear functions of 
see Art. 553. Eliminate these shift-fluxions between (1) and (2), 
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and put pSr^^ for xx ; we thus obtain an equation which may be 
written thus, 

^^2 ^ cos^a -f ^ cos^ + (7 cos^7 + (3), 

where the terms not expressed involve cos®a cos^, cos® a cos/3 C0S7, 
and like expressions. 

Then (3) may be represented by a surface of the fourth degree 
if we take 

cos a cos /3 C0S7 ^ 
the equation to this surface being 

+ + 

the maxima or minima values of the radius vector of this surface 
will correspond to the maxima or minima values of O. 

The process is connected by Cauchy with the theorem which 
reduces the nine stress-components to six. 

See Saint- Venant on Torsion, p. 253. 

659. An article entitled : Siir la relation qui existe entre les 
jpressions ou tensions supportdes par deux plans quelconques ^en un 
point donn6 dUun corps solide occupies pages 41 and 42 of the 
volume. Cauchy had proved on page 48 of the second volume of 
the Exercices a particular case of the theorem which we have called 
Cauchy's Theorem, namely that in which the axes are at right 
angles : see Art. 610 (ii) of this Chapter. He now demonstrates 
the theorem generally, and we will reproduce his process. Saint- 
Venant, on page 250 of his memoir on Torsion, seems to say that 
this generalisation had been given in the preceding year by Lam^ 
and Clapeyron. 

Let OL, OM be two semi-axes drawn arbitrarily from a given 
point of a solid body. Eefer all the points of the body to three 
rectangular axes x,y,z\ let 7^ be the direction angles of 

OL, and 7^ those of OM. Let p^ and p^ be the stresses 

supported at 0, on the side of OL and OM, by planes at 
right angles to these semi-axes respectively. Let be the 

direction angles of p^, and those of p^. Let be the 

angle between OM and the direction of p^, and the angle 
between OL and the direction of p^. 
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Let £c, SJ, xs be the algebraic projections of the stress 
supported at 0, on the side of the positive direction of the 
axis of X, by a plane at right angles to this axis ; let JS, w, ^ be 
similar quantities with respect to the axis of y ; and S, zy, S, with 
respect to the axis of z. Then we shall have 

jPj cos\ = S cos otj + S cos jSj + Js cos^j I 

cos/ij = yx cosa^ -f m cos/ 9 j + ^ 0057^ > (1) ; 

cos = S costtj + Q cosySj 4 * £ 0037^^ J 

costET^ == cos\ cosa^ + ccysfi^ eosySg 4 cosz/^ COS72 (^) 5 

and therefore 

cos-ijr^ = S cosa^ cosa^ + 2^ cos cosjSg 4 S cos7j 0087^ 

-f ^2 (cos)Sj COS72 4 cosySg cos7^) 4 S (cos7j cosa^ 4 COS72 cosorj 

4 S (cosstj cos^2 4 cosag cos^S^) (3). 

Now suppose we interchange the semi-axes OL and OM\ by 
reason of this the first member of (3) is changed into pgCos^g, 
while the second member remains unchanged: therefore 

COS®j COStXTg (4). 

This is the theorem which was to be proved. 

Moigno’s Statique, p. G27. 


660. An article entitled : Sur les vibrations longitudinales d’une 
verge cylindnque ou prismatiqiie d base quelconque occupies pages 
43 — 46 of the volume. Here the equation 


is obtained for the longitudinal vibrations of a rod whatever may 
be the form of the transverse section. The article concludes thus : 


Les resultats que nous venons d'exposer subsistent, de quelque 
mani^re que T^lasticite du corps, d’oii on suppose la verge extraite, 
varie quand on passe d'une direction a une autre. Ils coincident 
dailleurs avec ceux que M. Poisson a obtenus, en consid^rant une 
verge extraite dun corps solide dont Felasticite reste la m^me en tons 
sens. Seulement, dans ce cas particulier, le coeflS^cient O devient in- 
dependant de la direction que pr&entait, avant Pextraction, Taxe de la 
verge €astique. 

The reference to Poisson applies to page 452 of his memoir of 
April, 1828 : see also Poisson’s Mecaniqiie, Vol. ii., page 316. 
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661. An article entitled : Sur la torsion et les vibrations tour-’ 
nantes d'une verge rectangulaire occupies pages 4*7 — 64 of the 
volume ; there is however a mistake in the numbering of the 
pages, and the article really occupies 24 pages. The investigation 
is a process of approximation and may be considered to be now 
superseded by the more rigid treatment of the problem by Saint- 
Venant; the latter however ascribes great merit to this memoir 
which formed the starting point of his own researches : see Saint- 
Venant on Torsion, page 361. In particular the expression 
obtained by Cauchy for the moment of torsion corresponds nearly 
in a certain case with that of Saint-Venant. 

[The latter illustrious physicist writes as follows concerning 
this memoir on pp. clxxv — clxxvii of the Historique Abrige : 

Jusqu’au m^moire public en 1829 par M. Cauchy, on avait cm 
que les resistances opposees par les diverses fibres d’un prisme a 
cette sorte de deformation etaient, comme pour le cylindre a base 
circulaire, proportionnelles aux inclinaisons que ces fibres prennent sur 
Taxe de torsion en devenant des helices, et par consequent a leurs 

distances k cet axe L’analyse de Cauchy est fondee, comme celle 

qu’ii a employee ainsi que Poisson pour la flexion, sur la supposition 
gratuite que les pressions int^rieures sont exprimables en series 
convergentes suivant les puissances enti^res des deux coordonnees 
transversales, et sur des suppressions, non justifi^es, de termes dont on 

ne connait pas le rapport de grandeur avec ceux que Ton conserve 

Son memoire de 1829 a neanmoins fait faire un grand pas k la theorie 
de la torsion, car, outre que la formule k laquelle il arrive est exacte 
pour les prismes plats, Tanalyse qu’il y developpe fait apercevoir un 
rapport nicessaire entre la torsion $ et la d^rivee seconde du deplace- 
ment longitudinal des points de chaque section par rapport aux deux 
coordonnees transversales; derives dont Texistence annonce que les 
divers points des sections d’un prisme rectangle tordu se deplacent 
in^galement dans un sens parallfele aux aretes, ou que ces sections 
ne restent pas planes.] 

Cauchy on his page 60 says that his results are similar to 
those obtained by Poisson in considering the torsion of a cylindrical 
rod on a circular base, and that they hold for a cylindrical or 
prismatic rod on any base ; the allusion must be to page 454 of 
Poissons memoir of April, 1828. On pages 62 and 64 Cauchy 
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appeals to experiments made by Savart as confirming his theoreti- 
cal conclusions : see Art. 333. 

[Savarf s confirmation of this erroneous theory of torsion is 
remarkable, and it may not be out of place to call attention again 
to the adverse experimental results of C. J. Hill : see Art. 398.] 

662. An article entitled : Sar les equations differentielles 
dJequilihre ou de mouvement pour un systeme de points materiels 
sollidtes par des forces diattraction ou de repulsion mutuelle 
occupies pages 129 — 139 of the volume; this is connected with 
that on pages 188 — 212 of the third volume of the Exerdces, 
noticed in my Art. 615. It is difficult to say what is the design of 
this article, but it seems to be intended to cairy on the comparison 
between the two modes of treating the problems connected with a 
rigid body; namely that in which the body is regarded as an 
aggregate of isolated particles, and that in which it is regarded as 
continuous. 

See Saint-Venant on Torsion, page 261 ; Moigno, page 683. 

663. An article entitled : Sur les corps solides ou fluides dans 
lesquels la condensation ou dilatation lineaire est la mime en 
tons sens autour de chaque point occupies pages 214 — 216 of the 
volume. This we will reproduce. 

Suppose that a solid or fluid body changes its form, and by 
the effect of any cause whatever it passes from one natural or 
artificial state to a second different from the former. Let us refer 
all points of space to three rectangular axes, and suppose that the 
material point corresponding to the coordinates oo, y, z in the 
second state of the body is exactly that which in the fct state of 
the body had for coordinates the three differences 

y-v, z-t 

If we take x, y, z for independent variables rj, f will be 
functions of x, y, z which will serve to measure the shifts of 
the point we are considering parallel to the axes of coordinates. 
Let r be the radius vector drawn, in the second state of the body, 
from the molecule m to any adjacent molecule m'; and let (a, f) 
be the direction angles of r. If we denote by 
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the original distance of the molecules m and the numerical 
value of 5^ will be the measure of what we call the stretch of 
the body along the direction of r; that is to say the linear 
dilatation if is a positive quantity, and the linear condensation 
or contraction if is a negative quantity. 

Then we shall have, by Art. 612 of this series, 


(1^) = (cosa - ^cosa - ^.cos^ - ^ cosy 


ay dz 

drj dr) ^ dr) 


)■ 


+ ^COSyS “ ^ ^ ^ ^ 'y) 

/ di; d^ ^ d^ V 

+ ^ COS7 — ^ cosa ^ ~ ^ ) 


.( 1 ); 


and hence, supposing that the displacements 97, ^ are very small, 
we obtain 


2 dr) 2n dt 2 , 


\dz^dy. 

dPdri 




cosy 


cosy cosa + + ^) cosa cos jS (2). 


dx. 


Now we may ask what conditions must be fulfilled by 97, f, 
considered as functions of x, y, z, in order that the stretch may 
remain the same in all directions round every point : this is the 
question we propose now to consider. 

Let 5a,, Sy, Sg be the stretches measured parallel to the axes of 
X, y^ zi we have by the formula (2) 

_d^ d^ d^ 

* dx’ " dy’ '~dz' 

Thus if we suppose these stretches all equal we shall obtain 
the condition 

dx~dy’^dz ^ 

and hence equation (2) will give 
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Hence if the linear dilatation remains constantly equal to 
we shall have for all values of a, /S, 7 


(I +1) 


cos a 


^ \dy ^ dx. 


cosa cos ;8 = 0 (5). 


In (5) put successively a = ^,iS==”, 7 = — ; then we deduce 

Ji Jit 


dTj 

dz 


dx 


dz 


+ j^ = 0, 


(«■ 


A-i. 

dy^ ^ dx ' dz dy 

Thus in order that the value of may become independent of 
the angles a, 7 it is necessary that the shifts 
considered as functions of x, y, z should satisfy the conditions ( 3 ) 
and ( 6 ). Conversely if these conditions are satisfied will be 
independent of the angles a, )S, 7 , and we shall obtain firom the 
formula ( 2 ) 




dx dy dz' 


.(7). 


664. It is easy to shew that when the conditions (S) and ( 6 ) 
are satisfied the stretch reduces to a linear function of x, y, z. 
In fact suppose we differentiate the first of equations ( 6 ) with 
respect to x, the second with respect to y, and the third with 
respect to z\ we shall have 




■f 


= 0 , 




<Pv 


dzdx ' dxdy 
and consequently 


dxdy 


.0 

dydz ' dydz dzdx 


= 0 ....( 8 ) 


d^s. 


= 0 , 


cZ*s, 


= 0 , 


cfs. 


= 0 . 


.(9). 


dydz ' dzdx ' dxdy’ 

Differentiate the first of equations (9) with respect to x, the 
second with respect to and the third with respect to z ; then 
having regard to (7) we obtain 

^ cPs. ^ 


:= 0 , 




-=: 0 , 


.( 10 ). 


dydz 'dzdx ' dxdy 

Again, differentiate successively the first of ( 6 ) with respect to 
y and z, the second of ( 6 ) with respect to z and x, and the third 



CAUCHY. 


365 


of ( 6 ) with respect to x and then having regard to ( 7 ) we 
obtain 


^4.^ = 0 ^4.^ = n ^4.^ 

df ’ da?'^ dz‘ ‘ drj‘'^ daf 

and consequently 


^ = 0 —' = 0 ^ = 0 
da? ’ df ds? 

I'l’om ( 10 ) and ( 12 ) we deduce 


= 0 . 


(11); 


(12). 



II 

p 

II 

P 

II 

0 

(13) 

and consequently 

d^r ds^ -L ds^ 



(1^): 

hence 

ds^ = adx + hdy + cdz 

(15), 


s^=^aX’Vby'\-cz-Yh 

(16), 

where a, 6 , c, k are constant quantities. 



Hence we obtain the following theorem: If a solid or fluid 
body changes its form so that the stretch remains very small and is 
the same in all directions round every point, then this stretch 
must be a linear function of the coordinates a?, y, z. 


665. The value of the stretch being determined by (16) we 
can easily deduce the values of the shifts 97 , f by means of ( 6 ) 
and ( 7 ) ; these will give 


dy^ dx 


dydz 


= 0 , &c. 


(17). 


and we shall obtain 


f = (aa; + 5y + C2;4-A?) a; — + + + Ay— ^2 + Z ) 

rj = la^ + by + cz + Ic) y -- + fz-hx-\-m I ...(IS), 

^^[cux + by^-cz-^h) z — ^c{x^ ^-y^ + z^)-\'gx---fy J 

where ^ y, A, Z, m, n denote constant quantities. 


666 . An article entitled : Sur V^quilibre et le mouvement 
intdrieur des corps considdrds comme des Tmeses continues occupies 
pages 293 — 319 of the volume. 

If we assume that the six stress-components are linear 
functions of the nine first shift-fluxions with respect to y, z, 
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then on the most general supposition there will he nine coeflScients 
in the expression for each stress-compoDent, or ten if we include 
a term independent of the shift-fluxions. Poisson, starting with 
nine coefficients for each stress had shewn that they must 
reduce to six: see Art. 553 of my account of Poisson’s memoir 
of October 1829. Cauchy alludes to this process given by Poisson, 
and it serves as the foundation of the present memoir. Cauchy 
starting wdth ten coefficients for each stress reduces them 
to seven; thus on the whole he has 42 coefficients, namely the 
ordinary 36, and one in each tension independent of differential 
coefficients. Cauchy observes that if the body had been con- 
sidered as an aggregate of isolated particles these 42 coefficients 
would reduce to 21 by virtue of relations between them; the 
21 coefficients would be the ordinary 15, and the additional 6 
which, as we have already noticed, Cauchy introduces: see 
Moigno, p. 660. Cauchy then proceeds to consider what relations 
must hold among the 42 coefficients in order that the body may 
exhibit the same elasticity in every direction round a fixed axis. 
He finds that his formulae for the stresses finally involve five 
coefficients ; they are 

r.=a + (3/+a)| + (/-a)| + (.?-a)|. 

9 = a + (/- a) g + (.3/+ a) g + (d_ a)g, 

S = c + (d-c)2 + (<£-c)^ + (i + c)2, 

9=(d + c)J + (rfH-o) 



the elasticity being supposed the same in every direction which is 
at right angles to the axis of z. If we suppose a and c to vanish 
these formulae reduce to those usual in uniaxial symmetry. 
Moigno, page 667. 
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667. Finally if the elasticity is the same in all directions 
Cauchy’s formulae become of the form 

= + T„, 


ii=2;.f+X0 + r„, 


- (dv 


dv dt. 
+ ' 


d^/ 

^ \dx dz j ' 


xy^lL 


dy da:) ’ 


where represents an initial traction and 9 stands for 
Moigno, page 667. 


dx ^ dy dz' 


668. 1829. A paper entitled: Demonstration analytique dltine 
loi d^coimrte par M, 8 ava 7 't et relative anx vibrations des corps 
solides ou fluides, occupies pages 117 and 118 of the Memoires of 
the Paris Academy, Vol. ix. 1830. It was read on the 12th of 
January 1829. We will give it. 

J^ai donne dans les Exercices de mathematiques ies equations 
genirales qui representent le mouvement d’un corps elastique dont les 
molecules sont tr^s-peu ecartees des positions qu’elles occupaient dans 
Fetat naturel du corps, de quelqiie maniere que Felasticite varie dans 
les diverses directions. Ces equations qui servent a determiner, en 
fonction du temps t et des coordonn^es as, y, z, les deplacements 
d'un point quelconque mesures dans le sens de ces coordonnees, sout 
de deux esp^ces. Les unes se rapportent a tons les points du corps 
elastique, les autres, aux points renfermes dans sa surface exterieure. 
Or, 4 Finspection seule des equations dont il s'agit, on reconnait 
imm^diatement qu’elles continuent de suhsister, lorsqu’on y remplace as 
par kx, y par hy, z par kz, i par ki, 17 par ^17, f par k^, k designant une 
constante choisie arbitrairement, et lorsqu’en m^me temps on fait varier 
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les forces acceleratrices appliquees aux divei*ses molecules dans le 
rapport de 1 a Ijk. Done, si ces forces acceleratrices sont nulles, il 
sutfira de faire croitre ou diminuer les dimensions du corps solide, et 
les valeurs initiales des deplacements dans le rapport de 1 a pour que 
les valeurs generales de 77 , ^ et les durees des vibrations varient dans 
le meme mpport. Done, si Ton prend pour mesure du son rendu par 
un corps, par une plaque, ou par une verge elastique, le nombre des 
vibrations produites pendant Tunite de temps, ce son variera en raison 
invei-se des dimensions du corps, de la plaque ou de la verge, tandis 
que ces dimensions croitront ou decroitront dans un rapport donne. 
Cette loi, decouverte par M. Savart, s'etend aux sons rendus par une 
masse fluide contenue dans un espaee fini, et se dtoontre alors de la 
meme maniere. 

On prouverait encore de meme que, si les dimensions d’un corps 
venant a croitre ou a diminuer dans un certain rapport, sa temperature 
initiale croit ou diminue dans le meme rapport, la duree de la propa- 
gation de la chaleur variera comme le carre de ce rapport. 

6G9. A paper entitled : Memoir e sur la torsion et les mirations 
toumantes dune verge rectangulaire occupies pages 119 — 124 
of the Memoires of the Paris Academy Vol. ix. 1830. It was 
read on the 9tli of February 1829. This is a summary of the 
results obtained by Cauchy in his memoir on pages 47 — 64 of the 
fourth volume of his Exercices de mathe'niatiques. See our 
account of that memoir in Art. 659. 

670. Sur les diverses methodes d Vaide desquelles on pent 
etahlir les equations qid representent les lois diqiiilihre, on le mouve- 
ment interieiir des corps solides ou jiuides. (Lu a TAcad^mie royale 
des Sciences, le 8 mai 1830.) This is published in Fdrussac's 
Bulletin, Vol. xiii. 1830 pages 169 — 176. The diverses methodes 
are really two which I have mentioned at the end of Art. 662 of my 
notice of Cauchy. In the present article Cauchy confines himself 
to the case in which the body is continuous. The article states 
briefly results equivalent to those obtained in the memoir 
which occupies pages 293 — 319 of the fourth volume of the 
Ejcercices de mathematiques : see my Arts. 666 and 667* 

671. Allgemeine Sdtze iiber die Ausdehnung uni Zusammeu’- 
ziehung fester Korpen This is published in the Journal filr Cliemie 
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und Physik vom Dr Fr. W. Schweigger-Seidel. VoL LXiv. 

1832, pages 44 — 49. It states results obtained by Cauchy in 
his Exercices de mathematiques, Vol. ii. pages 60 — 69, and Vol. Iii. 
pages 237 — 244. This article in German is not by Cauchy 
himself, but by G. Th. Fechner, as will be seen from page 28 of the 
volume in which it appears ; however, in the Royal Society 
Catalogue of Scientific Papers it is entered under the name of 
Cauchy as number 68. 

672. 1839. In the Comptes Rendus, Vol. ix. pages 588 — 590 
there is an article by Cauchy entitled : Memoire sur les pressions et 
tensions dans un double systeme de molecules solKcitees par des 
forces d'attraction on de repulsion mutuelle. The object of the 
article is to give an account of the contents of the new memoir. 

Cauchy begins by alluding to his own investigations respecting 
stress in the Bulletin de la Societe Philotnatique (see Art. 602), and 
in the second volume of his Exercices de mathematiqueSf especially 
to the theorem that at every point of a body a system of 
principal tractions exists : see Art. 603. He then notices a memoir 
by Poisson presented to the Academy on the 1st of October 1827, 
of which an abstract had been published in the Annales de 
physique et de chimie ; and he refers to his own investigations in 
the third volume of his Exercices de mathematiques, and in his 
Exercices dJanalyse et de physique math4matique. Then he 
proceeds to speak of his new memoir. Here two systems of 
molecules are supposed to be included within the same space, 
and to be under the influence of mutual attractions and repulsions. 
Cauchy says : 

Alors les pressions supportees par im plan quelconque, ou plutot 
leurs composantes parallMes aux axes coordonnes, se composent chacune 
de trois termes qui sont sensiblement proportionnels Tun au carre de la 
densite du premier systeme de molecules, Tautre au carre de la densite 
du second systeme, Tautre au produit de ces deux densites. 

673. Cauchy alludes to the principle with respect to fluids 
which is usually held to be characteristic of them, namely that of 
the equality of pressure in all directions ; he says that his researches 
lead him to the conclusion that the principle holds with respect to 

T. E. 24 



370 


CAUCHY. 


the equilibrium of fluids, but not with respect to their motion. 
He says : 

On se trouve ainsi conduit a revoquer en doute, avec M. Poisson, 
Texactitude du principe d’egalite de pression applique au mouvement 
des liquides. Ne serai t-ce pas a ce defaut d'exactitude que tiendraient 
les modifications que Ton a €te oblige d’apporter aux fonnules de 
rhydrodynamique pour les rendre propres k representer les resultats 
des observations 1 

I do not know whether the memoir to which this brief notice 
relates wa^ ever published. 

674*. During the years extending from about 1840 to 1847 
Cauchy published four volumes under the title of: Exercices 
d'analyse et de physique mathematique. The fiirst volume is 
important with respect to the theory of light, but contains 
nothing that strictly forms part of our subject; in Moigno's 
Statique there are some references to this volume, namely on 
pages 656, 677, 690, 701, but the matters are not important for 
our purpose. The second volume of this series is dated 1841 ; 
pages 302 — 330 are occupied by a memoir entitled : Memoire mr 
les dilatatiom, les condensations et les rotations produites par un 
changement de forme dans mi systeme de points materiels. The 
memoir begins thus : 

Pour etre en ^tat d'appliquer facilement la Geometrie a la Mecanique, 
il ne sufat pas de connaitre les diverses formes que les lignes ou surfaces 
peuvent presenter, et les proprietes de ces lignes ou de ces surfaces, 
mais il importe encore de savoir quels sont les changements de forme 
que peuvent subir les corps coiisideres comme des systemes de points 
materiels, et a quelles lois generates ces changements de forme se 
trouvent assujettis. Ces lois ne paraissent pas moins dignes d^^tre 
etudi^s que ceiles qui expriment les proprietes generates des lignes 
courbes ou des surfaces courbes; et aux th^remes d’Euler ou de 
Meunier sur la courbure des surfaces qui limitent les corps, on pent 
ajouter d’autres th^remes qui aient pour objet les condensations ou les 
dilatations lineaires, et les autres modifications eprouv^es en chaque 
point par un corps qui vient a changer de forme. D^jh, dans un 
Memoire qui a ete presente a PAcadtoie des Sciences le 30 septembre 
1822, et pubUe par extrait dans le Bulletin de la Societe Philomatique, 
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j*ai donne la theorie des condensations ou dilatations lineaii*es, et les 
lois de leurs variations dans un systeme de points materiels. A cette 
theorie, fondee snr nne analyse que j’ai developpee dans le second volume 
des Exercices de rnathematiqiies^ et que je vais reproduire avec quelques 
lucres modifications, je me propose de joindre ici la theorie des rotations 
qu^executent, en se deformant, des axes men^s par un point quelconque 
du syst^me. 

The memoir contains various theorems demonstrated with 
clearness and simplicity ; but with regard to our subject of 
elasticity they may be considered as analytical superfluities. 

675. Three articles published by Cauchy in the Oomptes 
JRendus, Vol. xvi. 1843, will now be noticed. 

The first article is entitled : Memoire sur les dilatations^ les 
condensations et les rotations produites par un cliangement de 
forme dans un systeme de points materiels; it occupies pages 
12 — 22. This is an abstract of the memoir having the same 
title published in the second volume of the Exercices d'analyse 
et de physique mathematique, of which we have just spoken. 

676. The second article is entitled : Note sur les pressions 
supporteeSf dans un corps solide ou fluide, par deux portions de 
surface^ tres-voisines, Vune exterieure^ V autre interieure d ce meme 
corps; it occupies pages 151 — 155. 

Cauchy gives some general reasoning to shew that at any point 
within a solid body the stresses on the two faces of a plane 
passing through the point are equal ; or, as it may be expressed, 
the two stresses on the two faces of an indefinitely thin shell 
passing through the point are equal : see Art. 610 (i). Then 
the question occurs whether the extension can be made to the 
case when the point is very close to the surface of the body, and 
one face of the shell coincides with that surface, while the thick- 
ness of the shell is equal to the radius of the sphere of activity 
of a molecule. Cauchy says that he himself and Poisson had sub- 
stantially held that this extension is true. Cauchy adds ; 

Mais avons-nous raison de le faire, et cette maniere d’operer est- 
elle legitime ? C*est un point sur lequel s’etait 61eve dans mon esprit 
quelques doutes, que j’ai cru devoir loyalement exposer aux geometres, 

24—2 
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non-seulement dans ie Memoire lithograpbie sur la theorie de la 
lumiere, mais aussi dans le Memoire presente a TAcademie le 18 mars 
1839. Aujourd^hui ces dontes sont heureusement dissipes, ainsi que 
je vais i’expliquer en pen de mots. 

Then Cauchy offers some general remarks to establish the 
truth of the required extension of the proposition^ at least under 
a certain condition. He adds : 

Dans le tome viii des MeTtioires de V Acadmiie (page 390) et dans le 
XX® cahier du Journal de VEcole Polytechnique (page 56), M. Poisson 
avait deja cherche a demontrer I’egalite des pressions exterieure et 
interieure correspondantes a deux points situes, I’lin sur la surface d’un 
corps, Fautre pres de cette surface. !3klais la demonstration qu’il a donnee 
dans les Memoires de V Institute et modifiee dans le Journal de VEcole 
Polytechnique^ en comparant Pune a Fautre les pressions supportees 
par les bases, tantot d*un tr^s-petit segment de volume, tantdt d’un 
cylindre dont la hauteur et les bases sont tr^s-petites, me parait sujette 
^ quelques difficultes qu’il serait trop long de developper ici... 

67/. The third article is entitled: M^moive but les pressions 
oil tensions interieureSj mesurees dans un ou plusieui's systemes de 
points materiels que sollicitent des forces dVattraction ou de ripulsion 
inutiielle; it occupies pages 299 — 308, 954 — 967, 1035— 1039\ 
So far as we are concerned with this article it contains a process 
for obtaining the body shift-equations of an elastic solid by the 
consideration of the equilibrium of a molecule without the 
introduction of the stress-components; the rest of it consists 
mainly of generalities with respect to the solution of certain 
differential equations relating to the motion of particles. 

67s. ^'otes relatives d la mecanique rationnelle ; these occur in 
the Gomptes Rendus, Yol. xx. 1845, pages 1760—1766. The part 
of this communication which concerns us is entitled : Note relative 
a la pression totale supportee par tine surface finie dans un corps 
solide ou fluids. Here Cauchy explicitly adopts the definition of 
pressure, or as we term it stress, given by Saint-Venant : i.e. the 

1 [This would appear to be two memoirs and an addition to the second, rather 
than one continuous paper. The titles of the fiist two are somewhat different 
En.] 
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stress on one side of an indefinitely small plane face in the interior 
of a solid or fluid body is the resultant of all the actions of the 
molecules on this side of the plane on the molecules on the other 
side, the directions of which cross the face : see our Art. 616 and 
Moigno*s Statique, pages 619, 675. Cauchy makes some remarks 
on the phrase moment d'une force dUlasticite which is used in 
the Micanique analytique ; Lagrange to obtain this moment 
multiplies the force by the differential of the angle which it tends 
to diminish. Cauchy says : 

II est clair que, pour obtenir le veritable sens des formules de 
Lagrange, on ne doit pas attribuer ici aux expressions qull a employees 
leur signification ordinaire. 

After some explanations Cauchy concludes thus : 

En consequence, dans la Mecaniqiie analytique de lAgrange, par ces 
mots force dUcbsticite tendant a diminuer un angle, on doit toujours 
entendre le moment d^un couple applique a I’un des c6tes de cet angle, 
c’est-a-dire la surface du parallel ogramme construit sur les deux forces 
du couple. 

679. Observations sur la pression que siipporte un element de 
surface plane dans un corps solide on fluids, Gomptes Rendus, 
Vol. XXI. 1845, pages 125 — 133. 

Cauchy as we saw in the preceding article adopted the 
definition of stress given by Saint- Yenant, and in this article 
he investigates expressions for the resolved stresses on the 
definition. The results are of the same nature as those in Moigno’s 
Statique pages 674 and 675. Cauchy’s method is somewhat obscure, 
and does not present any obvious advantage. See Moigno 619. 

680. Mecanique moleculaire. Gomptes Rendus, VoL xxvm. 
1849, pages 2 — 6. All that concerns us here is the announcement 
of a design which it is to be regretted was never accomplished. 

Des savants illustres, dont plusieurs sont membres de cette Academie, 
m’ayant m'engag6 ^ reunir en un corps de doctrines les recherches que 
j*ai entreprises et poursuivies depuis une trentaine d^ann^s, sur la 
mecanique moleculaire et sur la physique math^inatique, j’ai cm quHl 
etait de mon devoir de repondre, autant que je le pouvais, k leur 
attente, et de r^aliser prochainement le voeu quails m’avaient exprime. 
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II m’etait d’autant moins permis de resister a leur desir, qu'en y 
accedant je remplis, en quelque sorte, un acte de piete filiale, puisqne 
ce desir etait aussi le vceu d’un tendre pere, qui joignant, jusqu’en ses 
demiers jours, Famour de I’etude et la culture des lettres a la pratique 
de toutes les vertus, s’est endormi du sommeil des justes, et s’est 
envole vers uue meilleure patrie. Presse par tons ces motifs, je me 
propose de publier bientot un Traite de mecanique moleculaire oil, apr^s 
avoir etabli les principes generaux sur lesquels cette science me parait 
devoir s’appuyer, j’appliquerai successivement ces principes aux di- 
verses branches de la physique mathtoatique, surtout a la theorie de la 
lumiere, a la theorie du son, des corps elastiques, de la chaleur, &c. 

This passage is condensed in the Repertoire d'optique 
moderne.,,p^T TAbb^ Moigno, page 1741; but the allusion to 
the father of M. Cauchy is rendered unintelligible, and even 
ungrammatical, by the omission of its last clause. 

681. Note mr Vequilihre et les mouvements mhratoires des 
corps solides. Gomptes Rendus, VoL xxxii. 1851, pages 323 — 826. 
This consists merely of generalities, and is apparently of no 
importance. 

[One point in this memoir seems to me suggestive. Cauchy 
remarks that if we consider a homogeneous body as built up 
of a system of molecules, and each molecule be in itself a system 
of atoms, then 

les coefficients renfermes dans les equations des mouvements 
vibratoires de ce corps cesseront d’etre des quantites constantes. 

The conception as Cauchy points out is by no means without a 
possible application in the Theory of Light.] 

682. Rapport sur divers Memoires de M. Wertheim (Com- 
missaires, MM. Eegnault, Duhamel, Despretz, Cauchy rapporteur). 
Gomptes Rendus, Vol. xxxii. pages 326—330, 1851. 

This report speaks very highly of the investigations of 
Wertheim. The principal point noticed is the value assigned 
by Wertheim as the ratio of one constant to another ; Wertheim 
holds, using our notation, that \ = 2/i. Cauchy cites experiments 
in favour of Wertheim’s view, and holds that there is no valid 
theoretical objection against it. 
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683. Saint-Tenant alludes to the papers noticed in Arts. 540 
and 682; see his Torsion page 262, and Moigno’s Statique page 
706 : but the object of the allusions is not very clear to me. For 
instance at the last cited page we have, 

La possibility que Cauchy s’efforce d’y etablir, contrairement k ses 
beaux travaux de 1828 k 1845, de plus de quinze coefficients... : 

but I do not see to what passage of Cauchy’s these words refer\ 

684. Sur la torsion des 'prismes. Comptes Rendiis,Yo\. 

1854, pages 326 — 332. 

These pages contain a brief introduction to the subject 
of the torsion of prisms. Cauchy alludes to his own researches 
on it in the fourth volume of his Ex&i'cices de mathematiques ; 
these he admits were only approximative, and holding under 
certain conditions. He speaks very highly of the recent re- 
searches of Saint-Tenant with respect to the subject, and says 
that a careful perusal of them had led him to some new 
reflections. There are only two points which require notice in 
this article. 

Cauchy establishes in a simple way expressions for the 
six stress-component, involving twelve constants; Saint-Tenant 
reproduces this in his Torsion in establishing the equations (18) 
on page 265 of that work. Compare also equations (33) on 
page 655 of Moigno’s Statique, where however only nine constants 
are preserved. 

Again Saint-Tenant assumes that the angle of torsion t, 
corresponding to a unit of length is constant; Cauchy proposes 
to generalise this by assuming t to be a function of the distance 
of the point from the axis. Saint-Tenant himself pursues 
this suggestion in a note on pages 341 — 343 of his Torsion, 
and shews that it does not lead to any results of practical 
value. 

Cauchy’s article concludes thus : 

^ [Saint- Venant sees in these papers an abandonment by Cauchy of what he 
himself holds to be the true basis of elasticity, namely that molecular theory which 
reduces the 36 constants to 15, and not merely to 21, in the case of an aeolotropic 
elastic solid. En.] 
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II reste ^ montrer comment, k Taide du calcul des residus, on pourra 
obtenir immediatement I’intlgrale donnee par M. de Saint-Yenant, et 
rintegrale dn m^me genre relative an cas od t est factenr de r. O'est 
ce qne je me propose d’expliquer dans nn prochain article. 

The intention here expressed seems not to have been 
carried ont\ 

Moignos Statique 616, 625, 640, 664, 665. Saint-Yenant on 
Torsion 266, 340. 

68o. The remarks with which an enthusiastic pupil and friend 
of Cauchy closes a survey of the contributions of this great 
mathematician to the theory of light are equally applicable in 
relation to the subject of elasticity. 

See Epiphonfeme. Moigno’s Repertoire d’optique moderne, 
pages 1748—1749. 

1 [It may be remarked that Cauchy in this memoir first employs Coriolis’s 
double suffix notation. Ed.] 
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MISCELLANEOUS RESEARCHES OF THE DECADE 
1830 TO 1840\ 

[686.] We must here note an historical controversy, which 
arose on the effect of a uniform tractive load on the inside and 
outside surfaces of a glass or metal vessel in changing its volume. 
The problem as to this change of contents sprung from the renewed 
experiments on the compressibility of water and other liquids 
which were made in various countries during this and the pre- 
ceding decade. The controversy is interesting as giving a practical 
example of the need for a theory of elasticity. We may note the 
following memoirs : 

[687.] I. Oersted. Sur la compressibility de Veau, Annales 
de Chimie, Tome 22, pp. 192 — 198, 1823. This is an account of 
Oersted’s first apparatus and experiments. He appears to have 
neglected the compressibility of his containing vessel. A remark 
made by him (p. 196) seems to shew that the material of that 
vessel obtained a set, not that the water lost its compressibility 
after several trials : 

Je dois encore signaler une autre circonstance qu’on devrait peut- 
^tre prendre en consideration ici : c^est que I’eau semble perdre un pen 
de sa compressibilite apres quelques compressions. Je n’oserai ce- 
pendant assurer ce fait, ne I’ayant pas soumis k des epreuves rigoureuses. 

.[688.] IL Colladon and Sturm. Mimoire sur la compression 
des liquides. Mdmoires...par divers savants, sciences mathematiques 
et physiques. Tome V, pp. 267 — 347, Paris, 1838. The paper was 
read on June 11, 1827. 

The authors commence that portion of their subject which 
concerns us with the following statement : 

...ce principe assez evident, qu’un corps solide homogene, plonge 
^ TMs chapter contains a few e^qperimental researches falling outside this decade. 
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dans un flnide et soumis a une pression uniforme, eprouve, selon 
chacTine de ses dimensions, une diminution proportionelle k leur gran- 
deur, et se contracte en conservant une forme semblable a sa forme 
primitive. 

Supposons en effet que ce corps solide est un prisme parallelepip^de 
dont les trois dimensions ont une mesure commune, et divisons par la 
pensee ce prisme par des plans paralleles k chacune de ses bases en un 
grand nombre de petits cubes tous egaux entre eux. 

Lorsque la compression sera oper6e et I’equilibre etabli, ces molecules 
cubiques supporteront n^cessairement sur leurs faces opposees des 
pressions egales, et cette pression sera la meme pour toutes. Ainsi 
chacune de ces molecules se contractera egalement selon ses trois 
dimensions, et le corps, apr^ avoir diminue de volume conserves une 
forme semblable ^ celle qu’il avait avant la compression, (p. 283.) 

The question then arises as to how this principle is to be 
applied to their piezometer. They remark : 

Que dans Pemploi de ce piezometre le volume int^rieur occupy par 
le liquids diminue pendant la compression de la m^me quantite dont 
diminuerait sous une pression Igale une masse solide de meme matifere 
que Fenveloppe et d’un volume equivalent k celui du liquids corn- 
prime. (p. 285.) 

Colladon and Sturm next proceed to obtain the diminution of 
volume produced by uniform tractive load, from the measurements 
of the stretch in a prismatic bar subject to uniform terminal 
tractive loads. There is a description of their apparatus for 
this purpose on pp. 285 — 286, and it is figured on Plate n. figs. 
1 , 2 . 

In the original memoir presented to the Institut in 1827 
(An?iales de Ghimie, Tome 36), the authors really supposed that 
when the terminals of a prismatic bar were subjected to uniTorm 
tractive load, the sectional area did not diminish, and denoting 
this stretch by s, they assumed 3^ to be the dilatation which 
would be produced by an uniform tractive load upon the whole 
surface of a mass of this material. In the memoir as it is 
printed in the volume at the head of this paragraph there is a 
footnote sa 3 dng that Poisson had corrected this error and shewn 
that the stretch produced by an uniform tractive load at all 
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points of the surface =5/2, and therefore that 3^/2 is the dilatation. 
Poisson’s results suppose uni-constant isotropy and no set in the 
material 

[689.] III. Oersted. 8ur la compression de Veau dans les 
vases de matieres differentes, Annales de Ghimie, Tome 38, pp. 326 
— 329, 1828. In this note Oersted attempts from experimental 
results for lead to prove that, when a vessel is compressed inside 
and outside by the same uniform tractive load, the effect on 
the vessel is to render its sides thinner (ses parois plus minces) or 
to increase its capacity a little, although it be very little I The 
experiments on lead, as the Editor of the Annales remarks, are 
not very satisfactory, and he placed the matter in Poisson’s hands, 
who then wrote the note which immediately follows Oersted’s : 
see our Art. 535. 

[690.] IV. Oersted. On the Compressibility of Water. Report 
of the Third {or Cambridge) Meeting of the British Association in 
1833, pp. 353 — 360, London, 1834. This is in the form of a 
letter to Dr Whewell. The only point which concerns us is a 
remark on p. 358 — ^the English is apparently Oersted’s : 

Messrs CoUadon and Sturm have in the calculation of their ex- 
periments introduced a correction founded upon the supposition that 
the glass of the bottle in which the water is compressed should suffer 
a compression so great as to have an influence upon their results. 
Their supposition is that the diminution of volume produced by a 
pressure on all sides can be calculated by the change of length which 
takes place in a rod during longitudinal traction or pression^ Thus, 
a rod of glass, lengthened by a traction equal to the weight of the 
atmosphere as much as 1*1 millionth, should by an equal pression 
on all sides lose 3-3 millionths, or, according to a calculation by 
the illustrious Poisson, by 1*65 milliontL As a mathematical calcula- 
tion here is founded upon physical suppositions, it is not only allowable, 
but necessary, to try its results by experiment. Were the hypothesis 
of this calculation just, the result would be that most solids were more 
compressible than mercury. 

^ Professor J. D. Forbes in a paper printed in the Edin. New Phil. Joumial^ 
Vol. XIX. 1835, p. 38, surpassing Oersted, appears to hold that a glass vessel equally 
pressed within and without is unaffected by the pressure. 

2 Of. Nature, August 25, 1885 1 
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With reference to his experiments Oersted adds : 

I have not yet exactly discussed all the experiments on this 
subject, but the numbers obtained are such as to show that the 
results are widely different from those calculated after the supposition 
named. 

If Oersted’s assertion were correct, it would cut at the very 
root of the mathematical theory of elasticity. The error, if any, in 
Poisson’s correction lies : (1) in the possibly erroneous assumption 
of uni»constant isotropy, (2) in the fact that a glass bottle is 
probably anything but isotropic, (3) in a possible set. 

[691.] V. In repeating the experiments of Canton, Perkins, 
Colladon and Sturm, and Oersted in 1843, G. Aim^ adopted 
Poisson’s calculation of the compressibility of glass: see his 
Memoire sur la compression des liquides. Annales de Chimie, 
Tome 8, p. 258, 1843. 

We shall again have to touch on this matter when we con- 
sider some experiments of Eegnault. 

[692.] G. H. Dufour. Description du Pont suspendu en jil de 
fer construit a Geneve. Geneva, 1824. A second work of this author 
on suspension-bridges in general is said to have been published in 
1831, but I have not been able to find a copy\ A memoir 
however on the subject of suspension-bridges by Dufour appeared 
in Tome 48, p. 254, of the Bibliotheque universelle des sciences et 
arts, published at Geneva. A resume of his labours is given in 
the Annales desponts et chausseest 2® semestre, 1832, pp. 85 — 123. 

The Geneva bridge was the first bridge of any importance 
made of iron wire, and the various experiments made by Dufour 
on the iron wire used in its construction are all that concerns us 
here. They bring out various physical facts which are too often 
omitted in the theoretical consideration of traction problems, and 
for which no comprehensive mathematical theory has yet been 
propounded. We may note : 

1*^. Breaking load of annealed is roughly only little more 
than half that of unannealed wires: see Table in Annales, p. 87®. 

1 Of. Saint-Venant, Rutorique AhrigS, p.cdxxxvi, probably dting the in 

the Annales des jpoiits (p. 85). 

- We shall return to this point, when considering later experiments. The 
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2°. The breaking load of iron wire (unannealed) is almost 
on^-third more than that of forged iron-bars of about the same 
dia-raeter. 

3°. The extension of a wire only becomes appreciable when it 
has received a load generally amounting to about f of the 
breaking load. It is practically insensible to ^ this load, and 
only what can be termed great when it amounts to 

4®. A wire loaded nearly to rupture has only very feeble 
extiension when loaded anew, and the breaking load does not 
dififer perceptibly from what it would amount to on the first 
ocoasion. 

5®. Annealed wires extend very considerably with smaller loads. 

6®. The wires “thin down” at the point of rupture, but this 
str^ction (dtranglement) is formed only at the instant of rupture 
{V etranglement s'est toujours forme instantanement). Probably 
Dufour’s testing apparatus was not delicate enough to distinguish 
that the stricture really precedes the rupture. 

7®. Some experiments on impulse, — ^very inconclusive. 

8®. Some experiments on the effect of temperature on absolute 
strength, which are not very conclusive. We cite the short account 
of these experiments given in the Annales, pp. 91 — 92 : 

II a d’abord fait passer dans un manchon qni contenait de la glace a 
la temperature de-22J° centigrades, un fil Laferriere n®. 4; il s’est 
ca,sse deux fois sous une charge de 46 kilogrammes et une fois sous une 
chiarge de 47, mais toujours hors du manchon. II a ensuite introduit 
ce manchon de Teau chaude a 92 J®: le fil s’est rompu une fois 
hors du manchon sous un poids de 45*5 kilogrammes et une seconde 
fois dans le manchon sous le poids de 46-5 kilogrammes. Enfin il fait 
pgisser le fil de fer dans deux manchons distans de Om. 60 : dans Pun 
se trouvait de Teau a la temperature de 92J® et dans Tautre de la glace 
k — 22J®. La rupture s’est fait entre les deux manchons sous le poids de 
45*5 Hlog. La force absolue du fil n®. 4 n’est que de 48 kilog., ainsi 
0 X 1 ne peut pas conclure de ces experiences que le refroidissement 
diminue la tenacite. 

ratio varies with the tenacity of the wire, and in the case of steel with the 
amount of carbon : see Art. 830. 
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We have in the above results evidence of the existence of the 
yield-pointy the influence of the worked state on the strain, 
and of the temperature element in the breaking load. All these 
are matters which were gradually impressing themselves on the 
practical men, and will have to be considered in the mathematical 
theory of cohesion, if it is to keep pace with physical experience. 

[693.] Ignaz, Edler von Mitis. Several papers containing ex- 
perimental results are due to this physicist. We may note the 
following : 

(I.) Versuch uber die absolute Festigheit einiger osterreichischen 
Stahlegattiingeny und Vorschlag, dieses Material statt des Eisens zu 
Kettenbrmkefii und Ankertauen zu verwenden, Baumgartner's 
Zeitschrift filr Physik und Mathematih Bd. in, 1827, pp. 1 — 17. 

(II.) Versuche uber die Starke und Elastidtdt des Eisens und 
StahleSy mit Rilcksicht auf die Verwendung dieser Matenalien zu 
Ketten und Balken. Ibid. Bd. iv. 1828, pp. 129 — 171. 

(HI.) Bdtro^e zur Kenntniss der Eigenschaften des Ouss- und 
Stab-Eisens und des Stahls. Ibid. Bd. vi. 1829, pp. 43 — 88. 

(I.) Contains nothing novel, except perhaps the proposal with 
which the title closes ; this is based upon the greater strength of 
steel as evidenced in the experiments. The writer remarks that the 
decrease in diameter of steel bars, even at rupture, is remarkably 
small as compared with that of all the kinds of iron which he 
has tested, even long before the iron bars have received their 
maximum load (p. 16)\ 

(II.) Contains a further consideration of the relative strength 
of steel and iron. At first the Edler von Mitis treats of breaking 
loads, and the results of his previous paper are confirmed. He 
then passes to the limit of elasticity, and finds that steel does not 
receive set till under a much greater load than wrought iron. He 
again notices how little its diameter decreases even at the instant 
of rupture (p. 155). As mean results stretches of 1/919 and 
1/609 are given for the elastic limit of iron and steel respectively. 
The author argues that this ‘greater elasticity’ of steel ought to 

1 The steel here considered is steel in the old sense of the word with *7 or more 
p. c. of carbon. 
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enable it the better to withstand variations of temperature. At 
the same time expanding more than iron for the same load the 
oscillations (in the case of a suspension bridge etc.) would be 
greater (see p. 168). 

The results for steel bars are compared with those obtained by 
Tredgold and Duleau, and on the whole found to agree. 

(ni.) Contains a wider range of experiments on a greater 
variety of iron and steel bars and wires, but offers nothing to 
concern us here. 

[694.] 1828. Annales des Mines. T. in. Deuanhne sene, 

pp. 610 — 516. A short article without the authors name, entitled : 
Note sur la maniere de calmler les epaisseurs des chaudieres en role 
des machines d mpeur. The boiler consists of a right cylindrical 
body with hemispherical ends ; the latter it is said must be one-half 
as thick as the cylindrical part ; for the thickness of this part a 
formula with factor of safety is given which presents nothing new. 
For the tenacity of materials for boilers of various metals, ex- 
periments of MM. Tremery and Poirier Saint-Brice, Oagniard 
Latour and George Reimie are cited. 

[695.] Oeliler's Physikalisches WorterbucL 1826 — 1845. (Neu- 
bearbeitet von Braudes, Omelin, etc.) The articles on Anziehung 
(l. p. 324) and Gohdsion (il. p. 113) contain nothing original, but 
may be consulted for the range of historical references given, 
particularly the latter : see pp. 149 — 150. 

[696.] J. Rondelet. Traite theorique et pratique deVAri^ de 
Bdtir. Paris. A first edition of this work appeared in 1812, and a 
sixth edition considerably altered in 1830 — 1832. To this latter 
edition a Supplement was published in 1847 — 1848. The major 
portion of the work is of a character which does not concern us here. 
At the same time it contains a vast amount of experimental detail 
on the strength of materials, and is continually referred to by 
writers of this period. Our references are to the sixth edition. 

Tome 1. Dmmhme section. Bisultat d^ experiences faites pour 
diterminer la force des matiriaux (pp. 203 — 321), is the portion 
which chiefly concerns us. It is included under the general heading : 
Counaissance des matiriaux. We may draw attention to pp. 218 



384 


LIEBHERB. BREWSTER 


225, where some of the first experiments on adherence are recorded. 
At the same time they are confined to mortar and plaster. 
The experiments were made in 1787. There does not seem 
to be any theoretical conception of the general nature of strain 
as existing in all elastic solids. So far as theory is concerned what 
little occurs in the work is of the old Bemoulli-Eulerian type. 
As Bevan with glue (see Art. 374) so Rondelet found with mortar, 
that its adherence was greater than its cohesion ; 

C’est a dire que si on soumet h un effort de traction deux pierres unies 
par du mortier, la separation s’operera an milieu de Tepaisseur du joint, 
et non suivant les surfaces, et que le contraire a lieu pour le pl4tre. 

Adherence with Eondelet means the force with which one 
material adheres to another when they are acted upon by a traction 
normal to the surfaces in contact. This is not, it will be observed, 
adherence in the sense of Morin : see Art. 905. 

[697.] Liebherr. Beschreihimg einer Maschine zum Zerreissen, 
Zerdrucken^ Verdrehen, und Biegen, oder ilberhaupt zu Versuchen 
ilber die absolute und relative Festigkeit der Metalle. This paper 
is to be found in the Kunst- und Gewerbe-Blatt des polytechnisohen 
Vereins fur das Kbnigreich Bayern, Munich, 1830, columns 
233 — 237. Except for the variety of purposes to which it can be 
turned, the machine appears inferior to the hydraulic apparatus 
used by Lagerhjelm, and referred to in Art. 364. 

[698.] While on the subject of apparatus, it may be as well to 
mention an instrument invented by Brewster, in which the fringes 
obtained on passing a ray of polarized light through a bit of 
strained glass are used to investigate the nature of a strain. He 
called his instrument a Ghromatic Teinometer, and it occurs in two 
forms. In the first form a plate or bar of glass is subjected to 
flexure, and the jBringes observed by examining polarised light 
passed through it at different points determine the position of the 
neutral line. Their frequency is also a measure of the degree of 
flexure. In the second form a standard glass plate is placed between 
two metal plates, so arranged that they tend to give it flexure in 
opposite directions. The degree of cur^^ature of the glass, if not 
perceptible to the eye, is revealed by the polariscope, and the 
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maximum tint^ gives a measure of the difference of the elasticities 
of the two plates. A full description of the Teinoaieter will be 
found in Brewster’s edition of Ferguson's Lectures on Select 
Subjects, 3rd Ed. 1823, Vol. Ii. pp. 232 — 234'. See also Edin. 
Royal Soc. Trans. Vol. iii. p. 369. 

[699.] W. Weber. Bemerhung ilber ein von Hrn. Poisson fur 
die Extension elastischer Drdhte aufgestelltes Theorem. Poggen- 
dorjfs Annalen, Bd. xiv. 1828, pp. 174 — 176. 

This is an experimental confirmation of Poisson’s formula 

n' = (2-05610) y , 

given in our Art. 429. 

Poisson’s theory gave 337*9 vibrations in a second; Weber 
found experimentally 334‘7 vibrations. 

[700.] W. Weber. Theone der Zungenpfeifen. Poggendorff s 
Annalen, Bd. xvii. 1829, pp. 192 — 246. 

This paper belongs to the theory of sound, and contains a 
theoretical investigation of the notes of reed-pipes. The com- 
parison of theory with experiment is based on results pub- 
lished by 'Weber in various volumes of the Annalen for 1828 
and 1829 (xiv. p. 397 and XYi. pp. 193 and 415). I am not 
aware whether these papers have been considered by recent 
writers on sound, but attention might very well be drawn to them. 

I only intend to quote here a passage from that at the head of 
this article, describing how W^eber ensured constancy of stress in 
the cords of a peculiar monochord invented by him (described 
Annalen, xv. 1). He refers to this method of treating iron wires 
in the memoir considered in Art. 702. 

Die feme Eisensaite, welche in diesem Monochorde gebraucht 
werden sollte, war vorher eine Zeit lang der grossten Spannung unter- 
worfen gewesen, die sie, ohne zu reissen, vertrug, und ich hatte diese 
Saite darauf einer doppelten Prufung iinterworfen. Bei einer Saite 
namlich, welche nicht dieser grossten Spannung unterworfen gewesen 
war, hatte ich gefunden, dass, nachdem sie sich bei zunehmender 

A By ^maximTim tint* we are to understand the highest in Newton’s scale of 
colours : see our footnote to I*. E. Neumann’s memoir of 18-11 in Chapter vni. 
m X, 25 
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Spannung verlaDgert habe, sie bei abnehmender Spannung sicb nicht 
wieder bis zu demselben Punkte zusammenzielie. Umgekehrt hatte icb 
gefunden, dass, nackdem eine Saite jenem Maximo der Spannung unter- 
worfen gewesen war, ibre Lange eine Function bloss von der gegenw^- 
tigen Spannung derselben sey (p. 226 ). 

A table of experimental results amply confirms this (p. 227). 
It will be noted that Weber is here clearly conscious of the 
importance of reducing his material to a state of ease limited by a 
higher stress than he intends to apply. 

[701.] W. Weber. Jleber die specifische Wdrme fester Korper 
htshesoiidere der Metalle. Poggendorff^s AnnoXen, Bd. xx. 1830, 
pp. 177 — 213. This is, so far as I am aware, the first memoir 
that drew attention to the importance of considering the influence 
of temperature on stress b It seems to have escaped Saint-Venant, 
who in the JSistorique Abre'ge, p. clxviii, attributes to Duhamel the 
first consideration of the mutual relations of stress, strain and 
temperature. Some introductory remarks of Duhamel (see Art. 880) 
suggest to me that he had read Weber’s paper. DuhameFs memoir 
is the mathematical correlative to Weber’s physical conceptions. 

The phenomenon to which Weber draws attention is of the 
following nature. An iron wire is suddenly stretched to a 

^ Perhaps the earliest investigations of the relation of heat to elasticity are due 
to John Gough, who was the first to point out the somewhat singular thermo-elastic 
properties of caoutchouc. His paper is entitled : 

A Description of a Property of Caoutchouc or Indian-ruhber ; with some Deflections 
on the Cause of the Elasticity of this Substance, in a Letter to Dr Holme, It is given in 
the Manchester Philosophical Memoirs, Second Series, Vol. i. 1805, pp. 288 — 295. 

Gough’s experiments go to prove : 

(1) That the temperature of Indian-rubber increases when it is stretched, but 
decreases almost at once on allowing it to resume its natural size. 

(2) That if a weight be suspended by a slip of Indian-rubber the slip will 
become ‘ shorter with heat and longer with cold,’ 

(3) * If a thong of caoutchouc be stretched in water warmer than itself it retains . 
its elasticity unimpaired ; on the contrary, if the experiment be made in water colder 
than itself it loses part of its retractile power, being unable to recover its former 
figure ; but let the thong be placed in hot water, while it remains extended for want 
of spring, and the heat will immediately make it contract briskly.’ 

(4) The specific gravity of caoutchouc is diminished by an increase of 
temperature and is increased by extension. Gough’s theory of the phenomena 
based upon the ‘mutual attraction of caoutchouc and caloric’ need not be 
considered here. 
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definite length by a certain traction. The wire being now 
maintained at the same length, it is noticed that the traction 
diminishes during the first six seconds. This diminution of traction 
Weber attributes to a rise of temperature. As there is no external 
cause for this rise, he attributes it to an internal cause, i.e. supposes 
that there is an inner source of heat producing this increase of 
temperature. We must hold, he writes : 

dass diese innere Warmequelle daher entspnnge, dass eine und die 
selbe Warmemenge, die in dem Di*ahte Torhanden ist, bei verschiedenen 
Spannungen des Drahts verschiedene Temperaturen erzeugen konne. 
Man sagt aher von einem Korper, in welchem durch gleiche Warme- 
mengen unter verschiedenen Umstanden verschiedene Temperaturen 
entstehen, dass seine specijische Warms von diesen Umstanden abh^ge 
und nichi immer gleich gross sey (p. 180 ). 


[702.] Weber’s apparatus and method of experimenting 
were as novel and ingenious even as those by which he in- 
vestigated the elastic after-strain. In order to produce a sudden 
traction he had a very simple means of connecting the terminal 
of the iron-wire with that of another already subjected to 
the required traction (p. 183). After the wire had then been 
clamped at the length due to this traction, its new traction 
was calculated by the number of its vibrations in a second. 
The apparatus was so arranged as to allosv a double observa- 
tion in each experiment, one on the primary, and one on the 
supplementary wire ; for the particulars of this we must refer 
the reader to the original memoir. The experiments were made 
on iron, copper, silver and platinum wires. Care was taken (1) to 
eliminate the possible influence of compressional waves along the 
two wires (p. 193), and (2) to separate the effects considered from 
a possible after-strain (p. 195). This latter result Weber believed 
he had achieved by first treating his wires to a process which he 
had communicated in Poggendorff's Amialen, Bd. xvii. : see 


Art. 700. 

[703.] He draws the following conclusions from his experi- 
ments : When the wire is sensibly ■ length and re- 

f diminishes! 


tained in this condition the traction 


[ increases J 


This result 
25—2 
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is due to jan increase] temperature of the wire. This 

[a decrease j 

fincreasel temperature follows because the temperature of the 
(decreasej 


wire has been 
the -! 


extension 

decrease 


reduced below] surrounding air by 

raised above J 

in length (pp. 192 — 198). 


[704.] In order to calculate the number of degrees which the 
temperature will sink or rise owing to a change of traction p Weber 
proceeds as follows : 

Let n be the number of vibrations per second when the traction 
is T, and - z/ the number when the traction is reduced to T’-p; 
w — weight of unit length of wire, supposed originally of length 
I, G) the area of the section, and g the acceleration of gravity \ 



Hence 


9 

since vjn is very small. 


p 


[n — vyPw _ 2nvl'w 
9 


Let 6 be the extension of the wire by unit increase of traction, 
then by Art. 465, on the uni-constant theory : 

6fjbco ’ 

The change of length due to p is therefore 

21 2nvT?w 
5fico * g 


But if k' be the extension-coefficient of the material for one 
degree of temperature this change of length = Ik't 




1 4invl^w 
k'* ^gfico 


(p. 202). 


^ Weber takes g equal to the distance fallen from rest in the first second. I have 
replaced his symbol by the current one, which is just twice Weber’s in magnitude. 
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[706.] On p. 208 Weber states definitely a fact on which 
Duhamel afterwards insisted, namely : 

The specific heat of metals by constant volume is different 
from their specific heat under constant stress (pressure). 

Accepting the results of Dulong for the specific heat /3 at 
constant pressure Weber obtains from his own experiments the 
specific heat yS' at constant volume (p. 211). Thus : 


Water 

(3=1 

yS Dulong 

jS' Weber 

Iron 

0-1100 

0-1026 

Copper 

0-0949 

0-0872 

Silver 

0-0557 

0-0525 

Platinum 

0-0314 

0-0259 


[706.] Weber calculates these specific heats from the formula 
yS' “ ^ — Zh'lr . a, which he deduces in the following fashion (p. 208) : 

Angenommen nun, dass der Korper seine Temperatur beibehielte, 
so heisse a die Warme, welche der Korper bei r-maliger Yergrbsserung 
Oder Yerkleinerung seines Yolumens in sich aufnehmen oder heraus- 
geben muss. Ferner heisse p die Wdrme^ welche ein Korpei*, um eine 
hbhere Temperatur zu erhalten, in sich aufnehmen muss. Nun ist 
mit der Erhbhung der Temperatur um 1° zugleich eine 3^'-malige 
Yergrbsserung des Yolumens verbunden, wenn^' die Langenausdehniing 
ist. Wenn wir die der 3A;'-maligen Yergrbsserung des Yolumens 
entsprechende Wai'me, =3k'lr,a, von yS abziehen, so erhalten wir die 
Warme yS — 3k' /r . a welche der Korper, um eine P hbhere Temperatur 
zu erhalten, in sich aufnehmen muss, wenn sein Volumen coTisiant ist. 

The value of a must of course be deduced from that for t given 
in Art. 704 above. Weber assumes here as elsewhere Poisson’s 
relation between longitudinal and lateral stretch. 

Seebeck and Clausius {Poggendorff's Annalen, Bd. Lxxvi. S. 61) 
consider that some part of the difference in traction observed by 
Weber is due to elastic after-strain. This seems to me improbable. 
Weber does not get impossible values for yS//3' like Wertheim in 
his memoir of 1842 : see also Saint- Yenant in his edition of 
Navier’s Legons, p. 745. 

[707.] W. Weber. Le fili Bombycini vi elastica, Gottingen, 
1841. This is an offprint of a paper communicated to the Gottingen 
Konigliohe Qesellschaft der Wissenschaften in 1835. It is printed in 




390 


WEBEE. 


VoL 8 (pp. 45 — 80) of the Oommentationes RecentioreSf which bears 
the date 1841. My references are to the offprint. An abstract of 
the paper appeared in Poggendorff^s Annalen : see our Art. 719 ; 
the abstract has been usually cited, the original being perhaps 
hard to procure. 

[708.] The paper is historically of very great importance, for 
in it attention is first drawn to the remarkable phenomenon now 
termed in Germany the elastische Nachwirkung, but which is here 
called by the discoverer prolongatio vel contractio secundaria. As 
the subject has hitherto been principally considered both experi- 
mentally and theoretically in Germany, no definite English equiva- 
lent has yet been generally adopted ; we shall refer in future to 
the phenomenon indifferently as the Weler effect or the elastic after- 
strain^, The elastic after-strain is dependent on the time element ; 
it differs from elastic fore-strain in that it requires a certain 
duration (as well as magnitude) of load ; it differs from set in that 
if the load be removed for a certain period the after-strain disappears. 
This seems to be in keeping with Weber’s own view of the matter ; 
at the same time it might be well to recognise that a prolonged 
load might produce after-strain, which would still consist of two 
parts, elastic after-strain and after-set; the former would then 
correspond to the Weber effect or elastische Nachwirhung, The 
after-set appears by a previous higher loading to have been 
eliminated from these experiments. 

[709.] Weber had been led to consider the ‘elastic force’ of 
silk threads, owing to the important part which it plays in 
magnetic and other physical apparatus. 

Weber’s testing machine, the construction of which had been 
suggested by Gauss, is ingenious, and deserves to be noted by 
physicists engaged in like investigations. The body to be tested is 

1 Sir William Thomson has investigated certain time effects in the torsional 
oscillations of wires, which he classes under ‘viscosity of solids.’ He remarks of 
one of his observations that ‘ it was in fact as it would be if the result were wholly 
or partially due to imperfect elasticity or “ elastische Nachwirkung ” — elastic after- 
working.’ The term viscosity as well as the identification of imperfect elasticity 
with the Weber effect seems to me open to objection. Art. Elasticity ^ Encycl. Brit. 
§§ 29 — 36. The only English theoretical writers on this phenomenon are, I think. 
Clerk Maxwell (Art. Constitution of Bodies, Encycl. Brit.) and J, G. Butcher (Proc, 
Lond. Math, Soc. vra. p. 103). 
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attached at one end by a horizontal string to some point 
in another vertical string which supports a weight, and at the 
other end to a micrometer screw, the body itself being hori- 
zontal. The load is obtained by turning the screw till the vertical 
string is pulled out of the horizontal. The advantages are a 
continuously increasing or decreasing load, and that extensions of 
the body are always accompanied by a decrease of load. The 
apparatus is of course subject to the disadvantage that where a load 
is producing extension, it requires continual turning of the screw 
to maintain anything like constancy. (Cf. pp. 3, 38 and the plate.) 

[710.] Weber’s experiments on absolute strength and set need 
not detain us, as they offer nothing novel. We may remark that in 
the experiments on after- strain set had been removed by several 
times applying a greater load than that which was to produce the 
elastic after-strain. 

[711.] Weber having questioned whether the ordinary law of 
elasticity explains all phenomena then proceeds as follows (p. 7) : 

Lex elasticitatis notissima ad rationem earn refertur, quae in statu 
aequilibrii intercedit inter prolong ationem et tensionem fili, quae ratio 
ex ilia lege in eodem jilo semper sibi constat, h. e. ilia ratio neque a 
magnitudine tensionis, neque a tempore, quo tensio initium cepit, pendet. 
Independentia illius rationis cum a magnitudine tensionis turn a tem- 
pore, quo tensio initium ceperit, in lege ilia elasticitatis notissima 
proposita rerum natura non conjwmxLtur, Imo experimentis demonstrari 
potest, post faotam tensionem, quacum magna fili prolongatio conjuncta 
fuit, per temporis lapsum novam aliquam prolongationem paulatim 
suhsequi, ita ut, quoad fili longitudinem, duplex tensionis effectus discerni 
possit, alter prima/rius seu momentaneus ac suhitus, alter secundarius 
seu subsequens et conti/nuatus 

[712.] It is then noted that this prolongatio continuata is not 
permanent. On the hypothesis of an elastic after-strain the 
author attempts to explain: (i) why the oscillations of a body 
suspended by a thread in a vacuum have notable decrease, (ii) why 
the same body (a lead cylinder) supported, first by a metal wire 
and then by a horse-hair adjusted to have the same torsional 
resistance, gave the same periods of oscillation, but very different 
rates of diminution in the amplitude (pp. 8 — 9). 
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[713.] Tbe author propounds the following theory to explain 
the phenomenon of after-strain. He supposes the ultimate particles 
of the body to have three axes, and the angles made by these axes 
with the central distances of adjacent particles to be capable of 
variation. The complete equilibrium for any applied load denotes 
a certain relative position of these axes for neighbouring particles, 
but this position can only be attained after a long interval of time. 
Let on be the elongation of the thread at time then docldt will be 
a function of the difference in position of the axes of any particle 
from their position in perfect equilibrium, but this difference 
itself must be a function of oc ; accordingly Weber writes 

g =/(«;) (pp. 9 and 26). 


[714.] He then makes various suppositions as to the form of 
f(p). The one which agrees best with his experimental results is 
fioc) = — This leads to a formula of the form 

e = a + (m — 1 (t + (i), 

where e is the elongation and m, a, h, c are constants, h and m are 
taken to be constants of the material, while a and o depend upon 
the load and length of the thread. For silk Weber finds (p. 32) : 


1/(1 -m) = - 017192,^ 

_i_ 

(m - 1 = 137*97 


(ii). 


[715.] This theory of Weber’s has been commended by Clausius 
(Poggendorff^s Annalen, Bd. Lxxvi. S. 65 — 66), but even in the 
amended form proposed by Kohlrausch can hardly be considered 
as in complete accordance with experimental fact. 

[716.] A remark of Weber’s on p. 36 suggests that no 
qualitative distinction can be made between elastic fore-strain and 
elastic after-strain : 

Admodum probabile est, has primarias illasque secundarias con- 
tractiones vel prolongationes, quas observationis causa discrevimus, 
revera non ita esse sejimctas, ut certum quoddam temporis momentum 
definiri possit, quo ilia desinat, haec incipiat. Oontraotio vel pro- 
longatio, quam primariam appellavi, re vera magna quidem celeritate 
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efficitur, non autem uno temporis momento, nec differt a secundaria 
s. subsequente nisi majore celeritate. Majorem autem banc contractionis 
vel prolongationis celeritatem in illam minorem sensim ita commutari, 
ut celeritas omnes gradus intermedios accipiat, rerum natura poscit, 
quae saltum in pbaenomenis non admittit. 

[717.] This remark does not seem to be true in the light of 
F. Braun's experiments, which have shewn that elastic after-strain 
differs from primary elastic strain in the non-applicability of the 
principle of superposition. {Poggendorff's Annalen, Bd. CLIX. S. 390.) 
This supposed relation between fore- and after-strain leads Weber 
to remark that the conception of the modulus of elasticity 
is necessarily vague and uncertain unless it be reckoned for 
complete equilibrium, namely that elongation which includes 
elastic after-strain ; otherwise it would be necessary to determine 
the exact instant at which elastic after-strain commences. 

[718.] A second paper by Weber occurs in the same volume 
of the Gottingen Gommentationes and is entitled : Le tribios novis 
Uhrarum construendarum methodis. 

Section in. of this paper is entitled : De lihrd compensatorid 
laminis elasticis suspensd. The compensating principle depends 
on the flexure of an elastic lamina, and the theory adopted for the 
bending of this lamina under a longitudinal load is the ap- 
proximate, if not insufficient, Bernoulli-Eulerian hypothesis (pp. 12 
-21). 

[719.] W. Weber. Ueber die Elasticitdt der Seidenfaden. 
Poggendorff's Annalen, Bd. xxxiv. 1835, pp. 247 — 257 (and 
Gottingen Gelehrte Anzeige, 1835). 

Ueber die Elasticitdt fester Korper. Ibid, Bd. Lrv. 1841, 
pp. 1 — 18. These papers amount practically to a German transla- 
tion of the Latin memoir presented to the Gottingen Eoyal Society 
in 1835 and reviewed in our Art. 707. The first considers the 
less exact formula, which would be obtained by putting m = 2 in 
equation (i) of Art. 714, and the second, based on a wider range 
of experiments, the formula given by the value of m in equation 
(ii). The only point to be noticed is that Weber here terms 
the elastic after-strain elastische Nachwirkung. 
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[720.] G. Coriolis. Eocpiriences sur la resistance du ploml d 
V ecrasementf et sur Vinfluence qua sur sa durete une quantiU in- 
appreciable d'oadde. Annales de chimie et de physique, T. 44, 
pp. 103—111, Paris 1830. 

These experiments are of importance as referring to the time- 
element and to the skin conditions in affecting strain. The 
existence of after-strain in lead cylinders subject to terminal 
tractive load is very conclusively proved : 

On voit qn’apr^s une heure le plomb est loin d’etre arrive a un etafc 
stable j il continue de s’ecraser Men au del^ de ce temps (p. 111). 

With regard to the experiments on skin-influence Coriolis 
writes : 

Tout incompletes qu’elles sent, elles ont n^anmoins Tavantage de 
montrer qu’en fondant du plomb pendant le peu de temps qui suffit ^ la 
fusion, meme en employant des d^soxidations la quantity inappreciable 
d’ oxide qni se forme a la surface change sensiblement la duretl de la 
masse ; et que, pour obtenir du plomb dont la ductility ne soit pas 
alteree, il faut le fondre k convert, en le tirant de fond sans qu’il cesse 
d’etre k I’abri du contact de Fair. (Ibid.) 

[721.] 1830. Vicat. Description du pont suspendu construit 
sur la Dordogne d Argentat. Paris 1830. This tract is only of 
interest in so much as it involves Vicat’s first indictment of the 
mathematicians. This indictment had so far a basis that in the 
ordinary theory then current in practical books, the consideration 
of slides was entirely neglected. The introduction of the slide- 
modulus into practical elasticity must be attributed to Saint- 
Venant. It will be of interest to reproduce a portion of Vicat's 
charge here, because it has considerable similarity with that which 
practical men of the present day occasionally raise against the 
mathematicians, and which the latter would do well to recognize. 

Les questions que I’on peut se proposer sur les ponts suspendus sont 
en effet de deux sortes : les unes, qui dependent presque exclusivement 
de la statique rationnelle, ont 6te k peu pr^s €puisees dans le savant 
m^moire que M. Navier a publie sur cette matifere\: mais les autres, 
qui ont pour objet certains calculs d’equilibre etroitement lies ^ notions 


^ See our Article 272. 
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de resistance, d’elasticite, de dilatation, de frottement, etc., ne se 
resolvent d’une maniere complete Vaide de coefficients donnes par 
Texperience ; encore les solutions ainsi obtennes ne sont-elles pas 
toujours certaines, parce que les conceptions matbematiques dont elles 
derivaient s’appuient elles-memes sur les hypotheses touchant la 
stmcture intime des corps, leur mode d^agregation, de rupture, etc., et 
que ces hypotheses sont quelquefois tres-eloignees de la verite (p. 2). 

Vicat quotes as example of this the formulae given by various 
authors for pulley axles and rivets, which give resistances infinitely 
great when the force acts in the plan d! encastrement — an evidently 
false result. He concludes therefore that : 

La loi de continuity et le raisonnement suffiraient seuls pour in- 
firmer toutes ces theories que Ton attribue ^ Galilee, k Mariotte ou 
h Leibniz, si Inexperience n’en demontrait dnailleurs Tinsuffisance (p. 3). 

[722.] Saint-Venant refers to this charge of Vicat’s in the 
Sistorique Alrdgi (p. ccxcvi) and points out that before Vicat 
drew attention to the omission of shear and slide in the ordinary 
theory, various experimenters had made them the subject of their 
investigations. These investigations, however, seem to have been 
confined to stone and mortar, in which materials the phenomena 
were treated of under the heading of adherence', see Art. 696, 
and also Coulomb's erroneous theory cited in Art. 120. 

[723.] Vicat. Fonts suspendus en fil de fer sur le Rhdne, 
Annales des ponts et chauss^es, 1831, 1®^ semestre, pp. 93 — 144?. 

This belongs to the long series of memoirs on suspension- 
bridges. Experimental results are given on the last three pages, 
but no new physical fact is clearly brought out either by the text 
or by the tables, so we need not concern ourselves with this paper 
here. It has bearing only on the practical question, alluded to in 
Arts. 692 and 817, as to whether wrought iron bar or iron wire is 
the better material out of which to form the chains of suspension 
bridges. 

[724.] Vicat. Reoherches escperimentales sur les pMnomenes 
physiques qui prdcldent et accompagnent la rupture ou Vaffaisse- 
ment d\ine certaine classe de soUdes, This memoir was presented 
by Vicat to the Academy of Sciences, and a report upon it was 
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drawn up by de Prony and Girard. These elasticians reported 
unfavourably. Some account of the results seems to have been 
presented at an earlier date to the Academy and then reported 
on not unfavourably by de Prony, Dupin and Girard. This latter 
report will be found in the Annales de Chimie, T. 36, 1827, pp. 96 — 
100. To the report of de Prony and Girard Vicat gave a rejoinder. 
These papers and reports will be found at length in the following 
parts of the Annales des pouts et chauss^es : 

(a) Vicat’s Memoir. 1833, 2® semestre, pp. 201 — 268. 

(b) de Prony and Girard’s Rapport, 1834, 1®^ semestre, pp. 293 
—304. 

(c) Vicat’s Eejoinder {Observations adressies d VAcad^rrde des 
sciences, sur le rapport,.. par M. Girard). Ibid. pp. 305 — 314. 

[725.] Vicat’s memoir is a continuation of the indictment 
started in 1830 and referred to in our Art. 721. Viewing the 
whole controversy from the standpoint of our modern theoretical 
knowledge, we must confess that Vicat had strong grounds for 
attacking the then current theories; that, although his charges 
occasionally depended upon a misapplication of the theories, yet 
the report of de Prony and Girard does not clear the theoretical 
elasticians from the blame cast upon them. Saint- Venant con- 
siders Vicat’s indictments in the Historique Ahrig^ (pp. cclxxxviii 
and ccxcvi). He praises highly the experimental results, but 
remarks : 

Mais le but eu 4tant surtout pol^mique, il convient d’6tudier comme 
reponse le Rapport de MM. de Prony et Girard qui suffit, m^me apr^s la 
replique de M. Vicat, pour venger la theorie de ses attaques, portant 
d’ailleurs sur d’autres points que ceux oil elle pose des affirmations, 
puisqu’elle ne pretend pas que ses formules s'appliquent jusqu’^ I’instant 
oil il y a rupture. 

With all due deference to the opinion of such an authority we 
must venture to differ, and hope to shew cause for doing so in the 
following remarks. 

[726.] The chief merit of Vicat’s memoir is its insistancy on 
the importance of taking account of shearing force, and on the 
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distinction which, must be drawn between instantaneou 
permanent loads. 

Shear he terms force transverse and defines as resistance 

Teffort qui tend h, diviser un corps, en faisant glisser, pou 
dire, une de ses parties sur Tautre, sans exercer ni pression ni 
hors de la face de rupture (p. 201). 

He terms two other forms of resistance by new names to 
the Rapporteur strongly objects: see (&) p. 302. These are 
ance to extension = force tirante (resistance ahsolue of other 1 
writers), and resistance to compression = force portante (res' 
d Vicrasement of other French writers). 

Of these he remarks that; 

Ces trois forces on resistances sont permcmentes ou instam 
si, par exemple, un cube de pierre d’un centimetre de c6te i 
quelques minutes, ou m^me quelques heures, apr^s avoir porte ui 
de 100 kilog., ces 100 kilog. ne sont que I’expression d’un< 
imtantanee, et consequemment relative. Mais si le m^me cube p 
contraire, porter indefiniment sans se briser 30 kilog., et pas j 
30 kiLogs., ce chifire mesure sa v6ritable force portante absc 
permanenU {(a) p. 201). 

[727.] The permanent forces are those which in the c 
structures it is important to know. Of course a distinction 
have been drawn between what is needed for a temporary sc 
for a bridge on which there is a frequently repeated bi 
a persistent load, and for a permanent structure with pen 
load. The Rapporteur has here no criticism to offer. With 
preliminary remarks Vicat states the object of his memoir, ns 

D’^tudier plus particuli^rement qubn ne I’a fait jusqu’^ ce j< 
ph^nom^nes physiques qui se manifestent dans les principaux 
rupture des corps solides, pour deduire de cet examen, si la ch 
possible, les causes de Timperfection des theories connues, et pr 
ainsi centre les dangers de ces theories les constructeurs qui, ] 
pas eu Toccasion de les verifier, seraient port^s k leur accord 
certaine confiance ((a) p. 202). 

[728.] The Rapporteur observes that Vicat’s results c 
the theories he continually describes as inexact. Also that 



398 


VICAT. 


experimented on material (barreaux de pldtre gdche et de hrique 
criie etc., etc.) which do not conform to the ordinary theory : see 
(6) pp. 302, 303. 

Vicat rejoins that he has drawn arguments also from ex- 
periments on wood and iron and that these by no means confirm 
the current theories : see (c) pp. 310 — 313. 

[729,] Vicat considers the forces portantes instantandes. 
He cites Coulomb’s theory (see Art. 120) which leads to the 
formula 

P = 2yah 

for the force of rupture P, y being the shear-strength per unit 
area of the material {la force transverse), a the depth and 6 the 
breadth of the right prism on rectangular base experimented on. 
He also quotes a formula due to Navier which includes friction. A 
table of results shew that Navier’s and Coulomb’s formulae give 
far too great results, especially the former. Further he remarks : 

lia division en deux parties k biseaux, ainsi que Ta entendiie 
Coulomb, pour les solides termines par des faces verticales, ne s’est pas 
presentee une seule fois dans le coui's de nos nombreuses experiences 
{(a) pp. 203 et seq.). 

In fact looking at Vicat’s figures (Plate Lxix. figs. 6 — 10) we 
observe that, allowing for variations in material and possibly in 
uniformity of load, they entirely confirm the modern theory that 
rupture by pressure is produced by lateral extension. They 
entirely refute the now rejected hypothesis of Coulomb. Not- 
withstanding this the Rapporteur speaks of the satisfactory 
explanation of Coulomb, considers that theory beyond question 
and even confirmed by Vicat’s experiments on the compression of 
'rollers’ 1 ((6) pp. 294, 300, 301.) The rejoinder on this point is 
completely convincing ((c) pp. 307—309) and for this reason alone 
we cannot agree with Saint-Venant, who, strange to say, has else- 
where been among the first to repudiate Coulomb’s theory : see 
his edition of Navier’s Logons, p. 7. 

[730.] Some interesting experiments on spheres and rollers 
used as 'buffers’ — namely, compressed between parallel tangent 
planes, wiU be found in (a) pp. 213 — 216. 
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For the rollers the forces portantes instantanees were found 
roportional to the product of the axes by the diameters, and for 
le spheres to the squares of the diameters. The surfaces of 
ipture in these two cases are given on Plate Lxix. (figs. 13 and 16) 
id as the strain admits in both cases of mathematical calculation, 
would not be unprofitable to compare experiment with theory, 
ccording to the Rapporteur these are the first experiments of this 
Lud : see (6) p. 303. 

There are a few, but somewhat insufficient, remarks on the 
yrces portantes permanentes for very ductile metals on p. 218 
►nly lead is taken). 

[731.] The next results which we need notice are on the 
rce of torsion: see (a) pp. 227 — 236. There is here a dis- 
•epancy between theory and practice which it is hard to account 
r, because it has not occurred with other experimentalists. The 
\apporteur suggests briefly that it may be due to the want of 
Dmogeneity and the ‘ hygrometric ’ properties of the materials 
3ed: see (6) p. 296. Vicat rejoins that this cannot account 
r the divergence : see (c) p. 309. As he is only experimenting 
1 bodies for which so far as he uses them the results of the old 
leory are true, it is hard to explain the divergency, unless we at- 
ibute it to the fact that his measurements were made at or near 
le point of rupture, i.e. after the beginning of set. 

[732.] We next come to a series of experiments on Resistances 
datives instantanees: see (a) pp. 236 — 249. Vicat’s results are 
Dtained from comparatively short beams of a non-fibrous material 
uilt-in at one or both ends and subjected to transverse load, 
'hey do not agree with the then-current theory and he considers 
lat this is due to the neglect of the shear (p. 249). He points 
at that the results of the ordinary theory become less and less 
ue as the piece becomes shorter and shorter and the shear 
^places the traction as producing the strain. The Rapporteur 
lerely remarks that the current theory required a longer piece 
ad a different material to that adopted by Vicat in order to be 
pplicable {(b) p. 298). On this Vicat’s rejoinder ((c) p. 310 — 312) 
lay be consulted. 
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[733.] Saint- Venant draws attention to Vicat’s experimental 
results on perfect and imperfect building-in as among tbe choses 
prdoieuses of this memoir. These results will be found (a) pp. 241' 
243. They shew that when the rupture takes place at a built-in 
end the surface is always curved. That if the horizontal faces only 
are fixed then the surface of rupture is cylindrical but if all four 
faces are built-in the surface of rupture belongs to the class of 
spheroids. These surfaces are always trh prononc^s for a short 
beam, but cease to be appreciable when the length becomes 
considerable. Here again the influence of shear makes itself felt. 
Interesting figures of the various surfaces of rupture at a built-in 
end will be found on Plate Lxx. (figs. 10 — 21 and 25 — 27). 

[734.] Finally we may mention a series of experiments on 
what Vicat terms forces instantan^es d'arrachement They are thus 
defined : Supposons une tige mi-plantee ou retenue dans un milieu 
solide par Veffet d'une Ute ou d!un scellement qitelconque, nous 
appelons force ou resistance dJarraoliement celle que le milieu 
solide oppose d la sortie ou d Veoctr action de la tige : see (a) p. 250. 

A conception may be formed of the nature of the experiments 
made by Vicat in the following fashion : conceive a plate of definite 
thickness supported at its edges; in one face of this a right 
cylindrical hole, and in this hole another body also of right 
cylindrical shape supposed to represent the ‘head’ of a fastening 
of some sort, which it is required to pull or push through the 
plate. The cylinder being circular Vicat found that it tore out a 
piece of the plate nearly in the form of a hyperboloid of revolution 
of one sheet truncated above its median plane. Experiments of this 
kind appear to have been quite novel : see (6) p. 303. The memoir 
concludes with numerous tabulated results of the various series of 
experiments. 

[735.] Vicat’s work seems to me of great importance ; it was the 
final blow of practice to the old theory. It drew attention to the 
questions of shear and of the time-element in language so strong 
that the theorists were compelled to take them into consideration. 
Within five years after its publication Saint-Venant gave the 
elements of a truer theory of flexure, and both mathematicians and 
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practical men began to be more careful in their language as to the 
various kinds of resistance. It is characteristic that Girard, who 
fitly closed our first chapter devoted to the old theory of beams, 
should be found as Rapporteur thirty years later upon a memoir of 
this kind. We wonder that his report was not more hostile than 
it was. 

[736.] 1834. Vicat. Note sur Vallongement progressif du fil 

de fer soumis d diverses tensions, Annales des ponts et chauss^es, 
1®^ semestre, 1834, pp. 40 — 44. 

. This is an extremely interesting paper for it contains some of 
the first well-considered experiments on after-strain. Vicat took 
four pieces of the same unannealed wire and submitted them for a 
period of 33 months to different tractions. His results given on 
pp. 42 — 43 were as follows : 

1°. Le fil de fer non recuit, tendu au de sa force tirante, 
telle qn’on la mesure ordinairement, et soustrait ^ tout mouvement 
tripidatoire, regoit une premiere extension, mais ne s’ allonge pas 
sensiblement ensuite. 

2°. Le m§me fil tendu dans les m^mes circonstances au de sa 
force tirante, s’est allonge de 2*75““ par mtoe, en 33 mois, non 
compris Tallongement instantane dfi au premier effet de la charge. 

3®. Le m6me fil, tendu au J de sa force, s’est dans le mtoe temps 
et les m^mes circonstances, allong6 de 4*09“^. 

4®. Le m^e fil enfin, tendu aux f de sa force, s’est allonge toujours 
dans le m^me temps et les m§mes circonstances de 6*13“”^ 

5® A partir du moment ou Tefiet instantane de la charge est 
termine, les vitesses des allongemens subs^quens restent k tres-peu 
pr^s proportionnelles aux temps. 

6®. Les quantit^s d’allongement pour les brins charges au del^ du 
^ de leur force sont, apr^s des temps ^.gaux, sensiblement proportionnelles 
aux torsions (? tensions). 

It should be observed that the fourth thread subjected to | of 
its breaking load broke at its point of attachment on April 15, 1833, 
after hanging 33 months (from July 12, 1830). Vicat attributes 
the breaking to the fixing, as the wire nowhere else showed signs 
of rupture. With regard to the set of experiments Vicat concludes 
that: 


T. E. 


26 
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La mesure de la resistance des materiaux, telle qu^on Tobtient dans 
les experiences ordinaires qni ne durent que quelques minutes on 
quelques beures, est done, comme on I'a dej^ dit dans un memoire 
presente k Texamen de TAcademie des sciences, tov,Uh-fait relative d la 
duree de ces exp^iences. 

La mesure des resistances absolues qu’il importerait de connaitre, 
exigerait que les materiaux fussent soumis k des epreuves de plusieurs 
mois, et qu’on observat, avec des instrumens tr^s-precis, si pendant ce 
temps-lk ils obeissent k Taction des forces qui les sollicitent (p. 43). 

The memoir referred to is probably that mentioned in our 
Art. 725. With regard to Vicat’s experiments we may remark on 
their practical importance (e.g. in iron wire suspension bridges), 
but physically they neither determine the exact nature of the 
after-strain (elastic or set?), nor enable us to say how far this 
after-strain is a result of the worked condition of the wire, or how 
far it is accompanied by a reduction to the raw stage. See Arts. 
831 and 858 and the Appendix to this volume. 

[737.] William Whewell. Certain chapters on beam problems 
were introduced by this writer into his Elementary Treatise on 
Mechanics. We may refer the reader to the SuppleTnent to the 
Fourth Edition: Analytical Statics, Cambridge, 1832, for what 
Whewell has written concerning our subject. Chapters vi. and 
VII. (pp. 108 — 152) are respectively entitled : The Equilibrium of 
an Elastic Body and The Strength of Materials. There is nothing 
original in these chapters, their matter being drawn from 
Hodgkinson, Barlow, Tredgold and of course Poisson’s Traite. 
We may however note that Whewell follows Tredgold (see 
Art. 198) in giving the true position to the neutral line of a 
beam subject to a load partly longitudinal. If 2a be the depth 
of a beam of rectangular section, h the distance of the load- 
component parallel to the beam axis from the centre of gravity of 
any section, then the distance n of the neutral line from the 
centre of gravity is for that section a^jSh: see Art. 198, and 
compare Whewell, pages 117 — 120. 

If p be the radius of curvature of the axis of the beam, 
Whewell falls into the grave error (p. 119) of calling p + n 
the radius of curvature of the neutral line. He in fact supposes 
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the neutral line parallel to the central axis, which in almost 
all cases of a partially longitudinal load, it is not. Further 
he states (p. 128) that we may neglect 7i when a or the dimension 
of the beam in the plane of flexure is small; as h may and 
does in many such cases vanish, this seems to me an erroneous 
assumption. 



In the accompanying sketch the dotted line represents the 
neutral line for a beam built-in at one end and pivoted at 
the other; n is in places infinite however small a may be. 
The position of the neutral axis in the case of longitudinal load 
has been frequently misconceived by English writers since Whewell 
and Tredgold, 

[738.] Ampere. Idies de M, A^npere sivr la chaleur et sur la 
himilre, Bibliotheque Universelle de Geneve. Soiences et Arts, 
Tom. 49, pages 225 — 235, 1832. This is a r6svm& of ideas 
expressed by Ampbre, some as early as 1814. It is interesting as 
containing some conceptions which are not always associated 
with Ampere’s name. He seems to have been the first to clearly 
distinguish between particles, molecules and atoms. A particle is 
an infinitely small portion of a body, which still retains the nature 
of the body. Further : 

Les pa/rticules sont composees de molecules, tenues ^ distance 1° par 
ce qui reste, k cette distance, des forces attractives et repulsives propres 

26—2 
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aux atoines, 2° par la repulsion qu’etablit entr’elles le mouvement 
vibratoire de Petber interpose, 3® par Pattraction en raison directe des 
masses et inverse du carre des distances. II appelle TnolecuUs nn 
assemblage d’atomes tenus k distance par les forces attractives et 
repulsives propres k cbaque atome, forces qu’il admet ^tre tellement 
superieures aux precedentes, que celles-ci peuvent ^tre considerees 
relativement comme tout-a-fait insensibles. Ce qu’il appelle atomes ce 
sont les points materiel s d^ob 6manent ces forces attractives et repulsives. 

The molecule is essentially solid, and cannot be broken up 
by mechanical force, only by chemical forces. The only state- 
ment that can with certainty be made with regard to atoms is 
that they are absolutely indivisible. Molecules as a whole can 
vibrate, from this arise the phenomena of sound; their atoms 
can also vibrate, from this arise the phenomena of heat and light. 
Hence, if heat is an atomic vibration it is caused by existing 
repulsive and attractive intermolecular forces, thus it is irrational 
to attribute the repulsive force between atoms to heat (see Arts. 543, 
597, 701 footnote). A further note by Ampbre to much the same 
effect will be found on pages 26 — 37 of the same Journal, Tom. 59, 
1835, or Annales de Chimie, Tom. 58, 1835, p. 432. This slight 
notice of Ampbre’s ideas will be found of service in relation to 
MossottPs paper (see Art. 840), and to our discussion of uni- 
constant isotropy in the articles devoted to Green’s memoirs. 


[739.] Ostrogradsky. Sur VinUgration des dqiiations d dif- 
fSrences partielles relatives aux petites vibrations d'un milieu 
ilastique, Mimoires de VAcaddmie..,des Sciences de St Pdtershourg, 
Sixieme s^rie. Tom. i. 1831, pp. 455 — 461. This memoir was 
read on the 10th of June, 1829. It is that referred to by Poisson : 
see Art. 564. 

The object of the article is to express by definite integrals 
the solution of the body shift-equations for an infinite elastic 
solid, supposing the shifts and their first time-fluxions to be given 
at any epoch, say that denoted by ^ = 0. The equations to be 
solved are 


y. {x, y, z\ w = f (x, y, z) 

dv 


du „ . . dv Tjr / . dw jy . . . 

-Tf =/i W y, y> z) ^ =f, {x, y, z\ 


dt 

when ^ = 0. 


.{a), 
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dx 
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dv 
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(dll 

dv 

, ^v. 
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dy 
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dv 


dz 


dy 

d^\ 


.( 6 ). 


The solutions — obtained by a fairly easy and brief process — 
are of the type 

^ rir r2v 

4}7ru = ^ I I f{x+ht cos_p sin 5 ^, y sinp sing, 

z-^^lct cosg) t sing dpdq 

n 2ir 

{pa + kt co^p sin g, y-{-ht sinp sin g, 

) 

z + /ct cosg) t sing dpdq 

where 

rt\/z r d f”" . 

Y=J I ^ J J f{pc + kr cosp sin g, y + kr sinp sing, 

z+kr cos g) sin g dip cZg, 

4 ' / F{x + kT Qosp sin g, 3 / + sin jt/ sin g, 

dyJoJo ' 

z + kr cos g) sin g cZp dq, 

^ r »r r 2ir 

+ TT* / f + At cosjp sing, y + kr sinp sing, 
dzj oJ 0 

z + kr cosg) sin g cZpcZg^ rdr ; 

and 

Z7= j ^ j J /j (i?? + At cosp sing, y + kr sin_p sing, 

< 3 : + At cos g) sin g dp dg, 

J j (x + kr cosp sinq, y + kr sinp sinq, 

z + kr cosg) sing d^ dg, 

r7r/*2ir 

I / fj (^ + At cosj? sing, y + At sinj 9 sing, 

J oV 0 

^ + At cos g) sing dj? dg Tdr. 


+ 


_d f . 

dz ^ 
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[740.] Ostrogradsky concludes with, the following remarks on 
the case when only a certain finite portion of the medium is dis- 
turbed. 

II est interessant de connaitre Tinstant oii le mouvemenfc commence, 
et celui oil le mouvement finit, dans tin point donne de Tespace. Pour 
determiner ces instants considerons une des fonctions/(£c, y^z),, .f^ (a;, y,z\ 
par exemple la premiere. Pour savoir si 

/ (sc + rcosp sin^', y-^r sing', z + r cosg') 

est sensible on non, il n’y a qu’ii d^crire du point (sr, y, z) comine 
centre et avec le rayon r une surface spherique, la fonction 

f {x-¥T cos^ sing', y + r sinp sing', z + r cosg') 

sera differente de z6ro pour toute la partie de la surface spherique qui 
sera comprise dans le volume primitivement derange; done cette fonction 
commence avoir des valeurs sensibles quand r sera egal k la plus 
petite distance du point (sc, y, z) an volume derange, et se r^duira de 
nouveau k z4ro quand r deviendra egal k la plus grande distance du 
m6me point au m^me volume. II en est de m^me pour les autres 
fonctions F, 

Cela pose, il est evident que les quantit^s T et U deviendront 
sensibles quand t = . JeJS et cesseront de I’^tre quand f = EJh, et Fi 

^tant la plus grande et la plus petite distance du point (cc, y, z) au 
volume primitivement mis en mouvement. Les parties de w, v, w 
independentes de F et 27 deviendront sensibles plus tard, savoir quand 
t-Fjk et elles disparattront en m^me temps que T et 27. Done Je 
mouvement au point quelconque commence quand t = Fj . IcJS, il finit 
quand t = FJk, et par consequent le mouvement dure pendant le temps 
= {F^J^ — F^)l . kfJS, En sorte que la duree du mouvement est en raison 
inverse de Telasticite k et ne depend point du derangement primitif. 
(pp. 460—461.) 

741. Ostrogradsky : Memoire sur VinUgration des Equations d 
differences partielles relatives aux petites vibrations des corps 
eiastiques; par M. Ostrogradsky. This memoir occupies pages 
339 — 371 of the Mimoires de VAcaddmie.,.de St Petershourg, 
Vol. 2, 1833: it is said to have been read to the Academy 
on the 27th of June, 1382, the year being an obvious misprint 
for 1832. 
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The object of the memoir is to integrate the equations of 
motion for an elastic body in the form which involves one 
constant of elasticity. The first of these equations is thus ex- 
pressed by Ostrogradsky, 

’d^u d?u d^u dff 

and the others similarly : here 6 is the dilatation. 

The integrals obtained, as the author states on his page 360, 
correspond with those given by Poisson in his memoir of 
October 11, 1830. The process is by no means simple, and 
involves the use of various important formulae belonging to 
the higher parts of the Integral Calculus, — such as those of 
Arts. 280, 285, 331 of my treatise on that subject. 



742. There is nothing novel except a few pages at the be- 
ginning which amount to an extension of Legendre's Coefficients. 
I will indicate the nature of this. Let 


= ic® + 3^2 + z\ and p® = a® -f 6 ® + & ; 
put Q for {1 — 2 yS {ax + 63 / + cz) + r^ ; 

•the quantities a, 6 , c, x, y, z, ^ being all independent of each 
other. 

It is easy to see that Q satisfies the relation 


da^^dh^^dc^^ 


.( 1 ). 


Suppose we expand Q in powers of say 

then all the functions P will satisfy ( 1 ). Now proceeding as 
in my Laplace's FimctioriS, Art. 7, we shall find that 

^ 1.3. 5.. .(271-1), . . . ^n 

^ (aa! + + cz) 


\n 


_ 1.3.5.^^qn — 3) ^ 



408 


OSTROQBADSKT. 


Now reciprocally (ft® + + cs)“ might be expressed in terms 

of the functions P ; for if we change in the preceding equation n 
successively into n — 2, n — 4, n — 6..., we shall obtain as many 
equations as we require for eliminating all the powers of 
ax + hy + cz except the nth. But we may proceed more simply 
in another way. Suppose we restrict ourselves to an evm power ; 
change n into 2n, and put 

(ax + hy + czT = A + A P, 

P,, P"-*’ p^-^‘+...+ A„,„ P^ (2). 

It is evident from the expression for P„ that 


1.3.5..(4n- 1) 


d^ 

Perform on (2) the operation + ^2 + ^2 ! obtain 

n (2n — 1) (ft® + % + czy^ = n (2n + 1) 

+ (n - 1) (2n + 3) A„_, P.r^'^ p“’‘-‘+ . . . 

+ (n - i) (2n + 2i + 1) A„_, P^ 7 ^"^^ 

+. . . + (4n, - 1) A^^^ P^. 

In order to obtain this we must remember that the functions 
P satisfy the condition (1) ; and that 

(iP„, , cZP„, dP„, „ 

But we have also 


(ft® + + c^r-* = P, r*”- p-- + Py-^ p^'* 

Hence, comparing the two formulae, we get 

n (2ra - 1) = (n - i) (2m + 2i + 1) A ^, ; 

this gives 

^ „jl.3.5...(4i + 1) n(n-\) {n-2)...{n-i + \) ^ 

1^- (2n+l)(2m + 3)...(2m + 2i+l)“‘ 

But the value of A^^^ is found from (3) by putting i for n. Thus 
finally 

A n ( w + ^') (m + ^-l) (n+t-2)...(n-i+ 1) 

- (2n+i)(2n, + 2)...(2K+2i:+l) 
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Put 7 for ; then we have^ 

^ n 

{ax + & 3 / + = Pp 


{n 4 1) 


+ 2^9P, 


^ j_ 2 *^ 5 p 

2?z+l * ® (2?^ + l)(27^+2)(2•?^^-3) 

+ 2 ) {'ll + 1 ) ^ — 1 ) 7 ’^"*^ 

(^71 + 1) (2'^z 4" 2) (2?i 4" 3) (2?2< 4” 4) ^2?i 4“ 5) 


+ 4 . 92 *m,-+ 1 ^P (^^ + ^•) (w-f ^^-l)(w + ^•-2).■■(w-^• + l)7"-^ 

+ ...-t-^ (2n + l)(2n+2)...(2ii+2i + l) 

Ostrogradsky gives also the formula for an odd power of 
ax-^-hy ^ cz\ and formulae for 

cos {ax 4- 4- oz) and sin {ax 4- 6y 4- cz). 


743. After having arrived at the required integrals on his 
page 360, Ostrogradsky puts them in a different form: see his 
pages 360 — 364. He simplifies these forms in the case in which 
the following expressions are perfect differentials when ^ = 0 : 


udx’\-vdy’^wdz, 


dt 


UjW -j dv , . Luw 7 


dw 

dt 


See his pages 365 and 366. 

Finally he verifies that the general integrals which he has 
obtained satisfy the differential equations and the initial conditions : 
see his pages 367 — 371. He concludes thus : 

Nous nous proposons de revenir sur Tint^gration des Equations 
diff(§rences partielles et de faire voir comment les formules de Particle 

g^neralis^es peuvent servir k trouver les int^grales d’equations plus 
composees que celles que nous avons trait^es dans ce m^moire. 

This intention does not seem to have been realised^ 


1 [There does not seem to me any novelty in this result ; it is a very simple 
corollary from the expansion of cos^*’ d in the Legendre’s coefficients Pq (cos 6), 

Pj (cos B) cos 0 being taken equal to the angle between lines whose direction- 

cosines are proportional to (a, 6, c) and {x, y, z) respectively. Ostrogradsky’s 
Pi is obviously equal to r*p*Pi (cos 6), En.] 

2 The following errata may be noted : 

p. 370, supply d/dt in the value of d". For d^Mjdt^ read d-Mjdr^. 
p. 371, for d^Mjdt- read dHIjdxK 
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[744.] Ostrogradsky. Note sur Vequilihre d'un fil Slastique. 
Bulletin Scientifique, No. 4, May, 1832, St Petersbourg. (Usually 
bound with the Mdmoires, Sixieme sdrie, Tome ii. 1833.) 

This refers to the supposed error of Lagrange pointed out by 
Schultdn and alluded to in our Arts. 536 — 539. Ostrogradsky 
says that Schultdn had not explained the inexactitude because he 
had not said why we cannot, like Lagrange, put Bds = 0. 

Ostrogradsky points out why in varying 

e ^ 

we must vary the denominator as well as the numerator, 
writing 

^p. d^xBd^x + d^y ScPy + d^z Bd^z — dPs Bdh B ds 

dsj {d^x^ + {d^yf 4- {dPzY — ^ ’ 

e Bds 

but Lagrange has omitted the terms and d^s B(Ps. Now I do 

not understand this, for Lagrange has distinctly included these 
terms in his Art. 52 (p. 151 of Bertrand’s edition; they also occur 
in the earlier editions). There seems no occasion for the remarks 
of either Schult^n or Ostrogradsky. 

[745.] We may notice two interesting papers by two well- 
known English physicists carrying on the labours of Ghladni, 
Savart and Strehlke : see Arts. 329, 352 to 360. 

The first is entitled : On a 'peculiar class of Acoustical Figures; 
and on certain Forms assumed by groups of particles upon vibrating 
elastic surfaces. By M. Faraday. Phil. Trans., 1831, Part ii., 
pp. 299 — 340. This paper is a criticism of Savart’s of 1827 
{Annales de Ghimie xxxvi. : see our Art. 329), and shows that the 
secondary mode of motion which is there discussed (as pointed 
out by figures delineated by lycopodium or other light powder) is 
really due to the nature of the medium in which the vibrating 
plate and powder are placed, i.e. to the currents established in it 
by the motion of the plate. The paper does not really concern 
our subject. 

[746.] The second is entitled: On the Figures obtained by 
strewing sand on vibrating su/rfaces, commonly called Acoustic 
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Figures. By Charles Wheatstone. FUl. Trans., 1833, Part ii. 
pp. 593 — 633. 

The paper was communicated by Faraday. Wheatstone com- 
mences with an historical notice, in which he remarks that Galilei 
had noticed that small pieces of bristle laid on the sounding-board 
of a musical instrument were violently agitated on some parts of 
the surface, while on others they did not move. He gives however 
no reference : see Art. 358. Dr Hooke had also proposed to 
observe the vibrations of a bell by strewing flour upon it. But 
the sole merit of discovering the symmetrical figures is due to 
Ohladni\ Then follows a long consideration of Chladni’s results 
considered from their theoretical aspect, or on a 'principle of 
superposition Euler’s results are alluded to, those of Strehlke 
(see Arts. 354 — 355) discarded as untenable, while James Ber- 
noulli’s are described as entirely unsuccessful : see Art. 121. As for 
the authors considered in our Chapters ill. — V. Wheatstone writes: 

The various mathematicians who have more recently undertaken 
to investigate the laws of vibrating surfaces, as Poisson, Oauchy, 
Mademoiselle Germain, etc., do not appear to have taken into con- 
sideration anything resembling the theory of superposition, (p. 607.) 

He attributes this principle to the brothers Weber in their 
work, the Wellenlehre, published in 1825. The memoir concludes 
with some just praise of Savart’s researches on wooden plates 
(see Art. 339) and a considerable number of plates of calculated 
figures. I cannot find more in Wheatstone’s discovery of this 
theory of superposition than the fact, well known to the mathema- 
ticians above mentioned, that the differential equation for the 
vibrations of a plate is linear. The modes of vibration adopted 
must then be such that they individually satisfy the contour 
conditions. I cannot see that Wheatstone’s assumed modes of 
vibration are really possible for an elastic plate. 

[747.] Parrot. Experiences de forte compression sur divers 
corps. Memoir es de V Academic de St Petershourg, Sixifeme serie. 
Tome II. 1833, pp. 595 — 630. 

^ Ohladni’s three works are : Bntdeclzungen uber die Theorie des Klanges, 1787, 
Die Ahustik, 1802, and Neue Beytrdge zur Akustikj 1817. We have omitted all con- 
sideration of them as belonging properly to the Theory of Sound. 
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Parrot seems to have been assisted by E. Lenz in these ex- 
periments, the latter however in an appended note disclaims all 
responsibility for opinions expressed. The results do not seem of 
any great value except in drawing attention to the compressibility 
of the bulbs of glass thermometers, and hence (p, 629) the remark 
that the measurements of the temperature of the sea at great 
depths have all been erroneous and far too great. Parrot seems 
to believe that he was the first to prove the compressibility of glass; 
it might, he fancies, have had all its known elastic properties and 
yet been only extensible. He finds the compressibility of glass 
proportional to the pressure up to 100 atmospheres. There is 
nothing of much apparent value in the memoir: see our Arts. 
686—690. 

[748.] Karl Karmarsch. Y&rmohe und Bemerhungen ilher das 
Brahtziehen. Jahrhucher des k, &. polytechnischen Institutes in 
Wien, Bd. 17, 1832, pp. 320—336. 

Versvbche uher die absolute Festigheit der zu Draht gezogenen 
Metalle, Ibid. Bd. 18, 1834, pp. 54—115. 

These papers contain a series of interesting experiments on a 
great variety of metal wires. I must observe however that 
Karmarsch apparently considered that to draw wires of different 
material through the same hole ensured their having the same 
diameter [sdmmtlich durch Fin Ziehloch gezogen, um ihrer gleichen 
Dicke vom Neuen versichert zu seyn (p. 321).] This is not 
generally true, see Art. 830. Valuable as these experiments may 
be for practical purposes they do not seem to contain the state- 
ment of any physical fact not previously noted. 

[749.] A further paper by this author entitled: TIeber die 
Festigkeit und Elastizitdt der Darmsaiten, will be found on columns 
245 — 250 of the Mittheilvmgen des Oewerbe-Vereins fur dasKonig- 
reich Hannover, Jahrgang 1840 — 1841. Hannover, 1841. 

The results obtained may be thus summed up : 

(1) The limit of perfect elasticity is not very far from the 
breaking load (e.g. Expt. No. 3 set began between 128 and 143 
pds., and the breaking load was 146 pds,). The loads were how- 
ever instantaneous, not permanent. 
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Karmarsch takes f of the breaking load as within the limit of 
perfect elasticity. 

(2) The gut can be expanded between 9 and 10 per cent of 
its natural length before set begins. 

There is no question raised of whether the gut may not in its 
preparation have been reduced to a state of ease up to § of the 
breaking load, nor is the possibility of elastic after-strain con- 
sidered. 

[750.] Hericart de Thury. It appears that the firm of iron- 
masters, Gandillot and Roy of Paris and Besan 9 on, (following pro- 
bably the process of casting previously suggested by an Englishman 
of the name of Thompson) had endeavoured to introduce hollow 
iron cylinders to be used as beams or struts into the trade. They 
entrusted a number of hollow cylinders of their manufacture to de 
Thury to be experimented on, and the results of his experiments 
were given in the Bulletin de la Societe d' Encoiiragenmit^ Feb. 
1832, p. 41. A translation of this paper will be found in the 
Polytechnisches Journal, edited by Dingier, Bd. 44, 1832, pp. 
273 — 285. De Thury’s results shew the superiority in strength of 
the hollow over the solid cylinder, and the resulting gain in 
material ; a fact easily ascertained by theory. He seems however 
to consider that the hollow cylinder would suffer more than the 
solid from the effect of oxidation, if at all exposed to the weather. 
For the interior of buildings he believes that the hollow form will 
generally be adopted. 

[751.] Another series of papers due to Bevan will be found in 
the Philosophical Magazine. We may note : 

(a) The Philosophical Magazine, Vol. xi. (new and united 
series), 1832, p. 241. Here are some observations on experiments 
of Barlow on wood reported on pp. 179 — 183 of the same volume. 
Barlow’s results have no theoretical importance, nor Sevan’s either, 
— except in the one point that he insists on the importance of 
considering the time-element, especially when the load as in 
Barlow’s experiments amounts to nearly f of the breaking load. 

(b) The London and Edinburgh Philosophical Journal, Vol. i. 
1832, p. 53. Some remarks on a paper by John White which 
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appeared on pp. 333 — 339 of tlie volume cited in (a), being en- 
titled : On Calcareous Cements, Neither in the original paper nor 
in the remarks is there anything of physical importance. 

(c) In the same volume as I have cited in (6) are, p. 17, Ad- 
ditional Experiments by Barlow, and p. 116, additional remarks by 
Bevan, of no value for our present purpose. 

(cZ) In the same Journal, Vol. il. p. 445 and Vol. ill. p. 20, 
are two short letters by Bevan giving the results of his experiments 
on the elasticity of gold. They are for the modulus of : 

Pure gold — 11,690,000 pounds p. sq. inch, or 

1,390,000 feet. (i.e. the height modulus : see Art. 137.) 
Standard quality used in the British coinage — 

12.226.000 pounds... in one direction and 

11.955.000 „ ...in the other. 

Mean modulus = 12,110,500 pounds or 1,480,000 feet. 

Bevan remarks of the last result that ‘ it agrees very nearly 
with the calculated modulus as deduced from the proportioned 
modulus of gold and its alloy. This result suggests an important 
inquiry on the properties of alloys in general, and is deserving of 
the attention of the experimentalist.’ ^ 

He also gives the modulus of copper =4,380,000 feet, and 
corrects the Supplement to the Encyclopaedia Britannica where it 
is given as 5,700,000 feet without any authority. 

A statement made by Bevan in his first letter, I do not 
understand, because even supposing uni-constant isotropy, the note 
would also depend on the density and possibly on the nodal 
system set up. The statement runs : 

Those who are in the daily habit of taking gold coin soon acquire a 
knowledge of the proper sound or note given upon striking a piece of 
money upon a table or hard substance : this well-known though un- 
defined note or sound depends upon the modulus of elasticity of the 
metal, as well as upon the diameter and thickness. A piece of coin, of 
the same dimensions, both as to diameter and thickness, of silver, will 

1 Such attention was given by Wertheim in a memoir of 1844 to be considered 
in Chap, viii. 



give a note about a major fifth higher than one of gold, when a similar 
coin of copper will give a note an octave above that of gold, but if 
made of steel would give a note a minor third above that of copper. 

[752.] 1832. Giuseppe Belli. Riflessioni sidla legge delV 

attrazione molecolare. In 1832 was published at Milan the first 
volume of a work entitled : Opuscoli matematid e fisici di diverd 
autori. It contains the above memoir by Belli and that by Piola 
referred to in Art. 759. The second volume of this work, published 
in 1834, contains chiefly analytical dissertations, and has nothing 
bearing on our present subject. The memoir we are about to 
consider is divided into four parts, thus distributed through the 
volume: L, pp. 25 — 50; II., pp. 50 — 68; IIL, pp. 128 — 168 and 
237 — 261 ; IV., pp. 297 — 326. An abstract will be found in the 
Annali delle scienze del regno Lombardo-Veneto... Vol. n. 
Padova, 1832, pp. 289—297 and 313—325. 

[753.] The memoir is of the same nature as that we have 
already noticed in Art. 163, and so does not very closely affect our 
subject. The first paragraph states the relation of the present 
to the .earlier memoir : 

lo aveva procurato di dimostrare in una memoria inseiita gia nel 
Giornale di Fisica di Favia, che T attrazione aUe minime distanze, detta 
molecolare, non segue la medesima legge della universale second© che 
opinava Buffon e piii ricentemente Laplace, ma bensi, come credette il 
medesimo Kewton scopritore di questa forza, e poscia sostenne il 
Clairaut, decresce air aumentarsi delle distanze con una legge di gran 
lunga pit rapida, cio^ ch’ ella segue, second© che mi parve poter dedurre 
da diversi fenomeni, ima legge piii rapida di quella delle quarte potenze 
reciproche delle distanze, o anche delle quinte. Avendo perb fatto uso 
di calcoli semplicamente approssimativi, la cui legittimit^ non bene 
potevasi da tutti sentire, n^ b venuto che parecchi Fisici, sebbene avessero 
avuto sott' occhio quel mio lavoro, continuarano ad attenersi aUe idee 
di Buffon, o a quelle di Laplace, parendo loro piii consentanee alia 
semplicit^ delle operazioni della natura. Per la qual cosa avendo io 
sempre tenuto presente al pensiero questo punto controverso della fisica 
speculativa, e parendomi di aver trovato delle dimostraziopi rigorose in 
appoggio deir opinione da me abbracciata, mi sono creduto in debito 
verso il pubblico di darla alia luce, affine di rischiarare e forse terminare 
interamente una tale questione. (p. 25.) 
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[754.] The first article of the paper is entitled : Lmijfficienza 
delV attrazione astronomica per produ,rre la coesione e V adesione 
dei corpiy nelV ipotesi della contmuitd della materia. 

The insufficiency is proved in the following fashion. First the 
attractive force between two equal cubes placed in contact is 
calculated by a long and complex process of integration, followed 
by considerable numerical calculations (pp. 31 — 46); the unit of 
astronomical attraction is calculated from the labours of Cavendish 
and Maskelyne, and finally the following result for the attractive 
force between the two cubes is obtained : 




• 000340753 ^', 


where A, B express the density of the two cubes ; B' is the mean 
density of the earth ; h the side of the cube and g the velocity 
acquired in a second by a body falling under gravity. The system 
being metric, F will be given as a number of kilogrammes (p. 46). 

Several calculations are made to show the insufficiency of this 
result; the most striking is based upon an experiment of Rumford’s, 
who showed that a bar of good wrought iron could sustain a load 
of 4470 kilogrammes when its section was a square centimetre. 
Calling this load X, Belli shows that 


L = 1059,570000,000000 F, 

and remarks : 


Donde apparisce chiarissimamente quanto poca parte avrebbe V attra- 
zione universale nella coesione de’ corpi, se questi potessero riguardarsi 
come format! di materia continua. (p. 48.) 


[755.] The second article is entitled : Estensione delle prece- 
denti consequenze ad altre ipotesi sulla costituzione dei corpi, e 
insuffidenza delV ipotesi imaginata da Laplace. Belli notes that 
the hypothesis of the continuity of matter adopted in his first 
article is not generally accepted by physicists. There are three 
current hypotheses : 

(i) Bodies are formed of minute extended particles separated 
by distances not much greater than their diameters (Newton: see 
our Art. 26). 

(ii) Molecular distances are incomparably greater than mole- 
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cular diameters (Laplace, Systhne du Monde, Livre iv., chap, xv., 
edit, de Tan iv. — i.e. 1796). 

(hi) Bodies do not consist of discontinuous molecules in a 
vacuum, but of discontinuous vacua in a continuous matter. (See 
our Arts. 35 and 94.) 

The author, ingeniously adapting the formula of his first 
article to these various cases, proceeds to dismiss them as impro- 
bable. 

On the first hypothesis he deduces that in the case of an iron 
bar there would be 23,000,000 times more vacuum than matter, 
which is hardly consonant with the hypothesis itself (p. 58). This 
result does not contradict Laplace’s hypothesis, but Belli shews 
first that, if the ultimate particles are spheres, this hypothesis 
gives a far too weak force of cohesion (p. 63), and secondly extends 
this result to a molecule of any shape (p. 65) by means of a 
proposition of which he gives no proof and which does not seem to 
me obvious. Taking a right prism of his material on a square 
base, of height twice the side of the base, he divides it by a 
plane parallel to the base into two equal parts A and B. He 
then continues : 

Egh h certo che in ciascuna molecola appartenente aUa parte A 
esiste un punto, dove se tutta la massa di essa molecola si venisse a 
concentrare, non si alterebbe la sua attrazione verso B, considerando qui 
pure forza nella sola direzione perpendicolare alle basi del prisma. 

On a second objection to Laplace’s hypothesis, Belli quotes the 
work of Nobili referred to in our Art. 211 (or the History of the 
Theories of Attraction, Art. 1615). 

The third hypothesis is briefly shewn to involve the same 
contradictions as the first (p. 67). 

[756.] The third article, entitled : Di alcune ipotesi le quali 
considerate dal lato della Meccanica potrebbero essere atte a con- 
ciliare le dm attrazioni, is occupied with the consideration whether 
any mechanical arrangements of the atoms would enable us to 
attribute cohesion to ordinary gravitation. It involves a long ap- 
proximation to the attracting force between two equal right prisms 
on square bases and of any height, when placed base to base. It 
T. E. 27 
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is shewn that the force between them can be made as great as we 
please by sufficiently increasing the ratio of the height to a side of 
the base (p. 146). This would explain cohesion in a fibre. A 
fibrous structure is then assumed for the body or, as the author 
terms it, un tessuto fibroso o reticolare. It is then proved that the 
density of these thin prismatic threads would have to be simply 
enormous (p. 148). It is not even then explained how isotropic 
bodies could possess cohesion. After various other arrangements 
have been suggested and considered Belli draws the conclusion 
that in every disposition of matter it would be necessary to sup- 
pose bodies to have 

una enorme raritk di tessuto e una enorme density, della materia, 
se vi vuole che la coesione possa dipendere dalla gravitazione (cf. pp. 
152 and 168). 

On the whole his investigation in these first three articles,* if 
not always entirely convincing, yet affords very strong arguments 
against the efficacy of universal attraction to throw light on the 
phenomenon of cohesion (cf. p. 260). 

[757.] The fourth and final article is entitled : Delle leggi di 
attrazione a cui e d' uopo ricorrere per conservare le pih ricemte 
nozioni sulla costituzione de' corpi. The law of universal gravita- 
tion having been found wanting, unless extravagant hypotheses are 
made as to the structure of bodies, Belli holds it best to seek for 
another force of attraction which shall coincide with the law of 
gravity at distances sensibly greater than those which separate 
molecules. He notes that many hypothetical laws of this kind 
might be invented, but conceives it the best plan to allow the 
atomic arrangement of bodies to be discovered by the researches 
of chemists and crystallographers ; for the phenomenon of cohesion 
however to assume a force following a law of more rapid variation 
than that of the inverse square : 

rimettendo perb la precisa determinazione di questa sua legge a 
quel tempo nel quale ci venga cib permesso da una pih chiara cognizione 
de' fenomeni. (pp. 297 — 298.) 

On this point Belli refers to Poisson’s memoir of October, 1829. 
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He gives as hypothetical examples of possible attractive force, 
on p. 299, the functions 



where a is a quantity little different from the molecular diameter, 
and r the distance between the points containing attracting 
matter. We must note however that these laws of force, like that 
of Poisson (see Art. 439), do not give the repulsive force, which we 
must suppose to exist between molecules when brought very 
closely together. 

[758.] In conclusion the author considers the question as to 
whether adding this new attractive force does not complicate 
Nature’s proceedings. He remarks that we ought to admire sim- 
plicity in Nature, but not gratuitously presuppose it. This 
simplicity can exist in a greater or less degree; and where the 
Creator has not found one means sufficient for his purpose He 
sometimes employs two. 

Se talora non trovb sufficiente un solo mezzo, Egli ne avra impiegato 
due, tre, secondo che avr^ stimato pin conveniente. (p. 300.) 

A long Nota appended to the memoir (pp. 303 — 326) contains 
various propositions in attractions used in the body of the work, 
but which have no connection with our present subject. 

Probably no physicist now-a-days attributes cohesion to 
gravitating force; how far Belli’s memoir may have assisted in 
forming a general opinion of this kind, we are unable to judge. 
The memoir seems to have escaped notice in the History of the 
Theories of Attraction. 

759, 1833. Piola. La Meccanica de' corpi naturalmente estesi 
trattata col calcolo delle variazioni di Qahrio Piola. Memoria 
prima estratta dal fascicolo terzo degli ^ Opuscoli matematiai e 
fisici! This memoir consists of 36 quarto pages besides the title 
page. In the Opuscoli it occupies pages 201 — 236 of the first 
volume. 


27—2 
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760. In the first paragraph Piola alludes to the recent re- 
searches of Poisson and Cauchy respecting the theory of the 
elasticity of solid bodies; the former contained in Vol. viii. of 
the Paris Memoirs, and the latter in the Exercices de mathi- 
matiques ; he refers especially to a passage on page 561 of Poisson's 
memoir, which expresses the desire to reconstruct the science of 
mechanics on the new principles. Now Piola had been led in his 
youth to a close study of the Mdcaniqiie Analytique, and, as we 
have seen in Art. 362, he had published a prize essay on La- 
grange's methods. He had formed a very high idea of the power 
and the generality of those methods, which, however, seemed to 
him to be almost neglected by writers on mechanics. Accordingly 
his object is substantially to invite the attention of mathematicians 
to the study and application of the principles of the Mdcanique 
Analytique ; and with this view he proposes to discuss, after the 
manner of Lagrange, what we call the theory of elasticity. 

761. The present memoir is devoted to the establishment of 
the equations which hold for equilibrium or motion at every point 
of the interior of a solid body ; that is, of the body stress-equations. 
The process is a good specimen of Lagrange's methods ; the analysis 
is fully developed, and is easily intelligible. Some remarks will 
now be made as to details. 

762. In Article 8 of the memoir Piola notices with great 
earnestness a point as to which he differs from Lagrange; he says: 

Agevolmente potrl, il lettore persuadersi che avendo contraria 
r autoritk di Lagrange io mi sono posto e riposto molte volte a meditare 
un tal punto nella piena disposizione d^ animo de trovar vera la sua 
asserzione e falsa la mia. 

The matter in question is contained in Art. 16 of the fourth 
section of the first part of the Mecanique Analytique; here 
Lagrange states that there cannot be more than three equations of 
condition holding; Bertrand in a brief note in his edition says 
that there cannot really be so many as three. Piola holds that 
there may be more than three in the case he contemplates ; but it 
seems to me that this case differs entirely from that which 
Lagrange has in view, and so there is no real contradiction. 
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763. A reference in a note on page 220 to two volumes of 
Cauchy's Exercices de mathematiques is incorrect : it should be to 
Vol. IL, page 111, and Vol. IIL, page 166. This I judge from a 
correction in the copy I have of Piola's memoir, and also from 
page 61 of the next memoir by Piola. 

764. A very important difference between Lagrange’s method, 
as used by Piola, and that of Poisson and Cauchy, must be 
carefully noticed. According to the latter writers the symbols 
S, yy, zzj S, £cp, which occur in the body stress-equations denote 
certain stresses, which have been defined and explained beforehand. 
In the corresponding formulae obtained by Piola these symbols 
enter into the investigation merely as indeterminate multipliers ; 
they may be said to denote stresses or forces, but this is only by 
a figure of speech common with Lagrange, to which Bertrand in 
his notes justly calls attention more than once. Now Piola seems 
to think that this is a great merit in Lagrange’s method, inasmuch 
as we are not compelled at the beginning of our investigations to 
consider and define the forces acting; it seems to me, on the 
contrary, the great defect of Lagrange’s methods. In fact the 
Calculus of Variations is very prominent but the mechanical 
principles are left in obscurity. There can be no doubt, I think, 
that both Poisson and Cauchy took a view quite contrary to 
that of Piola as to the. merit of this peculiarity of Lagrange’s 
method. 

765. On pages 228 — 230 there is a note respecting the well- 
known six equations connecting the nine cosines which occur in the 
formulae for passing from one set of rectangular axes to another. 
There are two forms of these equations, and the object of the note 
is to deduce one form from the other by a purely algebraical 
process. The investigation is good, but not so simple as one 
which will be found on page 88 of Griffin’s Treatise on the Motion 
of a Rigid Body, a work very useful in its day at Cambridge. 

766. This memoir is called memoria prima, and the intention 
is expressed of following it up by other memoirs. This intention 
does not seem to have been carried into effect, though another 
memoir by Piola will now come under our notice, 
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1836. Nuova Analisi per tuUe le questioni della mec- 
nolecolare del Signor Dottore Don Gabrio Piola, This 
is published in Vol. xxi. of the Memoirs of the Italian 
of Sciences at Modena, 1836. It occupies pages 155 
;he volume. The copy I have used is dated 1835, and 
i from 3 to 171 both inclusive, except that there are 
j numbered 115 and 116 : it has a title leaf. The great 
if the memoir is due to the very diffuse manner in which 
bten and printed. 

We have already seen that Piola published a memoir 
mding the use of Lagrange’s method for the investigation 
teory of elasticity, and promising to continue to exemplify 
;hod in future memoirs: see Art. 760. The present 
however does not fulfil this engagement, but approaches 
o the method employed by Poisson. After a few intro- 
sentences the memoir passes to the first of the seven 
of which it consists. 

The first section is entitled : Principio generale per 
zazione del caloolo alle questioni relative al moto ed alV 
b de* corpi; it occupies pages 4 — 18. The principle may 
to amount to this : an expression may be found which for 
3nt values of a variable shall be equal to n assigned 
al quantities respectively. We have in fact considerations 
ame kind as are involved in the well-known process of 
e which serves as a foundation for the expansion of a 
in a series of sines or cosines of multiple angles : see my 
Calculus, Art. 306. The process given by Piola is tedious ; 
hink it might with advantage have been replaced by a 
erence to that of Lagrange. 

The second section is entitled : Muova Analisi del moto 
iquilibrio dd corpi omogenei considerati come ammassi di 
; it occupies pages 19 — 51. 

commencement of this section shews, as I have stated, 
e author recedes from the method of Lagrange and 
bes that of Poisson. 

ammetto in questa analisi alcuna equazione di condizione cui 
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jbbaxio soddisfare le coordinate dei diversi punti del corpo. Questa 
con cui Lagrange cerco di esprimere i legami dsici e reciproci 
die diverse particelle de’ corpi, parve al Sig. Poisson troppo astratta : 
:li V- orrebbe ridurre tutto alle sole azioni molecolari. lo mi conformo 
^[■uesto voto non ammettendo appunto oltre le forze esterne, cbe nn’ 
lion.^ reciproca di attrazione o repulsione fra le diverse molecole 
pressa per una fanzione incognita della distanza. Non gia die io 
■eda^ da abbandonarsi V altra maniera usata da Lagrange, ch^ anzi io 
d^ avviso cbe eziandio con essa si possano vantaggiosamente trattare 
olte moderne qnestioni, ed ho gi^ pubblicato nn saggio di nn mio 
voro ch^ puo in parte provare questa mia asserzione. 

There is a note to the end of the extract which refers to the 
lemoir of 1833 already noticed in Art. 769. There is a note to 
1© mame Poisson which refers to page 3G1 of his memoir of 
-ppil 1828: in the former memoir Piola gave 561 as the page. 

The section has for its object to find expressions for what we 
ill 1:110 stresses. Like Poisson, the autlior adopts finite sum- 
mation and not integration; but he makes much use of the 
ialcialus of Finite Differences, and this forms the speciality of 
le section. 

’7'*71. A general theorem in Finite Differences may be noticed 
3 presenting itself to a careful reader of the section ; Piola himself 
owever does not give the general theorem, but merely investigates 
le first three cases of it which correspond to n = lj = 2, and 
= 3 respectively. The following is the theorem : let (/> (os) and u 
enote any functions of x; let h denote the increment of the 
idependent variable os ; then will 

<f> (os) A” w = A” {uej) (x ~ A)} — wA”” ^ {uAcj) (x - nh)] 

+ ^ A"““ {uA^cj) (x-nh)] (1). 

This may be verified when = 1 or 2, and then the general 
rutla may be shewn by an inductive process. For, assume that 
1) is true when n has an assigned value, whatever u may be; 
aert changing u into Au it will still be true : thus we have 
<!> (x) A""^^ u = A”' {Au<l> (x — nh)] — n A*""^ [Au A<p (n — nh)] 

+ A“-» {A« A*<^ (a; - n/i)} (2). 
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Now by an elementary theorem in Finite Differences we 
have 

A [vx (^c)} = A-y % (a; + A) + ^A^ (a?) 
where v and x (^) ^^7 hi^ctions of x. Thus 

Ay % (a + A) — A {vx (x)} - vAx (^). 

Now of the last formulae the following are examples : 

Au (f) (x-— nil) = A [u(p (x — nh — A)} -- uA(p {x — nk — A), 

An A(f) (x — nh) = A {^^A^(£c — nli — A)} — nA^(}>(x — nh ~ A), 

A2^ A®<^ (x — nA) = A {uA^<p (x — nh -- A)} — uA^(f> (x — nh — A). 


In this way we see that each term on the right-hand side of 
(2) can be separated into two ; and then by putting together like 
terms we obtain 

<f> (x) A^'^hb = {ucj} (x — nh — h)} — (n + 1) A^I-uA^^ (x — nh — A)} 

+ A»-‘ (x-nh- h)} . 

This is the same as (1) with n changed into + 1 ; and 
hence the theorem is universally true. 

The theorem may also be expressed with some change of 
notation. We know that in Finite Differences a symbol E is 
used in the sense defined by ^ (a? -h A) — Ecfi (x). Using this 
sjnnbol we may on the right-hand side of (1) put (x) instead 
of <f>(x — nh). Or suppose we put '\Jr (x) instead of <f>{x — nh — A) 
on the right-hand side of (1), then instead of <f> (a?) on the left- 
hand side of (1) we must put {x). 

The formula in the Differential Calculus which corresponds to 
(1) is well known : see my Differential Calculus, Art. 83. 

772. Page 32 of the memoir contains a number of formulae 
which involve serious errors. We have, for example, by the 
theorem just noticed : 

^ {x)A\ — A® [u^ [x — 2A)} — 2A[iiA(t> (x — 2A)} + uA^<p {x — 2A). 

Piola then practically takes 

A {uA<f> (x — 2A)} = A^ [ucf) (x — 2A)}, 
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so as to incorporate the first and second of the three terms which 
represent (j> (jxi) A u i hut this cannot he done. However, in what 
follows Piola does not use those formulae of page 32 which 
involve the errors : see his page 103. 


773. The third section is entitled; Principio genevcble pev pas^ 
sOjTQ dlls 6SpT6Ssio7ii di uso .* SU6 pTiTyiB oppliccLzioui I it occupies pages 
50—64. The general principle consists of the following theorem: 
Suppose ir, 2/3 21 to he each a function of the three variables a, 6 , c ; 
then hy inversion we may express a, h, c each as a function of 
the three variables y, z. Let Z, M, N he each a function of 
a,h, c\ and suppose determined by the equations 




.( 1 ), 


where H is what we now call the determinant 

dx dx dx 
da' dh' dc 
dy ^ dy 

dd' tb' Tc 

dz dz dz 
da' dh' dc 

Then will 


( 2 ). 


.(3), 


^ dM ^ 

da dh dc \dx dy dz J 
where on the right side we suppose expressed as 

functions of x, y, z by substituting for a, 6, c their values in terms 
of y, and z. 

We give the demonstration as a specimen of the author’s 
method. 

From (1) by solution we obtain 

m=^e,+^e,+^'kA 

i^=7z; + 7'ir, + 7"zj 


( 4 ). 
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whence 

_ dy dz dz dy , ^ dz dx dx dz „ __ dx dy dy dx" 

^ dh dc db dc ' ^ db dc db dc^ ^ db dc db do 

dydz^dzdy / k \ 

^'^d^da^^^'^^dcda dc da' ^ do da dcda\"^ 


^dy dz dz dy , _dz dx dx dz 
“ da d6 ” ^ 56 ’ da db dadV 


„ dx dy dy dx 
da db da db 


dx dx 

Multiply the value of a by ^ , that of )S by ^ , and that of 

,y 'by ^ j in this way we obtain the first of the following equations, 
etc 

and all the rest follow in a similar way: 

da; a dx dx „ ,dx ^ dx , dx 

“a+^®+''s"®^“3s+'^aF+'' sj-"- 


dz adz , dz 
^ da^^ dh^'^ dc 




From (5) we can deduce the following : 

da ^ dh^ dc~ 

da^ dda ^ dc 
d^,d^,^_a 
da dh dc 


Now we have 

dK^ _ dK^ dx ^ dK^ dy dK^ dz 
da dx da dy da"^ dz da ’ 
dJTj _ dK^ ^ dK^ dy dK^ dz 
db ^ dx db^ dy db ^ dz db' 
dK ^ — ^ ^ dz 

do dx do dy dc^ dz dc ' 
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where, as the equations imply, is supposed to he expressed as a 
function of a, c on the left-hand side, and as a function of 
£c, y, z on the right-hand side. 

Multiply these equations by a, /3, 7 respectively, and add; 
then by virtue of three of equations (6) we obtain the first of the 
following three, and the others come similarly : 


dK ^dK, 


dh 




do 

do 


dx 


.( 8 ). 


„ dK^ dK^ „ dK^ _ „ dKj 
da dh do dz , 

By combming tbe first (7) and (8) we obtain 
daK, d^K, , dyZ;, ^dK, 
da dh dc dx ‘ 

In like manner, by combining the other equations of (7) and 
(8), we obtain 

do!K, d0K, , d^'K, ^dK, . 

da ^ dh do ~ dy’ 


and 


^3 , _ d^ 

da dh do , dz ' 


Add and re-arrange the terms on the left-hand side ; thus 

dK, . dK,. . 


{aK, -F a'K, + c^'K^) + ^ {fiK, + ^K, + ^’K,) 




■}’ 


that is, by (4), 


dL m ^(dK, . dK^ , dK,\ 

da^ dh dc'^'^\dx^ dy’^ dz) 


774. In this section the author arrives at the body stress- 
equations of elasticity, supposing however that there are six 
shears instead of three ; that is, at present, he has not obtained the 
equations, equivalent to Cauchy’s theorem, by which the six shears 
are reduced to three : see Art. 610 (ii). 

775. Piola makes an allusion on his page 62 to results which 



PIOLA. 


429 


to the body stress-equations for equiiibrium or motion ; the stresses 
are represented by some complicated expressions which involve 
triple summation. 

On page 110 these expressions involving summation are con- 
verted by a rude approximation into triple integrals, the limits of 
the integrations being ± oo . However no inferences of importance 
are drawn from the new form there given to the expressions. 


778. Some formulae at the end of the section which relate to 
the motion of fluids may be noticed. Let y, z be the coordinates 
at the time ^ of a particle of fluid in motion. Each of the three 
X, y, z may be considered as a function of the time t and of the 
original coordinates a, 6, c of the particle considered. Now we 
know that a certain equation, involving the density p, exists called 
the equation of continuity, namely 


dp dpu dpv dpw _^ 
dt dx dy dz ~ 


(9). 


779. Piola then shews, by a process similar to that which he 
employs in demonstrating the equation (9), that he can obtain the 
following : 


dx ' 
d f dx'\ 


(pPi + ^(pT) + t(pt)=o 
\ da) dy \ da) dz \ da) 


d ( dx\ , d f dy\ d f dz\ 


d f dz\ 


dx V 


dx\ . ^ ( d^\ 
Ic) 


dc) dy[f^ i 


+ 


+ 


d f _dz 
dz 


( 4 )-» 


.( 10 ). 


The meaning of the differential coefficients of x, y, and z must 
be carefully observed. We consider for instance as a function of 

dx 

a, b, c,t; from this we get ^ a function of the same variables, 
and then we transform this into a function of x, y, z, t, and we put 

Similar meanings 


dx 


for ^ in (10) the expression so transformed. 

must be attached to the other differential coefficients. We \vill 
shew briefly how Piola obtains the equations (10), taking the flrst 
of them only, as the others can be obtained in a similar way. 
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Let S have the same meaning as in Art. 773, and also a, / 8 , 7 . 
Then we obtain by differentiation 
dH _ dPno n 
da ~ ^da^"^ ^ dadb^ dado 

, .,>^y , I nn 

da? ^ dadb ^ dado f ^ 


„^z „„ d?z „ d?z 

da?^^ dadh^^ dado_ 

d(c 

Now let e stand for - 7 - wten transformed into a fiinction of 
da 

X, y, ^3 1; similarly let 6 stand for ^ and t for ^ . Then 
(Px ^dedx ^ 

da^ dx da ^ dyda^ dz da " 

Px _dedx de dy ^ de dz 
dadb ~ dxdb dy db ^ dz db' 

and so on. By the aid of nine equations which we can thus form 
we have from ( 11 ), 

dJS __de / dx , ^dx ^ dx\ ^ de f ^ ^ ^ , ^dy\ 

da ~ dx\ da 


de f dx ^ dx dx\ de f dy ^ r^dy ^ dy\ 

de ( dz ^ ^dz ^ dz\ 
dz\ da^ ^ db'^^ dc/ 

dd f , dx dx , dx\ d6 f , dy ^,dy , dy\ 




,dT(„dz^,dz „dz\ 

+ 5^1“ ^ + ^ dj + T' 


By aid of equations ( 6 ) of Art. 773 this reduces to 
dH rr fde . d9 . cZt\ 


da xdx'^ dy’^ dz)' 

Now it is known from works on Hydrodynamics that pH is a 
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^ ^ ^IdH Idp 

constant, so that - 3 — = — 3 - : 

Ja CbCb p a<Z 

Mechanih, page 162. Thus 


see Kirchhoflf’s 



But we have also 


Vorlesungen.,. 


therefore 


ip.==ip^^iEo^iPr- 

da dx ^ dy dz ’ 

dpe dpS dpr 
dx dy dz ^ 


which was to be proved. 

However, Piola says that equation (9) is really an unimportant 
identity, and he does not suppose that ( 10 ) will be of any more 
value, though he had been much gratified when he first discovered 
them. 


780. The sixth section is entitled: Equazioni ai limiti; it 
occupies pages 124 — 135. The object of this section is to investi- 
gate the equations which must hold at the surface of a body. 
At the end of the section Piola says he might introduce 
the theory given in Cauchy’s Exerdces relative to the pressure 
in the interior of bodies ; but this he omits partly because it is 
not of importance in his method, and partly because it would 
occupy too much space. I do not know what is the precise theory 
of Cauchy’s to which Piola alludes. 


781. The seventh section is entitled: Teorioa dei jluidi: it 
occupies pages 136 — l7l. This does not strictly concern us, but 
as it is of a very peculiar kind I will notice a few points. 

782. Piola indicates at the outset that with respect to the 
motion of fluids he holds views which differ from those of other 
mathematicians. He says : 

Oomincio dalla applicazione al moto de’ fluidi e per questa memoria 
mi limito ad essa, assicurando perb d' avere gi^ in pronto altre formole 
spettanti al moto di ali^i corpi e principalmente quelle relative ai moti 
oscillatorj e vibratorj che diversificano dalle trovate dai modemi Geo- 
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metrL La sola teorica del moto de’ fluidi involge tante novita, che io 
non amo moltiplicare le applicazioni prima di sentire il voto de’ Geometri 
su di questa. Yedremo che la teorica finora ammessa pel moto de’ fluidi 
e ben lontana dalF essere perfetta. 

783. Piola is not satisfied with the definitions hitherto given of 
a fluid ; he criticises those of Lagrange, Laplace, and Poisson, and 
offers his own thus on page 138 : 

Io chiamerb Jluido quel coT'po le cui molecole vicine si tmgono m ogni 
movimento a tali reciproche distanze die non differiscono fra loro se non 
per quantitd di second^ ordine. 

784. Piola gives a very singular process on his pages 137 — 143 
for arriving at equations which shall be distinctively characteristic 
of a fluid. I do not understand it. He seems for instance to 
assert that such an equation as 

represents an ellipsoid which is not referred to its centre as origin ; 
and that, if the centre is the origin, we must have 

^,= 0 , ^, = 0 , 

this is quite wrong. He obtains as a result that in fluid motion 
the following equations must hold : 

dxdx dydy dzdz^ 
dadh^ dadh"^ dadh'^ ' 

dxdx dydy ^dz 
dh do ^ dhdc^ dh do ' 

dx dx ^ dydy ^ dzdz 
do da do da’^ do da~~ * 

where the differential coefficients have the meaning assigned in 
Art. 779. But these equations are quite arbitrary and inadmissible. 

785. Piola refers to a point we have noticed in Art. 765 of the 
account of his former memoir. He quotes some equations due to 
Monge, which are demonstrated by Lacroix in his TraiU du Galcul, 
Vol. I., p. 533 ; these Piola says furnish a simpler solution of the 
problem than that which he had himself given in his former memoir. 
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786. By a process based on the unsound foundation of -Art. 
784 Piola arrives at three equations connecting the differential 
coeflScients of the u, and w which occur in investigations re- 
specting fluid motion ; these equations however are quite unknown 
to writers on Hydrodynamics and cannot be accepted as true: 
see his pages 161 and 166. 


787. Piola objects to the hypothesis often used with respect to 
fluid motion, that udx v dy wdz h 2 b perfect differential ; and he 

suggests instead ^ "b ^ should be considered 


a perfect differential, where the differential coeflScients are total : 
see his page 163. 


[788.] F. E. Neumann. Two articles by this writer bearing 
on our subject will be found in Poggendorff's Annalen. They are 
entitled : 

(I) Die thermischen, optischen mid hrystallographischen Axen 
des KrystallsysteTm des Qypses. Bd. xxvii., 1833, pp. 240 — 278. 

(II) Ueher das Elasticitdtsmaass krystallinischer Suhstanzen 
der homoedrischen Abtheilung. Bd. XXXL, 1834, pp. 177 — 192. 


[789.] The object of (I) is to prove by a comparison of various 
measurements on gypsum that the elastic, thermal, optic and crys- 
tallographic axes of all crystalline forms symmetrical with regard 
to three planes at right angles coincide. The reasoning used is 
rather of a general physical than of a mathematical kind, and is 
not in itself quite conclusive, 

[790.] Neumann begins by remarking that the ‘elastic axes’ 
of Fresnel are based upon an examination of the varying velocity 
of light in different directions in a crystalline structure. They are 
what we term ‘optic axes,’ and have not been deduced by Fresnel 
from what Neumann terms the ‘axes of cohesion’ or what we 
term ‘elastic axes.’ Neumann, referring to a paper of his own 
on double refraction (in the Annalen, Bd. xxv.), points out that 
the assumption of the symmetrical division of the medium at 
any point by three rectangular planes is the most reasonable for 
all crystalline media having three rectangular optical axes. This 
T. E. 28 
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division leads to the existence of three "axes of cohesion’ (elastic 
axes) which must coincide with the optic axes. 

Further, whatever be the mechanical construction of a homo- 
geneous medium, if its surface be submitted to a uniform 
tractive load, a sphere will be distorted into an ellipsoid. The 
axes of this ellipsoid, Neumann terms the Hauptdruckaxen — 
directions of principal tractions, — and he argues that since they 
depend on the elastic structure of the body it is the simplest and 
most reasonable hypothesis that they coincide with the elastic 
axes. He quotes experimental result in favour of this : 

Wenn man annimmt, und es ist die einfachste Annahme, die sich 
darbietet, and eine dnrch die bekannten Lichtphanomene des compri- 
mirten Glases, nnd durch die Untersuchungen von Savart tiber die 
Schwingungen krystallinischer Scheiben sehr unterstiitzte Annahme, dass 
das System von Elastioitatskraften, welches in den Schallschwingungen 
wirksam ist, ans einem, dem Medium inharirenden Cohasionssystem 
hervorgeht, welches dasselbe Gesetz der Verschiedenheit nach den 
verschiedenen Eichtungen befolgt, als dasjenige, aus welchem das System 
von Elastioitatskraften hervorgeht, welches in den Lichtschwingungen 
die Bewegungen fortpflanzt, so ergiebt sich strenge, dass in alien den 
krystallinischen Medien, welche drei au£ einander rechtwinklige optische 
Axen haben die Hauptdruckaxen zusammenfallen mit diesen optischen 
Axen (pp. 243 — 244). 

[791.] The next step taken by Neumann is ingenious if not 
very rigid. He notes the physical fact that the effect of heat on a 
body in the case of increased temperature is exactly like the effect 
of a uniform tractive load. Owing to change of temperature the rela- 
tive position of the elements of a body are altered in the same way 
as they would be by such a load. Points which were originally on a 
sphere after change of temperature are to be found on an ellipsoid ; 
the axes of this ellipsoid are the thermal axes, and the above 
mechanical conception of the effect of change of temperature as 
the same as a uniform tractive load leads obviously to the identity 
of the thermal axes with the directions of principal traction or 
with the optic axes also (p. 245), 

[792,] Then follows the identification (for the case of sym- 
metry about three rectanglar planes) of the crystalline axes with 
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the other sets of axes. Neumann’s proof is of this kind. All other 
lines except the thermo-elastic axes have a relative position with 
regard to these lines which depends on the particular conditions of 
pressure (e. g. atmospheric) and of temperature and is changeable 
with these. Hence, if crystallography defines the axes of a crystal 
as having unchangeable position they must coincide with the 
thermo-elastic axes. This argument leads to the h 3 ^othesis that 
such three rectangular axes (crystalline axes) exist even in those 
forms of crystals where they are not directly determinable by the 
symmetry (p. 246). Neumann sums up his results as follows : 

Es giebt also in alien krystallinischen Eormen ein rechtwinkliges 
krystallographisches Axensystem, und diess ist dasselbe, als das ther- 
inische und das der Hauptdruokaxen, von denen vorher die Identitat 
mit dem optischen Axensysteme und dem Axensysteme der Cohasions- 
kr^te unter einer sehr einfachen und wahrscheinlichen Voraussetzung 
nachgewiesen ist (p. 247). 

[793.] The rest of the paper is occupied with an investigation 
as to whether these results are true for gypsum. Neumann makes 
use of Mitscherlich’s experiments on the position of the thermal 
axes, of Biot’s experiments on the position of the optic axes, and of 
a revision of some of Phillip’s on the crystalline axes, to show that 
these results are true for gypsum within the limits of observational 
error. 

[794.] The second paper begins by a statement that for crystal- 
line bodies symmetrical about three rectangular planes or those of 
the homoedric type there are six elastic constants (Poisson’s theory), 
but that hitherto these do not appear to have been determined for 
any crystal. The importance of such determination, Neumann holds, 
would lie to a great extent in the possible discovery of relations 
between these six constants, and thus their reduction to a lesser 
number. He proposes in this paper to give the chief elastic 
phenomena presented by such crystals in order that those desiring 
to experiment may have a means of determining these constants. 

[795.] Neumann supposes a, 6, c to represent lengths taken 
parallel to the crystalline or elastic axes, and the body to receive a 

28-^2 
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uniform tractive load which produces stretches in the direction of 
these axes represented by N, P. 

Considering more closely a right six-face whose edges are 
parallel to the axes and equal to a, 6, c, he supposes it first to 
receive a traction T parallel to a. This produces stretches which 
he denotes by P^. 

Similarly tractions T parallel to h and c give the systems 

P., 

and P,. 

We have then M = -f -f- M^, 
and similar relations for N and P. 

Among the nine stretches we have the following relations : 

If the traction T be of unit magnitude, it will be seen that 
the system 



M, 


K 

Pf. 


p. 

P. 



represents the inverses of a system of stretch-moduli for direct and 
transverse stretch. It corresponds exactly in Saint- Venant’s 
notation to : 


1 

1 

1 

P. 

F. 

F, 

1 

1 

1 

F. 

F. 

P 

1 

1 

1 

F, 

F. 

E, 


where Fa — ^hhbc^ similar relations hold for and 

being the ratio of the stretch in direction c to the stretch in 
direction h produced by a traction in the direction J. (See Saint- 
Venant, Navier’s Legons, p. 809, or his Glebsch, p. 80.) 
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[796.] If A, A^, A^^, B, G, D, be the six elastic constants, Neu- 
mann then shews (p. 183) that : 


M, = - 

-Z^. = - 
P. = - 


bg-a; 

T 

-DB-A^ 

T ’ 

T ■ 


M, = N=- 


AA-BA. 


M=P=- 




T 

A^A„-CA 

T 

AA,-DA, 

T 


where T = BGD -h ^AA^A,, - BA^^ - GA^ - DA^, 
results agreeing with those obtained later by Saint-Venant. 


[797.] From these results, by putting 

A^A=A,=\B=^IG=^B = L, 

Neumann shews that the result proved by Poisson for a wire holds 
for every right prismatic body ; see Art. 469. 


[798.] On p. 184 we have again the statement that for a uni- 
form tractive load the directions of principal traction coincide with 
the elastic axes. If fj,, v, a> are the stretches of the axes of 
principal traction (here apparently assumed to be those of prin- 
cipal stretch), the stretch Ap/p in direction (a, /8, y) is given by 

— = /ia* H- -f ay®. 

P 

There are always two planes in which the stretch is the same 
in all directions : namely those of the circular sections of the 
ellipsoid 

1 = /nP -(- vy^ + WA®. 

The position of an element of the body being determined by 
reference to rectangular coordinates x, y, z, and the body being 
subjected to any load not producing flexure (Biegung), the stretch 
is given by 

^ = Ma.^ + W + Pi‘+pa^ + n%^Am^rf, (i), 

P 

■where My ISf, P are the stretches in the direction of a?, y, z and 
p = cos {xy)y n = cos (xz), m = cos (yz) 
are really the slides. Here again there exist three principal 
tractions determined by a cubic equation (p. 186). 
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[799.] Neumann now supposes a right prism cut from a crystal 
such that the axis of the prism r makes angles with a, b, o whose 
cosines are G^, C^, 0^. This prism is subjected to a tractive 
load D on the bases. Then we find : 


c : + 14 o:\, (ii), 

and two similar relations for N and P; also, 

(iii), 


— 

A, 


A ’ A,, ’ - 

•where M, F, P are the stretches in directions of the elastic axes and 
m,n,p the angles between those axes in their distorted positions. 

Let he the ratio of the tractive load D to the stretch in 
direction of the prismatic axis (G^, G^, G^ or the stretch-modulus. 


‘•K~ P JO- 

Applying (i), (ii) and (iii), we obtain (p. 189), 

1 = Jlf „ + P. C: + 2 (n^ + ^ ) CJ G/ 

+ 2 (if. + G/ G; + 2 (p.+ i) G.“ G/. 

It will be seen that this stretch-modulus quartic is a particular 
form of that considered by Cauchy (see our Art. 658) and later by 
Rankine and Saint-Venant. 


[800.] In order to know the value of for every direction it 
will be sufficient to determine it for six directions. Neumann 
suggests this should be done by experimenting on the flexure of 
thin rods. Neumann then gives (p. 190) a formula for the de- 
flection of such a prism, deduced from that usual for a beam of 
which the longitudinal stretch-modulus is but when the 
crystalline axes are in any direction with regard to the axis of the 
rod, it does not seem to me obvious that this formula can be 
applied. For example, let one axis of the rod coincide with a 
crystalline axis, let the rod be of rectangular section as Neumann 
supposes, and the other elastic axes not parallel to its sides : I 
do not think the ordinary formula would hold, for the rod would 
owing to unsymmmetrical slide undergo torsional strain and so not 
necessarily receive iiniplanar flexure. 
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. [801.] Neumann suggests as six good directions tbe axes of 
the crystal and those which bisect the angles between each pair of 
them. If represent the corresponding 

moduli, we find (p. 191) : 

IjE^ = 14 1 / 4 ,, = 4 + 4 + 24 + IjA^, 

1/4 = 4, i/4c) = K + 4 + 2P„ + 1/^, 

1/4 = 4 i / 4 m = 4 + 4 + 24 + i/A, 

By cutting the sides of the rectangular prism in the first three 
cases parallel to the other two axes of the crystal, and in the 
last case the faces parallel to the load perpendicular to the third 
axis, it might be possible to calculate these moduli from experiment 
on flexure ; but I do not think without these restrictions, which 
Neumann does not make, that his flexure experiments would lead 
to any accurate result; it is not enough merely to apply the 
ordinary formula for deflexion. 

A second method for finding the constants of the equation for 
4 is by measuring the change in angles between the sides and 
again between the sides and base of a rectangular prism when it 
is subject to load in the direction of its axis. Such experiments 
however only give the difference of the constants in the equation 
for 4 j observation by the flexure method would still 

have to be made (pp. 191 — 192). 

The memoir, notwithstanding some obscurities, is suggestive, 
and contains I believe for the first time the quartic for the stretch- 
modulus in any direction : see however Art. 658. 

[802.] 1833. Cagniard-Latour. Journal de chimie medicale, 

Paris, 1833, T. ix., p. 309. See also Foggendorff's Annalen, T. 
xxviir., 1833, p. 239. We have here the results of certain experi- 
ments due to this well-known physicist. They have some bearing 
on the elastic properties of bodies. 

1®. The note produced by the longitudinal vibrations of a 
metal wire is not altered by hard hammering {icrouissement), 

2®. A tempered {trempd) steel-wire gives in vibrating lon- 
gitudinally a deeper note than an untempered wire. The same, 
only in a lesser degree, holds for iron. 
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3®. A hard-hammered (icroui) iron tuning-fork gives in 
vibrating transversally a deeper note than one -which has not been 
thus treated. 

These statements are not in accordance with the results of 
Lagerhjelm^s experiments cited in Art. 366, nor with those of 
Wertheim to be considered in Chapter viii. 


[803.] 1833. Franz Joseph, Ritter von Gerstner. Handbuch 

der Meohanih Erster Band, Mechanik fester Korper, Frag, 1833 
— 34. I have only examined the second edition of this work, 
which is however a mere reproduction of the first (1831). The 
third chapter, entitled : Festigkeit der Korper, treats of our subject. 
It occupies pp. 241 — 384. The book is edited by the son, Franz 
Anton. 

The following parts seem original: 


[804.] A set of experiments on piano-forte wires, which were 
procured of peculiarly uniform iron; individual cases which pre- 
sented any irregularity in the tone w^ere rejected (p. 259). 

A relation between longitudinal stretch and load of the form 
L = As-h Bs^ + Cs^ + Ds^ - 1 - . . . 


was empirically assumed. Here L is the load and s the total 
stretch, whether elastic or set. Gerstner's experiments led him to 
the conclusion that G, D, etc. are all zero and B is negative. Let 
L' be the maximum load corresponding to a maximum extension s', 
then 


dL . . 

^ = 0 gives 

"Whence we deduce 


A + 2Bs=0, L' = As'+Bs'\ 


L 

L 


S \ S, 


•(0 


for the relation between load and stretch. 

It must however be remarked that the maximum load does 
not necessarily correspond to the maximum stretch. If stricture 
appears the load begins to decrease after a certain stretch; — at 
least, if the load be calculated on the basis of the original sectional 
area, which it certainly must be in practice till we are better 
acquainted with the phenomenon of stricture. 
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[805.] Gerstner 
proportional to the 
elasticity ’ (p. 265). 


remarks that when sjs' is small the load is 
stretch. This condition he terms * perfect 
For any load the stretch is given by 



[806.] We now come to the statement of those facts with 
regard to set to which continental writers have given the name 
of Gerstner'* s Law^» Gerstner finds, namely, that the elastic strain 
even after the beginning of set remains proportional to the load. 

Let $^' be the total stretch due to the load L'\ Then, bailhe 
formula just found and the fact just stated, we have: 

Total stretch s' = /|l - y^l - , 
s' U' 

Elastic stretch = , 



ire 

ihe 


Further, Gerstner finds that no set takes place 
is reloaded, till the load becomes greater than L 
stretch obeys the law of proportionality. 

From the formula (iii), by putting L" = L\ the author wiaclodes 
that the set at time of greatest extension = sj^ or half the greatest 
stretch. This however depends upon Gerstner's assumption that 


^ This ‘ law ’ has sometimes been attributed to Leslie, and a vague reference 
given to his Elements of Natural Philosophy, Edinburgh, 1823 (e. g. Saint-Yenant 
Historique Ahrigi, p. cclxxxix.). I can find nothing in the poor section of 
that work (Vol. i. pp. 243 — 275, 2nd ed.) devoted to our subject which would 
justify this. He merely states (p. 245) that after a certain load, stretch increases 
more rapidly than traction. Saint- Venant also remarks that it might with justice 
be* ascribed to Coulomb, who in his memoir on torsion (see Art. 119) made some 
experiments on set, and found that the elastic strain remained nearly the same 
after set had begun. Gerstner’s results however bring out two points ; the per- 
manency of the elasticity and the law of the set. This is the law confirmed 
ten years after by Hodgkinson; see Ajt. 969. The Coulomb-Gerstner Law is 
a law of elasticity; the Gerstner-Hodgkinson law, one of cohesion. We may term 
the first after Coulomb and the second after Gerstner. An English account 
of Coulomb’s experiments and his views on elasticity and cohesion will be found in 
Brewster’s edition of Ferguson's Lectures on Select Subjects, 3rd ed. 1823, Yol. n. 
pp. 238—244. See also Note A in the Appendix to this Tolume. 
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the maxima of stretch and load coincide, which is possibly not true 
when stricture intervenes before rupture (pp. 272 — 276). 

Gerstner remarks on the importance of loading all material 
used in suspension bridges to as great a load as it is intended to 
stand before using it in the construction, but on the other hand 
practical reasons might suggest a factor of safety in the possibility 
of set. It must also be noted that Gerstner s results are entirely 
based on experiments made on a highly-worked material. 

[807.] On pp. 327 — 364 we have an account of a set of experi- 
ments by Gerstner himself on the flexure of wooden beams. This 
is an attempt to establish a formula for the set which accompanies 
considerable flexure. He takes an empirical formula of the form 

L—u{A — Bu) (iv), 

where L is the load which placed in the middle of the beam 
produces a depression ii, A and B are constants. He inverts this 
into 



He finds the formula (v) exhibits greater differences between 
experimental and calculated results than was the case with (iii). 
These differences would, he implies, be increased if after-strain 
were taken into account, i.e. if the loads were allowed to remain 
several days or weeks (p. 332). 

[808.] A remark on p. 334 may be quoted as it contains a 
truth not always recognised : 

Da tiberhaupt das Holz, Eiseii und alle gebogenen Korper nur 
durch ihre zusammenhangende Kraft dem Bruche widerstehen, so folgt 
von selbst, dass diejenige Biegung, welcbe ein Korper durch friiher 
aufgelegte Gewichte bereits angenommen hat, auch nicht als eine 
Wirkung der neu aufgelegten Last betrachtet werden kann^ es muss 
daher in jedem Falle das Tragungsvermbgen nur von derjenigeii Kraft, 
welche widersteht, d. h. von dem wirklioh vorhandenen odor sich 
aussernden Elastizitatsvermbgen bestimmt werden, woraus folgt, dass 
uberhaupt ein Stab, der keine Elasticitat hatte, nach einander nachgeben 
und gar keine Last zu tragen fahig seyn wiirde. Man sieht hieraus, 
dass die Meinung deijenigen sehr gegrtindet ist, welche behaupten, dass 
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die Festigkeit der Elorper nur von der elastischen Kraft derselben 
bestimmt werde, und dass man iiberbaupt einem Kbrper keine Last 
anvertrauen konne, die seinen elastischen Widerstand iibersteigt. 

The last passage is somewhat obscure, but it would seem to de- 
note that the load must be such that it falls within the limits which 
we call the state of ease. It must be noted that any load outside 
these limits would not necessarily produce rupture, but possibly 
only a certain amount of set and extension of the state of ease ; 
the load itself would thus always remain practically the limit to 
the state of ease — which of course would hardly be a desirable state 
of things in a structure. An opinion expressed by Gerstner on the 
next page, that a load which exceeds 'what the elasticity of a beam 
can bear' will if it be applied long enough produce rupture, 
seems to be connected with the above. It is not however quite 
clear what the expression 'elasticity’ here means ; if it means the 
range in which permanent set does not appear, it does not seem to 
me necessarily true. 

[809.] Other experiments on cast and wrought iron follow for 
which the constants of the formula (v) are calculated. They offer 
nothing of note. 

[810.] Certain experiments on the torsion of wooden cylinders 
will be found on pp. 377 — 381. Before remarking upon them 
we may note that Gerstner as all writers before Cauchy (see 
Art. 661) supposes square prisms to follow the same law of torsion 
as circular prisms (p. 377). 

By adopting a formula like (iii) and (v) the calculated results 
are found after a certain load to be in far closer accordance with 
experiment than when the ordinary formula is used. That is to say 
by a proper choice of the two constants set was to a great extent 
allowed for. The divergence however of calculation from ex- 
periment shewed even then a steady, if small, increase. Gerstner 
makes the same remark for torsional load as he has done for 
flexional : see Art. 808. 

[811.] 1834. N. Persy. Oours de stabilite des constructions d 
V'usage des dleves de VEcole d'application de Vartillerie et du genie. 
Metz, 1834. This is a Cours litliographie, and apparently reached 
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at least four editions\ With one exception it seems to contain 
nothing of original value, reproducing the old Bernoulli-Eulerian 
theory with Lagrange’s results, Coulomb’s theory of dcrasement, 
etc. The one exception is a remark on p. 24, namely, that it is a 
fundamental condition for the uniplanar flexure of a beam that 
the neutral surface contain not only the centroid of the section but 
one of the principal axes at that point. 

La coexistence des equations 



selon la theorie des moments d’inertia signifie que la ligne ax est I’un 
des deux axes principaux d’inertia r^pondant au centre de gravite de la 
section. 

ax is the neutral axis and dco an element of sectional area. 
There is no attempt to investigate what would happen if the 
second condition were not fulfilled or the flexure ceased to be 
uniplanar. 

[812.] Two volumes of another Oours Uthogra'phii entitled : 
Principes de Me'canique, and containing lectures delivered at the 
Ecole des Mineurs de St Etienne (Loire), have reached me from a 
Berlin bookseller. There is no statement of the lecturer’s name or 
date, but he may possibly have been M. S. Pitiot, whose name 
occurs at the bottom of the first page (or is this the lithographer ?). 
The date 1831 is placed beneath the name of one of the designers 
who prepared the plates at the end of the second volume. 

The second volume contains a R4sum4 des legons sur les 
constructions, in which there is a good deal of experimental fact 
(partly drawn from Barlow) and a few pages of theory (e.g. pp. 31 — 
36). It needs the perusal of such a Cours as this, or that of Art. 811, 
for anyone to comprehend the advance made by Saint- Yenant in 
his lectures of 1837 — 38, faulty as he himself admits the latter to 
be : see our Chapter ix. 

[813.] As we are treating of lithographed courses of lectures, 
we may here dismiss a third example which is in our possession, 

^ I owe to the kindness of M. de Saint-Venant the opportunity of examining 
this work. 
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although it belongs to a somewhat later date. The lectures were 
delivered at the Ecole des Fonts et Chaussdes in 1842 — 1843, and 
the work is entitled: Eotes sur la micaniqiie appliquee aux 
principes de la stahilitd des constructions et d la iheorie dynamique 
des machines. No name appears in the work, but Duhamel is 
written, I do not know on what authority, on the fly-leaf. 

The work commences with certain material which will be 
found in ordinary dynamical or statical text-books of the old type. 
Chapter 3 (pp. 26 — 59) is entitled: De la resistance des materiaux 
employes dans les constructions. In treating of the stretch 
produced by pure traction, the author considers the case of a 
vertical bar supporting a weight which has a certain velocity. In 
this manner it is shewn that the kinetic as distinguished from the 
statical stretch of the bar may exceed the elastic limit: see 
the results of Poncelet and of Sonnet, Arts. 988 and 938, (5). 

Les considerations qui precedent font com prendre qu’une charge 
insuflBsante pour depasser la limite d’elasticite d’une piece peut produire 
cet effet si une cause accidentelle lui imprime une vitesse, et expliquent 
ce qu’on appelle improprement Vinfiuence ou V action du temps, Aussi 
une tige qui ne perd son elasticite que sous une charge de 12 a 15 kil. 
par millim. carre n’est-elle consideree que comme pouvant porter une 
charge permanente de 6 ^ 8 kil. par millim. carre (p. 29), 

The remark is not without value, although it cannot be said to 
explain the phenomenon of time-eflFect, i.e. after-strain. 

[814.] The consideration of flexure and torsion is entirely on 
the old lines and by no means up to date ; thus, slide (see our Chap- 
ter IX.) is entirely neglected as well as Persy's remark as to the 
position of the principal axes in uniplanar flexure : see Art. 811. 

[815.] There is an Appendix entitled: Resume de quelques 
legons sur la flexion et la resistance des pieces courles. It occupies 
43 pages. 

The first part of this Appendix is entitled: Introduction, 
Etude de la repartition d^ une force sur la section droitedHun prisme 
(pp, 1 — 15). It may be said to contain the whole theory of cores 
as applied to the beam-problem, and possibly for the first time. 
The core {noyau central or Kern) of a section is here termed 
partie centrale de la section. 
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A right prism being subjected to a terminal tractive load 
the traction at the point x, y of the section co is given by 



- ax 
1 + — 2 
K 



Here the principal axes at the centre of gravity of a section 
are taken as axis of coordinates, k and tc are the radii of 
gyration about the axes of x and y respectively, while a, b are 
the coordinates of the point in which the direction of P cuts the 
section (p. 2). This result is thrown into various geometrical 
forms and the chief properties of the neutral axis for any values of 
a, I investigated. Finally the cores of various sections (rectangle, 
circular and elliptic annuli, etc.) are determined (pp. 7 — 9). We 
then have the usual application of the theory of cores to the 
problem of cohesion and a series of examples (pp. 9 — 15). 

[816.] The next two chapters are devoted to the flexure of 
curved beams of uniform section, and the treatment is such as will 
be found in Navier’s Legons (see Art. 279). Chapters 3 and 4 con- 
tain a discussion of the uniplanar flexure of curved pieces, which 
are originally circular. Various problems differing slightly from 
those solved by Navier (see Art. 278) and Saint-Venant (see 
Chapter ix.) are considered, but there is no attempt, as in the 
latter writer’s work, to include the effect of slide (pp. 27 — 43). 


[817.] 1834. E. Martin. Einploi dn fer dans les pouts sus- 

pendus, Annales desponts et chauss^es. 1834, 2® semestre, pp. 157 
— 168, with observations by Yicat, pp. 169 — 172. 

We are not concerned here with the point in controversy 
between Martin and Yicat, but we may refer to some experimental 
results of Barbe and Bornet on iron such as is employed in the 
cables of ships. These experiments shew clearly, although on a 
limited scale that : 

1°. in bars of iron subjected to traction, the load after a 
certain value ceases to be proportional to the strain, but that in 
this case the strain is nearly all set : see Note A, (2) (ii) in the 
appendix to this volume. 

2®. the existence of a time-influence as exhibited in after- 
strain. 
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There does not appear however to have been any con- 
sideration of whether the after-strain was after-set or not. The 
experiments were made in 1829. See Tables III. and IV., pp. 167 
and 168. Saint-Venant refers to these experiments in the 
Historique Ahregd^ p. cclxxxix. 

818. De Schultdn. Deduction des iquations de Vequilihre des 
fils dlastiques au moyen d!une methode nouvelle; par M, de 
Schultdn, Professeur de Math, k rUniv. imp. d’Alexandre en 
Finlande. This is published in the Memoires presentds d V Acade- 
mic de 8t Pdterslourg par divers Savans, Vol. 2, 1835 ; it occupies 
pages 49 — 73. The memoir was read on the 26tb of TsTovember, 
1828. 

It relates to the ordinary statical problem of the equilibrium 
of a flexible cord, and does not bear on our subject. The solution 
of the problem is quite different from that which is now usually 
given in works on statics, and does not seem to possess any special 
advantages. On page 71 the author refers to a criticism which he 
had already offered on Lagrange’s treatment of the problem : see 
our Arts. 536 — 539, 744. 

[819.] 1835. C. D, Arosenius. De soliditate columnarum 

disquisitio. This is a Swedish degree dissertation published in 
two parts, 24 pages in all, at Upsala. 

It presents us with one of those instances, by no means in- 
frequent, wherein a mathematician treating of a purely ideal body 
apparently views with complacency results having absolutely no 
physical valuA . The writer starts from Euler’s paper of 1757 (see 
Art. 65), and, apparently ignorant of Euler’s later memoirs (see 
Arts. 74 — 85) and those of Lagrange (see Arts. 97 — 113), obtains 
approximations to the load and deflexion of an impossible column 
which are by no means so close as theirs. In his last section he 
considers the problem of a 'column’ in the form of a truncated 
cone, and seems to be quite unaware that Lagrange had already 
treated this case : see Art. 112. 

The value of the dissertation may be judged from the fact that 
the moment of the load about any point on the axis of the column 
is taken equal to the curvature at the point multiplied by a 
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constant k, quae e dimensionihus et materia laminae pendens, his 
constantihus, ipsa constans permanet. The author also asserts that : 

Experientia tamen docet ut fibrae illae, quae nec dilatantur nec 

comprimuntur, locum vere medium teneant Considering that these 
fibres have no existence in the cases treated by the author, and 
that the neutral line which corresponds to them is a curve having 
one or more points at infinity, — considering also that Robison had 
fully exposed the futility of Euler’s theory of columns (see Arts, 145 
and 146), we may, I think, dismiss this writer to the obscurity 
from which we have only drawn him in order that he might serve 
as a warning to one or two modern English writers, who still 
blindly follow Euler. 

[820.] J. M. M. Peyre. Notes sur le mouvement vibratoire 
longitudinal de quelques corps solides, Bihliothhque Universelle de 
Oenhe: Sciences et Arts. Tome 60, 18S5, pp. 161 — 196. This 
consists of extracts from memoirs presented to the Socidtd des 
Sciences naturelles de Seine-et-Oise. I am unaware whether the 
original memoirs were ever printed. Peyre seems to have followed 
up Savart’s investigations of 1822 on the nodal surfaces of bodies 
vibrating longitudinally (see Art. 327). The bodies he experi- 
mented upon were cylindrical tubes and prisms, and some figures 
are given of the nodal surfaces. I do not think the mathematical 
theory of such vibrating bodies has ever been worked out ; as a 
general rule bodies of the kind experimented upon could hardly 
be treated as isotropic. One conclusion (p. 196) obtained may be 
cited : 

Les surfaces de rupture des tubes de veiTe qui vibrent ou qui out 
vibr^ paraissent ^tre les m6mes que les surfaces nodales. 

[821.] Die Lehre von der Cohdsion, umfassend die Elasticitdt 
der Oase, die Elasticitdt und Gohdrenz der flllssigen und festen 
Korper und die Krystallkunde. Breslau, 1835. 

This is a very considerable work of upwards of 500 pages by 
M. L. Frankenheim, a Breslau professor. It is written mainly 
from the physical and experimental side. The object of the 
writer, expressed in the preface, is to present a systematic text- 
book on the whole subject of cohesion. First giving fact and 
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experimental statistic and then the law and theory so far as any 
have been suggested. With regard to his own hypotheses Franken- 
heim remarks : 

Kein Physiker kann in Beziehung anf seine Hypothesen skeptischer 
sein als ich, und mit gleichem Yergniigen werde ich sie widerlegt oder 
hestatigt sehen, wenn dadurch die Wissenschaft gewinnt. 

A healthy doctrine not always observed by modern physicists. 

[822.] The first two parts of this book, entitled: Gokdsion der 
Gase and Cohdston der Flussigen, contain much information which 
is of first-class interest to the historian of mathematics (note es- 
pecially the completeness of bibliographical detail), but they do 
not, except in the minor matter of intermolecular force, concern 
our present purpose. 

[823.] The third section of the book — entitled : Cohadon der 
Festeii, and divided into (i) Elasticitdt, (ii) Gestalt oder KrystalU 
kunde, (iii) Gohdrenz — ^is a physical treatment of our subject in the 
light of the then existing knowledge. It deserves some con- 
sideration at our hands. 

[824.] The chapter on elasticity, pp. 238 — 277, contains a fair 
amount of reference, a mass of experimental details (wherein how- 
ever Frankenheim has not always modified the experimenter’s own 
results on quite clear principles), “and finally the mere statement 
of a modicum of the theoretical results of Poisson, Cauchy and 
others. The consideration of the stretch-modulus and ‘specific 
stress’ (spedfische Spannhraft) on p. 243 do not seem to me 
peculiarly fortunate. Thus, probably misled by Sevan’s and 
Cagniard-Latour’s results", Frankenheim remarks that elasticity 
does not seem^ to be a characteristic distinction between solid and 
fluid bodies; for the ‘specific stress’ of the same body in the two 
states is not very different. The great difference is in the matter 
of cohesion, and this is attributed to the phenomenon of crystalli- 
sation (p. 277). 

[825.] The treatment of crystallogmphy (pp. 277 — 362) does 

1 See our Art. 372, and Poggendorff's Annalen, T. xxvni, 1833, page 239, where 
the velocity of eound in water and ice is said to be the same. 

T. E. 
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not afford much material for our subject. Pp. 277 — 309 are oc- 
cupied with formal as distinguished from molecular crystallography. 
In ' crystallophysics ' Frankenheim reproduces some of Savart’s 
results (see our Arts. 335 — 346), but his statements as to the 
elastic properties of crystals are not suggestive. On the subject 
of ' hardness ’ he refers frequently to an earlier work of his own : 
De crystallorum cohaesione, 1829 ; the experimental results quoted 
seem to have been principally obtained by scratching with a 
sharp point in different directions the several faces of various 
crystals. 

[826.] The portion of the work (pp. 363 — 502) devoted to the 
Gokdrenz der Festen, opens with the consideration of the ‘ structure ’ 
and ‘ texture ’ of solid bodies upon which their ultimate cohesion 
depends. The remarks upon abnormal structures or bodies in a 
state of internal stress (as many kinds of glass) are not without 
historical interest and give a wide field of reference. Then follows 
a section (pp. 408 — 431) entitled: Flementare Bemegung duroh 
dussere Krdfte eiitstanden, or as we may translate, change of mole- 
cular structure induced by load. This part of the work is of value 
as shewing the course of discoveries relating to after-strain, in fact 
to the influence of the time-element in the phenomena of cohesion, 
for the set here considered is that produced by long-continued load, 
and except in the reference to W. Weber’s experiments (p. 419 and 
our Art. 710) there is no evidence that these early experimenters 
investigated whether the time-strains were really set or elastic 
strain. Here again it would seem important to distinguish clearly 
in after-strain between after-set and elastic after-strain : see Art. 
708. 

[827.] We give a brief account of the course of discovery noted 
by Frankenheim. 

After-strain seems to have been first noted in the bulbs of glass 
thermometers. The change in the magnitude of these bulbs 
due to continued atmospheric pressure was first remarked by 
Bellani. The best discussion of the subject before 1830 is due 
to Egen: see Poggendorffs Annalen, xi. 1827, p. 347. How far 
the after-strain in this case consists of after-set does not seem to 
have been investigated. Coriolis next experimented on lead (see 
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Art. 720), and bis results seem to me to point to elastic after-strain. 
Then follow the interesting experiments of Vicat on iron-wire (see 
Art. 736), here the extension per year was after a certain load 
nearly uniform and on the whole suggests an after-set. Some 
experiments of Eytelwein on wood are not quantitatively very 
valuable, they merely prove the existence of after-strain. Franken- 
heim notes Weber’s discovery of the elastic after-strain and attempts 
by its means to explain not only the decrease in amplitude of 
oscillating bodies, but also the small intensity of the note given by 
materials such as lead. We may quote here Frankenheim’s view 
of the relation of the time-element to the breaking load : 

Es ist moglich, dass das kleinste der die Brechung hervorbringenden 
Gewichte erst in sehr langer, ja unendlicher Zeit wirke. Diese Gewichte 
sind also Functionen der Zeit, je grosser diese ist, desto kleiner konnen 
jene sein, and wenn es moglich ware ein Gewicht nur eiae uuendlich 
kleine Zeit wirken zu lassen, so wiirde es, so gross es auch sein mag, 
keine bleibende Wirkung zuriicklassen. Man darf sich jedoch durch 
diese Betrachtungen nicht verleiten lassen, jedes Gewicht, wenn es nur 
liinlanglich lange wirkt fiir hinreichend zum Zerbrechen zu halten ; denn 
obgleich die bleibenden Yeranderungen eine unendliche Zeit fortwachsen, 
so ist es dennoch sehr wahrscheinlich, dass die Summe dieser Aenderungen 
eine endliche Grosse ist, und nur da Brechen eintritt, wo diese Grbsse 
den Korper bis zu irgend einem von seiner Beschaffenheit abhangigen 
Puncte, die Grenze seiner Elasticitat, gebogen hat, (p. 417.) 

[828.] The author concludes this portion of his work by some 
remarks on the influence of temperature on the elastic condition 
(pp. 421 — 424), and by a general summary in which he attributes 
these molecular changes to Krystallisationskraft, a force arising as 
he believes from the absolute position of the axes of crystallisation 
in the elementary parts of the material: see pp. 425 and 357. 

[829.] Pages 431 — 502 of the book are occupied with the con- 
sideration of absolute strength {Festigkeit). The results cited are 
selected from the innumerable experimental investigations of the 
previous fifty years and offer nothing of consequence. The treat- 
ment of impact and adhesion, which also falls into this section, may 
also be passed over, and we may conclude our review of the work 
by merely noting the last paragraph, where the author suggests a 
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possible relation between magnetism and cohesion^. The corre- 
spondence pointed out between the difiference of cohesive force in 
the different directions of a crystal and magnetic polarity does not 
seem peculiarly lucid (p. 502). 

[8S0.] A. Baudrimont. Recherohes mr la Ductilitd et la MalU- 
abiliU de quelques Metaux, et sur les Variations que leurs Densitds 
dprouv&nt dans un grand nomire de dr Constances, Annales de 
chimie et de physique, T. 60, pp. 78 — 102. Paris, 1835. This paper 
is very suggestive in that it states facts with regard to metal wires 
which might naturally be expected, but which seem to have been 
much neglected by later physicists, who have thought to deduce 
general laws from these highly ‘ worked ’ forms of material. The 
author shews how even the process of annealing in various gases 
affects the breaking load (pp. 96 — 97). Annealing also affects, 
apparently in the most irregular fashion, the diameters, length and 
tenacity of wires (pp. 92, 94, 99) : see our Art. 692, 1°. Elastic 
after-strain is noted in the following paragraph : 

II est simple de penser que, lorsqu’un fil passe forc^ment dans 
Touverture d'une fili^re, en vertu de T^lasticite qui lui est propre, ses 
molecules reviennent en partie sur elles-mlmes, et que son diara^tre 
s^accroit au del^ de Touverture de cette fili^re ; mais j^ai trouv6 un 
fait auquel je m’attendais peu, et sur lequel je ne conserve pas le 
moindre doute, c’est que le diam^tre d’un fil s^accroit lentement, et qu’il 
est sensiblement plus grand au bout d'un mois, qu’il ne Tetait quelques 
heures apr^s avoir €t€ €tir€. J’ai encore remarqu6 que des fils 6crouis 

1 The first suggestion of a possible rdation between these two phenomena 
appears due to Eirwan in a memoir entitled : Thoughts on Magnetism, published 
in the Transactions of the Royal Irish Academy, Vol, vi., Dublin, 1797, pp. 177 — 191. 
Kirwan attributes crystallisation and magnetism to the same physical cause, 
the difference being one of degree not of kind. He writes : 

“By crystallisation I understand that power by which the integrant particles 
of any solid possessing sufficient liberty of motion unite to each other, not 
indiscriminately and confusedly but according to a peculiar uniform arrangement, 
so as to exhibit in its last and most perfect stage regular and determinate 
forms. This power is now known to be possessed by all solid mineral substances. 
Cp. 179.) 

The way in which the face of one crystal attracts a first face and repels a second 
face of another crystal is compared with magnetic action, I suspect Frankenheim 
drew his ideas from Kirwan : see his p. 502. 
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qxii avaient 4te plies en pliisieurs sens, et que j ’avals redresses avec 
beaucoup de soin, perdaient leur rectitude en un jour on deux. (p. 95.) 

Reference is then made to Savart’s memoir in the Annales of 
1829 : see Art. 332. We may also refer to the remarks of Brix : 
see Art. 858. (vii). 

[831.] The general results of the memoir are given on pp. 
101 — 102 and we reproduce them here, drawing especial attention 
to the first three. The author concludes : 

1®. Qu’un fil metallique est g^neralement tr^s irr4gulier da-na son 
ctendue. 

2®. Qu’il est impossible, en usant de precautions semblables, d’obtenir 
des fils de diff^rentes natures et de m^mes diamltres en les etirant da.ns 
une seule ouverture de fili^re. 

3®. Que, lorsqu’on les €tire, ils subissent un allongement aux 
d^pens de leur diam^tre, et, quelquefois, par Taugmentation de la 
distance qai s4pare les molecules qui les constituent. 

4®. Que la density des fils qui ont moins que 5 de diametre est 
tr^s considerable, si on la compare k celles des autres preparations des 
m§mes m^taux. 

5®. Que les fils de 0““, 5 de diametre, et au-dessus, sont moins 
denses que les lames qui sont pr^parees en laminant ces fils, soit apr^s, 
soit avant le recuit. 

6®. Que I’ecrouissement augmente la tenacity des m^taux d’une 
mani^re considerable. 

We Rave here clearly pointed out the very peculiar elastic 
character of wires. Physicists were growing conscious that 
material in its ‘ worked state ’ does not present uniformity in its 
elastic constants. For example, in the case of a wire or in the 
case of a Bar of cast-iron it is certain that at the surface of the 
material the stretch-modulus has a value quite different from 
that which it has at some distance inwards. According to Saint- 
Venant, Ardant in a work entitled: Etudes ihdoriques et ex- 
pdriuientales sut V ^tablissement des charpentes d grande port^e^ 
Metz, 1840, points out particularly the irregularities in iron-wire. 
I have not been able to find a copy of this work : see however 
Art. 937. 
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' [832.] Transactions of the Institution of Civil Engineers, Vol. I. 

London, 1836. 

On p. 175 we have: An Elementary Illustration of the 
Principles of Tension and of the Resistance of Bodies to being torn 
asunder in the Direction of their Length ; by the late J. Tredgold. 

The object of this paper is very simple, and singularly important 
in its practical results. Tredgold states that the resistance of a bar 
subjected to terminal tractive load is usually taken as proportional 
to the cross section. This however supposes the load to be 
uniformly distributed or else axial ; if the load be applied at a 
point not quite in the axis, the bar will not be uniformly strained 
and the resistance is no longer proportional to the cross section. 
The practical difficulty of making the load exactly axial is obvious. 
Tredgold’s mathematical investigation (pp. 177 — 178) is, I think, 
unsatisfactory; like Dr Whewell he seems to imagine that the 
neutral axis throughout the length of the bar will be at a constant 
distance from the central line. He assumes the y of his notation 
to be a constant, but the bar will receive flexure and y will then 
vary from point to point. The equation to the central axis then 
takes an exponential form, and the distance of the neutral axis 
from the central line being equal to divided by the deflection 
will also be of an exponential form. Here k represents the radius 
of gyration of the section about a line through its centre perpen- 
dicular to the plane of flexure. 

Let the bar be pivoted at the fixed end, and let P be the load 
supposed to be applied in a principal axis of the terminal section, 
c the semi-diameter of the section in the plane of flexure, o) the 
area of the section, h the distance' from the centre at which P 
acts, then by Art. 815 the greatest stress will be 



and will occur in the outermost fibres of the section upon which 
P acts. We should thus expect a rod subject to a non- central 
terminal traction to break at its terminal. 

Further, if h were zero, we should have 
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Hence 


r=T(i + ^j). 

^0 greatest traction any fibre will sustain without set, 

then the greatest central tractive load will be P„ = a)3; while 
the greatest eccentric tractive load Pj at distance h is given by 


1+4 

* 


hence 


A Pj(l + ^,) . 


For a rectangular section /c® = — , or 

o 




For a circular section , or 

4 ’ 




We see from this how much of the strength may be lost by 
eccentric loading. 


[833.] Tredgold comes to the result that ^ the strength of the 
bar may be lost, if the force be ^ of the semi-diameter from the 
centre. This result agrees with my calculation in the preceding 
article if the bar be of rectangular section. He insists on the 
importance of the longitudinal load being exactly central in all 
sectional bars subject to "traction. 

In making a joint to resist traction, the surfaces in contact 
should be so formed as to render it certain that the direction of 
tractive load may be exactly, or at least very nearly, in the 
sectional centre of the bars which have to resist it. 

Tredgold proceeds with practical remarks and then quotes 
a passage from Dr Robison (see Art. 145) which criticised Euler’s 
theory of columns and aflSrmed that very Kttle was known about 
resistance ; he concludes thus : 

Such was Dr Robison’s view of the subject, but the question did 
not long remain in that state. Our celebrated countryman Dr Thomas 
Young, soon discovered the proper mode of investigation, which was 
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published in 1807, and yet, strange as it may seem, the popular writers 
on mechanics in this country, as well as on the continent, either have 
not seen, or do not comprehend, the brief but elegant demonstration 
Dr Young has given. We can attribute it only to the difficulty of 
following the inquiries of that able philosopher without a most extensive 
knowledge of mathematics and of nature. (See Young’s Miscellaneous 
WorJcSy YoL ii. p. 129.) 

[834.] Tredgold is undoubtedly right in asserting that Euler s 
theory fails because the neutral line is not necessarily in the 
material, but he himself falls into error in calculating its position. 

[835.] On pp. 231 — 235 we have some experiments made 
under the direction of Messrs Bramah and Sons on the force re- 
quisite to fracture and crush stones. They have no bearing on 
theory. 

We pass to YoL li. of the same Transactions. 

[836.] Pp. 15 — 32. A series of Experiments on different 
kinds of American Timber^ by W. Denison. These have no 
theoretical value. 

[837.] Pp. 113 — 135. A series of Experiments on the Strength 
of Cast Iron, by Francis Bramah. These experiments do not 
possess much novelty either in the sectional form of the beams or 
in the method of testing. A good many are on " open beams ’ and 
merely shew their weakness. The results are not comparable with 
Hodgkinson’s, and a good criticism of the latter’s upon them will be 
found on p. 461 of his addition to Tredgold’s Cast Iron: see 
Art. 970. 

[838.] Lastly in Yol. in. of the same Transactions we have on 
ppv 201 — 218 a memoir entitled : On the Expansion of Arches, 
by George Eennie. The writer gives various experiments on the 
expansion of iron and stone bridges by heat, and the effect of this in 
straining bridges, but there is no attempt to investigate any thermo- 
mechanical laws, nor has the memoir any theoretical value, 

[839.] With this volume the Transactions come to an end. 
Yarious brief notices, papers and discussions on the strength and 
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elasticity of materials, will be found in the Minutes of the Pro- 
ceedings of the same Institution from 1837 — 1841, all included in 
Vol. I. The majority are not of a valuable character and possess 
no theoretical interest. 

[840.] 0. F. Mossotti. On the Forces which regulate the Internal 
Constitution of Bodies. This memoir appears to have been printed 
at Turin in 1836 under the title : Sur les forces qui rigissent la con- 
stitution intiriewre des corps, apergu pour servir d la ddtermina- 
tion de la cause et des lois de Vaction mol^culaire. Of this work 
itself I have not seen a copy, but the English translation will be 
found in. Taylor's Scientific Memoirs, Vol. I. pp. 448 — 469, 1837. 
It is there merely described as: ‘From a Memoir addressed to 
M. Plana, published separately/ It is communicated by Faraday. 

[841.] The memoir presents some interesting mathematical 
analysis, though its physical results would probably not at the 
present time be thought of a very valuable order. Starting from 
the hypothesis of Franklin — ^who explained statical electricity by 
supposing that the molecules of bodies are surrounded by a quantity 
of fluid or aether, the atoms of which, while they repel each other, 
are attracted by the molecules — ^Mossotti proposes the following 
mathematical problem : 

If several material molecules, which mutually repel each other, are 
plunged into an elastic fluid, the atoms of which also mutually repel 
each other, but are at the same time attracted by the material molecules, 
and if these attractive and repulsive forces are all directly as the 
masses and inversely as the square of the distance, it is proposed to 
determine whether the actions resulting from these forces are sufficient 
to bring the molecules into equilibrium and keep them fixed in that 
state, (p. 452.) 

[842.] The question is whether the molecular action which 
arises will explain cohesion. The analysis is interesting and in- 
volves some general applications of spherical-harmonic analysis. 
Mossotti afterwards proceeds to narrow his results by supposing: (1) 
his molecules are uniform and spherical, (2) of small volume and 
at mutual distances considerable as compared with their dimen- 
sions. Finally, the force between two molecules is found to be in 
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the line joining their centres and to be represented by the 
function : 


/ I \ / .vco.v.ca. 

gv{a + q)\{(o^ + q,) ^ (S'- 7) — 

where 

r is the molecular distance. 


g, the accelerative force of attraction between atoms of aether 
and the matter of the molecules at unit distance. 


7, the accelerative force of repulsion between the matter of 
the molecules at unit distance. 

6), 0)^, the two molecular densities. 

V, the two molecular volumes. 

q, the densities of the aether at or in the immediate neigh- 
bourhood of the molecules. 


a, a constant depending on the nature of the atoms of aether 
and probably very great. 

Mossotti remarks on this result that ^ — 7 is to be supposed 
small compared with g. Hence when r is small the first term is 
all-important, but when it is great the second or gravitating term. 
There will be a position of equilibrium obtained by equating this 
force to zero, a position which will be found to be stable. 


These molecules present a picture in which the hooked atoms of 
Epicurus are as it were generated by the love and hatred of the two 
different matters of Empedocles (p. 467). 

With regard to Mossotti s repulsive force we must remark on 
the similarity in its kind to that suggested by Poisson : see Aii;, 
439. But his theory leaves cohesion to be explained by an 
attractive force which is even less than the ordinary force of 
gravitation, and therefore still more subject to the objections of 
Belli : see Arts. 752-^758. 


[843.] The memoir is followed by an editorial note citing a 
passage in Roget’s Treatise on Electricity noticed by Faraday in a 
Royal Institution lecture with reference to Mossotti's views. Al- 
though the view here propounded would hardly find acceptance to- 
day, it may be interesting to reproduce it for historical purposes : 
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It is a great though a common error to imagine, that the condition 
assumed by Aepinus, namely that the particles of matter -when devoid 
of electricity repel one another, is in opposition to the law of universal 
gravitation established by the researches of Newton; for this law applies, 
in every instance to which inquiry has extended, to matter in its 
ordinary state, that is combined with a certain proportion of electric fluid. 
!By supposing indeed, that the mutual repulsive action between the parti- 
cles of matter is, by a very small quantity, less than that between particles 
of the electric fluid, a small balance would be left in favour of the 
attraction of neutral bodies for one another which might constitute the 
very force which operates under the name of gravitation ; and thus both 
classes of phenomena may be included in the same law. 

[844.] Amedeo Avogadro. Fisica de' corpi ponderahili ossia 
Trattato della costituzione generals dd corpi, Turin, 1837. Vol. L 
Pp. 1 — 331 are more or less concerned with our subject. There 
is not much original work in these pages, which present however 
a very fair resiimd of the labours of Poisson, Biot, Cauchy, Savart, 
Weber, etc. In the first chapter we find a general discussion of 
molecular force. The function suggested by Poisson is mentioned 
(see our Art. 439) and as usual the repulsive force attributed to 
the existence of the fluid caloric : see our Arts. 543, 597, 701 (foot- 
note). At the same time the then novel view of Ampbre^, that the 
quantity of caloric might be replaced by the vis-viva of the molecular 
vibrations, is considered (p. 15). The second chapter, which con- 
cludes the first book, is occupied with densities and is based 
chiefly upon Biot. 

[845.] The second book is divided into two sections, the first 
treating of molecular forces and the second of crystallisation. In 
the physical part of the first section we have a consideration of the 
important experimental results of Baudrimont, Dufour, Qerstner, 
Tredgold, Vicat, Weber, Lagerhjelm, etc., all of which will be 
found referred to in our present work. The theoretical part 
chiefly follows Poisson, giving however Coulomb’s theory of 
torsion with the experimental work of Bevan, Savart and Ritchie 
(see Arts. 378, 333, 408), We may note however that this is the 
first text-hook which contains the consideration of the general 

1 See our Art. 738. 
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equations for the equilibrium of an elastic solid (pp. 159 — 182). 
Poisson’s singular result of 1829 (see Art. 556) and Mossotti’s of 
1836 (see Art. 842) are also reproduced. It may not be without 
interest to quote Avogadro’s opinion of Mossotti’s results : 

In generale le diverse supposizioni su cui il sig. Mossotti ha fondata 
la sua analisi, dedotte da considerazioni relative alle attrazioni e ri- 
pulsioni dei corpi elettrizzati, nelF ipotesi di un solo fliiido elettrico, 
condensato o rarefatto alia loro superficie, possono incontrare difficoltiL 
ad essere ammesse, come realizzate nelle forze molecolari ; ma il lavoro 
del sig. Mossotti ci presenta un primo saggio di applicazioni del calcolo 
a questioni di questo genere, che potrebbe servir d’ esempio a calcoli 
fondati sopra altre ipotesi che si credessero piii conformi alia natura di 
queste forze (p. 203). 

[846.] In the part that follows, on the vibrations of bodies, we 
have the results of Chladni, Weber, Savart, Strehlke, Wheatstone, 
Plana, Fourier and Poisson all analysed. Chapter iv. of this 
section (pp. 304 — 331) is occupied with some discussion of the 
relations between the distance and size of the molecules of solid 
bodies, and with their density. It is chemical rather than physical 
in character. Avogadro here draws attention to his own researches. 
In the second part of this work, on crystallisation, the only 
portion which really concerns our subject is the article entitled : 
Diversitd di coesione e di elasticitd dd cristalli nelle diverse 
direzioni (pp. 745 — 793). This contains a complete reproduction 
of F. Neumann’s papers and an analysis of Savart’s researches 
on aeolotropic plates: see our Arts. 788 — 801, 335 — 345. 

[847.] As a model of what a text-book should be it is difficult 
to conceive anything better than Avogadro’s. It represents a com- 
plete picture of the state of mathematical and physical knowledge 
of our subject in 1837. No trace of that divorce between physics 
and mathematics which is more or less to be found in Poisson 
(see Art. 568) and Biot (see Art. 181) and in innumerable text- 
books of to-day can be discovered. , It may be read even at the 
present time with great pleasure, and in my opinion marks an 
epoch in physico-mathematical text-book writing. 

[848.] A. F. W. Brix. Abhandlung Uber die Cohdsions- und 
ElasticitatsATerhaltnisse einiger nach ihren Dimensionen beim Ban 
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der Edngehrucken in Anwendung hommenden Eisendrdthe des 
In^ und Auslandes, Berlin, 1837, pp. 1 — 36 text, 39 — 118 ex- 
perimental results. 

[849.] This work on the elasticity and strength of iron wires 
describes one out of the many series of experiments made in the 
first half of this century to test the material used in suspension 
bridges: see Arts. 692, 721, 723, 817, 936. As Lagerhjelm had 
compared Swedish and English iron so Brix, at the instance of the 
kdniglich technischen Gewerbe-Depufation, instituted a comparison 
of French and German iron. His statement of general results has 
considerable interest as confirming previous discoveries or suggest- 
ing new facts. The testing machine employed was a non-hydraulic 
lever machine, a modified form of one used by Lagerhjelm ; it is 
described on pp. 1 — 6 and very fully figured on two plates at the 
end of the work. The experiments seem to have been made with 
considerable care, and a time-element amounting in some cases to 
twelve hours was allowed for the loads to produce a full effect. 

[850.] We may note the following results : 

(i) In all but one experiment (No. 49 in which set began 
with the least load) the iron wires seem to have been in a state 
of ease, ie. in a condition of perfect elasticity, at the com- 
mencement of the experiment. Till set began Hooke’s Law 
was found to hold and there is very striking agreement obtained for 
the moduli of various sorts of iron wire, even after the process 
of annealing. This agrees with the experiments of Coulomb, 
Tredgold and Lagerhjelm. The method of calculating the modulus 
(p. 22) is perhaps not altogether satisfactory. 

[851.] A singular historical mistake occurs on p. 17, where the 
discovery of the proportionality of stress and strain is attributed 
to Mariotte and Leibniz, while the experimental confirmation alone 
of this relation is ascribed to Hooke. 

[852.] (ii) The strain after the beginning of set is found 
to consist of two parts : (a) a purely elastic part which follows 
Hooke’s Law, — Brix thus confirms the important discovery of 
Coulomb and Gerstner : see our footnote p. 441 ; (6) a set for 



462 


BRIX. 


which the author can discover no law (p. 19). He finds his experi- 
ments confirm no known theory, nor do they satisfy an empirical 
formula which expresses the load in ascending powers of the stretch 
(p. 29). Still less do they confirm Lagerhjelm’s empirical relation 

(7 ^/ A = a constant. 

See our Art. 365. 

[853.] (iii) As a result of (ii) Brix objects to the beginning of 
set being termed the ‘limit of elasticity.’ He is doubtful from 
his own and Lagerhjelm’s experiments whether there is any 
limit of elasticity short of the limit of cohesion. He accordingly 
terms the usual limit of elasticity the beginning of set {Anfangs- 
grenze der Verschiebbarlceit) (pp. 19 — 20). 

[854.] (iv) If a wire has once received a load which produces 
a certain amount of set, then that load being removed and the 
wire gradually reloaded no fresh set is produced till the first load 
is again reached (p. 20). Brix opposes the view originally pro- 
pounded by Young and Coulomb, and afterward made universal 
by the sanction of Tredgold, that a load which produces set is 
generally capable of bringing about rupture if only maintained 
long enough, or, in Tredgold’s words, that the limit of absolute 
strength is the beginning of set. Brix holds that his experiments 
confirm Lagerhj elm’s and prove that a given load will only pro- 
duce a definite amount of set however long maintained. At the 
same time he admits that Tredgold’s rule gives the best limit for 
practical purposes (p. 34). 

[855.] (v) The yield-point seems clearly marked in the 

tabulated experimental results, and yet the writer has evidently 
not discovered its existence. Thus he remarks that it is in- 
controvertible that ‘the set must be a definite function of the 
load, the length and the sectional area of the wire, but his ex- 
periments have not led him to ascertain its form’ (p. 29). He 
does not then recognise that the set may at all events at first, 
depending largely on the working to which the wire has been 
subjected, be very irregular and only become such a function 
as he imagines after the yield-point has been reached. 
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[856.] On the other hand he notes (p. 35) how, especially in 
nnealed wires, the set received suddenly a great increase before 
t attained that maximum which could balance the applied load : 

Hier nahm die Yerlangerung in der Eegel so bedeutend zu, dass 
aan haufig jeden Augenblick ein Zerreissen des Drathes erwartete; 
.llein plotzlich horte diese Zunahme auf, das Gleichgewicbt zwiscben 
^raffc und Widerstand war eingetreten nnd der Drabt erlitt, obgleich 
>r manchmal zebn bis funfzehn Stunden laug unter derselben Spannung 
irhalten wurde, fast gar keine nachtragliche Yerlangerung mehr. 

There can be little doubt that the phenomenon described is 
hat of the yield-point. 

[857.] (vi) The ‘beginning of set* is, after Tredgold, deter- 
nined by Brix as the ratio of the first load which produces set to 
he “breaking load. It may be doubted whether this measure is 
pita satisfactory. Brix*s results on this point are in accordance 
vith. those of Telford, Brown, de Traitteur and Barbd (pp. 26 — 28). 

[858.] (vii) We may finally note some interesting points with 
'egard to annealed iron wire (pp. 32 — 34). Namely that the 
dastic and cohesive properties of such wire are identical with those 
)f bar iron (Stabeisen)* Brix remarks that the mechanical work- 
ng of rolled iron produces a change in the elastic conditions of 
ts surface. The effect of the hammer in wrought iron in producing 
i superficial elastic change was first noted by Rondelet \ confirmed 
Dy Ijagerhjelm, and theoretically allowed for by Bresse and Saint- 
tenant®. This change extends to a very small depth in wrought 
jon and probably disappears at the yield-point. Brix notes 
bhat a similar result, extending however to a much greater depth, 
is produced by the process of wire-drawing. A sort of epidermis is 
formed thicker and firmer than the rest of the wire : 

Diese Epidermis tragt, nach der, '^on den Mitgliedem der fran- 
sosischen Akademie der Wissenschaften, de Prony, Fresnel, Molard und 
G^irard, in ihrem Bericht fiber die Seguiniscben Yersuche aufgestellten 
Ansicbt, hauptsachlich mit zu der grossen Festigkeit bei, welche die 
Eisendrathe im Yergleich mit deni Stabeisen besitzen und da sie bei 
den dfinnern Drathen verhaltnissmassig einen grosseren Theil des 

1 UArt d& Bdtir, Paris, 1827, T. i. p. 281. 

* See his edition of Navier’s Legons, p. 20. 
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Querschnittes einnimmt, als bei den starkeren, so liegt darin der Ginind 
der bekannten Erfabrung, dass ein Dratb desto mehr an Eestigkeit 
gewinnt, je feiner das Kaliber ist, bis zu welcbem er gezogen wird. (p. 33.) 

Brix points out how his results confirm this statement. The 
report of the Academicians is attached to Seguin’s hook, Des 
pouts en fil en fer, Paris, 1824 : see our Art. 984. This condition of 
the epidermis of iron and other wires deserves fuller consideration 
from those English physicists who investigate the molecular and 
elastic properties of materials by means of experiment on those 
materials when in the peculiar ‘ worked ’ condition of wire. 

[859.] An important memoir by P. H. Blanchet, presented to 
the French Academy in 1838 and published in Liouville’s Journal, 
Vol. y., 1840, will be best considered in conjunction with other 
memoirs by the same scientist in our Chapter yni. 

860. Mainardi. Suite mhrazioni di una sfera elastica ; Esercizio 
del prof, suppl, Oasparo Mainardi, This memoir is pubhshed in the 
Annali delle Saienze del Regno Lomhardo-Veneto, Vol. 8, Padova, 
1838 : it occupies pages 122 — 133. 

The memoir begins by referring to the writings of Poisson and 
Cauchy on the theory of elastic bodies. As the subject acquires 
every day fresh interest Mainardi thinks it important to fix the 
attention on any principle which may require other proofs, or may 
present exceptions, and for the subject of the present memoir he 
has selected a special problem already discussed by Poisson : see 
Art. 449 in the account of Poisson. 

861. From the beginning of the memoir to the end of page 
127 Mainardi is occupied in establishing a differential equation 
which coincides with that of my Art. 460 ; the process is laborious 
and uninviting, and it involves that mode of expression by 
integrals which Poisson condemns : see Art. 436. 

862. On pages 128 — 130 we have what may be considered 
the essence of the memoir. Mainardi in obtaining the general 
differential equation just noticed confined himself to an internal 
particle ; he now considers the case of a particle on the surface of 
the sphere. We know that the theory of elasticity includes the 
investigation of the conditions w^hich must hold at the surface of a 
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body ; for iustance in the problem under consideration we obtain 
equations like those of Arts. 451, 461 ; but Mainardi attempts to 
investigate the matter from the beginning. His process seems to 
me quite unsatisfactory, and moreover his equations (9) and (13) 
are not accurate. 

863. On his page 130 Mainardi alludes to the memoirs of Belli 
in 1812 and 1832, which we have noticed in our Arts. 163 and 762. 
Mainardi seems to desire to shew that the molecular force must vary 
inversely as the fourth power of the distance. He uses Newton’s 
Principiai Lib. I. Prop. 87, Cor. 1 ; and he combines this with the 
following statement : Suppose two equal homogeneous cubes placed 
with a pair of faces in contact, then if the matter always remains 
the same the force of adherence varies as the square of the length 
of an edge. For this statement he refers in a note to Kondelet, 
Art de hdtir, T. 1, page 44. 

864. Pages 131 — 133 of the memoir are devoted to the inte- 
gration of the differential equation obtained on page 127. One 
example is worked out fully ; in this the condition which he obtains 
with respect to the surface agrees with an equation of our Art. 461, 
provided we suppose X = 0. There is nothing in the integration 
requiring notice, except the statement on the third line of page 
133 ; this is quite untrue, the asserted identities do not exist. 

On the whole the memoir seems to me to add nothing to the 
discussion which Poisson had already given of the problem to 
which it refers \ 

1 We may note tlxe following misprints and errors : 

123. last line, for r road 

124. lino 2, for - road . 

II li 

120. last lino, for 2 cos (p read cos this error is repeated. 

127. lino 2, before supply cos <p. 

Equation (10), road sim' ^ cos ^ - sin- <f>coB<p - 1 cos^ </>, 

128. Equation (13), for 2 cos^|l+ ^+y'read cos 

Equation (16), for - ^ 2 + ^ read - + 

129. Equation (17), for Tr-hdjxead-rd f, 

132. Hne 10, for (22) read (23). 

T. E. 
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868. Memoire sur le cctlcul des actions moleculaires developpees 
par les changements de temperature dans les corps solides; par J. 
M. 0. Duhamel. This memoir is published in the Mdmoires...par 
divers savans, YoL v,, 1838 ; it occupies pages 440 — 498. 

The object of the memoir is very simple. Duhamel assumes 
the theory of elasticity as given in Poisson’s memoir of April, 1828, 
and investigates the modifications which the formulae must undergo 
when we allow for change of temperature. 

869. The function denoted by/(r) in our Arts. 296 and 305 will 
now involve the temperature ; thus if at the point considered the 
temperature is increased by q the original value of f(r) receives 
an increment equal to the product of q into the differential 
coefficient of/ (r) with respect to the temperature. Thus when the 
summations are effected as in the Articles cited we obtain a term, 
which we may denote by — ^q, to be added to the expression for 
the stress across a given plane, or on a particle in a given direction. 
Thus we must add to the three tractions S, S a term — /3g. 
This is a brief sketch of what Duhamel effects in the section 
entitled : Eecherche des equations gendrales, which occupies his 
pages 445 — 457. 

Duhamel refers to Poisson’s memoir for what he requires from 
the ordinary -theory of elasticity, and would not be easily intelli- 
gible alone ; he does not follow Poisson quite closely, but ulti- 
mately the two agree. The pages 448 — 450 of Duhamel refer to 
pages 372 — 376 of Poisson. On Duhamel’s page 450 he quotes a 
formula from Poisson with 1/30 instead of 27r/15 for coefficient; I 
do not understand this. The K of Duhamel is the k of Poisson. 

870. Duhamel’s formulae involve two constants, namely one 
coefficient of elasticity, and the quantity /3; he shews on his page 

462 how these are to be determined by experiment. On his page 

463 he remarks : 

...M. Poisson a prouve, par un calcul tres-simple, que, si Ton con- 
sid^re un cylindre ^ base quelconque, dont les bases soient soumises ^ 
line augmentation donn^e de tension, tandis que la surface reste soumise 
k la pression primitive, la dilatation dans le sens de la longueur est 
double de ce qu’elle serait si la m§me tension etait appliquee k la 
surface enti^re. 


30—2 
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I do not know where Poisson distinctly states this, though it may 
be deduced from pages 402 and 451 of his memoir. We may 
illustrate this from Lamp’s Leqons, p. 114, where we find for 

the dilatation in a stretched prism S" = 

wish to have a uniform tension over the whole surface we 

have S = ^ -- : thus, taking X = fi, the former value S" is 

oA. + 

double the latter value S. 


871. Duhamel discusses on his pages 469 — 476 the following 
example : To investigate the equilibrium of a hollow sphere when 
the temperature is expressed by a given function of the distance 
from the centre. The formulae obtained include as a particular 
case those given by Poisson for the case when no regard is paid 
to the temperature : see my account of Poisson, 1828. Next 
Duhamel on his pages 476 — 479 supposes the hollow sphere 
to be composed of two different substances. Finally on his 
pages 479 — 485 he considers the equilibrium of an indefinite 
cylindrical tube. In all these cases the introduction of the term 
depending on the temperature does not greatly complicate the 
problem. 

872. On his pages 486 — 498 Duhamel discusses the problem of 
the vibrations of a sphere the temperature of which is variable. 
The temperature is supposed to be initially an arbitrary function of 
the distance from the centre, and to be determined at any sub- 
sequent epoch by the formulae given in the theory of the conduction 
of heat; the problem thus becomes much more elaborate than 
those which have been previously discussed in the memoir. It is 
worked out completely and forms a very interesting piece of 
analysis. 

873. On his page 493 Duhamel arrives at the equation 
and he adds : 

Oette Equation s’ltaifc d^j^ pr4sent€e £l M. Poisson, qui en a d^ter- 
min^ par approximation les premieres racines dans un de ses m^moires 
sur les corps ^lastiques. 



DUHAMEL. 


4G9 


This is a very vague manner of giving the reference ; Duhamel 
should say precisely: See pages 409 and 420 of the memoir of 
April, 1S28\ 

[874.] The difference between Duhamel’s first and second 
memoirs (see Art. 877) may be briefly described as follows. In the 
first memoir he obtains (pp. 455 — 456) the body and surface shift- 
equations (2) and (3) of our Art. 883, but he does not seem to have 
recognised the necessity of the equation (1) connecting the flow of 
heat with the dilatation. That is to say, he practically assumes 
the equality of the two specific heats, and supposes the flow of heat 
given by the ordinary Fourier form. Thus, when treating of the 
vibrations of a solid sphere, he assumes for the temperature q 
the form (p. 487) : 

^ r 

He does not seem clearly to recognise the assumption he is really 
making as to the equality of the specific heats. 

[875.] A point made by Duhamel on pp. 467 — 469 deserves to 
be noted in addition to what has been said above. Examining 
equations (2) of Art. 883, he notes that the effect of change of 
temperature in the interior of a body is the same as if a body-force 
with components 

p dx' p dy^ p dz 

were added to the force-system, or, as he remarks, a force at each 


1 We may note tlie following misprints, etc. 

447. There is no reason for putting instead of in the three formulae 


470. 

478. 


480. 

481. 

487, 

494. 


near the bottom of the page. 

Last line, for — put ^ . 

p dp 

If jR = 0 it is best to work out independently from the beginning ; we find 
constant. Then ^ and the pressure must be equal at the common 
surface ; and the pressure must have a given value at the outside surfe.ce 
of the sphere. 

Last line, for 9 /j read 3p. 

The value of C is incorrect ; we must put to multiply by 

see the next page. 

Line 9, for 


tauTii? 


read 


nE 


nE *“^tanwB' 
Line 2 from bottom, for 9 read 0. 
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point having the same direction as, and proportional to the 
maximum flow of heat at the point. 

Further, regarding the surface shift- equations (3) of Art. 883, 
Duhamel adds, that the effect of temperature is the same as if a 
tractive load equal to or proportional to the temperature were 
added to the load at each point of the surface. 

[876.] Duhamel practically assumes that the constant /3 of 
Aj:t. 869 will not he a function of the body-force or the load, and 
that a body will return to its primitive shape when stress and 
temperature have again their primitive values. 

A very instructive paper by Pictet of a much earlier date, 
which is primarily of thermal importance, deserves at least a 
brief notice from this stand-point. It is entitled: Bur les 
variations que pent ^prouver dans sa longueur une harre de fer 
soumise d Vaotion de diverses forces {Bihliotheque universelle de 
Oenlve, Sciences et Arts, Tom. i., 1816, pp. I7l — 200) ; and is an 
extract from a memoir read by Pictet before the SooidU de 
physique et d'histoire naturelle de Greneve in 1806. Pictet had been 
induced to publish it, by an account of some experiments due to Biot 
on the extension of metals by heat. Biot had come to the conclu- 
sion that a body heated from the freezing to the boiling point and 
then again cooled to the freezing point takes its primitive di- 
mensions (see p. 100 of the same volume of the Bihliothlque). 
Pictet however by experimenting on a bar of iron had long 
previously come to different conclusions. We cite his results, which 
shew how near he was to the discovery of elastic after-strain 
(p. 199). 

(1) Que le fer expose a des changemens brusques dans sa tem- 
perature, ne reprend pas sa dimension exacte, memo au bout de 
plusieurs jours, par le retour lent h la temperature primitive. 

(2) Qu'une pression exterieure modifie sensiblement les effets, soit 
de la force dilatante du feu, soit de la cohesion des molecules du m6tal, 
lorsque cette pression conspire avec Tune de ces deux forces, ou 
lorsqu’elle lui est opposee. 

(3) Qu’abstraction faite de tout changement dans la temperature, 
la pression produit sur une baiTe de fer, dans le sens de sa longueur, 
un refoulement, dont une partie disparait quand la pression cesse, et 
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dont tme autre partie denieure permanente; au moius pendant un 
certain temps. 

The second result seems to have considerable bearing on 
Duhamel’s thermo-elastic theory, for it would make the coefficient 
jS a function of the load ; see ij:t. 869. 

[877.] J. M. 0. Duhamel. Second memoir e sur les phenomhies 
Thermo-micaniques : Journal de VEcole Poly technique, 25® CaJiier 
(Tome xy.), 1837 ; pages 1 — 57. This memoir was read to the 
Academy of Sciences on February 23, 1835. It appears to be 
second to the memoir published in 1838 and considered in our 
Art. 868. The memoir is an important one. 

[878.] Duhamel begins with the remark that Poisson had 
recognised the existence of thermal variations in the elastic 
constants, but thought that, except for great differences of 
temperature and where extreme accuracy is necessary, it was 
better to neglect them : an additional argument with Poisson 
being the want of sufficient experiments to determine the laws of 
variation. Duhamel then continues : 

Je pense aussi, comme tons les g^om^tres qui out traite le meme 
sujet, que Ton pent, dans des limites assez ^tendues, considerer tons les 
coefficiens specifiques comme constans ; mais je me propose ici d’avoir 
egard h une circohstance que Ton a n^ligee, et dont Tinfluence est 
certainement beaucoup plus sensible. On admet g^neralement que tons 
les corps degagent de la chaleur quand on les comprime, et en absorbent 
quand on les dilate; d’oii il resulte qu^il y a une difference sensible 
entre les chaleurs specifiques k volume constant et k pression constante. 
O’est ce principe qui sert de base k ma theorie; et j’admets que la 
quantite de chaleur degagee est proper fcionnelle k I’accroissement qu*a 
subi la density, pourvu que cet accroissement soit tres-petit (pp. 1 — 2). 

[879.] Duhamel seems to be ignorant of Weber’s results (see 
Art. 705), and remarks with regard to the ratio of the specific 
heats : 

Aucune tentative n’a encore ^te faite pour determiner sa valeur 
dans les substances solides ; mais on verra que ma theorie donne 
plusieurs moyens dy parvenir (p. 2). 
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[880.] The introductory pages of the memoir are interesting 
historically and physically, and we quote pages 2 — 4. 

Examinons d’abord si la theorie de la propagation de la chaleur 
dans les solides est completement en harmonie avec ce fait incontestable 
d'une difference entre les deux chaleurs sp^cifiques d’une meme sub- 
stance. Fourier et tous les g6om^tres qui se sont occupes apr^s lui de 
la theorie mathematique de la chaleur, ont suppose dans leur calcul que 
les molecules conservaient les m^mes distances respectives, ‘malgre les 
variations de la temperature. Or, en regardant cette hypothese comme 
admissible, il aurait fallu considerer la chaleur specifique k volume 
constant, et non celle que les experiences des physiciens avaient fait 
connaitre, et qui se rapportait ^ une pression constante. Mais il est 
facile de voir qu’apr^s avoir fait cette premiere correction, il en reste £l 
faire une seconds relative au changement de density. 

En effet, on pent supposer d’abord que Ton calcule Taccroissement 
de temperature que subirait un element infiniment petit du solide, dans 
un temps tres-court, pendant lequel on maintiendrait tous les points 
dans les m6mes positions; mais ensuite il faut laisser prendre k ces 
points les positions relatives au nouvel ^quilibre mecanique et aj outer k 
la temperature deji. calculee celle qui r^sulte du changement de densite 
qu’a subi I’element que Ton considere. Peut-^tre pensait-on qii’en 
laissant s’operer les dilatations ou contractions interieures, il etait exact 
de prendre la chaleur specifique k pression constante : mais cette 
opinion ne saurait etre admise aujourd’hui. La theorie que j’ai donnee 
des effets mecaniques de la chaleur dans les corps solides, montre que 
pendant les changemens de temperature, la pression change k chaque 
instant au m^me point; que par consequent la dilatation d’une particule 
du corps ne s’execute pas comme si elle etait isolee du reste et qu’il 
peut m^me arriver qu’il y ait contraction en m§me temps qu’clevation 
de temperature. Il etait done n6cessaire de faire subir une modification 
k requation de la propagation de la chaleur ; et cette modification 
consiste k substituer d'abord la chaleur specifique k volume constant k 
celle relative k la pression constante ; puis k ajouter I’effet produit par 
le changement de la densit6. Quant k Tequation relative k la surface, 
elle ne subit aucun changement. 

La theorie de la propagation de la chaleur se trouve ainsi dependante 
de la theorie mecanique qui determine les changemens de position 
qu’entraine I’^quilibre int^rieur d’un corps in%alement 6chauff6 ; et 
r^ciproquement la seconde th6orie depend de la premiere, de sorte 
qu’aucune d’elles ne peut ^tre trait^e s^par^ment. J’ai fait connaitre 
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dans un autre memoire les equations genirales qui deterrainent I’^qui- 
libre ou le mouvement des difierens points d’un corps d’apr^s son ^tat 
tbermometrique (see our Art. 868). Ces equations ne subiront aucune 
modification ; mais Tetat tbermometrique ne pourra plus ^tre determine 
separ^ment ; k moins que ce ne soit dans une premiere approximation, 
dont Texactitude ne saurait encore etre Lien appreciee. 

Ainsi se trouvent liees iutimement les deux grandes theories 
physiques qui depuis quelques annees occupent le plus Tattention des 
g^ometres. Les changemens de temperature pourront encore dans bien 
des cas se determiner par les equations de Fourier ; par exemple, toutes 
les fois que les temperatures, quoique inegales, seront invariables. De 
meme aussi I’equilibre et le mouvement des corps elastiques seront 
determines par les Equations de M. IsTavier, toutes les fois que la 
temperature sera invariable dans toute I’etendue de ces corps. Dans 
tout autre cas ce sout nos equations qu’il faudra employer. 

Et meme, lorsque Ton considere le mouvement vibratoire des mole- 
cules d’un corps dont la tempemture est partout la meme, les equations 
de M. Navicr exigent une modification que ce savant geometre a bien 
prevuo, et dont il a parle dans son rapport sur la tlieorie que j’ai 
donnee des effets mtoniques de la chaleur dans les corps solides. Cette 
modification tient k la chaleur developp^e ou absorbee dans les change- 
mens de density qui peuvont accompagner ‘ les vibrations ; elle ne 
pouvait ^tre calculee que par la th^orie que je viens de rappeler, Je 
traite cette question dans ce memoire et je fais voir comment la vitesse 
de propagation du son so trouve alt6r6e par ce developpement de chaleur. 
Mais il y a ici une observation k faire. M. Poisson dans un de ses 
derniers memoires, a demontr^ Texistence de deux esp^ces d’ondes 
spheriques dans les milieux solides dont Telasticite est la m^rae dans 
tons les sens. Dans Tuno, la density est la mOme que dans Tetat primitif ; 
dans I’autre elle est differente (see our Arts. 526 and 565). Oi’, il est 
Evident que dans le premier cas les Equations de M. Navier subsistent, 
puisqu’il ne pent y avoir changement de temperature : e’est done aux 
ondes de la seconde espbee que se rapportera la modification dont il est 
question. 

(This refers to Duhatners hypothesis stated above: see our 
Art. 874.) 

La formule que j^ai fait oonnaitre k cet ejfiet, est tr^s difiTerente de 
celle que Laplace a donnSe pour les gaz. En la comparant k la vitesse 
de propagation d^duite de Texp^rience, on d^terminera le rapport des 
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deux chaleurs specifiques pour tous les solides ; et comme on connait 
d4j^ la clialeur sp6cifique ^ pression constaute, on en conclura la 
seconds, et Ton poss^dera toutes les donnees necessaires au calcul des 
phenom^nes que la clialeur et Pattraction mol^culaire peuvent produire 
dans les solides homogenes (p. 4). 

[881.] Besides the problems on vibrating bodies, Duliamel in 
this memoir treats other questions relative to the heat liberated 
v/hen solids are suddenly compressed. With respect to these cases 
he makes the following hypothesis : that each ’ , i"' b/ small particle 

of the solid takes instantly all the heat which the compression which 
it undergoes can give it. Duhamel remarks that this hypothesis 
has been admitted by all physicists who have treated of the like 
case in a gas, and it ought to be recognised as having even a 
better foundation in the case of solids, owing to the slowness with 
which they conduct heat (p. 5). 

[882.] With regard to the experimental verification of his 
results Duhamel remarks : 

J’avais teiite quelques applications num^riques de mes formules, en 
partant des experiences de Ohladni sur la vitesse de propagation da son 
dans les solides, et j’en avais deduit le rapport des deux chaleurs 
specifiques de diverses substances. Mais les r^sultats que j’ai obtenus 
dans certains cas, m’ont porte ^ croire que la compression des solides 
n’avait pas ete determin^e par les physiciens avec toute I’exactitude 
qu’exige ce genre de rechei'ches, et je me suis abstenu de les mentioiinor 
dans ce m^moire (p. 6). 

[883.] We will now give some account of the analysis and re- 
sults of the memoir. 

Duhamel first determines the general body and surface thermo- 
elastic equations (pp. 8 — 12). We reproduce these equations in 
somewhat different notation. 

Let % Vj w and 6 be the shifts and the dilatation at the point 
X, y, z at time t ; q the temperature at the same point ; k the 
thermal conductivity of the body; p its density; and c„ the 
specific heats for constant pressure and constant volume respectively, 
and 7 = eje ^ ; B the dilatation (cubical) produced by an elevation 
of temperature equal to unity, B' the dilatation produced by unit 
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tractive load exercised over the entire surface of the body, and 

/3=S/B'. 

Then, since on Poisson’s theory of uni-constant isotropy 
At = 3/ (58'), we have for the thermo-elastic body shift-equations of 
an isotropic solid the following : 


dq & 


dt ^ ^ ^ ‘ 


•( 1 ). 




df 


dz 


dz 




And the following thermo-elastic surface shift- equations ; 

cos 71 — /3g cosZ 




fdv du 
dx dy, 


Kdy 

(dib div 
dz dx 
dv 
dy 

fdv dw 
^ \dz dy 


cosZ + 




cosm 


cos 71 - cos 772. 


cosm 


(du , dw\ , , (dw , dv\ 

•^-'‘(2;+sj'=“*+'‘4+3;) 

+ ^2;^ ^ 4- jjb^ cosn — cos7? 


..,(3). 


Here X, Y, Z are body-forces at x^ y, z, and X\ Y\ Z the load- 
components at the element of surface whose direction is given by 
the angles Z, m, n, 

[884.] Of these equations (2) and (3) are given by Duhamel in 
his earlier memoir acd there obtained in the manner we have de- 
scribed in Art. 869. It is obvious that if we write 6' -6 - yS/2 fj . . q, 
we shall obtain equations of the same form as in the ordinary 
theory of elasticity ; 0’ will however no longer have the value 

du dv dw 
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[885.] Equation (1) is deduced by two separate methods on 
pp. 9 — 10 ; we reproduce one method of obtaining it. 

If the body did not expand owing to the change of temperature 
the increase of temperature at co, z in time dt would by Fourier’s 
method be equal to 

But owing to the increase in volume the temperature has not so 
great an increase. Let % be the increase of temperature which 
would in general result from a small increase of the density due to 
the diminution e in unit volume. Now if this unit volume cooled 
till it became 1 — € under a constant pressure, the temperature 
would decrease by e/S and the quantity of heat given off would be 
Op€/S. But this last quantity is exactly that, which restored to the 
constant volume 1 — e, would raise it to the primitive temperature 
increased by %, or actually raise its temperature by €/§+%; there- 
fore this amount of heat can also be represented by (e/S + %). 
Hence c^e/S = (e/S + 

or, ^ = «^.e/a = (-y-l)6/S. 

Now in our case the density diminishes or is negative for 



Thus the total gain in temperature is 

dq j. ^ r 72 7 — 1 d6 


dt c^p 

i-— ’’s- 

dt c^p ^ 
which is the required equation (1). 


oi\ 


8 dt 

7 — 1 

'~T'Tt’ 


[886.] The first problem considered by Duhamel is entitled : 
Propagation du mouvement dans un solide indifini (pp. 12 — 19). 

He begins with the following remarks : 

La superposition des effefcs, qui sbbserve dans cette th€orie, permet 
de supposer le solide k une temperature uniforme, et fibre de toutes 
forces etrang^res. Les r^sultats de ce calcul devraient etre augmentes 
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ceux que ces forces et le diangement des temperatures primitives 
:aient produits ; mais lorsqu’il s’agira d’nn temps tris couii;, comme 
as le cas oil ron considere la propagation du mouvemeut, il sera 
itile de faire cette correction. 

Cela pos4, nous concevons un solide iiomogene indefini, dont tous 
points ont la m^me temperature et ne sont soumis qu’a leur action 
ituelle; une petite partie de ce solide est derangee de I’^tat d’^quilibrej 
, deplacemens et les vitesses de ses points sont donnes ; il s’agit de 
bermiuer la vitesse avec laquelle le mouvement se propagera. La 
aleur developpee par la compression ne se r^pandra dans le solide 
’avec une grande lenteur, et par consequent, n’infiuera pas par sa 
fusion sur la vitesse avec laquelle le mouvement gagnera les points 
imitivement en repos : elle n’influera que par les forces qu’elle 
oduira dans les parties ou il y aura cbangement de density, et lorsque 
n considere le plienom^ne pendant un temps quelconque, c’est encore 
la seule influence de la chaleur degag^e, lorsqu’au m^me point les 
ndensations et dilatations successives sont sensiblement egales comme 
ns les vibrations sonores. Dans ces divers cas, les molecules conservent 
ujours la m^me quantity de cbaleur sans pour cela conserver la meme 
mp^rature ; et les choses se passent comme si la conductibiHt^ de la 
bstance 6tait nulle. 


This last hypothesis amounts to putting h = 0, and we 
ten find : 

dq_ y — 1 d6 
dt~ 8 dt’ 


, taking the initial temperature as zero, we have 




8 


0 . 


Using this, equations (2) give us 
ith regard to x, y, z and adding 
d?q _ 4+57 
df ”” 8p 


by differentiating respectively 


[887.] Duhamel tten solves this equation hy Poisson’s method, 
[e remarks that the velocity of the wave motion 



(4 + 57)/^ 
3 /> 
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This value is very different from the velocity of that 

form of sound wave where there is no dilatation. It also differs 
from Poissons form (see Art. 526), as he supposes ' 7 = 1, and 
obtains The above form is obtained from Poisson's value 

by multiplying by ^ s/4 + 67, and not by s/7 as in the case of gases 
or liquids. This suggests a means of calculating from sound 
experiments the ratio cjc ^ ; a means adopted with a curious error 
by Wertheim in a memoir of 1844. The error was first pointed 
out by Clausius : see our Chapter Yiii. 


[888.] The next problem considered by Duhamel is entitled : 
Equilihre d'un corps de figure quelconque, suhitement comprimi 
(pp. 19—20). 

As before, g = — value must be substituted in 

equations (2) and (3), the left-hand side of those equations being 
suppressed. They will then be satisfied if we take 


u = Air, 'O = jBy, w = Ck, 
and we easily deduce, p being the uniform tractive load, 




— > 


or, 



Hence we conclude : 



q^p 


(y-1) 

7/3 


pz 


Whatever may be the form of a body whose surface is suddenly 
subjected to a uniform tractive load, the stretch will be the 
same in all directions, and the value of this stretch will be obtained 
by dividing by the ratio of the two specific heats that value which 
it would have had if no heat had been liberated. 


[889.] The next case treated is an easy and important one, 
namely that of a wire or bar whose terminal sections are subjected 
to a sudden uniform tractive load (pp. 20 — 23). 

The body-equations,— here the same as those of the preceding 
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question, — and the surface-equations, if the traction for unit area of 
base be T, can be satisfied by 

u = AXf V — By, w = Cz, 


where 


-4 = — ( 5 - 1 - 


B= (7 = 


SQfjb \r/ 


where x is the direction of the axis of bar or wire. 

WlTldllTT yy 7 ^ rp 


Finally 


0 = - i ^ T. 
^ SjiS 


Now the stretch of the wire after the equilibrium of temperature 
2T 

is equal to ^ on uni-constant theory. 

Hence the difference between the immediate and final 
stretches is 

^ 

or, the ratio of this difference to the final stretch is equal to 


[890.] This offers another means of determining y, from the 
measurement of the immediate and final extensions of a bar or 
wire\ This distinction, we must remark, is quite apart fi:om elastic 
after-strain and does not seem to have been sufficiently regarded 
in experiments to determine the elastic modulus from the 
extension of bars, especially in cases where the stress-strain curve 
is plotted out for a continuous and rapid increase of the terminal 
tractive load. 


[891.] On p. 23 we have the problem of the equilibrium of a 
spherical shell or hollow sphere subjected to sudden uniform tractive 
loads p and on the interior and exterior surfaces respectively. 
The analysis is here very simple. It is shewn that the increase of 
temperature and density is the same at all points, but that the 

1 We may note that using Weher’s results in Art. 705 the ratio of the difference 
between immediate and final elongation of an iron bar to its final elongation 
amounts to something more than 1/100. 
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stretch is not the same at all points or in all directions. Duhamel 
remarks with regard to these results : 

II serait necessaire d’avoir Sgard k ces circonstances dans les ex- 
periences siir la compressibilite des liqnides, si I’on ne s^assurait pas qne 
Penveloppe est rigoureusement parvenue ^ la temperature du liquids 
environnant (p. 25), 

See our Arts. 686 — 691. 

Duhamel on page 25 refers to his former solution of the more 
general equations for the thermo-elastic condition of a solid 
sphere compressed and then left to itself. 


[892.] We then have a problem which is thus stated : 

Considerons un corps de forme quelconque qni soit d’abord A la 
temperature zero, et supposons qubn y introduise une quantite de 
chaleur telle que la temperature de chaque point s’4l^verait d’une 
quantite exprim^e par (sc, y, z), si la densite restait partout la m^me 
qu’auparavant ; admettons de plus que Tequilibre s’^tablisse instantan6- 
ment entre les forces moleculaires developp^es par la chaleur, et pro- 
posons-nous de determiner ce premier 6tat d’6quilibre qui sera bientdt 
alt6r6 sensiblement par la propagation de la chaleur (p. 26). 

In this case 

q = F{x, y, z) - 9, 


so that the body shift-equations become of the type : 


-f fJU 


{l + 5y) de gdF 
3 dx ^ dx ' 


and the surface shift-equations of the type ; 
du , 57 — 2 A , , fdu , 


[893.] A simple case considered by Duhamel is when F {x, y, z) 
has the constant value %, we then have the solutions 
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This result might easily have been foreseen; for, the tempera- 
tures 2 and X produced by the same quantity of heat, but 

the first supposing the pressure constant, the second the volume 
constant, ought to be reciprocally proportional to the specific 
heats; while the linear dilatation ought to have for value 
i gS, or 

vS ^ 

4 — = ^ — Y. 

^ 7 Ofiy 

[894.] We have next the application of these results to a 
hollow sphere, the temperature to which each point is raised 
being a function of the radius only. This follows very simply. 
Duhamel arrives at the following somewhat remarkable result : 

Quel qiie soit le rapport des deux chaleurs specifiques de la substance 
qui compose une sphere creuse ; si I’on y introduit une quantite 
quelconque de chaleur dont la loi de distribution soit representee par 
une fonction arbitraire de la distance au centre, I’equilibre s’etablira 
entre les forces developpees par cette chaleur, de telle sorte que les 
deux surfaces extremes auront subi la m^me dilatation que si la chaleur 
avait ete distribuee uniform^ment. La dilatation ou contraction des 
autres couches dependra au contraire de la loi de cette distribution et 
du rapport des deux chaleurs specifiques, ou de la chaleur developpee 
par la contraction (p. 30). 

[895.] The succeeding problem is more complex and is treated 
by Duhamel in two modes of which the second seems somewhat 
the better. The problem is : To determine the rate of cooling of a 
free sphere taking account of the heat liberated by the contraction. 
We have to find the temperatures, shifts and stresses after any 
time has elapsed. Duhamel limits the problem by supposing the 
initial temperature a function only of the distance from the centre 
and that the surface is maintained at uniform zero-temperature. 
The investigation occupies pages 31—48 and has some interesting 
analysis of the kind which occurs in the treatment of the distorted 
sphere by Poisson : see Arts. 449 — 463. 

[896-1 Paiges 49—57 contain a discussion of the same problem 
with a different surface-condition,— the surface being in this case 
exposed to the action of a medium of which the temperatoe is 

T. E. 
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triable. The analysis used in the solution is like that of the 
vious case. 

Throughout this memoir Duhamel makes frequent references 
lis earlier memoir, especially to his consideration of the sphere 

I cylinder. 

[897.] A number of further memoirs by Duhamel on subjects 
re related to the theory of sound than that of elasticity will be 
nd analysed in the volumes of the Comptes Rendus. They embrace 
nerous problems on the motion of strings to which weights are 
ached, various considerations on the general types of vibratory 
tion, and a long discussion on the vibrations produced by the how 
% fiddle — a point which Duhamel appears to have been the first 
treat oi\ 

[898.] A last memoir on our subject due to this writer may 
y be considered here, although it belongs to a much later date, 
is entitled : 

Mimoire sur le mouvement des differents points d'une barre 
indrique dont la temperature varie. It occupies pp. 1 — 33 of 
> 36® Gahier {Tome xzi.) of the Journal de VEoole Polytechnique, 
[•is, 1856. 

The object of this memoir is to treat a special case of the 
lier memoirs in a simpler manner; it is expressed in the 
owing words : 

II est pen de phenom^nes oil les corps solid es n’eprouvent des 
Qgements de temperature, et ne developpent, par suite, des forces 
t il est souvent indispensable de tenir compte. J’ai fait connaitre, 
a longtemps, les Equations g^nerales au moyen desquelles ces efiets 
vent toe calculus dans les corps ^lastiques homog^nes; et j’en ai 
alors differentes applications. Je me propose de montrer comment, 
s certains cas simples, on peut se dispenser de recourir ^ ces 
ations compliqu^es, qui, en donnant k la solution une plus grande 
ctitude th^orique, ne la rendraient pas reellement plus propre a la 
ure des effets observables. 

An interesting memoir, which deserves at least to he noted if only for a pecu- 
ty in the form of a solution of a differential equation, is that of 1865. It is 
:led : MouvcTnent d'un Jil ilastiq^ue soumis cl V action d'un courant de Jluide anime 
e Vitesse constante, Comjptes Bendus, Yol. lvi . pp. 277—288. 
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[899.] The method adopted here is similar to Fourier’s treat- 
ent of the motion of heat in a har, where the temperature is 
isumed to be uniform across a section and thus reduced to a func- 
on of one instead of three co-ordinates. Duhamel makes a like 
ipposition for the thermo-elastic state of a cooling bar. He 
moimces his first problem thus : 


On donne une barre cylindrique ayaut pour section orthogonale une 
jure quelconque. Ses deux bases sont soumises k des tractions %ales, 
)nstantes ou variables avec le temps, suivant une loi donnee. Dans 
itat initial, les temperatures varient arbitrairement d’un point k un 
itre, ainsi que les deplacemerits et les vitesses. Cette barre est placSe 
ms une enceinte dont la temperature est invariable et ?on deman de le 
ouvement de cliacun de ses points pendant la dur6e indefinie du 
ifroidissement, ainsi que Tetat final vers lequel il converge (p. 2). 


The general equations are ; 

dq _ A d^q 
pc dx^ 


dt 

d^u dhi 


G>pc ^ 
_ ^ 


( 1 ). 

df ~ ^ dx^ dx J 

here q is the difference of temperature at any point between the 
xl and the surrounding medium ; u is the displacement at time t 
f a point which is distant x from the central cross-section of the 
ar when g = 0 throughout ; p is the density ; co the sectional area 
nd p its perimeter; m is the interior-conductivity and Ic the 
xterior-conductivity (radiation-coefficient); E is the stretch- 
lodnlus, and t) the ratio of the stretch produced by unit elevation 
f temperature to the stretch produced by unit traction (i.e. to 1/^^). 

With regard to c, Duhamel merely terms it the specific heat, 
le appears accordingly in this memoir to suppose the two specific 
eats equal, which causes a term involving u in the first of the 
bo VC equations to disappear. He does not justify this in his 
acmoir, or even note the assumption. 

For brevity we write : 


h 

— - a, 

po 




cope 




E 




^ = z;. 


[900.] The first special case considered by Duhamel is that of a 

31—2 
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bar (length 21 at zero temperature) raised to uniform temperature 
and allowed to cool under the action of no load, initial shifts and 
velocities being given. Here obviously : 


2 = 9 ^ 0 ^“' 


d^u 


, dhb 


while we must satisfy the special relations : 


w = 0 for ^ = 0, 
-£^^ = ■>72 for a;=Z, 


^4=/(a;) 

du , . , 


for ^ = 0. 


Assuming where U and w are periodic functions 

only, we easily deduce 

fir) sinh hxjfi 


w 


= S A sin 

0 L 


TT^a 

^“^°A;6‘cosh W/At* 


(2n +1) nr fit 


+ cos 


(2n + 1) TTfit 


sin 


21 — - 2Z 

and find to determine and the Fourier’s series, 


(2re + 1) vx 

21 ^ 


{2n + 1) sin (2,1 + 1) {x) + hU. 


We see that w represents the final condition of the bar, which 
is obviously the same as if we supposed the initial condition to be 
one of uniform temperature the same as the surrounding medium 
but the initial shifts to be given by /{oc) — !! and the initial shift- 
velocities by j> {x) + &27. 

We may note the case where the final state is one of repose or 
where the shifts and their velocities are given respectively by U 
and — IJI, 

Duhamel calculates (p. 10) the values of and when the 
initial velocities are zero, and the shifts are those due to a uniform 

permanent temperature fi.e. / [x) = . 


[901.] The next problem is a more general case of the first ; 
namely, the initial temperature is not supposed uniform but 
equal to Fix ) ; the terminal sections are also subjected to a uniform 
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tractive load T (pp. 11 — 17). The solution is slightly more com- 
plex, although of the same character as in the first problem. The 
difference lies in the fact that we have now to solve equations (i) 
with the terminal conditions 


k^ + k'q = 0 

jpdu rp 


I for = I, 


and a more complex initial state. 

The solution of a third problem, that in which the tractive 
load is a function of the time is indicated, but not effected (pp. 
17—18). 


[902.] Duhamel then passes to the second section of his paper 
which is occupied with the cooling of bars whose terminals are fixed 
to moveable masses {phstaoles mobiles). In order to simplify the 
problem, the^ centre of the bar is supposed to be either fixed or a 
centre of symmetry, and the resistance of the masses attached to 
the terminals is supposed to vary in a given manner with the 
terminal displacements; further the temperature of the bar 
(as in the first problem of the first section) is supposed the same 
throughout its length. 

With regard to the general problem Duhamel remarks : 

Le refroidissement des barres m^talliques a ete employ^ h. produire 
des efforts considerables, et k op6rer des rapprochements entre des corps 
qui y opposaient de grandes resistances. 

II pent etre interessant, au point de viie mecanique, de calculer la 
quantity de travail produite ainsi dans des circonstances donnees. Mais 
c’est plutdt an point de vne de la theorie qne de Tutilite pratique que 
nous Tenvisagerons. Nous poserons d’abord le principe d’aprls lequel 
la question mecanique doit etre traitee, et vu la nouveaute du sujet, 
nous en suivrons le developpement mathematique et physique au del^ 
de ce qui semble interesser la simple pratique. Et ce ne sera pas 
seulement dans le but de faire des applications curieuses d’analyse k 
des questions nouvelles, c’est parce qiifil est toujours important de bien 
connaitre toutes les consequences des piincipes physiques d’ou Ton part, 
et qu’on parvient ainsi k se rendre compte, d’une mani^re g^n^rale, 
d'effets qu’il eut 6t6 quelquefois difficile de prevoir, et qui, 6tant 
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necessaires ^ Tiiitelligence complete des plienom^nes, peuvent par suite 
se trouver utiles ^ la pratique elle-m^me (pp. 18 — 19). 

With the limitations imposed by Duhamel we evidently have 

? = ( 0 - 

Further if JJ be the terminal shift at time t, and ^ the 
stretch produced by unit increase of temperature, the stretch 
produced by the tractive load at the terminal = (27— and 
therefore the tractive load =^(Z7— Zgf)/Z = ^27/Z — But this 
tractive load is a function of the shift 27, or of the form '^{U)- 
Thus we have 

'\lr {U\-‘JSUIl+7jq = 0 (ii). 

Equations (i) and (ii) theoretically give 27 for all values of t, 
and may generally be solved by approximation (p. 22). Duhamel 
then proceeds to investigate the work accomplished by the bar in 
cooling and shows that this work does not depend only on the bar 
itself, but also on the nature of the resistance overcome, i.e. on the 
function (CT). He points out however that the work is always 
less than 

w 

2E ’ 

whatever the resisting mass may be (p. 23). The general expression 
for the work is easily seen to be 



where is given by 

[903.] This is applied (pp. 25 — 26) to the simple case in 
which the tractive load may be supposed produced by a spring the 
force of which is proportional to the displacement or 

where -d is a given constant. 

Duhamel deduces for the work the ‘expression 

AW 

2{E+Al)^' 

which has a maximum value when A — Ejl, a result easily inter- 
preted physically. 
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The displacement at any point of the bar at time t is calculated 
from the following equations : 
d?u __ 2 d^u 
df dx^’ 


u = 0, when m — Oy 


u = (f>(t)—U obtained from equations (ii), when a? = 7, 
dujdt = 0, when ^ = 0. 

The value given is 


' TT 1 


2 ^ cosnTT 


-sin- 


mroc 




‘ ttT I 

For this value, Duhamel refers to his memoir : Sur les vibrations 
cTun systeme quelconque de points maUriels. This will be found in 
the Journal dEcole polytechnique, Gahier 23, Paris, 1834, pp. 1 — 
36 : see p. 36. He applies it to the simple case stated at the 
beginning of this article (pp. 25 and 27). 


[904.] The memoir concludes with a section entitled : Refroi- 
dissement d!une harre dont Vextremitd est lie'e d une verge ilastique d 
wie temperature constante (pp. 28 — 33). This is the interesting case 
where a cooling bar is employed to stretch a second bar, the tem- 
perature of which is that of the surrounding medium. The analysis 
presents no greater difficulties than such as arise in considering 
the longitudinal vibrations of a stretched string composed of two 
segments of different materials. Duhamel brings his memoir to a 
conclusion with the words : 

!N*ous avons voulu seulement appeler I’attention sur un nouveau 
genre de questions, et ouvrir la voie h. ceux qu'elles pourraient interesser. 

[905.] Arthur Morin. JJouvelles Experiences sur V adherence 
des pierres et des hriques poshes en bain de inortier ou scellees en 
pldtre, Paris, 1838. 

These experiments were made in 1834, and an account of 
them presented to the Academy but, owing to the delay caused by 
the death of Navier who had been appointed Rapporteur, Morin 
decided to publish his memoir independently in 1838\ We have 

^ Saint Yenant in the Historique Abrige, p. ccxcvii. gives 1828 as the date of this 
memoir: it is important to note that it follows Yicat’s memoir of 1833: see our 
Art. 729. 
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seen that Coulomb had given a false theory of slide and that 
Navier had tried to mate his theory more in accord with 
expeiience by introducing the element of friction into the formula 
deduced from Coulomb’s hypothesis : see Art. 729. Morin in his 
experiments on friction had been led to inquire how far friction 
plays a part in the resistance to slide of two materials united by 
mortar. Some earlier experiments of his proved that after eight 
days the resistance of cohesion began to be much stronger than 
the frictional resistance. The traction was applied in the plane of 
the joint and the resistance to shear is termed by Morin adherence; 
the distinction between the forces of friction and adherence is 
determined by the variation or non-variation of the resistance of 
the joints to slide with (1) the extent of the surfaces in contact, and 
(2) the amount of normal pressure. 

For the first few days the resistance of the joint was found to 
vary with (2) and not with (1), but after a certain period to vary 
with (1) and not with (2). This period marks the transition from 
friction to adherence or to cohesion. Morin believes that these two 
resistances to slide are successive and not simultaneous, hence we 
may say Coulomb’s formula as extended by Navier has no practical 
value (see Art. 729). These experiments seem to require some 
confirmation, especially having regard to Morin’s other, and 
erroneous results on the nature of friction. It would seem probable 
that (1) and (2) have simultaneous effects in an early stage, but 
that the ratio of these effects varies. The author confirms 
Bondelet’s result that for stones which take mortar well {qui 
prennent bien le mortier) we have to do with the cohesion of 
the mortar, but that with plaster (pldtre) we have to consider its 
adherence to the face of the material: see Art. 696. 

[906.] J. P. G. V. Heim. Ueher Gleichgewicht iind Bewegung 
gespannter elastischer fester Korper, Mit einem Anhange uber 
die Berechmmg des Widerstandes und die vortheilhafteste Oestalt 
der Eisenbahn-Schienen, Stuttgart und Tubingen, 1838. 

As we advance in our historical investigations the increasing 
number of text-books on the subject of elasticity become a marked 
feature, and the difficulty of discovering what amount of novelty 
they contain becomes more and more considerable. The present 
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work consists of upwards of 650 pages and the author claims 
that it contains the solutions of certain problems which presented 
themselves to him in his practical work, problems which he 
apparently holds were at that time unsolved. The appendix on 
Eisenhahn-Schienen is characteristic of the period upon which 
we are entering ; the construction of bridges had for a long time 
dictated the direction of experiment and theory in the matter of 
elasticity, railway needs now begin to take their part in this field 
of investigation. 


[907.] The work itself belongs essentially to the old school ; 
that is, the general equations of elasticity are not considered, but 
by means of special hypotheses problems on beams, struts or rods 
(bodies having a central axis — Centrallinie) are solved. In this 
respect the work is of the same character as the treatises of 
Girard and Eytelwein, or the Lecons of Navier. The author adopts 
the Bernoulli-Eulerian hypothesis that the normal-sections of a 
beam remain plane and normal to the central axis after fiexure ; 
he also expands stress in terms of strain by Taylor s theorem 
without the least qualifying remark. The shear and slide are in 
fact completely neglected. At the same time while following in 
the footsteps of Euler and Lagrange he has solved the equation 
for flexure of a beam subjected to a terminal load more generally 
and to a higher degree of approximation than any previous and 
possibly than any subsequent writer. He puts (p. 53) this equation 
in a slightly different form than that usually adopted, — ^the flexure 
being supposed to take place in one plane that of the central 
axis, — namely ; 


da!^\ Eco ds) 




(i). 


Here P is the terminal load, E the stretch-modulus, w the 
sectional area, and tc the radius of gyration of the section o) about 
a line through the central axis perpendicular to the plane of 
flexure. The direction of P is taken as axis of y, and x is 
perpendicular to it and thus not necessarily coincident with the 
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'unstrained position of the central axis ; 5 is as usual the length of 
this axis measured from a fixed point (p. 53). 

[908.] Of this equation a first integral is easily obtained, 
namely, writing ^ = tan ^ and G for the constant, 

sinc^ 4- P/(2£'co) . cos‘'*<^ = P(]c^l{^Eicco) + C (ii). 

For the solution of this equation (ii) various methods of 
approximation in series involving the use of Maclaurin's and 
Ohm's Theorems are given (see pp. 55 — 178). The approximation 
to be adopted for any particular case depends largely on the 
character of the constant G, and the equation to the central axis 
is given not only in algebraic, but in trigonometrical and loga- 
rithmic forms. The approximations involve very long analytical 
work and seem unnecessarily fine for any practical application. 
In fact the only case in which we can suppose the Bernoulli- 
Eulerian hypothesis to approach the actual state of affairs is that 
wherein the length of the beam is very great as compared with the 
linear dimensions of its section ; in this case the majority of terms 
involved in these approximations are insensible. 

[909.] It is somewhat startling to find a practical man like 
Heim (he was colonel of Artillery) even asserting that the equation 
(i) is perfectly valid when the normal section varies from point to 
point of the central line (p. 179) and applying it to various surfaces 
of revolution, for example (p. 181) the frustrum of any right circular 
cone. This is much on a par with the formula he gives (p. 28) for 
the extension by a longitudinal load of any beam of varying 
section, namely : 

extension = P 

where g) is of course a function of oo. 

[910.] On p. 190 Heim gives an equation for the flexure when 
not only a terminal load, but in addition any distribution of load in 
the plane of flexure is added from point to point of the beam. 
He applies this to Euler’s problem of columns bent by their own 
weight and considers also the case of the maximum height for a 
conical column (pp. 191 — 221). Heim’s numerical result for a 
cylindrical column on p. 209 does not agree with Euler’s (see our 


^dx 

PS’ 
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Art. 85), but be is treating a somewhat different problem. Heim’s 
result in Euler’s notation is that 

^>V7‘837325m, 

or, roughly speaking, only one-third of Euler’s value. Greenhill 
finds A>V7’9524m: see his paper, On height consistent with 
stability, Gamb, Phil. Proc. 1882, p. 67. The difference con- 
sidering the character of the physical h 3 rpothesis on which the 
solution rests, is scarcely worthy of further investigation. 

[911.] We may here make a remark which is not without its 
importance in relation to later investigations. Is the load to be 
given that value which it has in the strained condition or in the 
unstrained condition of the body? At first sight the question 
might seem immaterial, as the shifts are in every case supposed to 
be very small quantities. But in the problem of a rod under 
flexure by a terminal force, the consideration becomes important. 
Take, for example, Clebsch’s treatment of Saint- Yenant’s problem 
{Theorie der Elasticitdt f Korper, S. 95). Here the load applied at 
the free end of the rod consists of forces whose sums parallel 
to three chosen axes through the fixed end of the rod are B, G 
and whose moments about these axes are A', G' ; in the 
case of a negative tractive load all these vanish except (7, and ac- 
cording to the formulae on p. 102 there would be no flexure. 
Any the least force A will produce flexure; now suppose a 
small force A applied and a considerable force (7; obviously 
G will now not only produce compression, but also (if greater 
than a certain magnitude) flexure. Hence if we hold that 
theoretically G alone would only produce compression and A alone 
flexure, it is evident that we cannot here apply the usual theory 
of elasticity as the superposition of strains is no longer legitimate. 
In this case we must either assert that the mathematical theory 
does not hold for a normal load of such magnitude as to be 
capable of producing flexure, or else we must calculate the load 
for the strained position of the body. This is possible in the 
example we have considered, but it is conceivable that the strained 
position could not in some cases be determined till it was obtained 
from differential equations themselves involving the load. We 
may remark in addition that although G might not in itself be 
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sufficierLt to maintain flexure, it might considerably modify an 
existing flexure, and thus our first alternative of excluding certain 
loads from consideration would be useless. Further if C and A be 
tractive and shearing loads at the free end of a beam, the bending 
moment of A will practically be unaffected by the shift produced 
by C, on the other hand the shift produced by A may be the 
cause of the bending moment of (7. We are thus compelled to 
consider G as applied to the body in its strained state. 

These remarks are called forth by the very copious treatment 
which under the old theory of flexure a strut subjected to 
longitudinal load received, — Heim following in the footsteps of 
Euler and Lagrange devotes a great amount of space to the 
matter. This case although practically very important is not 
embraced by Saint-Venant’s flexure researches. If indeed we 
suppose G to produce flexure and calculate for the strained 
position of the rod, we have B' = aC, where a would denote the 
total deflection of the free end, and we obtain from Clebsch’s equa- 
tions (86) p. 102 and (72) p. 85 the purely algebraical form for the 
deflection of a point on the central axis; u = z(d£ljdx)^ — a^z^l'i, 
but there can be small doubt that the transcendental form of the 
old theory : = a (1 — cos ^z) is at least an approximation to the 

real state of affairs. The former value applies in fact only in the 
immediate neighbourhood of the fixed end, giving indeed the 
curvature at that end when {d^lldx)^ is zero. The inapplicability 
to this case of Saint- Venant’s solution arises from the usual theory 
of elasticity assuming the superposition of strains. 

[912.] Chapter iv. of Heim’s book (pp. 234 — 266) is devoted 
to the consideration of cases wherein the central axis becomes a 
curve of double curvature. The treatment is not only exceedingly 
cumbrous but incorrect and leads to equations which the author 
does not integrate. 

[913.] Chapter v. is entitled: Vom Qleichgewiclite elastischer 
fester Korper mit ursprilnglich krummer GentralUnie. When the 
load is applied in the plane of the unstrained central axis the 
equation obtained is 
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Here and r are the radii of curvature of the unstrained and 
strained central axis at a:, y, h is the distance from the central 
axis of the neutral line/’ and N is a complex integral which 
reduces to q)F when is large as compared with k and the 
dimensions of the section ; the other quantities having the same 
values as in equation (i). Heim makes no attempt to integrate 
this equation generally: see p. 279. 

It is not in accordance with the result given by Grashof 
{Theorie der Elasticitdt und Festigkeit, 1878, p. 254), nor with 
Navier’s equation : see Art. 278, but reduces to the latter if we 
neglect k/r and dyjds as small, the first of which we certainly 
cannot generally neglect. Here as in obtaining equation (i) Heim 
does not point out that the plane of flexure must cut all the normal 
sections in* one of their principal axes. The analysis is extremely 
clumsy, not to say obscure, so that being unable to follow several 
steps, it is impossible for me to say where the error really arises. 
There is an addition to this chapter in the form of a sixth chapter, 
the only part that need be noticed here is contained on pp. 334 — 
336, where the writer is evidently conscious that all is not quite 
physically accurate in the BernouHi-Eulerian theory. 

[914.] Chapter Yll. occupies itself with the equilibrium of 
elastic beams supported or built-in at both ends and loaded 
between. The methods of this chapter are similar to those given 
in Navier’s Legons or Poisson’s Micanique and still to be found in 
the text-books. The results, obtained in some cases by very long 
analysis, are tabulated on pp. 409 — 411 and might be useful for 
comparison and reference. 

[915.] Chapter vill. is concerned with the old problem of 
Galilei — the solid of equal resistance. As the effect of shearing 
stress is here neglected we have the anomalous solids presented 
by many early writers recurring, i,e. beams which at their points 
of support or at their loaded terminals have a vanishing section : 
See p. 425, § 190, for example. 

[916.] Chapter IX. Here the vibrations of various elastic 
beams are discussed at great length of analysis. Neither the 
methods employed, nor the results are of a kind that need detain 
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US. The chapter is inordinately long (pp. 430 — 577). The book 
concludes with the appendix on the best form of rails which we 
have previously referred to. It is really an addition to Chapter vili. 
The kind of stress to which a portion of this appendix is devoted 
arises when the ends of a loaded beam are supported or built-in ; 
upon this the writer remarks : 

Zu den Korpem, welche dieser Art von Spannung unterliegen, 
gehoren namentlich die Schieiien, welche die Geleise der unter dem 
Namen: Eisenhahneny bekannten neuen Gattung von Kunststrassen 
bilden (p, 578). 

The analysis with which Heim attacks the problem before him 
is simply astounding in its magnitude, and I have not felt it 
necessary to enter into an examination of equations which oc- 
casionally fill entire pages. The final form of his rails has for 
under-contour two lines inclined to the horizontal and a portion of 
a hyperbola. There can be no doubt that a line made with such 
unpractical rails as these would be indeed a Kimststrasse, 

917. We must now notice two memoirs by George Green 

relating to the theory of Light published in the Transactions of 
the Cambridge Philosophical Society Yol. Yii. The first memoir 
is entitled : On the Laws of the Reflexion and Refraction of Light 
at the common surface of two non-cry stallized media ; this occupies 
pages 1 — 24 of the volume; it was read to the Society on 
December 11, 1837, and published in 1839. A Supplement to 
this memoir occupies pages 113 — 120 of the volume; it was 
read to the Society on May 6, 1839, and published in 1839. 
The second memoir is entitled : On the of light in 

crystallized media ; this occupies pages 121 — 140 of the volume; 
it was read to the Society on May 20, 1839, and published 
in 1842. The papers are contained in the octavo volume 
published in 1871, entitled: Mathematical Papers of the late 
George Green : see pp. 243 — 269, 281 — 290, 291 — 311. 

918. An account of these memoirs would find a more appro- 
priate place in a history of the wave theory of light than in our 
work ; but their importance will justify some notice of them here. 
What they offer to our attention is essentially a demonstration 
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of the body shift-equations for free vibrations of an elastic solid ; 
this demonstration occupies about eight pages. There is no 
mention of stress ; the equations are given as necessarily 
holding for the motion of a set of particles under certain sup- 
positions. One supposition is that the whole mass is composed 
of '‘two indefinitely extended media, the surface of junction 
when in equilibrium being a plane of infinite extent.” The 
other supposition is that the medium is uncrystallised or iso- 
tropic. With respect to the mechanical principle used the 
author says in the early part of the memoir : 

The principle selected as the basis of the reasoning contained in the 
following paper is this : In whatever way the elements of any material 
system may act upon each other, if all the internal forces exerted be 
multiplied by the elements of their respective directions, the total sum 
for any assigned portion of the mass will always be the exact differential 
of some function. But this function being known, we can immediately 
apply the general method given in the Mecardqm Aiuilytique, and 
which appears to be more especially applicable to problems that relate 
to the motions of systems composed of an immense number of particles 
mutually acting upon each other. One of the advantages of this 
method, of great importance, is that we are necessarily led by the mere 
process of the calculation, and with lirtle care on our part, to all the 
equations and conditions which are requisite and sufficient for the 
complete solutions of any problem to which it may be applied. 

The mechanical principle which Green uses, we see, is that 
which was formerly called briefly that of Vis Viva] more fully 
stated it is: that the vis viva of a system can be expressed in 
terms of the co-ordinates of its parts for such forces as occur in 
nature. It is now sometimes called the principle of the Conservation 
of Work, 

919. Green shews that the function of which he speaks, when 
he confines himself to a certain approximation, involves in general 21 
coeflScients ; these reduce to 9 when the mass is symmetrical with 
respect to three planes at right angles to each other, to 5 when 
moreover the mass is symmetrical about an axis, and further to 
2 when the mass is symmetrical about two other axes at right 
angles to each other and to the first, i.e. where there is isotropy. 
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920. An abstract of a memoir by Professor MacCullagh is 
given in the Philosophical Magazine for March, 1840^ pp. 229 — 
232 ; from this it appears that he did not entirely agree with 
Green. We read : 

It will be perceived that this theory employs the general processes 
of analytical mechanics, as delivered by Lagrange ^ The first attempt 
to treat the subject of reflection and refraction in this manner was 
made by Mr Green, in a very remarkable paper, printed in the 
Camlridge TQ^ansactions, Yol. vii., Part i 

[This is Green s first memoir.] 

Such is certainly the great advantage of starting with that general 
principle; but the chief diflSculty attending it, namely, the determination 
of the function F, on which the success of the investigation essentially 
depends, has not been surmounted by Mr Green, who has consequently 
been led to very erroneous results, even in the simple case of un- 
crystaUized media to which his researches are exclusively confined. 
In this case Mr MacCullagh’s theory confirms the w'ell-known formulae 
of Fresnel, one of which Mr Green conceives to be inaccurate, and 
proposes to replace by a result of his own, which however will not bear 
to be tested numerically, p. 232, 

[921.] We cannot enter here into the discussion between 
Green and MacCullagh as to the point connected with the wave 
theory of light, but MacCullagh’s objection to Green’s method of 
obtaining the equations of elasticity deserves some attention. We 
must in fact point out the leading features of the elastic-constant 
controversy, which plays such a large part in the future of our 
subject®. The questions are these : Is elastic isotropy to be marked 
by one or two constants ? Is elastic aeolotropy to be marked by 
fifteen or twenty-one constants? For brevity we may speak of 
the first alternative as the rari-constant theory, and the second 
alternative as the multi-constant theory. 

[922.] The rari-constant theory is based upon the assumption 
that a body consists of molecules and that the action between 

1 pjagrange’s principles, as we have seen, were used by Navier in the first 
instance and afterwards by Piola : see our Arts. 268, 761. Ed.] 

- This is the discussion to which I have referred on p. 224, 
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two molecules or ultimate parts of a body is in the line joining 
them. Navier and Poisson, who first obtained the general 
equations of elasticity on this hypothesis made additional as- 
sumptions: (1) both assumed that the action was a function of 
the molecular distance; (2) Poisson assumed that 'the irregular 
action of the molecules in the immediate neighbourhood of the one 
considered may be neglected in comparison with the total action of 
those more remote, which is regular.’ These additional assumptions 
are both unnecessary, the rari-constant equations have been 
obtained by Weyrauch supposing the action to be central but not 
necessarily a function of the intermolecular distance only (see his 
Theorie elastischer Korper, S. 132 — 149) ; they have been obtained 
by Cauchy without neglecting the irregular action : see our 
Art. 616. Hence an objection raised by Stokes in 1845, to the 
rari-constant theory falls to the ground ; he does not appear 
at that time to have seen Cauchy’s memoir of 1828 : see Mathe- 
mobticoZ and Physical PaperSy Vol. I. p. 120. It is true that 
Cauchy also makes an assumption : namely, that the molecules are 
symmetrically distributed, but as Clausius has shewn in a memoir 
of 1849 (see our Chapter Vlli.) this is perfectly legitimate as 
we require the value of the constants not at one individual 
point, but their mean or average value for an indefinite number of 
points. Cauchy’s arrangement then gives the mean or normal 
value of the elastic constants. 

[923.] It would seem then that if intermolecular action is in the 
line joining reacting molecules, the rari-constant equations must 
hold. How far is this assumption necessary or true? There 
seems no reason why intermolecular action should not be of a 
polar character, indeed many phenomena of crystallisation favour 
this assumption: see Arts. 828—829. But in treating isotropic 
bodies we are compelled to consider their crystallisation as 
‘confused’ (see Art. 332), and it is diflicult to see how the mean 
results would be affected by the polar property. This is in fact 
the position taken up by Clausius in his very able article on this 
matter, to which we shall return in its proper place. We may 
further remark that many proofs of the conservation of energy 
closely associated with the hypothesis that natural (or inter- 

m 32 
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molecular) forces are functions of the distance and act in that 
distance^. Among rari-constant elasticians we must include Navier, 
Poisson, Cauchy (see however Art. 927), Clausius, F. E. Neumann, 
Haughton, Castigliano, Baer, Grashof, and last, hut by no means 
least, Saint- Venant. It is quite true that these various physicists 
limit very considerably the area of uni-constant isotropy, and the 
majority rightly remark that substances like cork and other 
vegetable matter with cells and tissues, or like india-rubber and 
jellies containing fluid, cannot be treated as elastic bodies, and that 
arguments deduced from them against uni-constant isotropy are 
invalid. The exact views of these writers I shall consider in detail 
when I treat of their memoirs or treatises on our subject, but I 
may at present refer the reader to Saint-Yenant’s thorough dis- 
cussion of the whole subject in the Appmdice V. to his edition of 
Navier’s Legons (pp. 645 — 762). 

[924.] It would seem that this weight of authority at least 
demands that we should examine carefully into the basis of the 
rari-constant theory, and we cannot hold it entirely satisfactory to 
dismiss that theory in the brief manner adopted by some English 
’writers : 

The only condition that can be theoretically imposed upon these 
coefficients (the 21 of Green) is that they must not permit w (the work) 
to become negative for any values, positive or negative, of the strain- 
components.... Under Properties of Matter we shall see that an untenable 
theory (Boscovich’s), falsely worked out by mathematicians®, has led to 
relations among the coefficients of elasticity which experiment has 
proved to be false. (Thomson and Tait^s Treatise on Natural Philosophy ^ 
2nd edn., Part ii., p. 214.) 

1 We may refer the reader to ScheU, Theorie der Bewegung und der Krdfte, 
Vol. n. pp. 494, 542; Eiemann, Fartielle Differentialgleichungen^ p. 216 (who 
appeals to this very principle in establishing the body shift-equations by Green’s 
method !) ; 0. Neumann, Die mechanische Theorie der Warmer p. 9 ; Clausius, 
Die mechanische Wdrmetheorie, 2‘® Ausg. Bd. i., S. 14 — 17 (especially the con- 
cluding remarks on p. 17), etc., etc. 

2 The reader of our chapters on Poisson and Cauchy will observe that the 
assumption made is not necessarily that of Boscovich, and further that if the 
assumption made be untenable, there has been no evidence produced that it is 
falsely worked out. We have been unable to find any flaw iu Cauchy’s reasoning in 
Art. 616. 
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Elsewhere these two distinguished physicists refer to Stokes’ 
cnemoir of 1845, state that ' clear elastic jellies and india-rubber 
present familiar specimens of isotropic homogeneous solids’ 
(p. 221), appeal to experiments on wires, and to the properties of 
cork (p. 222) to demonstrate the ^ utter worthlessness’ of the 
rari-constant theory. We are no supporters of the rari-constant 
theory, but it cannot be met by experiments upon bodies, which 
as we shall see in the sequel, its upholders either exclude from 
their theory, or for what appear very valid reasons, refuse to treat 
as isotropic. The latter case applies peculiarly to experiments on 
wires and plates. The metals are substances for which rari- 
constant elasticians assert their theory holds, but metals in the 
form of wires and thin plates are, as is well known to all practical 
engineers (see our Arts. 332, 830, 858), the last form in which 
metal can be considered isotropic. These bodies possess owing to 
their method of manufacture not only a cylindrical or planar sys- 
tem of elasticity, but extremely often an initial state of stress, both 
conditions which lead rari-constant theorists to bi-constant formu- 
lae. On the other hand it is found that large bars of metal when 
they have been reduced to a state of ease, and when the experiments 
are conducted with the greatest care (see, for example, the caution 
necessary in the simple case of tension. Arts. 832 and 940) offer a 
close approach to uni-constant isotropy. We shall have occasion 
later to give details of experiments of this kind, we may however 
remark that Clapeyron, as a result of his practical experience held 
that for the metals used in construction it was safest to adopt uni- 
constant isotropy as the nearest approach to truth ; see also Art. 973. 

[925.] We shall return again to Stokes’ memoir of 1845, but 
it is needful to consider here the arguments he brings against the 
rari-constant theory. Our references will be to the pages of the 
first volume of his collected papers. The argument of p. 120 is 
perfectly valid against Poisson’s treatment, but viewed in the 
light of Cauchy’s memoir of 1828 is no objection to rari-constancy. 
On p. 122 we have some experiments of Lamd’s appealed to. 
These again were made on wires and considered even by Lamd 
himself as unsatisfactory: see our Art. 1034. On p. 123 there is 
a reference to Oersted’s experiments (see our Art. 690). Now 

32—2 
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we have pointed out that Oersted’s theory of compression was 
entirely erroneous, and that he did not allow, or allow properly, for 
the compressibility of the material of his piezometer. Further we 
may remark that glass and metal bottles, especially the former, 
are owing to their method of preparation anything but isotropic. 
If further evidence be wanted of the unsatisfactory nature of 
Oersted’s results, it may be found in their total disagreement with 
those of Wertheim and Eegnault in memoirs which we shall 
consider in Chapter Vili. 

[926.] The strongest argument however for multi-constancy 
in Stokes’ memoir is undoubtedly to be found in the transition he 
would make from viscous fluids to elastic solids. He in fact 
draws no line between a plastic sohd and a viscous fluid. The 
formulae for the equilibrium of an isotropic plastic solid would thus 
be bi-constant. Now the strain of a body due to a given system 
of load consists of two parts, elastic strain and set ; these two parts 
follow quite different laws and we can find materials which for any 
definite load have very varying amounts of elastic strain and 
set. When for a given load there is no set, we say the body is an 
elastic solid in its state of ease ; when the strain is all set, we say 
the body is a plastic solid, or a viscous fluid. Because the limit of 
elasticity can be made to vary with the load, and so a solid 
pass imperceptibly into a viscous fluid, it does not follow that 
elastic strain and set have the same number of independent 
physical constants (see my remarks on the memoirs of Maxwell 
and Clausius in Chapter vill.). There is in fact a very distinct 
difference in the physical characteristics of a metal in its primary 
elastic and its plastic stages. The ^tendency to a rearrangement 
of molecules ’ which is essentially the characteristic of the latter 
is wanting in the former, or only appears in the neighbourhood of 
the elastic limit. So soon as it does appear stress ceases in many 
cases to be proportional to strain and we have bi-constant 
formulae of which we may take the Gerstner-Hodgkinson law 
as an example : see Arts. 803—807, and 969. The constants we 
add are not due to bi-constant isotropy, but to the fact that 
the square of the strain is, in the case of set, no longer negligible. 

[927.] So much having been said for the supporters of rari- 
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sonstaut elasticity we may next turn to those of multi-constancy. 
We have seen that bi-constant isotropy was first propounded by 
Cauchy in a memoir of 1828 (see Art, 614) and treated in a 
manner very similar to that afterwards adopted by Stokes and 
Maxwell. We have also pointed out how in later memoirs, 
proceeding from the equilibrium of a single molecule without 
regard to initial stress, Cauchy arrived at bi-coiistant isotropy, 
but that proceeding by a definition of stress and calculation of 
the stresses he arrives at uni-constant isotropy in the case of 
no initial stress (Arts. 616—617). Hence it arises that as 
Cauchy uses bi- constant formulae throughout the greater part of 
the third volume of the ExeTciceSj we must look upon him as 
essentially the first to introduce multi-constancy. He was 
followed by Poisson, who, as will be seen from our Art. 553, 
adopted a method similar to that of Stokes to deduce the 
relation between stress and strain, which in the case of isotropy 
leads to two constants. We have spoken of both Poisson 
and Cauchy as supporters of rari-constancy because the great 
memoirs of both lead up to this result, but we must remark that 
Cauchy afterwards conceived it quite possible that a relation 
might hold between the two isotropic constants different from 
that to which his earlier memoirs had led him: see our Arts. 
682 and 683. 

[928.] This being the state of affairs Green comes upon the 
scene and propounds a new method of obtaining the body shift- 
equations, a method which has practically been followed by the 
majority of the upholders of multi-constancy ever since ; for 
example, by Thomson and Kirchhoff. This consists in forming an 
expression for the work and expanding it in powers of the strain- 
components. The primary assumption of this method is the 
manner in which the work is expanded in integ&r powers of the 
strain-components. Green gives no physical or theoretical reason 
for this assumption on his part; Thomson follows Green and ex- 
pands by Maclaurin’s theorem without comment : see Mathematical 
and Physical Papers, Vol. i. page 301 et seq. Maxwell lays down 
in two axioms a generalised form of Hooke’s law not very different 
from Cauchy’s hypothesis in Art, 614 ; he states the experiments 
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which he holds confirm these axioms in a note appended to 
his memoir; see our Chapter viii. A similar method, without 
however experimental data, is followed by Clebsch. Stokes with 
keen physical insight grasped even before Maxwell that the theory 
of elastic bodies must be based on a physical axiom the result of 
experiment, and not upon a theorem in pure mathematics : 

The capability which solids possess of being put into a state of 
isochronous vibration shews that the pressures called into action by 
small displacements depend on homogeneous functions of those dis- 
placements of one dimension. I shall suppose, moreover, according to 
the general principle of the superposition of small quantities, that the 
pressures due to different displacements are superimposed, and con- 
sequently that the pressures are linear functions of the displacements. 
{Ibid, p. 114.) 

The fact stated in these lines may be taken as the physical 
basis for the generalised Hooke’s law, and till they were written 
Green’s method was only a chain of arbitrary assumptions. If we 
assume however intermolecular action to be central, Stokes’ axiom 
is seen to be a result of our molecular hypothesis, and we should 
expect the linearity of the relation between small stress and strain. 
Because we accept Stokes’ axiom and adopt Green’s method it 
does not follow that the multi-constant theory is true, there may 
be other physical axioms {e.g. that of central molecular action) 
which we have not considered. 

[929.] Although we should be inclined ourselves to accept 
Stokes’ axiom as proving the linearity of the stress-strain relation, 
we may yet remark that the following criticism of Saint- Venant is 
not without weight and may tend to throw light on the peculiarity 
of the stress-strain relation for certain materials. 

Nous reconnaissons, dans ce fait de “I’isochronisme des vibrations” 
attests par les phenomfenes du son, etc., une excellente preuve que les 
forces developpees par les deplacements relatifs, c’est-^-dire par les 
changements tr^s-petits de distances mutuelles des points, sont pro- 
portionnelles h ces changements. Mais quelles sont ces forces qui se 
trouvent r6ellement en jeu une fois que le corps, l^g^rement d6form6 
par une application momentan^e de quelque force ext^rieure, est aban- 
donue k lui-m4me? Nous ne voyons pas que ce soient les p-essiom, qui 
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ne sont apr^s tout que des forces fictives comme toutes les resultantes 
ou les sommes de composautes. Oe qui agit pour produire ou pour 
continuer le mouvement vibratoire, ce sont les actions moleculaires 
individuelles, dont la consideration, loin de pouvoir ^tre 4ludee, a paru 
necessaire, meim *pouT definer les pressions, aux savants qui ont voulu en 
donner la definition d’une mauiere rationnellej et le fait des petites 
vibrations isochrones des solides nous semble la plus forte preuve de 
Texistence de ces actions mutuelles h distance. (App&ndice v. to Navier’s 
Legons, p. 720.) 

We must further remark that there exist certain materials 
for which even in a state of ease the stress-strain relation is 
not linear; that is to say the stress-strain curve of a bar of 
that material is not a straight line even for very small elastic 
strains : see Note D. upon this point and the plotted curves at the 
end of the present volume. Green’s assumption that the work can 
be expanded in integer powers of the strain components and the 
second powers only retained is thus not valid for these materials. 

It will be seen, then, that Green’s method of arriving at multi- 
constant equations is by no means opposed to the possibility of 
rari-constancy, it is only more agnostic, more empirical. So far as 
experiments go they have been so repeatedly made on bodies 
like wires, that it is not possible to say that they have absolutely 
settled the controversy in favour of multi-constancy. 

[930.] The bi-constant argument drawn from the nature of the 
ether, which nature, indeed, gave rise to Green’s method, seems to me 
to be a very fallacious one. It begins by assuming that the ether 
is an elastic solid and then argues that an elastic solid must on that 
account be multi-constant; we cannot find that there is really 
suflScient evidence for this so-called 'jelly theory of the ether.’ 
That the equations for its motion bear some similarity in form to 
those of an elastic solid, is very probable, but this does not allow us 
to make the great jump to the 'jelly theory.’ Stokes, in the well- 
known memoir: On the constitution of the luminiferous ether^, gives 
an illustration of the possible nature of the ether, which makes its 
constitution approach that of a viscous fluid ; that a substance like 

1 Cambridge Philosophical Transactions, Vol. xxxn. p. 343, 1848, or the reprint 
in the Papers, Vol. n. pp. 8 — 13 
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a thin jelly may have two independent constants is a statement 
which I believe the supporters^ of rari-constancy would not deny, 
for such a jelly is one of the materials they exclude from their con- 
sideration : see Art. 928, p. 498. 

[931.] The strongest argument in favour of multi-constancy 
seems to me to arise when we admit the action between molecules 
to be in the normal case central, but argue that the action 
between two molecules A and B may depend on the relative 
position, internal vibration and possibly oscillation of third 
molecules such as C — ^that is, the action of A on B depends 
directly on the state of A and B, but indirectly on the action of (7, 
on A and B. This would be the case for instance if A, B and G 
were pulsating spheres in a fluid medium. On this supposition of 
indirect action Jellett has shewn that multi-constancy follows. At 
the same time we must note that it is hard to conceive any 
dynamical system in which A’s action on J?, due to the indirect 
action of (7, would not be of a much higher order than A*s direct 
action on B, and thus at least to a first approximation negligible. 
The sum of the indirect actions of all such molecules as G might 
however be commensurable with the direct action of A on B, In 
this case, as Clausius has suggested from a different standpoint, we 
might possibly have rari-constant equations for vibrational move- 
ment of elastic solids, but multi-constant equations for their 
equilibrium. This would help to explain the support sound 
experiments give to rari-constancy and the divergence in the value 
of the elastic constants as obtained by vibrational and statical 
methods : see my remarks on Clausius’s and Jellett’s memoirs 
in Chapter viii. 

[932.] It might be thought that the adoption of multi-con- 

^ In a letter to the editor dated Septemher, 1885, Saint- Venant thus replied 
to the question of whether he continued to support the rari-constant hypothesis ; 

Je r^ponds oui pour les vrais solides (supposes isotropes) coromes sont les 
m^taux ordinairement, ainsi que le marbre, le verre; mais non si Ton veut 
ahsolnment par un motif quelconque que je ne congois gu^re, appliquer les formules 
de l’61asticit6 au caoutchouc, aux gommes moUes, aux gel^es, et aux autres 
corps mous et ^stiques, car ces corps-id ne sont que les melanges de tissus 
cellulaires, de membranes ^astiques, et de Guides visqueux que leurs cellules 
contiennent. 
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stant equations would always be on the side of safety, as ex- 
periment would take account of any relation between the 
constants; but apart from the multiplication of the processes of 
testing involved in determining these constants, there is a more 
important point still which must not be left out of consideration. 
The use of two constants may enable us in an individual case to 
fit our theory to experimental result, and may thus disguise the 
fact that the material we are treating is aeolotropic; a fact 
which may lead us to quite erroneous results if we apply the 
constants calculated upon our theory to a different case. It is 
a very practical question whether a metal wire or plate shall be 
treated as isotropic with two constants, or as aeolotropic on the 
rari-constant theory. There cannot be the slightest doubt that to 
give many bodies cylindrical or other symmetrical distribution of 
elasticity on the rari-constant theory will lead to truer results than 
the supposition of a bi-constant isotropy. It is possibly the 
assumption of isotropy, not that of rari-constancy, which has led to 
contradictory results, such as we shall have to lay before the reader 
in remarking on many later experimental memoirs. 

[933.] Green, as we have seen, divides his work-function into 
homogeneous functions of the six strains Sy, <r^, <t^ which 

he represents by <^3, <5^3... and says are of the degrees 0, 1, 

2, 3 etc., ' each of which is very great compared with the next follow- 
ing one' {Gollected Papers p. 249). He himself only treats of cf)^. 
In an Appendix (p. 332) his editor calculates the values of 
of 5^, Sy, s„ cTy,, cr^. It would appear 
from the reasoning in the Appendix, that the stretches and slides 
are given values of the form : 

^du _ dw dv 

dz' 

Yet, if as in the case of Hodgkinson’s law for cast iron (see Chap. 
viil), we need to retain terms of the order ^4. . . etc., we must not 
use the values of the strains given in this Appendix, but their com- 
plete values, ie. those containing the squares of the shift-fluxions. 
It then follows that (j>^ . » otc. will be of ascending order in 

terms of the complete strains 5^,, "but not in terms of 
the shift-fluxions ; they cease to be homogeneous functions of the 
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sHft-jBluxions, and therefore successive may contain parts of the 
same orders Sometimes perhaps the easiest method of expanding 
the work-function will he to introduce the twists 


fdw 

dv\ 


/du 

dw\ j 

fdv 

du\ 


dz) 

3 '^zx — 2 

\dz' 


\dx 

* dyl 


If we do this it is not necessary to change the values of 
cr^^, hut we may assume the work -function 

% ^a> ^yz» ^yz^ TCl d" %2 d" %3 d" %4 d“ 

where the %'s are homogeneous not only in 5^., Sy, r^a,, 

'T'ari/i buii also in the first shift-fluxions, or each % is very great com- 
pared with the next following one. Obviously %^ = and %2 = 

934. Green’s memoirs are frequently cited or alluded to by 
Saint-Venant in Moigno's Statique: see pages 640, 660 — 666, 709, 
711, 719 — 722. On his page 640 Saint-Venant seems to say that 
the quantities which he calls dilatatiom and glissements had received 
names from Green : but this is not the case ; Green uses symbols 
for these quantities but not names. On page 720 Saint-Venant 
gives in French, with marks of quotation, a passage as if from 
Green. The original will be found on page 293 of the Reprint. 
‘'Our problem thus becomes... in the front of the wave." 
Saint-Venant thus sums up his opinion of Green's method : 

Cette mani^re de Pillustre physicien anglais est large ’et simple. 
Mais elle s’appuie sur tine suite d’hypoth^ses singiili^res, et en tous cas 
bien moins jnstifiees que n’est la loi physique des actions entre molecules 
suivant leurs lignes de jonction.... 

935. Bellavitis. Considerazioni di Giusto Bellavilis (sic !) sulle 
formule per Vequilibrio di una verga elastica die si leggono nella 2'^ 
edizione (1833) della Meccanica del Poisson. This is published in 
tine Annali delle Scienze del regno Lomhardo-Veneto, Vol. ix. 1839, 
Venezia: it occupies pages 202 — 207. 

At the beginning of the memoir Bellavitis gives a reference to 
a memoir (Vol. viii., p. 117 of the Annali) in which he had already 
alluded to the matter which he now proposes to treat more in detail ; 

1 Thus in many cases the strains will not all be of the same order ; ' for 
example in the motion of a plane wave to the third order, the stretch varies as the 
S(juare of the slide. Hence parts of ^4 cannot be neglected if <f>2 is retained in full. 
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the matter is that which I notice in Art. 571 of my account of 
Poisson’s M^canique, Bellavitis objects to the result contained in 
Arts. 308 and 316 of Poisson’s work, namely that the tension is 
constant if there is no force applied along the tangent ; and also to 
the result contained in Art. 318, namely that the moment of torsion 
is constant. Bellavitis shews how the errors of Poisson arise. 
Suppose a normal section at any point of the rod ; the action of 
one part of the rod on the other may be supposed to amount 
to forces in three directions at right angles to each other, and 
couples round these directions as axes ; take for the three directions 
the tangent at the point, the principal normal at the point, and 
the normal to the osculating plane at the point : then Poisson 
assumes that the force along the principal normal is zero, and also 
the couple which has this straight line for axis\ 

[The reader should compare the results obtained by Binet, 
Wantzel and Saint-Venant : see our Chapters viii. and ix. 
Bellavitis gives the true expressions for the moments of the elastic 
forces and shares with Saint-Yenant the honour of discovering the 
Hhird moment’. Saint-Venant, however, was the first to put the 
whole matter in a clearer light with regard to the ‘inertial isotropy 
or aeolotropy’ of the cross section: see his memoir of 1843 dis- 
cussed in our Chapter vili. Ed.] 

[936.] 1839. Leblanc. Pont de la Roche-Bemard sur la Ve- 
laine. Experiences sur la resistance du fil defer et la fabrication des 
cdlles. Annales des pouts et chaussdes 1839, 2^ semestre, pp. 300—334. 
This memoir was followed by a book on the same bridge in 1841 
entitled : Description dupont suspendu de la Roche-Bernard. I have 
examined the memoir but not the book. There is little to note in it. 

1^ Long wires have a less breaking load than short ones of 
the same diameter because there is a greater possibility of small 
fiaws (p. 303). They generally break where ‘built-in’ or bent 

(p. 304 et seq ). 

2‘> Wires stretched nearly to rupture (presumably not to the 
state of perfect plasticity?) by a load appUed during a very short 
time do not thereby lose any of their primitive strength (have the 
same breaking load ?) (p. 334 et seq.). 

1 Page 206, for 3 in many places read r. 
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3°. A wire can support during a space of three months a load 
equal to 9/10 of that which would break it without losing its 
primitive strength [la force primitive) (pp. 319 — 323). 

It is necessary to remark that the Pont de la Roche-Bernard 
built by Leblanc collapsed owing to the oscillations produced by a 
storm in October, 1852. An account of this accident will be found 
in the Annales des pouts et chaussSes, T. xxvi., 1859, pp. 249 et 
seq. 

It is interesting to note how the practical needs of engineers in 
the construction of suspension-bridges led to the discovery of 
many of the physical properties of elastic materials, thus to the 
influence of time and vibrations in producing strain. 

[937.] Ardant. Etudes thioriques et experimentales sur V^ta- 
hlissement des charpentes d grandes porUes. Metz, 1840. 

I have not been able to consult the original work, but a report 
by de Prony, Arago, Coriolis, Rogniat and Poncelet upon it, when it 
was presented as a memoir to the Academy of Sciences will be 
found in the Gomptes rendus, t IX. pp. 200 — 210, 1839. According 
to the report the experiments were made on beams and circular 
arches of as much as 12 metre span and on frame works [assem- 
blages de charpentes) made of arcs or straight pieces. The author 
also wished to test the results of Navier on the laws of flexural 
resistances and of resistance to rupture. 

Que les theories etablies a ce sujet, par M. Navier, et les experiences 
cities de M. ReibelP, ne paraissent point avoir amene une conviction 
enti^re dans I’esprit des constructeurs (p. 201). 

The main part of the experimental results seem to have 
referred to the strength of frameworks made up of circular arcs ; 
and of the theory of such frameworks Ardant appears in his 
book to have treated in notes, 

Les formules rapport6es dans le texte du M6moire de M. Ardant 
se trouvent jiistifiees dans les Notes fort 6tendues qui Taccompagnent! 
La marche analytique suivie par Pauteur est analogue k celle qui a ete 

Some experiments of Reibell’s are to be found in the Annales maritimes et 
cohniales, 22- ann^e, 2« sto, Tome xi., but I have not had access to this 
publication. 
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exposes par M. Navier, dans Touvrage dej^ cite; mais elle se trouve 
appliqu^e ^ des cas que ce savant ing^nieur n’avait point consideres, 
et qui concernent les assemblages des formes droites avec les cintres 
circulaires continus. Les questions de cette esp^ce sont tres delicates, 
et conduisent k des ex[)ressions analytiques fort compliquees ; elles ne 
peuvent ^tre abordees d’une mani^re un pen simple, qu’a I’aide de 
suppositions plus ou moins arbitraires sur le mode d’action des forces 
qui sollicitent les diff6 rentes parties des assemblages ; on ne peut 
s’attendre h. des resultats qui olSrent tous les caracteres d’une exactitude 
math^matique. Ceux auxquels M. Ardant est parvenu dans ses 
Notes, sont subordonnes aux hypotheses admises ; ils nous paraissent 
sufEsamment appropries ^ la nature particuliere de la question, quoique 
le r61e des resistances y ait peutAtre ete un peu exagere (p. 204). 

The work of Navier referred to is of course the Legons (see 
Art. 279). The paragraph may give some idea of Ardant’s method 
and its results. The report speaks very highly of his work 
(p. 210). 

[938.] H. Sonnet. Sur les mbrations longitudinales des verges 
elastiques, Paris, 1840. This is a These de Mecanique presented to 
the Paris Faculty of Science. It contains probably the most com- 
plete treatment of the stretch vibrations of thin rods at that time 
published. Although a good deal of the matter considered is now 
common property of the elementary text-books, yet some of 
Sonnet’s problems do not seem to be mentioned by later writers. 

The case considered by the author is that of a verticul rod 
built in at one end, the other end being either free, loaded or 
subject to impact; various forms of initial conditions are treated. 
We may note the following points: 

(1) A-n investigation of the possibility of nodes when the 
initial shifts and velocity are not represented by simple harmonic 
terms of the same argument (pp. 11 — 12). 

(2) In the further consideration of (1) the author proves that 
a wave reflected from a fixed end is of the same nature as the 
incident wave, but that reflected at a free end it changes its 
nature, i.e. a wave of extension becomes one of compression and 
vice versa (pp. 17 — 18). 
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(3) By means of the interference of two sets of waves a 
system of agitation is determined which produces nodes. This is 
used to explain how a note higher than the fundamental one may 
be obtained from a violin string : 

C’est ^ ce mode d’ebranlement que semble devoir se rapporter Taction 
de Tarchet lorsqu’on le fait glisser perpendiculairement k Textremite d une 
verge elastique (1). Ses asperites exercent sur la verge, independamment 
d’une flexion transversale dont noiis faisons abstraction ici, des pressions 
longitndinales j ces pressions se sncc^dent ^ des inter valles tres rap- 
proches, eu egard a nos moyens de mesurer le temps, mais qui peuvent 
ne pas T^tre par rapport k la vitesse a de la propagation des ondes. Si 
ces ebranlements sent sensiblement identiques, se reproduisent a des 
intervalles sensiblement egaux k leur propre duree, et qu’enfin chacun 
de ces intervalles de temps soit nn sous-mnltiple impair de il y 
aura formation de noeuds et par suite, comme nous Tavons vu, pro- 
duction dun son plus 4leve que le son fondamental (p. 20). 

(4) The author now treats the rod as heavy. He shews 
that, in the case where the rod has no initial shift or velocity, the 
greatest extension produced would require a tension equal to half 
the weight of the rod (p. 26). The maximum vis viva is equal to 
2/3 of the work necessary to raise the rod a height equal to this 
maximum extension (p. 27). 

(5) The free extremity of the rod is loaded with a weight P 
to which a velocity is given. It is proved that if the weight of 
the bar is small compared with P, the bar executes sensibly 
isochronous oscillations of period ^irl JPjia Jp)^ where p is the 
weight of the rod (p. 31). When the velocity is zero it is 
shewn that the maximum extension is the sum of the statical 
extension which would be produced in the bar acted upon only by 
its own weight together with twice the extension which would be 
statically produced by the load P (p. 32). See Poncelet’s results, 
Art. 988. 

(6) The paper concludes with the consideration of the vibra- 
tions which would be produced in a bar loaded with a weight P as 
in (5), if this load received a blow from a second weight P' so 
that two united by the blow acted afterwards as a combined load 
(pp. 32—35). 
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[9;^9.] Eaton Hodgkinson. On the Effect of Impact on Beams, 
and On the direct tensile strength of Cast Iron. Report of the Third 
Meeting of the British Association (Cambridge, 1833), 1834 (pp 
421—424). 

The first paper contains some interesting experiments on 
lateral impact. A cast iron ball of 44 lbs. weight is suspended by 
a cord of 16 feet and allowed to fall through various arcs in such 
manner as to strike normally the side of a horizontal bar of 4 feet 
supported at its ends. The ball just touches the bar when at rest. 
Deflections were measured by the depth which a long peg, touch- 
ing the back of the bar, had been driven by the blow into a mass 
of clay placed there. 

The following results were obtained : 

(1) The deflections were nearly as the chords of the arcs 
through which the weight was drawn, that is as the velocities 
of impact. 

(2) The same impact was required to break the beam, 
whether it was struck in the middle or at quarter span. 

This result was generalised by Hodgkinson in a later memoir : 
see our Art. 942, (v). 

(3) When the impacts in the middle and at quarter span were 
the same, the deflection at the latter place was to that at the 
former nearly as 3 : 4. 

These deductions Hodgkinson found to be in agreement with a 
theory based on the following suppositions, which however do not 
seem to me of an entirely satisfactory character : (a) that the form 
of a beam bent by small impacts was the same as if it had been 
bent by pressure through equal spaces, (6) That the ball and beam 
when struck proceeded together after impact as one mass. Further 
from this theory the following results were deduced : 

(4) The power of a heavy beam to resist impact is to the 
power of a very light one, as the sum of the inertias of the 
striking body and of the beam is to the inertia of the striking 
body. 

(5) The time required to produce a deflection, and consequently 
the time of an impact, between the same bodies, is always the 
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same, whether the impact be great or small. The time, moreover, 
is inversely as the sq^uare root of the stiffness of the beam. (Is 
this stiffness in Euler’s, Young’s or Poncelet’s sense 1 See our 
Arts. 65, 138 and 979.) 

(6) The result of calculations, comparing pressure with 
impact, gave deflections agreeing with the observed ones, within an 
error of about 1/8 or 1/9 of the results. 

We have drawn attention to these experiments, because it is 
the problem of resilience which will occupy much of our attention 
in the next period. 

[940.] The second paper has for object the determination of 
the disputed magnitude of the tensile strength of cast-iron : see 
Art, 377. According to Hodgkinson its very diverse values as' 
given by different experimenters are due to the difficulty of 
applying the tractive load exactly at the centre of the terminal 
section of a bar\ 

[941.] Eaton Hodgkinson. On the Gollisioyi of imperfectly 
Elastic Bodies, Report of the Fourth (or Edinburgh) Meeting of 
the British Association in 1834, London, 1835 (pp. 634—543). 

This is an investigation of the dynamic coefficient of elasticity 
in Newton’s sense, that is, the ratio of the relative velocity of 
recoil to the relative velocity of impact in the case of the direct 
collision of spherical bodies, Hodgkinson in fact repeats the 
experiments given by Newton in the Principia (Scholium to 
Corollary VI.). The object of the paper is to connect the 
coefficients of elasticity in Newton’s sense with the stretch-moduli. 
If e and d be the impact elasticities for, say, glass against glass 
and brass against brass, and E, E the corresponding stretch- 
moduli, Hodgkinson gives for the impact elasticity of glass against 
brass the expression 

Ee' -h E'e 

E + E ' 

^ Professor A. B. W. Kennedy tells me, however, that different qualities of 
cast-iron, especially if melted a different number of times (which is always involved 
in the use of ‘scrap’ cast-iron), have very varying tenacities even when tested in 
precisely the same manner. 
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His experiments in no case shew a difference greater than 1/9 
between the calculated and observed values of the impact coefficient. 

[942.] Eaton Hodgkinson. Impact upon Beams, Report of 
the Fifth (or Dublin) Meeting of the British Association in 1835. 
London, 1836, pp. 93 — 116. 

This paper is a continuation of the paper considered in our 
Art. 939, and its object is 'an inquiry into some of the effects 
of impact upon beams when struck by bodies of different weight, 
hardness and elastic force.’ 

The following conclusions are first arrived at from experi- 
mental data : 

(i) If different bodies of equal weight, but differing considerably 
in hardness and elastic force, be made to strike horizontally with 
the same velocity against the middle of a heavy beam supported 
at its ends, all the bodies will recoil with velocities equal to one 
another. 

(ii) If, as before, a beam supported at its ends be struck 
horizontally by bodies of the same weight, but different hardness 
and elastic force, the deflection of the beam will be the same 
whatever body be used. 

(iii) The quantity of recoil in a body, after striking against a 
beam as above, is nearly equal to (though somewhat below) what 
would arise from the full varying pressure of a perfectly elastic 
beam as it recovered its form after deflection. 

(iv) The effect of bodies of different natures striking against a 
hard flexible beam seems to be independent of the elasticities of 
the bodies, and may be calculated, with trifling error, on the 
supposition that they are inelastic. 

Hodgkinson here notes that Young in his Natural Philosophy, 
and Tredgold in his Treatise on the Strength of Cast Iron, make 
this assumption without, apparently, noticing that it is one : see 
our Art. 999 and Note A. (3) of the Appendix. The explanation 
given by the author is hardly satisfactory. 

(v) The power of a uniform beam to resist a blow given 
horizontally is the same in whatever part it is struck : see our 
Art. 939, (2). 


T. E. 


33 
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(vi) The power of a heavy uniform beam to resist a horizontal 
impact is to the power of a very light one as half the weight of the 
beam, added to the weight of the striking body, is to the weight of 
the striking body alone. 

(vii) The power of a uniform beam to resist fracture from a 
light body falling upon it (the strength and flexibility being the 
same) is greater as the weight of the beam increases, and greatest 
when the weight of half the beani, added to that of the striking 
body, is nearly equal to one-third of the weight which would 
break the beam by pressure. 

The use of the word ‘ power ’ in v. — vii. is extremely vague, 
taken to mean that it requires the same blow to break the beam, 
whatever the point struck, it is only a rough approximation to 
fact : see Note E. in the Appendix. 


[943.] Hodgkinson then proceeds to unfold a theory which 
shall be in harmony with all these conclusions. In the light of more 
recent work this theory cannot be considered as more than a first 
approximation. There is a difference occasionally of 1/6 between the 
calculated and observed values of both recoil and deflection. A 
certain constant r, termed the ' inertia of the beam ’ and deduced 
from experiment to be one-half the weight (p. 101), occurs also by 
Tredgold, but does not seem to me clearly defined \ Thus if 'Z/; be 
the weight of ball giving the impact w-\-r is used as ‘the 
mass moved,’ or apparently, it should be the weight of the mass 
moved. Hodgkinson obtains the following results : 

Greatest velocity of recoil of the ball striking horizontally 


"Vi 


9P 


e{w-\-T) 

Deflection due to horizontal impact 






p (w + r) * 


1 A more accurate value for r than ^ the weight has been deduced by Homer- 
sham Cox in a memoir which we shall consider in Chap. vm. See also Saint- 
Venant in the Sistorique Ahregi^ p. coxxii. Both these writers find r= 17/35 of the 
weight. Hodgkinson’s experimental results seem fairly in accordance with the more 
complete theory of Cox and Saint-Venant. Saint- Venant’s theory will be found 
fully discussed in his edition of Clebsch, pp. 490 — 627, We shall of course 
consider the original memoirs in our second volume. 
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Here jp is the pressure which if applied to the middle of a beam 
would produce a deflection 0 ; A is the height fallen through by 
the ball, and g is the measure of gravity. 

Somewhat more complex formulae are obtained for a vertical 
impact, but it does not seem necessary to consider them here. 
The paper concludes with some experiments on the effect which 
loading a wire has in increasing its resistance to a blow. The 
blow appears to spend itself on the inertia of the load. Hodgkinson 
argues that this shews clearly the benefit of giving considerable 
weight to elastic structures subject to impact and vibration 

(p. 116). 

[944.] British Association Reports, There are several reports 
in the Transactions of the British Association for the years 1833 — 
1837 which concern our subjects. We will briefly note them. 

[945.] Report on the Present State of our Knowledge respecting 
the Strength of Materials, Report -of Third (or Cambridge) 
Meeting of 1833 — 1834, pp. 93 — 103. This report is by Peter 
Barlow, and possesses no present value ; indeed it can hardly be 
considered a contribution to the history of the subject. Barlow 
exhibits here as elsewhere a want of theoretical grasp. It may be 
noted that he acknowledges Eaton Hodgkinson’s correction of his 
error in the earlier editions of his Essay on the Strength of Timber 
(see our Arts. 192, 233 and p. 96 of the Eeport). 

[946.] On the difference between the Composition of Cast Iron 
produced by the Cold and Hot Blast. By Thomas Thomson. 
Report/ of Seventh {or Liverpool) Meeting o/1837 — 1838, pp. 117 — 
126. This is a purely chemical investigation of the composition 
of various kinds of iron and is not very closely related to the two 
following reports. 

[ 947 .] On the relative Strength and other mechanical Pro- 
perties of Cast Iron obtained by Hot and Cold Blast, By Eaton 
Hodgkinson, Ibid. pp. 337 — 375. This report, which possesses very 
considerable experimental value and corresponding theoretical 
interest, is to a great extent reproduced in the Experimental 
Researches on the Strength and other Properties of Cast Hon, 
London, 1846, which forms a second part to Tredgold's Practical 

33—2 
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Essay on the Strength of Oast Iron, 4th edition, by Hodgkinson 
in 1842: see our Arts. 966 — 973. 

[948.] The chief point to be noted in the paper is the results 
obtained from short prisms of various shapes broken by a crushing 
force. We have already noted Coulomb’s theory of this crushing 
force (Axt. 120), as well as Rennie’s and Vicat’s experiments (Arts. 
186, 729). The mode of fracture is extremely interesting, and 
the forms on the plate facing p. 346 should be noted and com- 
pared with Vicat’s results (see Art. 729). Hitherto a mathe- 
matical theory does not seem to have been given for the extremely 
regular shapes of fracture which constantly recur ; w^e except of 
course Coulomb’s erroneous hypothesis. Yet, as Hodgkinson 
remarks : 

When a rigid (sic) body is broken by a crushing force which is 
prevented from acting after it has effected a rupture, it will be found 
not to be crumbled or reduced to a shapeless mass, but to be divided 
according to mathematical laws, and sometimes into very interesting 
forms of fracture. The accompanying plate will shew how the fracture 
was effected in a variety of cases, and that they were all subject to one 
pervading law. 

[949.] The ^ pervading law,’ according to Hodgkinson, seems to 
be the formation of a cone or wedge which slides off at a nearly 
constant angle. In each prism two cones or wedges will be formed 
which do not meet directly but have sharp points and slip past 
each other to effect the destruction of the piece of which they are 
formed (pp. 348 — 349). Hodgkinson measured the angle ,of the 
wedge or cone and found with certain variations the mean angle 
varied from 53°. 30' to 56°. 43'. He remarks (p. 350) : 

From the preceding examination of the angles obtained from 
specimens of different forms and lengths, it appears that amidst great 
anomalies, there is, taking the mean results, a considerable approach to 
equality, as is more particularly shewn from the angles of the cylinders 
and rectangular prisms j and this approach would doubtless have been 
greater and the anomalies less if the specimens had always been longer 
than the wedge. The defect in the angle from this cause is evident in 
the shorter rectangular prisms and has been alluded to before. 

We may assume therefore, without assignable error, that in the 
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crushing of short cast-iron prisms of various forms longer than the 
wedge, the angle of fracture will be the same. This simple assumption, 
if admitted, would prove at once, not only in this material but in 
others which break in the same manner, the proportionality of the 
crushing force in different forms to the area ; since the area of fracture 
would always be equal to the direct transverse area multiplied by a 
constant quantity dependent on the material. 

[950.] Experiments on bone, marble and timber confirmed 
these results (p. 352), which are in tolerable accordance with those 
of Vicat : see Art. 729. 

[951.] For the developement of a mathematical theory ex- 
periments are required to shew how far the surface of fracture 
depends (i) on the direction of casting, (ii) on a change of elastic 
constants towards the surface, but especially, (iii) on the fact that 
the ends of the pHsm are practically incapable of expanding 
owing to the friction of the compressing surfaces. 

[952.] Following the experiments on crushing are some on 
transverse force. These confirm the results of the Manchester 
Memoirs (see Arts. 230, 237, 244) that the strengths of the bottom 
and top ribs of a cast-iron beam should be as 6 or 6 J to 1 ; a ratio 
found to be nearly that of the tensile to the compressive strength 
of the iron (pp. 361 and 364). Hodgkinson also found : 

(i) That with cast-iron beams subject to transverse load there 
is no load however small which will not produce some set. It 
does not appear however from his mode of experimenting whether 
any part of this was really elastic after-strain. He concludes, I 
think somewhat too generally : 

It is evident that the maxim of loading bodies within the elastic 
limit has no foundation in nature; but it will be considered^ as a 
compensating fact, that materials will bear for an indefinite time a 
much greater load than has hitherto been conceived. 

There is here no evidence that the writer had any conception 
of the ' state of ease,’ or had attempted to reduce his bars to that 
state. He found little difference in the quantity of the set, 
whether it arises from tension or compression; the latter being 
however somewhat less (p. 363), 
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(ii) That Emerson’s paradox (see our Art. 187) is no paradox, 
or the frustrum is weaker than the triangle (p. 864). Here it seems 
to me that theoretically the triangle would certainly shew rupture 
at a less load than the frustrum, but it does not follow because the 
vertex of the triangular prism was ruptured that the triangle itself 
would break at a less load than the frustrum. I do not think Hodg- 
kinson’s experiments on this point are at all conclusive : see Saint- 
Venant’s edition of Navier’s Legons^ pp. 94 — 102. 

(iii) That the assertion of practical men, that if the hard skin 
at the outside of a cast-iron bar be removed, its strength, com- 
paratively with its dimensions, will be much reduced, is not true 
(p. 364). Hodgkinson’s experiments seenoi hardly conclusive ; even 
if the strength be not reduced (which is in itself questionable) 
there can be little doubt that the change in the elasticity towards 
the surface would effect the strain (e.g. deflections) within the 
limit of elasticity. 

The general conclusions of the paper as to the effect of hot 
and cold blast will be found on p. 375, but they do not concern 
our present purpose. 

[953.] On the Strength and other Prop^ties of Cast Iron ob- 
tained from the Hot and Gold Blast, By W. Fairbairn. Ibid, 
pp. 377 — 415. This contains the results of experiments with 
similar aims to those of Hodgkinson. Some points which bear 
upon theory may be noted here. 

(i) Time Effect, The experiments were on deflection by 
transverse load and the weights were such as nearly to produce 
fracture, the sets increased gradually with the time, but there is 
no sufficient evidence to prove how much may have been really 
elastic after-strain. The limit of the load for which set ceased 
after a time to increase does not seem to have been ascertained 
from the experiments. With regard to the general result Fair- 
baim remarks : 

There cannot be a doubt that the phenomenon of cohesive force is 
strongly developed in the preceding Tables; the minute crystalline 
particles of the bars are acted upon by loads, which, in the heavier 
weights, are almost sufficient to produce fracture : yet fracture is not 
(except in one instance) produced, and to what extent the power of 
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resistance may yet be carried is left for time to determine. It never- 
theless appears from the present state of the bars (which indicate a 
slow but progressive increase in the deflections) that we must at some 
period arrive at a point beyond their bearing powers ; or otherwise to 
that position which indicates a correct adjustment of the particles in 
equilibrium with the load. Which of the two points we have in this 
instance attained is diflflcult to determine : sufficient data are however 
adduced to shew that the weights are considerably beyond the elastic 
limit, and that cast-iron will support loads to a much greater extent 
than has usually been considered safe, or beyond that point when a 
permanent set takes place (pp. 204 — 405). 

Obviously little is determined by Fairbairn’s experiments. 
He suggests that Hodgkinson or Barlow should investigate these 
matters mathematically, thus shewing how unconscious he was of 
the infinite diflSculties which beset the subject of after-strain. 

(ii) Temperature Effect The breaking load was found to 
decrease considerably with increase of temperature, but I can find 
in the tables no obvious and general law for the stretch-modulus. 
It appears in fact with cold-blast iron to increase from 26® to 
190® Fahrenheit, but with hot-blast iron to decrease between the 
same temperatures. 

Some further experimental details of Fairbairn’s researches will 
be found in the Manchester Memoirs^ Vol. vi., 1842, pp. 171 — 273 
and 524 — 560. 

[954.] Eaton Hodgkinson. Experimental Researches on the 
Strength of Pillars of Cast Iron and other materials. Philosophical 
Transactions, 1840, Part ii., pp. 385 — 456, with thi-ee plates. The 
object of this very important memoir is to discover the laws 
governing the strength of pillars. Hodgkinson was induced to 
undertake the investigation by Eobison’s remarks on Eulers theory 
(see Art. 145) and Barlow’s strongly expressed opinion as to the 
want of satisfactory rules for practice. After -a description of 
apparatus, Hodgkinson begins the account of his experiments with 
the following words : 

In order to ascertain the laws connecting the strength of cast-iron 
pillars with their dimensions, they were broken of various lengths, 
from five feet to one inch ; and the diameters varied from half an inch 
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to two inches, in solid pillars ; and in hollow ones, the length was 
increased to seven feet six inches, and the diameter to three inches and 
a half. My first object was to supply the deficiencies of Eulek’s theory 
of the strength of pillars, if it should appear capable of being rendered 
practically useful ; and if not, to endeavour to adapt the experiments 
so as to lead to useful I'esults. (p. 386.) 

[955.] The cast-iron pillars were all of one material, and 
according to the writer the method of casting makes little or no 
diflference in the strength, a result we should hardly have expected. 
The first series of experiments are a comparison of the strength of 
pillars with rounded ends and with flat ends. Here the results are 
extremely interesting. So long as the length was about 80 times or 
more the diameter the relative strength of pillars with flat and 
pillars with rounded ends was in the mean as 3*167 : 1. This 
ratio increased slowly when the length became a greater multiple 
of the diameter. It decreased rapidly on the other hand when 
the length was less than 30 times the diameter ; in these cases 
however the breaking was by crushing rather than by flexure, or 
at all events the load produced by its crushing force a set before 
flexure began (p. 388). This was confirmed by experiments on 
wrought iron and wood. Hodgkinson terms the ^ crushing load ’ 
that which would crush a short prism perfectly built in at the 
ends, and concludes from his experiments that : 

About one-fourth of the crushing weight is the greatest load which 
a cast-iron pillar, flat at the ends, will bear without producing a crushing 
or derangement of the materials, which would lessen its breaking 
weight; and that the length of such a pillar should be thirty times 
the diameter or upwards. Pillars whose length is less than in this 
proportion, give the ratio of the strengths of those with rounded and 
with flat ends, from 1 : 3 down to 1 : or less, according as we reduce 
the number of times which the length exceeds the diameter, as will be 
seen by the abstract (see pp. 387 and 389). 

[956.] A point mentioned by Hodgkinson on p. 389 should 
also benoted with regard to the rounded ends : 

It became necessary to render those which were rounded at the 
ends more flat there than if the ends had been hemispheres ; whilst in 
the experiments upon pillars, whose length was greater with respect to 
the diameter than these, the ends were more prominent than in the 
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hemispherical form. This change became necessary on account of the 
splitting of the ends of the short pillars ; it having been found that the 
pillars whose diameter was 1/1 3th of the length or upwards with rounded 
ends failed in many instances by the ends becoming split. In these 
cases a portion o£ the rounded end of the pillar formed the base of a 
cone, whose vertex was in or near the axis of the pillar. This cone 
acting as a wedge whose sides were in the angle of least resistance, and 
having its vertex sharp, split and cut up the sides of the pillar of which 
it formed a part. 

[957.] I do not follow the reasoning of the last remarks, but 
I draw attention to the paragraph as shewing that Hodgkinson had 
not made his ends true pivots, so that all the force on the pillar was 
necessarily in the axis. Euler s theory in its improved form tells 
us that if the crushing force be really in the axis a doubly pivoted 
strut will break in the centre only (supposing a considerable ratio of 
length to diameter and the pivots of sufiBcient strength). On the 
other hand I find that a doubly built-in strut would break in that 
theory not only in the middle but at the two ends at the same time^ 
A strut with fiat ends differs from a doubly built-in strut in that it 
may before or just at breaking swing round on the edges of its end 
sections. If it breaks before swinging round it will break as a doubly 
built-in strut, if after swinging round as a doubly-pivoted strut. I 
• cannot find that Hodgkinson has noted these important distinctions, 
but they seem very essential in judging of the theory. I find that 
the strut would swing round on its edges when the deflection was 
equal to the diameter. A statement also of the writer’s on p. 390, 
that till recently in all inquiries respecting the strength of materials, 
bodies have been assumed to be incompressible, is by no means 
historically accurate. The next step in Hodgkinson s experiments 
is of peculiar value, he casts large discs at the ends of his pillars 
and then finds their breaking loads ; here he is practically treating 
doubly built-in struts. The result he anives at for long cast-iron 
struts is : that a long uniform cast-iron pillar, with its ends firmly 
fixed, has the same power to resist breaJdng as a pillar of the same 
diameter and half the length with the ends rounded or turned so 

1 Such a strut broken at the ends and the centre is figured on our frontispiece. 
It is one out of several recently tested in the Engineering Laboratory of University 
College. 
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that the force would pass through the acds. If as in Euler’s theory 
the breaking force is inversely as the length squared, we find that a 
doubly -pi voted strut has one-fourth the breaking load of a doubly 
built-in strut. Examining Hodgkinson’s figures we find it always 
a little less. Hodgkinson next considers struts with one end 
pivoted and the other flat or built-in. The general conclusion he 
arrives at is : that the strength of a pillar with one end pivoted and 
the other huilt-in is always an arithmetical mean between the 
strengths of pillars of the same dimensions with both ends pivoted 
and both built-in (p. 393). We note that in Hodgkinson’s results 
this mean is generally somewhat greater. The breaking point 
of a pivoted built-in beam was a little more than 1/3 from the 
pivoted end. 

[958.] We have now before us Hodgkinson’s first general 
results. How far are they in accordance with theory ? This is how 
Hodgkinson himself judges the matter : 

The theory of the strength of pillars, as given by Euler and 
Lagrange and afterwards pursued by Poisson and others, furnishes us 
with little information upon these subjects.... 

The strength is much influenced, as has been previously observed, 
by the quantity of compression which the pillar sustains; and con- 
sequently, by the position of the neutral line when the pillar is bent 
The strengths, too, are different in their definitions in the two cases. 
In the theory of Euler, the strength is estimated by the greatest weight 
which a pillar would bear without flexure ; whilst in the present case, 
the estimate is formed upon the weight which would break the pillar 
by flexure- I have sought, on many occasions, but without success, to 
determine experimentally some fixed point, according to the definition 
of the continental theory. So far as I can see, flexure usually com- 
mences at very small weights, such as could be of little use to load 
pillars with in practice. It seems to be produced by weights much 
smaller than are sufficient to render it capable of being measured. I 
am, therefore, doubtful whether such a fixed point will ever be obtained, 
if indeed it exists. With respect to the conclusions of some writers, 
that flex\ire does not take place with less than about half the breaking 
weight, this as is evident from my experiments, taken in general, could 
only mean a large and palpable flexure ; and it is not improbable that 
the writers were in some degree deceived from their having generally 
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used specimens thicker, compared with their lengths, than have usually 
been employed in this paper. Some results of the continental theory 
we shall, however, find of great service further on. 


[959.] So far Hodgkinson, but I venture to think Eulers 
theory in a modified form may help us even in the results cited 
above. If we assume that Euler’s bending load is proportional 
to the final breaking load for struts fixed in various fashions, 
we shall obtain very similar results to Hodgkinson. The reasons 
for this assumption will more clearly appear from the consideration 
of Lamarle’s memoir in our Chapter viii. 

I have calculated the following results by modifying Euler’s 
theory so as to allow for the compression and for the varying 
position of the neutral axis. 

Force which will just bend a doubly built-in strut 

2 2 
TT /C 

1+-^ 


Force which, will just bend a built-in pivoted strut 


= Em 
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Force which will just bend a doubly pivoted strut 

ttV 

'W 


=E(o 


^ IT K 

IF 


Absolute strength as deduced from these expressions seems 
often to have very erroneous values, but comparative results, as 
those numbered (1)— (3) below, appear to be experimentally 


verified. ^ x- • 4 .u 

Point of a pivoted built-in strut where the traction in the 

fibres is greatest = nearly '35^ from the pivoted end. 

Here « is the area of the section, « its radius of gyration 
about an axis through its centre of gravity perpen^cular to the 
plane of flexure, I the length of the strut, and E the stretch- 
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modulus. From these results we deduce on the assumption made 
above that : 

( 1 ) The breaking load of a doubly built-in strut is very little 
less than four times as great as that of doubly-pivoted beams, 
provided the ratio icjl is small, but decreases as this ratio 
increases. 

(2) The breaking load of a pivoted built-in strut is approxi- 
mately the arithmetic mean of the breaking loads of doubly- 
pivoted and doubly-built in struts of the same size. The mean is 
however somewhat greater. 

( 3 ) A pivoted built-in strut will break at a little more than a 
third from the pivoted end. Hodgkinson gives as an example one 
case (p. 395 ) in which it broke at *34/. . Our theory gives * 35 /. 

These remarks seem to me sufficient to point out that there 
is a value in tlie Eulerian hypothesis, if it be properly modified 
so as to include the effect of compression. I conceive Hodg- 
kinson’s results would be even more in accordance with this 
theory had his pivoted ends been more satisfactory, and had 
notice been taken of a possible tendency of the flat-ended struts to 
swing round on their edges. It is easy to calculate the theoretical 
load at which this happens. 

[960.] The next point to which Hodgkinson turns is the 
strength of long pillars as dependent upon their dimensions (p. 395 ). 
Here he remarks that Euler s computations, although referring to 
incipient flexure, do not seem very widely different from those 
which apply to the breaking point. Euler’s theory makes the 

strength proportional to the modification of it to j 

nearly, if j be small, where 7 is a constant depending on tho 

terminal conditions. Euler thus makes the strength vary as 
the 4th power of the diameter; the modification introduces 
another term varying as the 6 th power, and also the terminal 
conditions affect the result. Hodgkinson makes it vary as the nth 
power of the diameter, where the mean value of « = 3 - 7 , about, for 
both circular and square sections. If it be noted that the mathe- 
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matical theory is not properly applicable to fracture, and that 
Hodgkinson gets considerable variations in his n (3*4 to 3*9) 
depending on the pillars from which it is calculated, it does not 
seem unreasonable to suppose that the modified theory would 
give as accurate results as the empirical assumption n = 3*7. 

The result n = 3*7 is obtained for pivoted ends ; for flat ends 
Hodgkinson gives n = 3*5 (or 3*6), and for built-in ends 3*7 (see his 
pages 396 — 397). It will be observed that the modified theory also 
distinguishes between these differently treated struts. 


[961.] We then have an investigation of what the inverse 
power m of the length may be. Hodgkinson finds : 


For pivoted struts m = 1*799 to 1*583' 
... flat-ended ... m = 1*625 to VSS7 


mean values. 


The highest value obtained is 1*914 and the lowest is 1*537. 
He assumes 1*7 as a working value, but remarks that x increases 
regularly in value as d/l diminishes or the breaking load becomes 
less, d being the diameter. Its limit is probably 2. Here again 
it does not seem unreasonable to suppose the modified theory 
might be as satisfactory as this empirical value. 

Finally then Hodgkinson takes as a comparative 

measure of the breaking weight for pivoted struts and for 

flat-ended struts (p. 400 et seq,). The first he approves only for 
pillars where djl <Xl\o, the greatest error in his experiments is 
about 1/8 the breaking load; the second only for pillars where 
djl < 1/30, and the greatest error is about 1/9. 

[962.] The further remarks on breaking strength of short and 
of similar struts are interesting, but must be passed over here (pp. 
403 — 408) as having no great bearing on theory. Hodgkinson gives 
an empirical formula usually attributed to Gordon or Rankine. 

[963.] Pages 409—417 are principally occupied with experi- 
ments on hollow cylindrical struts, and others of varying section ; 
an empirical formula for hollow cylinders is obtained on p. 414, 
similar to those given above. The general results of these ex- 
periments seem to me fairly in accordance with theory, at least in 
its modified form ; for example, the conclusion ^ that local re- 
ductions of the thickness of a strut can be made without reducing 
the breaking load (p. 412). This, as well as the modified theory, 
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completely refutes Lagrange's statement as to a strut of uniform 
circular section being that of the strongest shape : see Art. 113. 

[964.] We have the time-element taken into consideration in 
four experiments on p. 418. The deflections were measured for 
more than a year in the case of four struts loaded with 448, 784, 
1120, 1456 lbs. respectively, the struts were practically equal and 
had an immediate breaking load of 1500 lbs. The first two do not 
seem to have experienced any continuously increasing deflection ; 
in the case of the third a slight increase is noticeable (‘215 inches 
to ‘38) ; the fourth had a deflection which increased rapidly from 
*25 to *955, and it broke just before the six months were com- 
pleted. The experiments are not however sufficiently exhaustive 
for us to draw any important inference from them. 

[965.] Hodgkinson then proceeds to calculate various physical 
constants of the cast-iron used by him (pp. 418 — 420) ; to give the 
results of some experiments on wrought-iron columns, for which he 
gives n the same value as for cast-iron, but puts m = 2 (pp. 420 — 
424); and finally to consider formulae for timber columns based partly 
on results of his own, partly on those of other experimenters. Here for 
long columns he adopts Euler' s theory, for short, that propounded 
by himself (see Art. 962). He cites also the British Association 
Report for 1839 : see our Art. 950 (pp. 424—430). The remainder 
of the paper (pp. 431 — 456) is occupied with the tables of experi- 
mental results. The theoretically interesting part of these tables, 
as of the plates, is the confirmation they give to theory in the vari- 
able position of the neutral surface, especially as evidenced in some 
cases by a wedge being broken out in the middle, i,e. theory shews 
us that the neutral surface first enters the beam at the centre, and 
in the case of doubly built-in struts simultaneously at the two ends: 
see the footnote to Art. 75. 

[966.] Experimental Researches on the Strength and other 
Properties of Cast Iron. This forms a second volume by Eaton 
Hodgkinson to the fourth edition of Tredgold's Strength of Cast 
Iron^ and was published in 1846. It is so closely connected with 
the contents of the memoirs which we have been considering in this 
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chapter, that it seems best to notice it here\ It contains practically 
an abstract of the results obtained by Hodgkinson and Fairbairn 
together with others given by Rennie, Navier and Bramah : see 
our Arts. 185, 279, 837. 

[967]. The Manchester Memoirs, the British Association papera, 
and that of the Philosophical Transactions are here substantially 
reproduced. On p. 375 some later experiments of Fairbairn on the 
effect of long continued load are given. The duration of the load 
amounted in some cases to five years. It would appear from these 
experiments that the deflections of the beams increased con- 
siderably for the first twelve or fifteen months, after which time 
there was a smaller increase in their deflections although from four 
to five years elapsed : 

The beam in Experiment 8, which was loaded nearest to its breaking 
weight, and which would have been broken by a few additional pounci 
laid on at first, had not, perhaps up to the time of its fracture, a 
greater defiection than it had three or four years before; and the 
change in deflection in Experiment 1, where the load is less than 2/3 of 
the breaking weight, seems to have been almost as great as in any 
other; rendering it not improbable that the deflection will, in each 
beam, go on increasing till it becomes a certain quantity beyond which, 
as in that of Experiment 8, it will increase no longer, but remain 
stationary. 

These results are fairly in accordance with Vicat^s: see 
Art. 736. 

[968.] Some further experiments of Fairbairn on the effect of 
temperature are given. They do not bear out those of Art. 953, 
(ii). For with some anomalies, it would seem that cast-iron has 
practically a not widely different breaking load for all tempera- 
tures from 16*’ to 600°. A fuller description of these experiments 
will be found in the British Association Report for 1842, pp. 88 — 92. 

[969.] On pp. 407 — 411 we have a section entitled : Defect of 
Elasticity, This is an abstract of a paper laid before the British 
Association at its Cork meeting in 1843, a fuller account of 

1 A French translation, in a somewhat abridged form by Pirel, will be found in 
the Annales de$ p onts et cMussees, 1855, semestre, p. 1. 
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which will he found in the Report for that year, Part il. pp. 23 — 
25. In the Report for 1844 will also be found an account of some 
similar experiments (Part II. pp. 25 — 27) undertaken with more 
accurate apparatus, in order to meet some objection which had 
been raised against the previous series. In these experiments 
the set in cast-iron and soft stone was found to vary nearly as the 
square of the load ; it followed a dijBferent law, which Hodgkinson 
had not fully determined, in wrought-iron and steel. He expresses 
his opinion that no body is perfectly elastic, but that the slightest 
change of form produces some, however small, set. 

The main point to be noticed is, that Hodgkinson found the 
set of cast-iron to be proportional to the square of the load : 

If, therefore, x represents the quantity of extension or compression 
which a body has sustained, and ax the force producing that extension 
or compression on the supposition that the body was perfectly elastic ; 
then, the real force /, necessary to produce the extension or compression 
X will be smaller, than on the supposition of perfect elasticity, by a 
quantity hx^ ; and we shall have /= ax - baf. 

It does not appear from Hodgkinson’s experiments that he 
investigated whether any of his set was of the nature of elastic 
after-strain. This law of Hodgkinson^s will be found reproduced 
in many text-books, but it will be seen that it is nothing more 
than what had been given by Gerstner ten years previously : see 
Art. 806. It should be noticed that by defect of elasticity here 
Hodgkinson means something quite different to what he under- 
stands by that term in the Report of the Iron Commissioners : see 
our Chapter VIII. 

[970.] Pp. 464 — 474 contain a discussion of some experiments 
of Bramah’s (see Art. 837) and others of Cubitt’s published in 
1844. The latter would appear at first sight to condemn Hodgkin- 
son’s beam of strongest section (see Art. 244), but Hodgkinson’s 
criticism of them is perfectly just, Cubitt had made a beam of 
stronger section than Hodgkinson by increasing its depth, one of 
the constants of Hodgkinson! s problem. The experiments therefore 
are comparatively worthless and we shall not refer to them again. 

[971.] There is a theoretical investigation of the position of 
the neutral line (pp. 483 — 494) on the assumption that the positive 
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traction at a distance x from the neutral line is proportional to 

a?*' 

X , 

na 

and the negative traction at a distance x from the neutral line to 

X- -T-7, 

na 

where Vj v\ n, n' are constants depending on the material and a, a 
the distances of the neutral line from the top and bottom of the 
beam respectively. The analysis is very straightforward, but it 
may be doubted if it be very valuable. A modified form of 
Hodgkinson’s hypothesis is given by Saint- Venant, Navier s Legons, 
pp. 176—184. 

[972.] The volume concludes with a chapter on the Resist- 
ance to Torsion (pp. 495 — 504), in which one or two remarks 
deserve notice. 

We have here (p. 496) the first appearance of a new formula 
for the torsion of square and rectangular beams. Namely the 
result obtained by Cauchy and mentioned in Art. 661. This 
result has been proved to be inexact by the later researches of 
Saint-Venant. 

If Tjfjb be the limit of safe slide, [i being the slide-modulus, 
and RjE be the limit of safe stretch, E being the stretch-modulus, 
then for a perfectly isotropic body on the uni-constant hypothesis 

fjL = 2El6, T=4iRlo, 

Further, we have for the couple IT, producing the torsion r of a 
prism of unit length, and for its limit the prism being upon a 
square base of side d : 

On the old theory 

On Saint-Venant’s theory 

M = -14058 M, = -20817 (P T. 

Hodgkinson takes the first of these results and considers them 
in relation to experiments of Rennie, Bramah, Tredgold and 
Bevan : see Art. 378. 


T. E. 


34 
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[973.] With regard to Bevan, Hodgkinson commends his 
results as carefully obtained and deduces theoretically one of his 
experimental conclusions (p. 500). If the reader will refer to 
Art. 378, he will see that Bevan defines his modulus of torsion, 
which he terms T (not the same T as that used above), by 

d*T~r’ 


where we have supposed the prism of unit length ; B being the 
deflection and r the arm of the distorting force. Now Hodgkinson 

g 

remarks that 'as - is the deflection at unit distance and very small 
r 

it may be taken for the arc t.’ Hence he finds : 




M 

d\ 


~ on the old theory, 

or — *14058 on Saint-Venant’s theory. 

But on Poissons supposition 

^ = 2 ^/ 5 , 

Bevan found that for metals T=^E= *0625 E. 

If we take the more correct results of Saint-Venant, 

r = *056232^. 

Thus the old hypothesis gives the theoretical value of TjE 
as differing from Sevan’s experimental value by *0042 and the 
more correct theory by *0063. As Sevan’s 1/16 is only a round 
number, we may assume that for metals we can practically regard 
the relation 

/xlE=2l5 

as very approximate. 

The volume concludes with an abstract of Savart’s memoir 
on torsion : see Art. 333, and reference to a paper of Rennie’s on 
the effect of thermal expansion and contraction on iron structures : 
see Art. 838. 


[974.] 1839. Poucelet. This distinguished mathematician 
gave courses of lectures at Metz in the years 1827—1829, wherein 
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were first treated several points relating to our subject. These 
lectures were lithographed under the title : Cours de Mecanique 
industrielle, fait auoc artistes et ouvriers messins. They appeared 
in parts. Part i., 1827—1828. Part ii, 1828—1829 (in a second 
edition, 1831). Part III., 1831. The first part was also printed at 
Metz in 1829. A volume entitled : Introduction d la Mecanique 
. mdustrielle, physique et expdrimentale, was published at both Metz 
and Paris in 1839. It bears on the title page the words : Deuxihne 
Edition enticement corrigde et contenant un grand nomhre de 
considerations nouvelles. The Metz book of 1829 is, I suppose, 
the first edition, but as that seems to contain only 248 pages and 
this 719 pages, the additions must be very considerable. A third 
edition edited by M. X. Kretz and forming a part of the proposed 
complete edition of Poncelet’s works appeared in 1870, at Paris. 
It is almost identical with the second, the paragraphs but not the 
pages are the same. As the paragraphs are long, my references are 
to the pages of the second and third (K) editions; the former is 
that which Saint-Yenant cites simply as Poncelet’s Mecanique in- 
dustrielle^. Various books published at Liege and Brussels en- 
titled: Mecanique industrielle and bearing Poncelets name were 
unauthorised compilations based on the lithographed editions. 
Poncelet refers to these compilations in the preface to his second 
edition. In the same place (p. vi) he also remarks that various 
causes have delayed the publication, so that the printing, 

parvenue k la page 224 dfes Tannee 1830, fut seulement reprise et 
continuee jusqu'lL la page 273 en 1835, et jusqu’^ la page 520 en 1838. 

It is useful to note this fact as bearing on Poncelet s relation 
to contemporary work. We proceed to note the salient features of 
the Mecanique industrielle. 

^ I have endeavoured in vain to find a copy of the lithographed course. I owe 
to the kindness of M. Gustav Plarr an opportunity of examining the second printed 
edition. A bibliography of Poncelet is given after his life by Didion (Notice sur la vie 
et les ouvrages du Genital J. V. Poncelet, Paris, 1869), but it is imperfect and 
inaccurate. I may take this opportunity of acknowledging the courtesy of M. le 
Bibliothdcaire, of the Acaddmie de Besan 9 on, who kindly forw^ded me a Cours 
lithographU of Poncelet belonging to the Biblioth&que universitaire. It proved 
to be his treatise on the mechanics of machinery which unfortunately contains 
nothing on our subject. 


34—2 
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[975.] In the Principes fondmnentaux, after some considera- 
tion of the molecular structure of bodies and their physical states 
and properties, we have a section entitled: Elasticity des corps 
(p. 12, K. 20). Poncelet remarks after his definition of elasticity 
that two kinds are to be distinguished, Tdlasticite de forme et 
r^lasticite de volume! This is very like the language to be found 
in current English text-books, and suggests bi-constant isotropy. 
On p. 14 (K. 22) the limit of elasticity is defined, but it is made to 
depend not on a limiting stretch, but on a limiting traction. 

[976-] The next part of the wmrk which engages our attention 
is entitled : Bes rdsistances que les corps opposent d V action directe 
des forces (p. 250, K. 269). This part treats in the first place of 
what w^e are to understand by the forces of affinity, adherence and 
cohesion, and involves some discussion of molecular forces, crystal- 
lisation and the influence of the now discarded caloric : see our 
Art. 844. On p. 260 (K. 280) we begin with the application of 
these results to the phenomena of elasticity, and the following 
pages 260 — 465 (K. 280 — 503) are occupied with our subject. 

[977.] On pp. 260—272 (K. 280—293) will be found a 
discussion by graphical methods of the law of molecular force. 
Poncelet draws curves to represent respectively the repulsive 
and attractive elements of the force; such for example as might 
be obtained by tracing the relation between force and distance 
given in the footnote on our page 222. He deduces from his curves 
explanations of cohesion, perfect and imperfect elasticity etc. He 
even appears to arrive on p. 264 (E. 284) at something like the 
generalised Hookes Law. His reasoning however seems to me 
invalid as it really refers to intermolecular force and not to 
stress. The use of the term la force elastique apparently for 
intermolecular force and afterwards for stress is very misleading. 

[978.] On pp. 276 — 277 (K. 296 — 298) we have some remarks 
on differences of elasticity in the same body. The want of isotropy 
in wrought-iron bars and in wires is especially noted. A result of 
Savart’s is quoted, which I have not come across elsewhere : 

Tin fait, d'ailleurs tr^s-digne de remarque, c’est que, dans les corps 
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oristallisables obteaus par la fusion, dans le plomb notamment, I'etat 
d’agregation et par consequent d’elastioitg, peut se modifier’ d’une 
manifere extrgmement lente avec le temps, et sans qu’il s’en manifeste 
extSrieurement aucune trace appreciable par les moyens ordinaires 
cVobservation. 

[979.] The next section is entitled: N'otions et principes 
C07iceT7ict)it let TdsistcLYice des pvisnies aux cillougeineiis ci In 
compression et d la rupture. We may note (p. 279, K 299) that 
Poncelet terms the force on resistance elastiqiie the raiclenr or 
stiffness per unit length ; these terms are confusing. A’ notable 
feature however is the representation of the stress-strain (in this 
case a traction-stretch) relation graphically by a curve. This 
metliod, perhaps introduced by J. Bernoulli in 1694, had apparently 
been forgotten till Poncelet revived it : see our Appendix, Note 
A. (1). Some of these curves have been plotted out by Poncelet 
(figs. 47 — 48), the abscissae and ordinates representing respectively 
the stretches and the corresponding tractions. The following 
remarks seem to indicate that Poncelet was acquainted with the 
yield-point as well as the stricture or local thinning down before 
rupture : 

Ces coiirbes moiitrent, joar I’inclinaison de leurs tangentes snr Taxe 
horizontal des abscisses, que la resistance elastiqiie, qiii d’abord reste 
sensiblement constante, diminue souvent d’une maniere tres-rapide a 
partir d’un certain terme, sans neanmoins devenir rigoureusement 
nulle, m6me pour des allongements tres-voisins de la rupture. Or cette 
derniere circonstance tient, sans aucun doute, a la difficulte qu’on 
eprouve a observer les etats d’equilibre instables j ^ la rapidite avec 
laquelle la resistance du piisme decroit dans les instants ou s’opere la 
separation complete des parties * entin a ce que, vers ces instants, les 
allongements cessent de s’operer uniformement sur I’etendue entiere de 
la barre, et n’ont plus lieu sensiblement que sur la portion, souvent 
tr^s-courte pour les corps raides, ou se fait la separation definitive des 
molecules, portion dont Talteration elastique est masquee par la force de 
ressort que conservent encore les autres parties, et qui se manifeste 
clairement apres la rupture complete, (p. 283, K. 304.) 

The etats ddquilibre instohles are states suggested to Poncelet 
by the possible existence of points of intersection of the curves 
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wMcli represent the repulsive and attractive elements of the force 
between two molecules other than the initial state of rest. I do 
not see that, even if they exist for these curves, it follows that 
there will be like unstable stages in the relation of stress to strain, 

[.980.] Pages 284 — 288 (K. 305 — 309) are devoted to a 
consideration of lateral stretch and cubical dilatation; they re- 
produce Poisson’s results based on uni-constant isotropy. Refer- 
ence is made also to Cagniard-Latour and to the memoir of 
Colladon and Sturm: see our Arts. 368, 688. These pages are 
followed by a discussion of the condition of rupture, and Poncelet 
notes the uncertainty which the formula for the rupture of a prism 
under terminal tractive load, namely 

Load = area x limiting traction, 

involves ; for, owing to the rapid change of diameter about the 
period of rupture, it is doubtful what area is to be taken (p. 290, 
K. 310). 

[981.] § 247, entitled : Notions sur la resistance vive des 
prismes, introduces Poncelet’s characteristic conception of work. 
His terminology is somewhat different from that now in use, but 
as we owe to him the introduction into practical mechanics of the 
principle of energy, it may not be out of place to give his 
definitions : 

Nous nommons plus specialement resistance vive d'Slasticite, le 
travail dynamique qui repond k I’intervalle ou, Telasticite etant parfaite, 
les allongements demeureiit sensiblement proportionnels aux efforts de 
reaction correspondans, et resistance vive de rupture, celle qui a ete 
d^veloppee, par ces efforts, an moment ou ils ont atteirit leur plus 
grande valeur et oft le prisme se trouve enti^rement rompu (p. 291 
K. 313), 

It is shewn how the work may be obtained from the area of 
the stress-strain curve (p. 292, K. 313). 

If N be the stretch-modulus, s the stretch produced by 
terminal tractive load in a prism of length I and section co, 
Poncelet shews that the work for a purely elastic strain = ^ Es^ . ©Z. 

[982.] In considering the work required to rupture a prism, 
Poncelet supposes that if be the work required to rupture a 
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prism of unit length and unit section, then PF= TV ^ . cctl will be the 
work requisite to rupture one of. length I and section a>. The 
resistance vive, or resilience of a beam subjected to impact, is thus 
proportional to its volume, a theorem first proved for transverse 
impact by Young and for longitudinal impact by Tredgold: see 
our Appendix, Note A. (3), and our Art. 999. At the same time 
Poncelet remarks that this assumes the stretch to be uniform 
throughout the prism, which 

n’est nuUement admissible pour les instants qui precedent im- 
mediatement la rupture, ‘ et reclamerait des experiences speciales 
relatives k Tinfluence de la longueur des prismes (p. 293, K. 315). 

On the following pages we have a slight sketch of the method 
in which this conception of work can be applied to the problem of 
resilience, an application first made, as Poncelet states, by the 
English writers Young and Tredgold. Poncelet however adds 
that this principle of energy is not wholly satisfactory as we do not 
know what part is played by heat when elastic materials are sub- 
jected to impact (p. 294, K. 316). 

[983.] Pages 295 — 305 (K. 317 — 327) are principally oc- 
cupied with the consideration of the time-effect and with methods 
of experiment. On the former head experiments of Savart, Yicat 
and Ardant are cited: see our Arts. 332, 735. Ardant seems 
to have made experiments at Poncelet’s request on iron wires 
and to have concluded that : 

des fils de £er charges de poids capables d’alterer, d*une maniere 
notable, leur 6lasticite, non-seulement ne s’allongeaient pas indefiniment, 
mais encore reprenaient, sous la charge et un repos suffisamment pro- 
longe, un degre d’elasticite ou de raideur plus grand que celui qu’ils mon- 
traient ^ I’instant ou I’allongement apparent avait cesse (p. 297, El. 320). 

[984.] The next section of Poncelet’s work is entitled : Resultats 
de Vecopirience concernant la resistance directs des solides. It 
occupies pp. 305—385 (K. 328—418), and is a resume of experi- 
mental papers by* various authors; to the majority of these "we 
have referred in the course of our work. Here and there Poncelet 
criticises these experimental results. Thus he remarks that 
the results of Gerstner on the rate of extension after the traction 
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has ceased to be proportional to stretch do not seem generally 
true : see our Art. 806. He cites in support of his opinion the 
experiments of Seguing Bornet®, and Ardant. 

L’ensemble des resultats de ces experiences montre seulement qu’en- 
de 9 ^ d’une certaine limite, les allongements sont, en effet, sensiblement 
comme les charges, et qu’au-del5, ils croissent dans une progression 
d’autant plus rapide que le metal, soumis a Tepreuve de la tension, est 
plus doux, plus ductile ; de sorte que, jusqu’^ present du moins, il n’est 
pas permis de dire que la loi de cette progression soit la meme dans 
tons les cas, ni aussi simple que tendraient 5, le faire croire les ex- 
periences dej^ citees de MM. Leslie et Gerstner (p. 344, K. 375). 

We have the same vague reference to Leslie’s Elements of 
Natural Philosophy, which has been followed by later writers 
probably copying out of Poncelet : see Art. 806. 

[985.] Poncelet represents by curves the results of the 
experiments cited by him (figs. 47 and 48). I believe this is the 
first occasion on which we have anything like an accurate 
graphical representation of the traction-stretch relation for bars 
subjected to terminal tractive load. These curves are principally 
based on some careful experiments of Ardant, communicated 
by him to Poncelet, who here discusses at considerable length 
their singularities and suggests physical explanations (pp. 347 — 
351, K. 378—382). 

Wire of hard brass {fils de laiton dttrs) has a traction-stretch 
curve which can be closely represented by the equation, 

s — T {a + b . c^), 

where s is the stretch, T the traction, and a, 6, c constants 
depending on the material (footnote, p. 348, K. 379 : see our 
Appendix, Note D). 

[986.] On p. 353 (K. 384) Poncelet quotes results confirming 
Lagerhjelm’s statement as to the moduli of steel and various kinds 
of wrought iron : see our Art. 366. He shews however that Ardant’s 

^ Des ;pont8 en fil de fer, 2« 4dit., Paris, 182G : see also the Annales de Chimie, 
T, 25, 1825, p. 190 (experimental details on strength of iron wires). 

2 Du fer dans les jponts suspendus, par MM. Martin et Eourchambault. This 
work and that referred to in the previous note were not accessible to me: see 
however Martin’s memoir referred to in our Art, 817, 
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expei'iments do not accord with the formula given by Lagerhjelm 
as connecting the limits of elasticity and cohesion : see our Arts. 
365, 852. He writes : 

On ne doit se servir qu'avec beaucoup de reserve, de semblables 
relations, etablies sur un trop petit nombre de faits, pour etre con- 
siderees comme suffisamment exactes (p. 355, K. 386). 


[987.] Pages 365—385 (K. 397—418). This is a section 
entitled: Questions particulilres relatives a la resistance des 
maUriaux. It contains the discussion of various problems, ^vith 
numerical examples. We may note the consideration of the best 
form for a column. Poncelet does not refer to the labours of Euler 
and Lagrange: (Arts. 65, 106,) nor consider the possibility of 
flexure. He advocates, on grounds which are not veiy clear, the 
conchoid form of the Greeks: see p. 374 (K. 406). A simple case 
of thermal effect is treated on pp. 376 — 380 (K. 409 — 412). It is 
among the earliest examples on this subject. 


[988.] We now reach what is Poncelet’s most substantial 
contribution to the theory of elasticity, namely the section 
entitled: Examen des ijrincipales circonstances du moiivement 
oscillatoire des prisnies sous I influence de charges constantes et de 
chocs vifs, pp. 385 — 465 (K. 418 — 503). Poncelet first treats the 
problem of a bar, which is supposed without inertia, to the end of 
which a weight is attached and allowed to fall without initial 
velocity. He proceeds from the principle of energy and easily 
deduces the now well-known proposition that the weight will 
produce a maximum stretch in the bar double oi that which it 
statically could produce. He calculates the velocity of the weight, 
the traction and stretch of the bar at any time, and represents 
the whole (simple harmonic) motion by an elegant geometrical 
construction (pp. 385-396, K.^ 418-432). The discussion is 
followed by a numerical es;ample \ 


[989 ] The next problem considered is that of the load having 
an initial velocity. Suppose L the load, s the maximum stretch, 

1 The same proUem is really discussed by Poisson “ !£eole 

polytechnme, 18» Cahier, pr- 476-189. See also Sonnet, Art. 938, [o). 
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the initial velocity, then we have for a bar of length I and 
section w, 

+ Lis = \wl.Es\ 

9 ^ 

-L ^ /U ^Lv:_ 
ai‘E^'^o>Egr 

This stretch in structures liable to be acted upon in this fashion 
must not exceed the limit of elasticity. Poncelet discusses the 
entire motion (its amplitude, period, etc.), but the reader will 
have no difiSculty in reproducing for himself the description of 
this simple motion, in which the bar is supposed to have no inertia 
or to stretch instantaneously as a whole (pp. 398 — 410, K. 436 — 448). 


[990.] In a footnote on p. 410 (K. 445) the more general case 
is treated in which the bar is supposed to have mass and vibrate. 
If D be the specific gravity, z the displacement in direction of 
the bar of a section originally at distance x from the fixed end, 
the equations to be solved are obviously 

— (oE ^ , when x^l. 
g df dx ’ 


The solution is easily found to be 

IcoD + L D 2 ^ ^ A 


(cos^^ 


mt — m 




where 


4 sin ml 
2ml + sin 2ml * 


and the S denotes a summation with regard to all values of m 
which are roots of 


ml tan ml = -j - . 

Jb 

If the load L is large compared with the weight of the bar, m 
has the values approximately 

/ coD nir coD 

V U' 

where n is a positive integer. 
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Somewhat similar formulae were first given by Navier in the 
book referred to in Art. 272. 


[991.] The next problem treated is that of a bar to the per- 
manent load of which a blow is given (pp. 410 — 424, K. 448 461) 

Poncelet supposes the bar without inertia, so that every stretch is 
instantaneously uniformly distributed. The analysis is again of an 
easy kind. The bar being at rest with a load i, the weight P is 
allowed to fall upon L and thus give it an initial velocity. This 
initial velocity may be calculated on the principles of impact ; the 
case practically considered by Poncelet is that in which L and P 
have no ' elasticity.’ The maximum extension is easily obtained 
from the principle of energy, and a geometrical representation 
is given. In a footnote (p. 424, K. 460) Poncelet gives the 
solution for the case when the inertia of the bar is taken into 
account. If V be the velocity of the weight P at the moment of 
impact and = VPI(L + P), then with the same notation and 
with the same equation for as in Art. 990 : 

IcoD + P + L D 2 ^ . sin mx 

Z = Tir X-^,X^-%A^ — 


■where ml tan ml = IcoDjiL + P). 


/gE , P + L „ /E . 


[992.] The last section of Poncelet’s work which concerns us 
now is entitled: Consequences et applications diverses concernant 
les effets des mouvements imprimes aux prismes (pp. 425 — 465, 
X., 461 — 503). It is occupied with various numerical examples 
and extensions of the theory of resilience previously developed, 
with special reference to suspension-bridges^ and to the com- 
parison of experimental results with theory. 


[993.] We see that the problem of resilience in the case of a 
bar subjected to longitudinal impact has been fairly worked out by 
Poncelet ; the problem of course had been previously considered by 
Navier. To Young and Tredgold’s contributions we have before 

^ Besides the work of Navier on this subject referred to in Art. 272 the reader 
may consult a memoir hy Yicat, Annales de Ghimie, 2* S4rie, T. 27, 18*26, p. 70. 
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referred and shall return when we consider later memoirs which 
treat more completely the case of bars subjected to transverse 
impact : see also Appendix, Note A. (3). 

[994.] Poncelet gave a course of lectures on the Eesistance of 
Solids to the Faculty of Sciences of Paris in 1839. These lectures 
have never been lithographed or printed, but exist only in 
manuscript. A few extracts from them, involving a simplification in 
the method of obtaining the ordinary flexure formulae, are printed 
by Saint-Venant in Appendice L, pp. 512 — 519, of his edition 
of Navier’s Logons, Poncelet’s feuilles incites are referred to 
on several occasions in the same work (e.g. pp. 374, 381, etc.). 
A further extract will be found in Schniise’s German translation 
of Poncelet’s Mecaniqiie appliqitee aux onachines (Bd. Ii. Note 
1 to § 220). It is reproduced by Elihlmann as a footnote on 
p. 398 of his excellent work : Vortrdge ilher Oeschichte der 
technischen Mechanik. The extract is of considerable historical 
interest. According to Saint-Venant Poncelet’s methods have been 
adopted by Gdn^ral Morin in his Logons sur la Hsistance des 
maUrimx^, 

[995.] We may note that the true condition of rupture, the 
maximum stretch as opposed to the maximum stress, was distinctly 
laid down by Poncelet in this course. Thus the condition of 
rupture by compression must be sought for in the lateral stretch. 
Generally the stretch- quadric and not the stress-quadric gives the 
directions of danger. Mariotte seems to have propounded the 
stretch condition of ruioture, but its practical adoption is due to 
Poncelet and Saint-Venant. We may remark that Lamd, Clebsch 
and innumerable English writers have fallen into the error of 
taking the maximum-stress ; see our Chapters VIII. and IX., also 
Saint- Venant’s Historiqne Abrigd, pp. cxcix — ccv. 

Poncelet in this course also adopted Saint- Ven ant’s formula 
for the condition of rupture in a bar subjected to flexure, i.e. that 
which takes account of the slides : see our Chapter IX. 

[996.] Examen critique et historique des principales t}ido7ies on 

^ Au reste les diverges m^tliodes de Poncelet ont reproduitcs dans les Lemons 
bien connues de Morin. Extract from letter to Editor. 
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sohitions concernant V dquilihre des vcydtes, Gomptes rendus,Tl, xxxv 
1852, pp. 494—502, 531—540 and 577—587. This is a most 
interesting historical paper on the various theories of the arch. It 
only so far concerns our present purpose as Poncelet recognises in 
his last two pages a connection between the theory of arches and 
that of elasticity. In the latter theory he commends the then 
recent work of Saint-Venant, Lamd and Wertheim, and trusts it 
may react upon the former theorj’. 

[997.] It will be seen that Poncelet’s services to the subject 
of elasticity are considerable, although bis influence was as much 
oral as bv his writings. 

[998.] Joseph Colthurst. Experiments for determining the 
position of the neutral axis of rectangular learns of cast and 
wrought iron and woody and also for ascertaining the relative 
amount of compression and extension at their upper and under 
surfaceSy when subjected to transverse strain. This is a memoir 
presented to the Institution of Civil Engineers, April 20th, 1841. 
It is reproduced, with the discussion upon it, on pp. 859 — 365 of 
the London Journal of Arts and Scwices, Vol. xix. {Conjoined 
Series) y 1842, The experiments were undertaken to determine 
the mooted point of the position of the neutral axis in beams 
subject to transverse load. The results obtained are briefly as 
follows : 

(1) Position of neutral line in materials of the form stated 
in the title does not differ perceptibly from the central line. 

(2) Amounts of extension and compression in the case of 
wrought-ivon continue to be equal up to the complete destruction 
of the elasticity (beginning of set ?). 

(3) They are only equal in the case of cast-ivon up to about 
2/3 of breaking load, after this load ‘extension yielded in a higher 
ratio than compression.’ 

(4) With fir battens, extension and compression were equal up 
to 3/4 of the breaking load, but after this ‘compression yielded in 
a much higher ratio than extension.’ 

(5) Amounts of extension and compression are in direct 
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proportion to the strain (i.e. stress^), within the limits of elasticity, 
and even after those limits are greatly exceeded, and up to 3/4 
of the strength of a beam they do not sensibly differ. 

In the course of the discussion reference was made by 
J. Horne to some experiments of his own laid before the 
Institution in 1837 shewing like results as to the position of the 
neutral line. 

[999.] Thomas Tredgold. A Practical Essay on the Strength 
of Cast Iron and other Metals. We have already referred to 
the first edition of this work : see Art. 197. A second edition 
appeared in 1823 ; a third in 1831, after Tredgold’s death, super- 
intended through the press by Barlow; and finally a fourth, edited 
but not re-written by Eaton Hodgkinson in 1842 : see Art. 966. 

The last edition of Tredgold s book labours under the same 
defects as the first. The beginning of set is taken as the proper* 
limit of strength, regardless of the fact that this epoch is most 
variable and in the case of cast-iron can hardly be said to exist 
(pp. 3 — 5): see our Arts. 853, 952, 969. Erroneous conclusions 
as to the absolute strength of cast-iron are obtained by flexure 
experiments, because set, and a consequent shifting of the neutral 
line to the compressed side of the beam, have been neglected. 
Tredgold thus obtains a tensile strength nearly three times 
too great. Further he supposes a triangular prism to be equallj^ 
strong whether the base or vertex of the section be compressed. 
Finally we have Tredgold’s theory of resilience with its somewhat 
gratuitous assumptions®, and a characteristic sneer at the method 
of fluxions (p. 255) ; the modulus of resilience is here defined 
as ' the product of the force which produces permanent alteration 
and the corresponding extension’ (p. 260). 

On the whole, notwithstanding Hodgkinson’s occasional notes of 
warning, Tredgold’s Essay is as poor a book in the fourth as in the 
first edition. 

[1000.] Summary, We have endeavoured to bring together 

^ Strain was used in the sense of stress in aJl engineering memoirs up to 
a very recent date. 

2 Ge n’6tait de la part du cdlSbre ing^nieur q_u’un tdtonnement.’ Saint- Yenant in 
his edition of Clebsch. Footnote, p. 047. 
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m this chapter a great body of mechanical and physical facts which 
have formed the basis of many of the later developments of the 
mathematical theory ; note also that many of these facts have 
not even yet been subjected to mathematical treatment. The 
characteristic mark of the period is that the practical needs 
of engineers and physicists are discovering a wider range of 
phenomena and demanding a more comprehensive theory. The uni- 
constant isotropy of Navier and Poisson, after being questioned 
by Cauchy, receives at the hands of Green and Stokes a severe 
criticism. The general theory of thermo-elasticity is given by 
Puhamel, and new conceptions of the stretch-modulus in aeolotropic 
bodies are developed by Neumann. Poncelet advances the theories 
of resilience and of cohesion. Molecular theories of cohesion 
receive attention from Ampere, Belli and Mossotti, but the results 
of the two latter physicists are of a negative character. The in- 
fluence of time on strain is considered, and Weber discovers the 
phenomenon of elastic after-strain. Set is investigated by Gerstner 
and Hodgkinson, while the latter physicist in England and Vicat 
in France contribute to forward our science by long series of 
valuable experiments on absolute strength. There is probably 
no period in the history of our subject which is richer in 
physical results than this, and the influence of these results 
will be strongly felt in the theory of the next decade. 



CHAPTER VII. 


LAME AND CLAPEYRON. LAME. 

[1001.] The first paper we have to notice is entitled : 
Sur les ponts de chaines {de Russie) et sur les rdsistances des fers 
employes dans leur construction. 

This is an extract from a letter written to M. Baillet by Lamd, 
who was at that time a ‘Major dn Genie au service de Russie.’ 
It is dated St Petersburg, Oct. 12/24, 1824, and ‘is printed on pp. 
311 — 330 of the Annales des Mines, T. x. Paris, 1825. 

It is a contribution of the well-known elastician to the 
subject of the most suitable iron for suspension bridges ; a subject 
which drew forth innumerable memoirs, many of considerable 
physical value, in the first half of the present century : see Arts. 
692, 721, 723, 817, 848, 936. 

Clapeyron and Lame seem to have been engaged at this time 
in making researches on the strength of the iron used for the 
construction of such bridges in Russia, and this note consists of 
a theoretical investigation of the traction in the elements of such 
a bridge and of a description of a machine invented by Lame 
to test pieces of iron. 

The theoretical investigation is limited to a very special case, 
the general problem as stated by Lame^ not being solved. It 
involves nothing of importance, being merely a problem in elemen- 
tary statics. The machine invented by Lamd was constructed in 

1 L’oiiverture du pent 4tant doiin4e, on propose de determiner la fl^clie fl 
dormer anx chaines pour que la d6pense totale du pent soit la moins forte possible 
(p. 322). 
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St Petersburg plans of General Betancourt. It was a 

variation of the hydraulic testing-machine which had become 
usual since the experinuents of Lagerhjelm : see Art. 364. Lager- 
hjelm’s machin® by Hammarschioeld, but is only 

a modification oi a machine which had been some time in use for 
testing chains. 

[1002.] suT Vemploi du fer dans les pouts suspendus. 

Journal des Voies de Communication. No. 5, pp. 19 — 43, and 
No. 9, pp. 29 — '55. St Petersburg, 1826—1827. 

This memoir announces the results of a series of experiments 
made by a comniission to investigate the advantages of the various 
kinds of iron used for suspension bridges. It is drawn up by Lieu- 
tenant-Colonel Henry, but it would appear that Colonel Traitteur, 
Lieutenant-Colonels Lamd and Clapeyron, and General Bazaine 
(Pierre Dominiqri®) members of the commission ; there is no 
ii*Qf vn/r^mbers in the memoir, but references to the memoir 

“ W lead me ,o » eoadueion. 

This memoir is worthy of note as emphasising not only the 
want of homo°’e®^®^*y ^ change in the elastic 

nature as we pass from the surface to the interior: 

Or ces essais indiquant que la resistance du fer est plus grande a 
la paroi qu’sl rintorieur, on doit en conclure que les fils de fer resisteront 
plus que les fers en barre, puisqu’ils out plus de surface a proportion de 
"leur volume ; ce <1^® I’exp^rience confirme. (No. 5, p. 26.) 

Thus the isotropy in iron bars and wires was noticed 

as early as 1826» although it is continually forgotten to-day. The 
peeling off of th© oxide of iron (first noticed by Kobert Stevenson, 
and which may position of the neutral axis) 

c,r,A +Tio ofr;/.+„re io the case of traction after the elastic limit is 
pld were trso remarked (No. 5,p. 28). The increase of tem- 
perature during the plastic stage was noted (p. 29). 

[10031 QevtBiixi irregularities in the conduct of bars under 
traction which were noticed in the experiments were clearly due 
to the bar not reduced to the state of ease, and to the 

peculiar condition® of the yield-point. The Mowing results state 
concisely the properties of the state of ease : 

T. E. 


36 
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(1°) Que, quand il y a eii alloiigement ct reprise, ou quo I’olasticite 
s’est manifest^e, elle subsistei'a dans toutes les €preiives sxxbsC‘quentcs. 

(2®) Que, quand la reprise ost totale, clle se maintiendra clans los 
essais suivants, 

(3®) Que, lorsquo rallongeinent est plus grand quo la reprise do 
Texperience pr6c6dente, la reprise no sera quo pariielle. (No. 5, p. 35.) 

These laws held for certain classes of iron, and we might well 
say that the discovery of the state of ease is due to this little band 
of French engineers in the Russian service. 

A series of general results will bo found drawn up on pp, 47 — 
50 of No. 9. The authors again insist on the non-homogemeous 
character of iron, and point out that bars of square and rectangular 
section break naore suddenly than those of circular section, which 
usually exhibit tendency to rupture by stricture considerably 
before actual rupture. This difference between bars of square^ and 
circular section is, if true, interesting, and does not appear to have 
been theoretically investigated. 

[1004.] There is an article by Lamd in the Journal du Ohie 
Civil, tom. I, p. 245, Paris, 1828, but I am unable to give aiiy 
account of its contents, as no library was accessible to ino in which 
such an early series of this Journal was to bo found. 

1005. Mimoire sur V^quilihre mUrieur des corps solides homo^ 
glues: par MM. Lamd et Clapeyron, Ingdnieurs dos mines. This 
memoir occupies pp. 465 — 662 of the Mdmoires pr^sent^par divers 
Savaus, Vol. iv, 1833. The date at which the memoir was presented 
to the French Academy is not recorded here, but the Report on it by 
Poinsot and Navier, to whom it was referred, was made on Sep- 
tember, 29th, 1828 : see Orelle’s Journal, Vol vil, j), 145. The 
memoir may be described in general terms as an elementary 
treatise on the subject of elasticity with numerous important 
applications ; there is no reference to any preceding writer on the 
theory of elasticity. The memoir consists of an introduction and 
four sections. 

1006. The InifToduction occupies pp. 466 — 469. It says that 
writers on Statics had hitherto confined themselves to an investi- 
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gation of the relations which must hold among the forces applied 
0 a body in order that the body may remain in equilihrW 
hesc relations ai^ independent of the internal constitution of the 
body. But It is the object of the present memoir to investigate 
the way m which the interior of a body is affected by the tmns- 
uiissioii through It of the action of forces. On p 468 the 
memoir speaks of a solid body as consisting of an infinite number 
of particles much in the same way as Lamd writes on p. 5 of his 
Lemons, only that in the memoir the particles are said to be equi- 
distant, a condition which is omitted in the Legem. 


1007. Ihe first section is entitled : ^Equations differentielles • it 
occupies page.s 470—486. The general equations of equilibrium 
which must Imld at every point of the interior of an elastic body 
are investigated. The same assumption with respect to the 
nature of the molecular force is made as by Navier ; and the 
equations obtained involve one constant which represents a certain 
integml ; see Art. 2(56 of my account of Navier. [The method by 
which the body shift-equations are established is very like that of 
Navier and involves the same errors ; namely the assumption that 
intiinnoloeular force may be represented by a function of the form 

(?■) (»'' — ?•) and the replacement of summations by integra- 
tions : SCO our Arts. 26C, 443, 531, 615. The method adopted by 
Lamd and (Uapeyron is in fact Navier’s first investigation wherein 
the oquations are obtained from calculation of the stresses and not 
by the Oaleuhis of Variations ; there is, I think, some cause for 
Navior’s exprussion of feeling on the subject : see our Art. 277. 
We may also remark that the definition of stress across a plane in 
terms of intermolecular action is that often used by Cauchy but 
objuctisd to by Haiti t-Venant in his Cours lithographic and else- 
where : see our Chapter IX.] Nothing is explicitly said with 
respect to the equations which must hold at the surface of the 
body ; they are however implicitly involved in § 24 and the matter 
is treated properly, where necessary, in the applications of the 
theory which form the third and fourth sections. 

1008. The second section is entitled: ThCcnremes sur les 
pressions ; it occupies pages 486 — 508. This goes over much the 
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same ground as the fourth and fifth of Lamd’s Legons; and wc 
may mention in particular various results obtained. The second 
of Cauchy’s theorems is obtained in its most general form : see my 
Art. 610 (ii), and Saint-Venant’s To7-*sion^ page 250. The equation 
to the ellipsoid of elasticity or Lami's stress-ellipsoid is obtained : 
see Art. 1059. The existence of principal tractions is established: 
see Art. 603. The property with respect to conjugate diameters is 
established : see the Legons, p. 56. The equations to the stress 
director-quadric and to the shear-cone are obtained : see Art. 1059. 
The special cases of the principal tractions are also discussed. This 
is the first appearance of Lamp’s stress-ellipsoid (unfortunately 
named the ellipsoid of elasticity), the stress director-quadric and 
the shear-cone ; there is little doubt that the other properties 
were rediscovered by the authors for themselves. 

1009. A simple result is given on p. 490 which is perhaps not 
formally reproduced in elementary works. Take the three equa- 

.tions (i) of my Art. 669, square and add; thus we obtain the 
value of pf Similarly let p/, which corresponds to another 
position of the line OL of that Article, be obtained ; and p^, which 
corresponds to a third position. Then if the three normals are 
mutually at right angles we get p^ + p/ -^-p^ = {xxf -f- {yyf + (S)^ 
Thus the sum of the squares of the stresses across three plane 
elements which are mutually at right angles is constant for the 
same point of a solid body, whatever may be the position of the 
system of the three elements \ 

1010. The third section is entitled : Gas simples ; it occupies 
pp. 608 — 541. This section consists of various simple applica- 
tions of the general equations; they appear here for the first 
time*, but have all since been reproduced in the elementary 

^ [This result appears due to Oauohy, for in the Exercices de 
Seoonde Atm6e, 1827, p. 53, we find : 

Th^or^me. Si par un point donnd d*un corps solide on fait passer trois plans 
rectangulaires entre eux, la sonmie des carr6s des pressions ou tensions support^os 
par ces mgmes plans sera une quantity oonstante, dgale h la somme des oarrds des 
pressions ou tensions principales. 

Cauchy’s result was thus printed in 1827. Bn.] 

* [Not all of them, as may be seen by an examination of Poisson’s great memoir 
of April, 1828. En,] 
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works, and treated with greater generality hy introducing two 
constants of elasticity instead of mie. A student concerned with 
practical details would however find some useful and interesting 
rem^ks in the memoir which are not in the more recent dis- 
cussions. We will now briefly notice the various cases considered 
in the memoir. 

1011. The first case is entitled : Cols diun prisme indefini * it 
occupies pp. 508 515 : see Lamp’s LegonSf p. 74. In the memoir 
some numerical values are given for the constant which corresponds 
to the \ QT jjjoi the Lemons, the two being here assumed to be equal. 
Thus for forged iron the value expressed in kilogrammes per square 
millimetre is about 8000, and for brass 2510. The experimental 
data of Duleau and Tredgold are taken as a basis. On p. 514 of the 
memoir we have some notice of an experiment made by Perkins to 
determine the compressibility of water. The water was put in a vessel 
over mercury, and subjected to a pressure of 2000 atmospheres. The 
vessel was assumed to have remained unchanged in volume, and 
by the observed ascent of the mercury in the vessel it was inferred 
that the volume of the water was diminished by •^. Lamd and 
Clapeyron observe that this result requires correction on account 
of the compressibility of the vessel which contained the water. 
Let S denote the coefficient of compressibility of the vessel, S the 
coefficient of compressibility of the water found on the supposition 
that the volume of the vessel remained unchanged ; then they say 
that the true coefficient of compressibility of the water is (1 — S) 
(S + S'), that is approximately S + S'. It is not obvious how the 
expression is obtained which is here given as exact. Let m denote 
the true coefficient ; then a volume originally V of water becomes 
under compression P"(l — a?). The internal volume of the vessel, 
supposed to be originally F, becomes under compression F(1 - S) ; 
of this the water is observed under compression to occupy the 
fraction 1 ^ S' ; therefore F(1 - - F (1 - S) (1 - S'). Thus the 

eooact expression seems to be a? = S -f 8' — SS', which differs slightly 
from that of the memoir, though leading to the same approximate 
result : see our Arts. 686 — 690. 

1012. The second case is entitled: Cols d'un oylindre creux 
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inddfini; it occupies pp. 516 — 525: see Lamp’s Legons, p. 188. 
The cylinder in the present case, and the prism in the first case, 
are supposed to be indefinite^ apparently, in order to avoid any 
consideration of the complex conditions which must hold at the 
ends. The writers suppose in fact the ends of the cylinder to 
produce a uniform longitudinal traction throughout the material 
of the cylinder measured by If we 

suppose the cylindrical shell cut by a plane parallel to the 
axis we obtain two rectangles. The traction at any point (r) of 
the section is given by the expression 


j. 

• X 'o 






where are respectively the outside and inside tractive loads 

and the corresponding radii. 

Multiply this by dr, integrate from r = to r — and 
double the result; thus we obtain the whole force tending to 
burst the cylindrical shell along a meridian plane, estimated on a 
portion of the height equal to a unit in length. The result is 
2 {Pq^q — P^r^, as found on p. 519 of the memoir; the authors 
add the remark : 


Oe x’^sultat est 6gal A celui que Ton ohtiendrait, en cherchant 
directement, d’aprds des principes connus d’hydrostatiquo, la force qui 
tend A briser un tube soumis, int^rieurement et ext6rieuroment, A dos 
pressions diffSrentes. 


1013. Lamd deduces from his formulae the limits of the 
pressures which can be safely applied to the interior of metal 
vessels \ For different metals these limits range between 400 and 
1400 atmospheres. Lamd and Olapeyron add on p. 522 : 

1 [The calculation of these limits is based upon the maximum traction not 
exceeding what is termed the elastic limit, they ought to have been obtained from a 
consideration of the maximum stretch not exceeding where Tq is the limit 
of safe tractive load to be ascertained by pure traction experiments, and B 
is the stretch-modulus. Proceeding from the stretch-quadric, I find that the 
necessary condition is that 

[Po0^'+V)-2ri2pj + 3Xri»(Pp-Pi)<To 2 

Hence, 

/tlV^ 2 mPo+2To(X+m) 

\rj 2^0 (X + M) - (3X -i- 2/.) (P, - P,) + 2/. 1\ * 
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M. Perkins, dans les experiences, dont les journaux ont rendu 
compte, sur la compressibilite des liquides, a pousse la pression dans 
rint^rieur d’un cylindre metallique jusqu’^ 2000 atmospheres. Ce fait 
n’est pas une objection au resultab que nous venons d’annoncer ; il est 
possible que si T experience eut ete prolongee pendant un intervalle de 
temps sufiisant, le cylindre se f ut brise, ou qu’il fut arrive quelque chose 
d^analogue ^ ce qui se passe quand on suspend A une tige de fer un 
poids qui depasse 14 kilogrammes par millimetre. 

1014. The third case is entitled : Gas d'un cylindre soumis d 
une torsion; it occupies pp. 526 — 532: see Lamd’s Legons, p. 
186. A formula is obtained in the memoir equivalent to the 
2M 

CL = — ^ of the Legons, p. 188. Thus if we determine by 
’TrfJbJi* I 

experiment the amount of torsion produced by assigned forces we 
can calculate the value of fi. The authors of the memoir thus 
find that for forged iron it is 7493 and for brass it is 2248 ; these 
values agree closely with those assigned in Art. 1011, and they say 
on their p. 529, 

...nous croyons voir dans la coincidence approchee de deux resultats 
d(5duits d’expCuiences d^un genre si different, Tune des preuves les plus 
frappantes de Texactitude de notre th^orie^ 


1015. The fourth case is entitled: Gas d!une sphere dont toutes 
les parties gravitent les unes sur les autres ; it occupies pp. 
532 — 536. This is reproduced by Lamd in his Logons, p. 213, and is 
given substantially on the eighth page of his memoir in Liouville s 


In the case whore X =/4 if Po>Pi I find that no cylindrical sheU however thick 
can Bustain an internal load 

■t'o> 6 

In the case of P.=0, P„ must be <42’o/5; these results do not agree mth those of 
and Olanevron on pp. 621—525 of their memoir or mth those of Lame s Le^om, 
p 191 I oonsiLr their results to be vitated by taking traction rather than stretch 
Ss dSormining the limit of elasticity. We see also that the cylinder will tet receive 
sot inter, uMi/ These results are extremely interestog in ° ‘ 

monts of Messrs Amos and Easton considered m our Chapter vin. En.] 

1 [Tho reader will note that these results suppose the 
of mils; tho writers’ results are based on the expemnental data of Biot and 

Coulomb. En.] 
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Journal, 1854, a^d in his Coordonndes curvilignes, p. 351: see 
Art. 1118 of my account of the memoir. 

1016. The fifth case is entitled: Gas June sphhe creuse; it 

occupies pp. 536 — 541: see Lamd's Legons, p. 211, and my 
account of the Legons in Arts. 1093 — 1094. On p. 537 of the 
memoir an expression is obtained for the resultant stress normal 
to a diametral plane. This is Jfylr^rdrdyjr with the notation of the 
Legons, p. 212 ; the integration is to extend over the area of the 
circular section ; is the $$ of Art. 1113 of my discussion of 
Lamp's Frohlem. The result is ] the authors 

add the remark : 

Qui est efiectivement 4gale a celle que Ton ohtiendrait directement 
en se fondant sur des principes connus d’hydrostatique^ 

1017. The fourth section of the memoir is entitled : Gas g4n6- 
rauoo; it occupies pp. 541 — 562: these are more complex than 
the cases of the third section, and are not reproduced in the 
Legons, but references to them occur on pp. 164 and 191 of that 
work. We will now notice these cases, which are three in number. 

1018. The first case is entitled: Gas Jun plan ind4fini; it 
occupies pp. 541 — 548 : a body is supposed to be bounded by an 

^ [On p. 540 Lam§ and Olapeyron obtain an inequality similar to that of Art. 1013, 
namely Pq < 2To+3Pi, a relation quite independent of the radii and of the elastic 
constant. This result is again obtained by treating the maximum traction and not 
the maximum stretch as giving the proper condition of cohesion. Workiug from 
the stretch-quadric, I find: 

4m (VPo - + (3X + V) (P, - Pi) <4 (X + m) To (V " ’’»*)• 

Hence 4 mPo+4(X+m) T, 

V'-o/' 4 (X+m)To-(3X+2m)(Po-Pi)+4mPi 

A result not agreeing with that given by Lam6 and Olapeyron, or by Lam4 in the 
LeQom, p. 213. It leads at once to the condition that no spherical shell however 
thick can resist an internal load 

•D ^ 4 Tq-i-S (X+ 2/4) Pj 
3X4-2/4 

Or, in the case of X=/4, we must have 

Po<|ro+l^i- 

In both the cases of the spherical and the cylindrical shells the stretch condition, 
it should be noticed, leads to a less limit for Pq than that adopted by Lam^, whose 
condition is thus not even on the side of safety. Ed.] 
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infinite plane on whicli is a given distribution of tractive load. 
The analysis depends mainly on the use of Fourier’s theorem, by 
the aid of which an assigned function of two variables is expressed 
as a quadruple integral. The only point in the process to which I 
need draw attention is on p. 544; the authors obtain twelve 
equations, noted as (7), and these they seem to sav lead to four 
more noted as (8) ; it seems to me that (8) must hold, but that 
they are not deducible from (7). But from (7) four equations can 
be deduced which are something like the equations (8), but not 
identical with them. Thus instead of the first of (8), which is 
- + hjp -f^r = 0, we get from (7) this equation 

-\q + hjp-2fypqlr = 0. 

But this does not invalidate any of the final results of the memoir ; 
for we have ^ = 0. 


[1019.] These final results are the following : the plane face 
being taken for that of xy, Fiayy) giving the law of tractive load 
and \ being the coefficient of uni- constant isotropy. 


F(fij v) sinp {x — {£) cos^ {y ~ v) dpdjidqdv, 

^ (4 (/ + 3*) ~ 27| t ?) "" 

F(/ij v) cosj} {x — y) sing {y — v) dpdydqdv. 


F(y, v) cosp (x — y) cosq (y — v) dpdydqdv, 
0 = 4 ^ JJ f i F(ji, v) cosp (x — y) cosq {y — v) dpdydqdv. 


The quadruple integrations are all from — oo to + x ; see p. 
546 of the memoir. A curious result is obtained on page 546. 
Suppose the infinite plane to be that denoted by -sf = 0 ; and let 
the assigned normal force at the point {x, y) be denoted by F (x, y ) ; 
then the value of the dilatation at that point of the plane 
is F{x, y)/2\, -where \ is the dilatation-coefficient, which is taken 
throughout the memoir to be the same as the slide-modulus y. 
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1020. The second case is entitled: Gas de deux plans paraU 
leles ; it occupies pp. 548 — 552 : a body is supposed to be 
bounded by two infinite parallel planes on which are given dis- 
tributions of tractive load. This case depends almost entirely on 
the first. 


[1021.] The results in this case are of a more complex form, 
but can be all represented by a single function (j>. 


where 





+ 


Az 


F^f 

'"/p* + 2* 4 AB aj 4 ) 


-f 




Bz 


F-f 


AB + aJp^ + ^ 4 AB—ct,Jp^+^ 4 

cosp>- /.) oosq(p- vJ_ ^ ^ ^ 

Here F and /stands for v) and /(^a, v), and F{x,y) and f{x, y) 
give the distribution of tractive load over the parallel faces of the 
plate supposed equally distant from the plane of xy. Further its 
breadth = 2c& ; 5 ^= sinh/pV/^, f ^coshA/p^+Z z ; A =^iTi\iJp^~{-(fa 

and B = cosh/p® + a. 

The last paragraph is this : 


Les formules precedentes, pour ^tre obtenues en series numeriques 
et imm^diatement applicables, exigent la connaissance des valeurs d’un 
genre particulier d’int^grales definies, dont il ne nous parait pas que les 
g^omtoes se soient encore occup^s. Nous avons fait k ce sujet un 
travail que nous nous proposons de publier incessamment. 

It does not seem however that this proposed memoir was ever 
published. 


1022. The third case is entitled : Gas gdn&ral du cylindre in- 
dSJmi; it' occupies pp. 552 — 562. A body is supposed to be in the 
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form of an infinite cylinder, solid or hollow, and having its curved 
surface, or surfaces, acted on by given distributions of load. In all 
the other cases discussed in the memoir the equations of equi- 
librium of an elastic body referred to rectangular coordinates were 
suflScient, but for the present problem what the authors call 
semi-polar coordinates are more suitable; they give without 
demonstration the required formulae which are worked out in the 
fourteenth of the Legons. The investigations in the memoir are 
carried on so far as to indicate how the problem is to be solved ; 
but they are worked out fully only for a comparatively simple case 
of a shearing load varying along a generator, but constant round 
a circular section. [The whole process is interesting, and forms 
practically a solution in Bessers functions. It is the first attempt 
to apply cylindrical coordinates to the shift-equations. At the 
same time we may remark that the reader who attempts to apply 
Lamd and Clapeyron’s formulae to such a simple case as a 
cylindrical column of which the ends are built-'Vi and subject to 
uniform pressure will soon find himself involved in analytical 
difficulties which he will not easily master.] 

1023. The whole memoir is reproduced in Orelles Journal 
fur die,..Mathematik, VoL vil., 1831, pp. 150 — 169, 237 252, 
381 — 4jl3 : there are many misprints in the original, and nearly 
all of them are reproduced. On pp. 145—149 we have the 
Rapport on the memoir by Poinsot and Navier made to the 
French Academy on the 29th of September, 1828 ; I presume that 
this was originally published in France, but I have not seen it in 
any place except this volume of aeUe s Journal. The whole 
Rapport is very interesting, and contains allusions to the researches 
on the subject which Navier had already made ; but I must 
confine myself to a few extracts from it. Lamd and Clapeyron are 
styled Colonels du Genie an service de Russie. 

1024. On p. 146 of the Rapport we have the following 
paragraph : 

Quant h I’etablissement des equations diff^rentielles destines a 
repr^senter les conditions generales de T^uilibre des parties des solides 
elastiques,'MM. Lame et Clapeyron out admis le meme principe, et 
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precede de la m^me mani^re ' que Tun de nous Tavait fait dans un 
ni€nioire qui a pr^sent6 k FAcad^mie en 1821, public pai' extrait 
dans le bulletin des sciences de la societ'e jpMlomatique en 1822, et 
imprim^ en entier Fannie derni^re dans le tome vii. de nos mtooires. 
Ils parviennent h, des Equations semblablea ^ celles qui avaient ^t4 
donnees dans cet 6crit. On doit seulement remarquer qu’ils ont dMuit 
directement du principe dont il s^agit les Equations d^terminees relatives 
aux points de la surface du corps, et qui font connaitre aussi les 
pressions on tensions int€rieures; tandis que, dans le m6moire de 1821, 
ces Equations avaient ete obtenues par les methodes de la mecanique 
analytique. Nous sommes obliges de rappeler ici que ce dernier 
memoire contient la premiere idee de la question, et les fondements des 
recherches relatives aux corps 6lastiques. MM. Lame et Clapeyron 
n’en faisant aucune mention, on doit penser qu’ils n’en avaient pas 
connaissance, et qu’ils sont parvenus de leur c6t6 aux m^mes r^sultats. 
Ils ont d’ailleurs poursuivi avec succ^s le genre de recbercbes qui ^ait 
Fobjet de cet ecrit. 

The preceding paragraph says that the memoir contains the 
equations which must hold at any point of the surface ; but this is 
wrong, for the memoir does not explicitly notice this matter. 

On p. 147 we read : 

La partie des JSxercices de matMmatiques de M. Cauchy qui a et4 
publiee Fannee derni^re contient plusieurs propositions relatives aux 
pressions int6rieures qui ont lieu dans un corps solide, analogues aux 
pr^o^dentes, et dont quelques-unes avaient 6t^ donnees anterieurement 
par M. Fresnel. MM. Lame et Clapeyron remarquent que la th§orie 
exposee dans leur ouvrage differs essentiellement de celle qu’avait 
adoptee M. Cauchy. Nous nous abstenons de parler des recherches qui 
ont ete publiees apr^s la presentation du memoire qui est Fobjet de ce 
rapport. 

There is apparently some mistake here, for Lam^ and Clapey- 
ron in the course of their memoir make no allusion whatever to 
Cauchy. 

On p. 148 there is a good summary of the most curious 
results obtained in the third section of the memoir. 

...Ces solutions conduisent' ^ di verses consequences remarquables. 
On trouve, par exemple, que lorsque la pression interieure qui a lieu 
dans un cylindre creux (qui est suppose d’une longueur infinie) depasse 
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« une certaine limite, il n’est pas possiblej quelle que soit Tepaissenr 
donnee k ce cylindre, de le rendre capable de resister k la rupture. 
Dans le cas d’une spblire pleine dont les points s’attii’ent en raison 
inverse du carre des distances, on trouve qu’au centre la pression 
int4rieure est egale au poids qu’aurait, ^ la surface de la sphere, une 
colonne de la matiere dont cette sphere est formee, la longueur de cette 
colonne etant les 11/30 du rayon. A une petite profondeur au-dessous 
de la surface, la pression dans le sens du plan tangent est egale au poids 
dhme semblable colonne dont la hauteur serait les 2, 15 du rayon de la 
sphere. Les parties d’un semblable globe voisines de la surface sont 
done comprimees lateralement avec une force extremement grande 
comparativement au poids de la colonne de matiere dont elles sont 
chargees dans le sens du rayon ^ 


^ The following are some of the principal misprints of the memoir. Those marked 
with an asterisk are corrected in CreUe’s JoitrnaU 
*518. For U read F. 

In the last line but one for JR — read R'^ - E-. 

In the last line for JR'^JR® read 
*520. Line 7, for + read - . 

*526. Line 4 from foot, for w read w. 

529. Line 2 from foot, for 32 read 33. 

333. Lines, for^ + ?UreadJ + 

, . lie . lie 

Line 13, for G read c. Line 4 from foot, for ^ read ^ . 


537. 

541. 

545. 

546. 

549, 

550. 

*551. 

552. 

*556. 

41- 

557 . 


Line 9, for \ read ^ . Line 2 &om foot, for Sf-a’’ read Sg* - 
’ r* 2r* 

Line 2, for read RfK 
Line4,for ireadp^. 

First line, for k read ki. 

In equations (18) and (20) for grp* read gijp. , a 

After F {/i, v) insert » and / (/t. >') respeotiTely.” Then A dionld not be used, 

for it is already appropriated. 

T.iTifi 6, in the numerator for A read B, 

Last line, for Sy read Cy, 

f 

In equations (28) readic=3 . 

I dU .dU 

In equation (7) (that for f) for ^ read ^ . 

dn ^ dO , . 1 , 1 ^ 

In the third of equations (8), for read , and for ^ read ^ . 

, dW :,dW 
In equations (11) for read-^. 
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1026. M4moire mr les lois de V4quilibre 'du fluide Sthdre. 
This is published iu the Journal de I’^oole... Polytechnique, 23rd 
Cahier, 1834; it occupies pp. 191 — 288. This is one of the 
numerous attempts to bring the phenomena of light under the 
dominion of the theory of elasticity, and may deserve attention in 
a history of Physical Optics, but has little connection with our 
subject. I have not examined it closely, and shall give only a brief 
notice of it. The memoir consists of five parts. 

1026. The first part is entitled ; Equations diffdrentielles de la 
Iwmihre ; it occupies pp. 191 — 214. The process bears some 
resemblance to Cauchy’s molecular methods ; equations are ob- 
tained 'which involve one constant of elasticity, but which differ 
from the usual equations for uni-constant isotropy, by involving 
differential coefficients of the density p, which is not taken to be 
uniform. Lamd follows the example of Poisson - in supposing that 
two of the summations may be converted into integrals : see Art. 
441 of my account of Poisson’s memoir of April, 1828. In this 
respect, and in the use of only one constant of elasticity Lam4 s 
later judgment would not have approved of the process of his 
present memoir. One of the most important results of the first 
part is that the density p must be such that V’* log p = 0. 

1027. The second part of the memoir is entitled: Surfaces 
orthogonales conjuguies; it occupies pp. 213 — 246. This is a 
chapter in pure mathematics, reproduced substantially by Lamd 
himself in later works, and also discussed by other writers ^ see 
Art. 265 of my Treatise on Laplace’s Fvm<:tdons. 

1028. The third part of the memoir is entitled: Sur les 
dquatims diffdrentielles de la lumilre rapportdes aux couches de 
Vither ; it occupies pp. 247 — 261! This is analogous to the 
process, soon to be noticed, by which Lamd transformed the 
equations of elasticity to curvilinear coordinates. 

659. Iiine 9, for p, n, p, v readjp, n, q, v. 
liine 3 from foot, fo?r a read A . 

661. Line 9, for f read p. 

662. Line 4 from foot, for T read t. 
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1029. The fourth part of the memoir is entitled : Sur VinUgra- 
tion des dquations diffdrentielles de la lumiere ; it occupies pp. 262 — 
281. Lamd obtains on his p. 269 the following result : 

Ainsij la densite moyenne de Tether dans les coips cliaphanes est 
moindre que celle du meme fluide dans le vide; et Taction que la 
matik*e ponderable exerce sur Tether est repulsive. 

Lame considers in detail the case of a single particle of ponder- 
able matter, spherical and homogeneous ; and finishes the fourth 
part of the memoir thus : 

J’ai aussi considere le cas d’une particule heterogene, ou de forme 
non spherique, distribuant Tether autour d’elle en couches ellipsoidales; 
les resultats que j’ai obtenus reproduisent en quelque sorte les phe- 
nom^nes connus de la polarisation et de la double refraction, dans les 
cristaux ^ un et ^ deux axes, ils en foumissent meme Texplication la 
plus complete et la plus naturelle. Mais ces recherches analytiques 
feront Tobjet d’un autre travail dont je m’occupe a present, et dans 
lequel j’essaierai de prouver, en multipliant les verifications, la realite 
de la theorie nouvelle que j’expose dans ce Memoire. 

1030. The fifth part of the memoir is entitled: Sur les his 
genSrales de Vequilihre de V ether; it occupies pp.^ 282—288. 
This seems to be an addition made after the memoir had been 
sent to press. Lam6 now recognises that a result obtained in his 
first part is not absolutely correct; instead of having V®logp zero 
all the conditions are satisfied if VMogp is a function of p. 
Accordingly Lamd says, on his p. 282 : 

n importe d’interpreter cette nouvelle loi, et de definir les change- 
mens qu’elle pent apporter aux conclusions de ce Mtooire. 

1031. Lame himself seems to imply that he was not satisfied 
with this memoir as a contribution to the theory of light, for he 
never refers to it in the course of the long discussion on this 
subject which forms, as we shall see, a part of his Lectures on 
the theory of elasticity. I do not remember to have seen any 
reference to the memoir by other writers, except one by Thomson 
and Tait on p. 250 of their Natural Philosophy, Part il. 

ri0321 Mimoire sur les lois de Vequilihre de Vitherdans les 
corps diaphanes. Annales de Ckimie, T. ly. 1833, pp. 322-335. 
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This is an account of a paper read before the Academy of 
Sciences on April 28, 1834. The paper is that of our Art. 1025, 
and the results are here stated generally without the use of 
mathematical symbols or language. 

[1033.] Memoire sur les vibrations lumineuses des milieux 
diaphanes, Annales de Chimie, T. LVii. 1834, pp. 211 — 219. 

This is an account of a paper read to the Academy of Sciences 
on September 22, 1834, I can find no other account of this 
paper; it is possible that we have here the paper published 
in full. It involves no mathematical symbols or language. Lamd 
refers to the results obtained in the previous memoir on equili- 
brium namely that the ^ elasticity of the ether ’ is proportional to 
its density, and that : 

Les particules ponderables a^ssent sur la portion d’ether situ^e aux 
lieux oil les vibrations lumineuses peuvent se propager par une force 
repulsive dont Tintensite varie en raison inverse du carrl de la 
distance. 

With these conclusions, based upon the assumptions that : (1) 
the ether exists in transparent bodies, (2) that the molecules 
of ether in luminous vibrations oscillate in the surface of the wave 
(see Art. 1029) Lam4 seems still perfectly content. He goes on 
in this memoir to consider the wave vibrations which may produce 
light, and looks upon his work, not as a new theory of light, but 
as a supplement to that of Fresnel. The memoir which belongs 
properly to the History of Light does not seem to have been 
noted by the historians of that subject. 

[1034.] LamA Cours de Physique. Paris, 1836. The Septilme 
Legon (T. i. pp. 139 — 164) of this work is concerned with the 
elastic and cohesive properties of bodies. It is merely descriptive 
and of no present value. Historically we may note that Lamd in 
1836 accepted the Navier-Poisson theory of uni-constant isotropy 
(p. 144). Some experimental results on the value of the elastic 
constant A ^ for cast-iron, gun-metal, brass, tin and lead are given 
on p. 149, but Lamd remarks with regard to them : 

1 ^ is the slide-modulus or the constant Lam^ afterwards denoted by ^c; 
is thus the stretch-modulus, on the uni-constant theory. 
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Mais ces experiences doivent ^tre repetees avec tout le soin necessaire 
pour donner les valeurs exactes de A. 

Lame evidently puts no confidence in their exactitude. On 
the same page Lamd deduces from the above results that the 
compressibilities — measured by 3/(5^1) — of different materials 
placed in order of increasing magnitude are iron, cast-iron, glass 
gun-metal, brass, tin, lead. 

These experiments of Lamd are cited by Stokes in his memoir 
of April, 1845 : see our Art. 925, and Chapter vili. 

[1035.] Sicr les causes des explosions des chaudilres dans les 
Quachines d vapeitr. Extrait d'une lettre de M. Lame, professeur 
a rjScole polytechnique k Paris, k M. Kupffer. This extract was 
read to the Academy of Sciences in St Petersburg .on November 
1, 1839. It is published in the Bulletin Scientifique puhlii par 
V Academic des Sciences, T. vi. 1840, cols. 380 — 382. Lamd as 
member of a commission on steam-engines had been called upon 
to investigate a memoir of M. Jaquemet of Bordeaux. This 
memoir he conceived to be of such importance that he wrote an 
account of its contents to M. Kupffer. The memoir considers only 
the action of the water and steam at the instant of explosion and 
does not treat of the elastic properties of the material out of 
which the boiler is constructed ; it has therefore no relation to the 
memoir we shall consider in Art. 1038, as the name might pos- 
sibly induce some to imagine. 

1036. In the Gomptes Rendiis, Vol. vii., 1838, we have the 
following heading on p. 778; Mdraoires prdsentds. Mecanique. 
Mdmoire sur les surfaces isostatiques dans les corps solides en 
dquilihre d'dlasticitd, par M. G. Lamd. (Commissaires, MM. 
Poisson, Cauchy.) Then on pp. 778 — 780 we have an abstract 
of the memoir by Lamd himself. This abstract closely resembles 
the introductory remarks in the memoir published in Liouville’s 
Journal de mathdmatiques, 1841 ; thus we may conclude that the 
memoir presented to the Academy is the same as that published 
in the Journal ; to this we now proceed. 

1037. Mdmoire sur les surfaces isostatiques dans les corps 
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soUdes homoglnes en iquilihre d' dlasticiU, par G. Lam^. Journal de 
Liouville, Vol. vi., 1841. This is substantially reproduced in an 
improved form by Lamd in his Logons sur les coordonndes curvi-- 
lignes, 1859, pp. 257 — 298, with the use of two constants of 
elasticity instead of one; we shall notice the Logons hereafter. 
At present we will give a brief account of a matter which 
occurs on pp. 54 — 57 of the memoir and is not reproduced in 
the volume. 

Suppose that the shifts are assigned by u = — acc, = — ay, 
w=^‘-az, which correspond to a uniform stretch (here a negative 
stretch or squeeze). Then we know that 0 = — 3a ; that the shears 
vanish, and that the tractions are all equal. Lamd indicates the 
steps by which the same results can be obtained from the 
formulae referred to curvilinear coordinates. 

Suppose that one set of orthogonal surfaces, such as Lam^ 
treats of, are closed surfaces; consider one of them as p^, and 
suppose the origin of coordinates to be within it. There are two 
ways in which the decrease of the volume included by p^ can 
be expressed. One way is putting it equal to — // v^ds^ds^, where 

is the normal shift and ds^, ds^ elements of the lines of 
curvature on the integral being extended to all the values 
of the parameters p^ and pg. The other way is putting it equal to 
the product of — 0 into the whole volume within the closed sur- 
face. Thus we have a theorem which may be expressed thus : 

-jj ^ jjf 


By the aid of equations like those marked (3) on p. 226 of the 
Logons sur les coordonn^es curvilignes we get : 






dp^ 

dx 


.iEi. 

dy 




Also 0 = — 3a, so that the theorem becomes 

//(* I; = ^/// 
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By the aid of equations like (7) on p. 11 of the same work 
this may be written thus : 


For an application of this theorem by himself Lame refers to 
Liouville’s Journal for November, 1838. 


[1038.] Note sur les epaisseurs et les courhures des appareils a 
vapeur. Comptes Rendus, T. xxx., pp. 157 — 161. Paris, 1850. 
This note was read before the French Academy, February 18, 1850. 

Lame commences this paper by remarking on the few complete 
solutions hitherto obtained in the consideration of elastic bodies. 
Yet if it is not possible to treat completely cases which arise in 
practice, simple forms approaching to the actual can be considered 
and consequences, exact within certain limits, deduced. He con- 
siders a boiler as approximately a right cylindrical shell with 
spherical ends, and questions what are the proper thicknesses to 
be given to the cylindrical and spherical parts, as well as what 
curvature the ends ought to have in order that they may not be 
distorted. He remarks : 

Ces questions peuvent ^tre resolues par la theorie math^matique de 
Telasticit^, qui conduit k des regies extr^mement simples. Ces rfegles 
n’ont rien d'empirique; elles supposent, il est vrai, Thomogen^it^ par- 
faite de Tenveloppe solidej .mais on corrige aislment cet exces de 
perfection, en reduisant, dans les applications, le nombre qui exprime 
la force ou la resistance du m^tal employ^. 

Lam^ then reproduces for the thicknesses the rules Clapeyron 
and he had already obtained in their memoir ; see our Arts. 1013 
and 1016. These results, as we have seen, are quite erroneous, 
depending on maximum-stress and not on maximum-stretch. 
Besults similar to those of our footnotes to the same articles ought 
to replace Lamd's first and second rules for practical purposes ; or, 
still better, like results might easily be calculated on the sup- 
position that the envelope is endowed with a cylindrical and 
spherical distribution of homogeneity. 

Lamp's third rule is a safeguard against the spherical ends 
tending to curve the cylindrical or vice versd. This is analytically 

36—2 
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expressed by making the displacements of both at the surface of 
junction the same. It is found approximately, Lam^ states, that : 

Le triple du rayon de courbure du fond, divise par I’epaisseur de ce 
fond, doit ^galer sept fois le rayon du cylindre, divis6 par Tepaisseur de 
ce cylindre. (p. 161.) 

This result may be compared with that mentioned in our Art. 
694 h It cannot be said that Lame has placed the problem on a 
satisfactory footing, though the full treatment of the subject, at 
least on Lamp’s hypothesis, may be easily worked out by the 
reader for himself, if he adopts maximum-stretch not maximum- 
stress as giving the elastic limit. 

[1039.] On p. 187 of the same volume of the Comptes Rendus, 
we have a note by Lame saying that it had been pointed out to 
him by M. Piobert that his first two results as to the curvature of 
boilers might be deduced on hydrostatical principles, and had 
been verified by numerous experiments. Lamd then lays stress 
upon the third result which he considers as by far the most 
important. The others, he regards, as at least a verification of 
the mathematical theory of elasticity. 

1040. In the Comptes Rendus, Vol. xxxv. 1852, we have a Note 
sur la thiorie de V^lastidU des corps solides; par M. Lamd; it 
occurs on pp. 459 — 464. Lamd presented to the Academy a 
copy of his Logons sur la thiorie mathematique de Vilasticiti des 
corps solides y and gave an account of the object and distinctive 
characteristics of the work. The whole statement is very in- 
teresting, but I must restrict myself to a few extracts. 

...C’est, en grande partie, une oeuvre de coordination; car les 
elements de la science dont il s’agit se trouvent diss^min6s dans les 
travaux des geom^tres de notre Ipoque, m§me dans ceux d’analyse pure, 
qui, souvent, ont plus aide aux progrfes de la physique mathematique 
que les Memoires speciaux. 

Les premiers pas de cette science, toute nouvelle, ont ete incertains. 
Des discussions se sont elevees entre d’illustres geomfetres de cette 
Academie, sur les principes poses, sur la nature des actions moieculaires, 
et sur les fonctions qui peuvent les representer. Les objections et les 

^ With bi-eonstant isotropy I find that instead of le triple du we must 
read ‘ (\+ 2/i) fois lef and instead of sept fois * (3X + 4^) /o/s.’ 
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reponses, €galement obscures et incompl^tes, out inspire des doutes sur 
la reality de la nouvelle tbeorie; doutes qiie sont yenus confirmer 
plusieurs ^preuves exp^rimentales, constatant I’inexactitude de certains 
n ombres deduits de cette tbeorie. Aujourd’bui, toutes ces discussions 
sont sans objet, ces doutes ne peuvent plus exister, et les epreuves 
experimentales serviront k faire connaitre des coefficients sp^ifiques, 
que la tbeorie seule ne saurait determiner. 

Lam^ gives bis reasons for thinking that the constants of 
elasticity cannot safely be reduced to one, and says 

Dans les Lecons que je publie, j’admets deux coefficients distincts 
au lieu d’un seul, ce qui n'am^ne d’ailleurs aucune complication notable 
dans les formules. 

1041. Lani6 alludes to Clapeyron’s theorem, but does not 
give any reference to the work in which it had been published: 

M. Clapeyron a decouvert un tblor^me general, qui meiite le nom 
de principe du travail des forces Hastiques. 

Perhaps the theorem appeared for the first time in Lamp's 
vrork. 

1042. At the end of Lamp’s statement we have these words : 

M. Cauchy demande en quoi les resultats que M. Lam6 a indiques, 
et auxquels il est parvenu, en appliquant la tbeorie des corps elastiques 
aux vibrations lumineuses, different des resultats obtenus par M. 
Cauchy lui-mtoe, en 1830. 

M. Lame repond que, si aucune difference essentielle n’existe dans 
les resultats, il 6tait neanmoins utile de cbercber, le plus possible, d. 
presenter cette application d’une mani^re elementaire. 

We now proceed to give an account of the work to which this 
Note relates. 

1043. In the year 1832 a work was published entitled ; Logons 
sur la tMorie matMmatique de V^asticite des corps solides, par 
M. G. Lam^. This is an octavo volume of 335 pages besides xvi 
pages containing the title and prefatory matter ; there is one plate 
of diagrams ; a second edition appeared in 1866. There are some 
remarks on the subject of the present volume in Lame’s Logons 
sur les coordonnies curvilignes, 1859. The second edition of the 
work on elasticity is practically a reprint of the first. 
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1044. The treatise is divided into 24 Lectures; and this 
division is most convenient for a student, as each Lecture discusses 
some well defined portion of the subject; the whole forms an 
admirable specimen of a clear and attractive didactic work. It may 
be said roughly to consist of four parts. The first part comprises 
the first six Lectures, in which the general equations of elasticity 
referred to rectangular coordinates are established ; Lamd himself 
says on his p. 76 : 

Ici se termine ce que nous avions ^ dire pour d^montrer les 
equations ginerales de Inelasticity, et particuliyrement ceiles qui ap- 
partiennent aux solides homogenes et d’elastioite constante. 

The second part comprises the next seven Lectures and contains 
various applications of the equations already established. The 
third part comprises the fourteenth, fifteenth, and sixteenth Lec- 
tures ; here we have the general equations of elasticity referred to 
cylindrical coordinates, and to spherical coordinates, together with 
fipplications. The fourth part comprises the last eight Lectures, 
and consists of an application of the theory of elasticity to the 
double refraction of light. 

1045. Lam^ gives on his p. 8 his definition of elastic force 
(i.e. stress across a plane at a point) ; it resembles that of Cauchy 
to which Saint- Venant has taken objection : see our account of his 
CoKrs lithographii in Chapter ix. It introduces the ‘ little cylinder ^ 
but omits the clause, the directions of which cross this face : see 
our Art. 678. Lam^ then refers on his p. 10 to a second definition 
which he says is apparently more simple, but he does not think 
that it gives a very clear idea of the stress across a plane ; finally, 
however, having explained it suitably, he adopts it on his p. 12 ; 
it is the definition given by Cauchy : see Art. 616. 

1046. Lam^ in his second Lecture establishes the stress-equa- 
tions of equilibrium of elasticity. He takes an infinitesimal 
rectangular parallelepiped, and starts with nine stress-symbols. To 
this elementary solid he applies the six equations of statical 
equilibrium. The first three give the body stress-equations; the 
last three, namely those respecting moments, reduce the nine 
stresses to six. Lamd afterwards establishes the conditions which 
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must hold at the surface by the usual method of the tetrahedron. 
He shews that when the equations which he obtains are all 
satisfied then any finite portion of the body will satisfy the ordinary 
six equations of statical equilibrium. 


1047. A few interesting points may be noticed in the second 
Lecture. Lamd adopts the term/orces of inertia for the quantities 

denoted by — ~ ^ ^ which occur in the use of D’Alem- 

dt dt df 


bert’s theorem : see his p. 13. Then he adverts to the two modes 
of arranging a course of study on Mechanics, the old mode which 
began with Statics, and a modern mode which begins with Dy- 
namics. He thinks that for a person who can go thoroughly into 
the subject the order is not of importance, but with respect to 
those who can acquire only partial knowledge he says, 


Reste k savoir si, pour les etudiants qui sont forces de s’arr^ter en 
route, il est preferable d’avoir des idees saines en Dynamique, et de 
tr^s-obscures en Statique, ou, an contraire, de connaitre k fond les lois 
de r^quilibre, et fort pen celles du mouvement. Lexperience repondra. 


1048. In the process of finding the body stress-equations the 
symbol co . denotes a certain force acting on an element of area a>. 
Lamd says that by an extension, of which many examples are to be 
found in the applications of Mechanics, especially in the theory of 
fluids, we may speak of S as a force ; it is only necessary to suppose 
that on a unit of area forces are exerted of the same relative 
intensity as over the area co : see p. 17 of the volume. 

1049. Towards the end of the Lecture Lam^ gives his re^ons 
for not citing the names of the inventors of the various ideas 
which constitute the theory; one reason is that most of these ideas 
present themselves so naturally as really to belong to all. He 
concludes thus : 

Dunique but de notre travail est de mettre hors de doute, et I’utilite 
de la tlilorie math^matique de Telasticite, et la necessity de 1 introdmre 
dans les sciences d'application. Quand ce but important sera attemt, 
fasse qui voudra le partage des inventions, et, quelque peu qu’on nous 
en attribue, nous ne reolamerons pas. 
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1050. The third Lecture first establishes a formula for the 
stretch in direction r equivalent to that in our Art. 663 ; and 
then formulae for the stresses like those of Art. 553 ; the method 
resembles that of Poisson in Art. 553 rather than that of Poisson 
in Arts. 589 — 591, Lame objects to the process by which some of 
the earlier writers attempted to put definite integrals in the ex- 
pressions instead of signs of summation : see his p. 38 ; the method 
which he now condemns was followed by Lame and Clapeyron in 
the memoir of which we have given an account : see our Art. 1007. 

[1051.] Lam^ while he does not actually calculate the stress 
across a plane on the basis of his definition (see Art. 1045) yet 
appeals, p. S3, to the conception of intermolecular force as central 
and as a function of the distance. This would undoubtedly have 
led him to rari-constant equations. He seems to think on p. 77 
that it is the use of definite integrals which alone leads to such 
equations, and talks somewhat disparagingly of the ancienne 
miihode. His own process on p. 33, so far from having the 
merits he claims (pp. 76—78) for it, seems to me extremely 
obscure, being based on no clearly stated physical axiom. 

1052. The expressions for the stresses noticed in the pre- 
ceding Article involve thirty-six coefficients in all; it is the 
object of the fourth Lecture to shew that in the case of a 
homogeneous body of constant elasticity in all directions they 
reduce to two distinct coefficients. A large part of the Lecture 
consists in investigations of the formulae for various transforma- 
tions of the stresses; these transformations are necessary in the 
process by which Lame effects the reduction of the number of 
coefficients to two. The process adopted by Lame is not quite the 
same, perhaps not quite so good, as that of Saint-Venant in his 
memoir on Torsion, p. 253 etc. ; but one has no great advantage 
over the other. Lamd himself says on his p. 43 

...les formules que nous allons etablir sont longues k ^crire, pliitdt 
qu'^ deinontrer. . . . 

1053. We shall exemplify the way in which Lamd conducts the 
application of the transformations ; but we will first shew, in a 
manner substantially agreeing with that of Lamd, how from two 
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examples of given displacements he draws inferences as to the 
values of some of the stresses. We may however observe that he 
speaks unfavourably of these and proposes to make changes with re- 
spect to them : see pp. 365 and 366 of his Coordonnees curvilignes. 

1054. The first example begins on p. 89. Suppose that the 
shifts of the particles of a solid body are assigned by 

= 0, ^; = 0, w — cz\ 

then in the notation of our p. 322, out of the three stresses 
Si, 5^, S, the latter two must vanish. 

For take an element parallel to the plane of yz. Let P denote 
the centre of the element ; let J., P, (7, J) be four equal particles 
on the same side of the element forming a rectangle parallel to the 
element, so that P is equally distant from the four particles ; and 
let AB and CD be parallel to the axis of z : all this refers to the 
original state of the body before any displacement. Now suppose 
displacements assigned as above, which correspond to a uniform 
stretch parallel to the axis of z. By virtue of the relative shifts 
the distances PA, PB, PC, PD will all be equally and sym- 
metrically changed; and so by symmetry the resultant stress 
at P arising from the relative shifts will act at right angles 
to the element. In this way, considering the aggregate of all the 
particles on the same side of the element, we see that the final 
resultant at P must be at right angles to the element. This 
shews that 5/ and S must vanish so that only S remains. 

1055. Next suppose that the shifts of the particles of a solid 
body are assigned by 

— (ayz, V = coxz, w — 0, 

where © is a very small constant ; then all the three ^j, S will 
vanish for a point P on the axis of x. 

For take A, B, (7, P as before ; and let the plane zx lie midway 
between AB and CD, Consider first an element at P perpendicular 
to X. The shift in this case is equivalent to a rotation round the 
axis of z of each slice which is perpendicular to the axis of z, the 
amount of rotation for each slice being proportional to the ordinate 
z\ it corresponds to a torsion round the axis of z. Suppose the 
dftection of rotation to be such as we may describe by saying, that 
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it is from the axis of y towards that of sc. Then owing to the 
relative shift the distances of A and of 0 from P are equally 
diminished, while those of B and D from P are just as much 
increased : hence the molecular action arising from A and B is 
exactly balanced by that arising from G and D. In this way, 
considering the aggregate of all the particles on the same side of 
the element, we see that the final resultant at P is zero ; that is 
S, Sy and SS all vanish. 

Moreover assuming the same shifts we shall also have S = 0. 
For take an element at P parallel to the plane of xy. Then in 
the manner we have just exemplified, using the same position for 
A and D as before, we see that the molecular forces from A and D 
will be equal but of opposite signs ; their resultant will be a force 
at P parallel to the aods of y\ and this holds for every such pair of 
particles like A and D on the same side of the element. Thus the 
resultant force reduces to the single stress ^ ; thus we have S = 0, 
as well as S = 0, which we knew already \ 


1056. We have now arrived at this stage : we have by Art. 


1052 three formulae of the type 
^ . du ^ ^ dv ^ dw 

fdv . dvf 


. /dv . dw\ . „ fdw dii\ , ^ (du dv\ 

+ U + % J + te + sj J + (5; + s) • 


(du dv\ 


and three of the type 
^ , Trdv ^ j. dw 


. rr (dv dw\ ^ fdw , du\ 




^‘( 14 : 


in each type i will have a new value when we interchange x^ y, z 
in the stress on the left. We have then to establish relations 
between the coefficients, so as to reduce the number of them. 

Suppose we are concerned with S. In regard to this the 
shift u occupies a distinct position, while the shifts v and w 
occupy coordinate positions ; so we infer that B^ and will be 


1 [I consider the method of this and the previous article extremely unsatisfactory. 
Lam^ appeals to regularity of molecular distribution and centrality of intermolecular 
force, which if carried to their legitimate outcome would have led him to rari- 
constant equations: see our Arts. 923 and 1051, Ed.] 
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identical, while will be diiSferent. Similarly we may infer that 
and will be the same but dilBferent from Then as a 
change of coordinate axes transforms S into ^ without any change 
in the circumstances the same coeflBcients must recur ; we must 

have in w the same coefficients for ^ as we have for ^ in S, and 

ay dm 


the 


„ du ^ dw , dv j dio 

same for -y- and -7- as we have for y and -y- 

dm dz dy dLz 


in Si. Pro- 


ceeding in this way we see that S?, Wy ^ can involve only four 
different coefficients, and we may express these tractions thus: 




By similar considerations of symmetry it is shewn that ^ 
can involve only four different coefficients, and we may express 
these shears thus : 
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e have thus reduced our expressions so as to involve 
dght different coeflBcients ; we proceed further in the next 

e. 


>57. Suppose now that the shifts are those assigned in Art. 
; we have she^vn that then 

S = Oj and S = 0. 

Lit by Art. 1056, we have then 

^ = Gtj and S = H. 
ence we must have (? = 0, and jff — 0. 

ext suppose that the shifts are those assigned in Art. 1055 ; 
ive shewn that for a point on the axis of co, 

Si = 0, Sy = 0, S = 0, S = 0, 
ut by Art. 1056, we have then 

S = Deox, SJr = S = Lcox, = Ecox» 

[ence we must have 

Z) = 0, L^O, 

, I ^ A ^ du dv diu 

at B-X. + + ^ + 

our formulae become 



vy — + 2/i -j- , 

dy’ 

Tz = \d + 2fi^^, 

.. fdv , dw\ 


^ yy. (du . dv\ 


lave thus reduced our expressions so as to involve only three 
rent coeflScients. 

058. We shall now shew that we must have K — fjb, Since we 
assumed that the body is homogeneous and of constant 
icity, if we change the axes of coordinates we ought to arrive 
•ecisely the same forms for the expressions relative to the new 
Now by Art. 659 we have 

S cos \rx) + ^ cos \ry) 4- is cos \rz) 

cos (ry) cos {rz) + 2S cos {rz) cos {I'oo) -f- ^Ty cos (r^*) cos {ry). 



LAM^. 


573 


Substitute from the formulae at the end of Art. 1057 ; thus 


* — "ko “ 1 " 


I 


du o / X cZy Q/ V dw ^ 

^ cos (rx) + ^ cos“ (ry) + cos® (rz) 


+ 2K4>, 


•where ^ stands for 



+ cos(ra.)cos(ri/)(g+g). 

In Art. 547 we have the following result for the stretch in 
direction r, although it is there expressed in a different notation, 
du ^ . dv Q / V dw o / ^ 

^^""dx ^ 'di 
Hence we deduce 

r? = 4- + 2 {K — fjb) <}), 

To make this correspond exactly with the value of S given in 
Art. 1057, we must have K = jjl. 

Hence in the results at the end of Art. 1057, we must put jju for 
K ; and thus we obtain the well-known forms with two constants 
for an isotropic medium. 


1059. Lamd in his fifth Lecture introduces the ellipsoid of 
elasticity or, what we term, Lamp's stress-ellipsoid which gives the 
magnitude of the stress in any direction round a point, and also the 
surface of the second degree which gives the direction of the stress 
across any element ; we may term it the stress director-guadric, its 
asymptotic cone, if one exists, is the shear-cone : see Art. 1008. 

Lamd seems to view the introduction of these surfaces with 
great satisfaction. He says on his p. 64 : 

En un mot, les surfaces et les courbes du second ordre, poui-vues de 
centre, viennent remplir, dans la th^orie de Telasticite, un r61e aussi 
important qiie les sections coniques en M^canique c61este; elles lui 
appartiennent aux m^mes titres, elles en traduisent les lois avec autant 
de clarte, et m&me plus rigoureusement, car les lois des forces ^lastiques 
autour d’un point ne subissent aucune perturbation. Si, dans Tawenir, 
la M6canique rationelle, couranb plus rapidement sur les probl^mes, 
aujourdhui completement r^solus, du monde plan€taire, se transforme 
pour s’occuper avec plus d^etendiie de physique terrestre, la th€orie 



574 


LAM^. 


que nous avons exposee dans cette legon formera Tun de ses premiers 
chapitres, efc des plus importants, comme la suite du Ouurs le de- 
montrera. 

1060. Lamd in his sixth Lecture gives the general equations 
for the equilibrium of an elastic solid which he proposes to use in 
the applications discussed in his work ; he restricts himself to 
the case of homogeneous isotropic elastic solids : see his p. 65. 

1061. Let us denote the body forces by re- 

spectively ; and let us suppose them to be such that 

Y _ dF y _ dF y _ dF 

where F is some function of z\ moreover let us assume that 
F satisfies the equation 

which for brevity we will express as 

V'X=0 (1). 

The equations of equilibrium of an elastic body are 

(x+rt|+;.v^.+pf:=o] 

( 2 ). 

Differentiate the first of these with respect to aj, the second 
with respect to y, and the third with respect to z, and add ; thus 

that is (\ + ^jx) V-6 = 0 (3), 

Hence 9 must be such a function as satisfies the condition 
which we have assumed in (1) that F satisfies. 
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Now perform the operation denoted by V* on the first of (2) ; 
thus 

^ i ® ’ 

and since both and V^F vanish we get 

(y^u) = 0 . 

In the same manner from the second and third of (2) we 
deduce 

V^(V^?;) = 0, and V^(V^w)^0. 


1062. It is known that if i2 = + (y "" /S)® + (^ — ry)®}, 

and 

^=/// (4), 

where the triple integral is extended throughout any volume 
which does not contain the point (a?, y, z), then V^F=^ 0. Now let 

<f>= y)B,dxd^dy (5); 

then <f> will satisfy the equation (V®^) = 0. 

For 

therefore O') | dxd^dy, 

d^<b d^<b 

Similar expressions hold for and ^ ; and thus 

= 2 jj cZa d/Sdry ; 

therefore by what was stated above we have 

V" = 2V^JJ dx d/3 dy = 0. 

Lamd thinks that it would be convenient to call a function F, 
determined by (4), an inverse potential^ and a function <j>, determined 
by (6), a direct potential ; or to call F a potential of the first hind 
and <f> a potential of the second hind. 
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1063. The equations (2) are linear and with constant 
coefficients; hut besides the second shift-fluxions they contain 

the given terms "57* convenient and, in general, 

easy, to simplify the equations by getting rid of these terms in 
the following way. 

Assume v=^v' w=^ in' -f and 0 = 0' + ; 

then the first of (2) may be written 

(^ + /*) ^ + (^ + /^) § + /‘VV + /.v\ + P 0. 

Then find such that 

^ p S'"" ® 

and we are left with 

jn' 

(^+/^)S+mW=0 (7). 

Now we need not seek for the most general solution of (6) ; 
any particular solution will suffice. Then we can seek for the 
most general solution of (7), which is simpler in form than the 
first of (2). In a similar manner we may proceed with the other 
equations of (2). 


1064. As an easy example suppose that ^ ^ 

constant ; denote them by a, 6, c respectively. Then (6) and the 
two analogous equations will be satisfied by 

pax^ _ phy^ ^ _ pez^ 

“ ~ 2(\ + 2/i) ’ 2 (\ -i- 2/i) ’ ’^"~“2(\ + 2/i) • 

Again suppose that F is determined by (4) ; take 

4> = -iJJ [/(«. A 7 ) Rdad^&i, 

and examine if (6) and the two analogous equations can be 
satisfied by 


T d6 j dch 


. = lS. 
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■where k is some constant. The left-hand member of equation (6) 
becomes 

that is k (\ -1- 2/i) ^ P^~^’ 

or, _i(X + 2rt2+pg'.0; 

and this vanishes if A; = ^ . 

X^2/jl 

Similarly this supposition satisfies the two equations analogous 
to (6). 


1065. Lam^ makes a few remarks as to the relation between 
the coeflScients X and fi. Suppose that an elastic body is sub- 
jected to a uniform tractive load P over all the surface ; it is 
natural to assume that the body changes its size only so as to 
remain similar to itself ; thus we may put 


u == ax, v=^ ay, w = az. 


These will lead in the manner of Art. 463, to 


p 3P 

3X + 2fj.’ 3X+2fi' 

Thus if we denote the dilatability of the unit of volume 
under the unit of tractive load by we have 


/3 = 


3 

3X “f" 2yL6 


(1). 


Again suppose a body in the form of a bar or prism to be 
under the influence of a uniform terminal tractive load P; this 
gives rise to a stretch in the direction of the axis, and to a 
squeeze in directions at right angles to the axis ; thus we may put 


u — — ax, ay, w=-cz 

This leads, as may be easily shewn, to 


_2l±R_w 

/x(3X + 2/i) ’ 


a = 


2ijl {3\ +2 / X .) 


F. 


37 


T. E. 
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Thus, if we denote by 7 the stretch of a prism, whose section 
is the unit of area, when under the unit of load, we have 


— ^ 

^ fjj (3X + 2///) 


( 2 ). 


If by experiment we can find the values of /3 and 7, then from (1) 
and (2) we shall be able to determine X and Some writers 
hold that X = fjb; among these we have Navier, also Poisson, and 
Lamd and Clapeyron in their earlier researches ; see Arts. 266, 438, 
1007. Wertheim from some experiments inferred that \ = 2/^. 
Lamd holds that X is neither always equal to fjb nor to 2ya, but that 
the ratio of X to />& may vary with the nature of the body : see his 
p. 76\ 


1066. The expression 7 is called by Lamd and several other 
French and Russian writers the coefficient of elasticity ; but it 
is more usual now to term the reciprocal of this expression, — 
that is, (3X + 2yLt)/(X -f fj), — ^Young’s modulus or the modulus of 
elasticity; in this work it is termed the stretdh-moduliis. It 
is equal to FJc, and is therefore a quantity of the same nature and 
dimensions as F, 


1067. Lamd’s seventh Lecture is devoted mainly to Clapeyron' s 
Theorem, Lamd establishes the equation which I express thus : 

t dxiyiz, 

where are the load-components producing shifts 

at their point of application, and S is a surface summation for 
elements co] F is the stretch-modulus and the slide-modulus ; 

XX + yy + sz and + — 

Lamd says that it is this equation which constitutes Clapeyron’s 
Theorem^ I shall make a few remarks on the Lecture. 

1068. Lame states that the left-hand side represents double 
of the external work (p. 79), but he does not prove this except for 
the simple case of a wire under terminal traction. Further he states, 
as it seems to me, abruptly, on p. 82 that {I^jE — IJfM)dxdydz is 

^ [See however the paragraph I have inserted as Art. 1051. Ed.] 

® [Ii and Jg are of course the stress-invariants of the first and second order. Ed.] 
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the double of the internal work of the element dxdydz : see Moigno’s 
Statiqiie, 662, 716. 

1069. As an example of Clapeyron’s Theorem Lam^ proposes 
to find the most favourable proportions to be given to the parts of 
an isosceles triangular frame which is to stand in a vertical plane 
and to support a weight at the highest point. After discussing 
this example Lame adds on his p. 91 : 

II est facile de traiter de la m6me maniere des assemblages plus 
complexes, formes de pieces de bois, de fer ou de fonte, destinies ^ 
sbpposer ^ des efforts d’autre nature. Dans tous ces cas divers, on 
deduit du theoreme -de M. Clapeyron, que Ton pent appeler principe 
du travail des forces Uastiques, les dispositions les plus avantageuses de 
la construction qubn etudie. Jamais, je crois, on ne s’etait approche 
aussi pres de la solution generale du fameux probleme des solides 
d<egale resistance, qui preoccupait tant Girard, et dont la nature a 
donne des exemples si remarquables. Nous aurons Toccasion d’appliquer 
le principe du travail des forces elastiques A divers cas d’equilibre 
d’elasticite. 

I do not know to what applications the last sentence refers ; 
Lam6 alludes to Clapeyron^s Theorem on pp. 99 and 187 of his 
volume, but with respect to matters of no great importance. 

1070. In Clapeyron’s Theorem it is supposed that there are no 

body-forces ; Lam^ on his p. 84 briefly alludes to the modifica- 
tion which the Theorem undergoes when we take account of these. 
We must introduce on the left-hand side of the equation in Art. 
1067 the term 2 (Xu -f Fiy + Zw) p'sr, where X, Y, Z are the 
components of body-force on the element of volume As an 

example he notices the case in which a heavy elastic wire is 
hung up by one end and a weight is fastened at the other. He 
obtains a result which seems to be equivalent to one well known 
in the ordinary theory of Statics : see my Analytical Statics, 
Art. 199. This he says may be obtained by the aid of formulae 
which he has given and which we have reproduced in Art. 1064. 
Lam6 has not worked this out, 

[I do not know by what process Lamd reaches his results, but 
the following may perhaps replace it. Consider a solid vertical 
cylinder of material ; let its section supposed of any shape have 

37—2 
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an area co, its length be I, its weight W, and let tractive loads 
F/co, F'/o) where F' F + W he applied to its terminal sections. 
Let the axis of jz coincide with the axis of the cylinder, and the 
origin be taken in the top terminal section. Then by an applica- 
tion of Sain t-Ven ant’s mithode semi-inverse I find for a possible 
system of shifts : 

n A. fF' Wz\ (x\ 

V) 2fjb (2yL6 -f- 3A) V 0) wL J lyj 

^F'z W W A 0?^ + / 

(oF (dE 2^ CO 2/^ "k ^A) 2Z 
Hence we see that all the cross-sections become paraboloids 
of revolution and the curved surface of the cylinder a cone. A 
variety of interesting cases can be obtained by slight modifications 
(e.g. Fj or F' = 0), and applying the stretch condition for set or 
rupture; thus we can find the form taken by a standing or 
pendant column of pitch or other material for which the ratio 
WI{(dE) is not very small. 

In the case of a wire we may neglect the third term of w, and 
we then find by Clapeyron’s Theorem : 

'^Zw . isr + XZqWqO) = J(^^IE) codz, 




an equation easily shewn to be identically satisfied, 
whole extension, the work equals half the left side 


If Wq be the 


Ww^ Fw, 
4 2 


+ 


WH 


since w, 


-(- 4 ) 


coE^ 


" 4 2 12 ’ 


if be that part of the whole extension due to the weight of 
the string. Lamd in his result omits the last term. Ed.] 


1071. Lam6 in his eighth Lecture discusses the equilibrium 
and motion of an elastic string. The equations relating to this 
subject were obtained by the older writers on special principles; 
but Lam^ here deduces them from his general theory. He says 
on his p. 93, 

II importe de faire voir anjourd’hui que la mise en Equation de ces 
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anciens probl^mes rentre dans la tlieorie g^nerale. C’est ce qu’a pense 
Poisson et ce que nous essayerons apr^s lui, d’une mani^re ^dus rapide 
et peut-^tre plus simple. 

The allusion to Poisson applies I believe to pages 422 — 442 of 
his memoir of April, 1828. The whole of Lamp’s Art. 39 which 
constitutes the introduction to this Lecture is very good. 

1072. Lamd in his ninth Lecture discusses the equilibrium and 
motion of an elastic lamina. He arrives with ease at the general 
equations. Lamd says that he has sought in vain for a motive 
which could have induced Poisson to adopt the very long and 
complicated course he did: but see Art. 473 of my account of 
Poisson. He goes on to make the following remark on his p. Ill, 

Lorsqubn parvient ^ un resultat simple par des calculs compliques, 
il doit exister une maniere beaucoup plus directe d’arriver au m§me 
resultat j toute simplification qui s’op^re, tout facteur qui disparait 
dans le cours du calcul primitif, est Tindice certain d’une methode k 
cliercher ofi cette simplification serait toute faite, oil ce facteur n’ap- 
parai trait pas. 

Such a remark as this the late Professor De Morgan made with 
great emphasis to his students many years before the publication 
of Lamp’s work. The motion of an elastic membrane is illustrated 
by taking the case in which the membrane is originally in the 
form of a plane rectangle in the plane of icy, with two edges coin- 
ciding with the axes of x and y respectively, and is then displaced 
into the vaulted form determined by ^ = kx {d— x)y (b — y) where 
k is small. 

[1073.] On p. 114, Lamd finds the ratio of the stretches in the 
three cases: of an isotropic solid subjected to uniform tractive 
load (s'); of an isotropic membrane subjected to uniform contour 
tractive load (s") ; of an isotropic thread or wire subjected to 
uniform terminal tractive load (s'"). He finds 

s ' : s ' : s"' :: 2yit : 2/i« + ^ • 2^ -}- 2\. 

Lamd adds : 

Suivant Poisson, qui admet la relation fausse A. = /a, on aurait 
5' : 5" : s'" :; 2 : 3 : 4, 
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Suivant Wertheim, qui adinet la relation douteuse \ — 2/x, on aurait 

:2:3; 

c’est-a,-dire que la dilatation serait en raison inverse du nombre des 
dimensions qui la subissent. 

See our Arts. 922 et seq. 

It must be noted that if Lamd bad followed his own assump- 
tions to their legitimate conclusions, he would also have found 
X = see Art. 1051. 


1074. Lam(5 in his tenth Lecture examines the nature of the 
terms of the series which he had obtained in his preceding Lectiu'e 
for the vibrations of a plane membrane ; he takes in succession a 
square membrane, a rectangular membrane, and a membrane in the 
form of an equilateral triangle. It is known that we have for the 
shift at right angles to the membrane, supposing the initial velocity 

zero, a series of tei’ms of the type G cos yt sia -j- sin — g • , 'where 


4 and j are integers connected by the relation 


i f 


which when Z = 6 becomes 7® = — {'P + f)^ In virtue of the last 


equation ' the Theory of Numlers is serviceable, as pointing out 
what values of i and j will occur with an assigned value of 7. 
The Theory of Numbers fascinated Lamd with the charms which 
ha7e been felt by so many of the greatest mathematicians, and 
he obviously was much gratified with this application of a subject 
which he had himself cultivated with singular zeal. 


1075. Lamd gives interesting discussions relative to the nodal 
lines of a membrane such as will be found now in most text-books 
on Sound. If however i and j are very large numbers the theoreti- 
cal development of all the forms of the nodal lines would become 
very laborious; and Lamd says on his p. 129, 

Le tr^s-petit nombre de syst^mes nodanx de la membrane carr^e 
que nous avons decrits, compare au nombre infini de tons ceux dont 
Tanalyse indiquo I’existence, laisse un champ vaste, et T occasion d’une 
sorte de triomphe, aiix exp^rimentateurs qui ont pris pour sujet de 
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leurs reclierches les figures si variees que le sable dessine sur les surfaces 
vibrautes ; il faut nous resigner k cette defaite, 

1076. In the case of the membrane in the form of an equilateral 
triangle Lam^ employs coordinates of the same kind as those we 
now usually term trilmear coordinates. We denote these frequently 
at present by the letters a, y 8 , 7 ; there is a linear relation between 
them which for the equilateral triangle becomes a + y3+7 — 
w^here X is the height of the triangle. Lame takes in fact for his 

variables instead of a, /S, 7 respectively ; so 

that the sum of his variables is zero. Lam 6 presents his results 
briefly, referring for more detail to a memoir which he had for- 
merly published on the equilibrium and motion of heat within a 
regular triangular prism ; there is however no difficulty in verify- 
ing all that he gives respecting the vibrations of the triangular 
membrane without consulting this memoir. 

1077. Lame says on his p. 136, very naturally 

Lbbjet de cette Legon paraitra sans doute fort pen important aux 
ingenieurs qui s^interessent specialement k Tequilibre d^elasticite. 

He proceeds in liis usual interesting manner to justify his course ; 
he suggests that what we consider to be a body at rest may really 
involve very rapid vibrations of the molecules which never cease ; 
and he concludes thus : 

Ces considerations nous semblent mettre hors de doute Tutilite de 
r^tiide des vibrations ; et repetons-le, cette etude, reconnue n^cessaire, 
serait superficielle et incomplete, si Ton n’avait pas recours aux 
proprietes des formes quadratiques des nombres entiers, a cette theorie 
des 7 i 07 nhr 6 S, si sou vent anath^matisee les detracteurs de la science 
pure, par les praticiens exclusifs. 

1078. In his eleventh Lecture Lame treats of plane waves. 
Two classes of these are obtained ; in one class the vibrations are 
at right angles to the front of the wave, and in the other they are 
in the front of the wave. Each class of wave is propagated with its 
own special constant velocity, that of the former being the greater. 
The substance of the whole investigation is due to Poisson (see 
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Art. 626), but is here treated with bi-constant notation and in much 
fuller detail. 


1079. In his twelfth Lecture Lamd treats of the elastic 
equilibrium of a right six-face. The complete solution of this 
problem, when given forces act on the faces, has not yet been 
obtained. Lamd considers the problem, although in a form not 
quite general, and proceeds to a certain extent with the solution. 
He proposes the problem in this form : we have to find w, v, w so 
as to satisfy the equations 


g+.w-o, |+.v»=o. g+.vv=.o (1), 


where 


dv . dw j Lb 

■ T" + ^ , and e = — ^ . 
ay dz X H- 


Then the six stresses are to be found by the usual equations ; and 
they are to satisfy the surface conditions 


S = 5? = 0, = 0 for it? = i ct ’ 

Sy = 0, = = 0 for 2 / = + 5 • (2), 

2 ^ = 0, ^2 = 0, for ^ =s + c ^ 


where <^3 are given functions of the variables which they 

respectively involve, namely the first of y and z, the second of 
z and X, and the third of x and y. There is of course considerable 
limitation of the problem in thus making the forces which act on 
one face precisely correspond point for point with those which 
act on the opposite face. Of course the aggregate of the forces on 
one face must be equal to the aggregate of the forces on the 
opposite face, by reason of one of the six equations of equilibrium 
of ordinary Statics; but the present limitation is much more 
stringent than this. Lamd also assumes that the functions 
<^i, </> 2 , </>g are even functions of the variableswhich they respectively 
involve. 


1080. Now Lame finds expressions which satisfy the differential 
equations (1) ; these expressions involve sines and cosines of the 
variables, and also what are called the hyperbolic sines and cosines, 
— the hyperbolic sine of t being defined to be J (d — e”®), and the 
hyperbolic cosine to be J (d + e”*). Lamd adjusts his expressions so 
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as to satisfy out of (2) tlie conditions relating to the vanishing 
of the shears at the faces; but there is no known method for 
determining the coefficients of the expressions so as to satisfy 
the remaining equations of (2). 

1081. Lamd refers at the end of the Lecture to the memoir in 
which Clapeyron and he had treated two general problems 
respecting the equilibrium of an elastic body : see our Arts. 
1018 and 1020, in the account of the memoir. He says however : 

Nous nous dispensons de reproduire ici ces solutions analytiques, 
malgre quelques consequences dont Tenonce est simple et qui pourraient 
etre utilisees. Ce ne sont IsL que des essais entrepris dans le but de 
cherclier une solution generale, et qui ne paraissent pas places sur la 
route qui doit y conduire. 

1082. Lamd in his thirteenth Lecture discusses the vibrations 
of a rectangular prism. He begins by remarking that although the 
question of the equilibrium of elasticity of a rectangular prism is 
very difficult, yet it is quite otherwise with respect to the question 
of the vibrations. He says ; 

En general, sauf quelques cas simples, les probl^mes relatifs k 
Tequilibre d’elasticite sont incomparablement plus difficiles a traiter par 
I’analyse math emati que que les jmobl^mes relatifs aux vibrations ; aussi 
les travaux des geometres sont-ils fort nombreux sur les seconds, tres- 
rares sur les premiers. 

But the greater comparative difficulty of the problem relating 
to equilibrium arises apparently from the fact that the surface 
conditions for a chosen type of vibration are more easily satisfied 
than those which arise from any but the simplest distributions of 
load. 

1083. Lamd's results in this Lecture are peculiarly interesting 
in their reference to Savart’s experiments : see Ai-ts. 32:3 — 330. 
He shews that in the longitudinal vibration of a rectangular prism 
the section cannot remain unstrained unless a tractive load vary- 
ing with the time be applied to those faces of the prism to which 
the section is perpendicular (p. 167). This could not hold for a 
rectangular prism vibrating in the air. 

Further (p. 168) he considers transverse vibrations and shews 
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that, even if a rectangular prism has only two parallel faces free, 
it cannot vibrate transversely like a membrane. The transverse 
vibrations must be accompanied by longitudinal vibrations. As 
type of such vibrations he takes the shifts given by 

= me cos mx sin mz cos mtca J2, -y = 0, 
w = ^one sin mx cos mz cos mtco 

where a is the length of the prism; oy^Jfjbjp; and m = f7r/a, 
i being any integer. In this case -w; = 0 for ^ = 0 and x — a, or we 
may suppose the prism supported at its ends. 

1084. Lamd then proceeds to remark that if we give i only 
odd integral values, this solution will be suitable for a prism of 
length al2 which is encastrde at the origin and free at the other end. 
I do not see how the condition denoted by encastree is fulfilled ; 
I should have thought u and w would both be required to vanish 
over the section. Again take the lamina originally of the length a ; 
then it would seem that we might cut off a piece of any length 
according to the reason which he gives, namely that the stress 
across such a section will be normal, and therefore can be furnished 
by the air. But how can we get from the air positive, even if w^e 
can get negative tractions ? I do not understand this at all. I 
suppose encastree may mean put in an iron collar, so that w 
may change but w be this is then apparently equivalent 

to pincde, as used on page 172. [Lamd’s treatment of vibrations 
seems to me vitiated by his statement in § 64 (p. 148) that the 
only condition at a surface exposed to the air is the vanishing of 
the shearing load. La composante normale, he writes, doit rester 
variable et non-d^temnmee. He supposes any ti'action can be sup- 
plied by the air, and repeatedly uses this principle. Thus it is 
assumed in Arts. 1083 and 1090.] 

[1085.] On p. 172 we have a consideration of Savart’s vibration 
tournante; see Art. 326. A vibration is represented by the forms 
V = me sin my sin mz cos mtco ^/2, w == me cos my cos mz cos mtco J 2, 
where m — {2i + 1) 7r/6, h being the breadth of the prism. It is 
obvious that these vibrations are in the section of the prism 
perpendicular to its length a. Lamd says that this is Savart's 
vibration when i = 1 ; I do not understand why it must be. 
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On p. 173 Lam^ refers to another result of Savart's and 
endeavours to interpret it analytically. He remarks : 

On sait qu’une lame de verre, pinc^e en son milieu, et que I’on 
frappe k Tune de ses exfcremit6Sj de mani^re k la faire vibrer longi- 
tudinalement execute en m^me temps des vibrations transversales, dont 
I’existence se manifesto par des lignes nodales que le sable dessine sur 
les faces lateral es. 


The transverse vibrations are then taken to be represented by 
the forms of the preceding Article, while the longitudinal are 
those he has considered on p. 167 : see Art. 1083. He makes the 
periodic times of both coincide. This would seem to involve the 
relation 


a 


where 


or 




X + 




Lam^ however writes down the result m = (2; 4- 1) - 

without apparently recognising that the value of m is already 

settled, and that we are led to the condition that - /v/ — 

a y ziM 


2i+l 


must be a proper fraction of the type — j- . Further how can 

such results as those of p. 167 be applied to bodies vibrating in the 
air ? 

The whole treatment seems remarkably obscure, not to say 
erroneous, and still leaves a wide field for analytical investigation 
in Savart’s results. 


1086. Lamd gives in the latter part of his Lecture a classification 
of the vibrations of rectangular prisms depending on whether they 
produce or do not produce dilatations. He says that the cases of 
vibration which have been studied by experiment, such as those 
relating to the figures formed by sand on a vibrating plate of glass, 
are small in number compared with those which must exist and 
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form in the interior nodal surfaces that give no evidence by which 
the experimenter can become aware of their existence. After 
discussing the examples he concludes thus with respect to the two 
kinds of motion. 

Ke sont-ils qu’une preuve de plus de la fecondite de Tanalyse 
math^matique ^ on existent-ils reellement dans la nature 1 A cette 
question, nous nous dispensons de repondre. 

1087. Lamd devotes his fourteenth Lecture to the transforma- 
tions which are necessary when instead of the ordinary system of 
rectangular coordinates we substitute what may be called, from 
its most important feature, a cylindrical system. Instead of the 
ordinary ccj y, z we now use r, z) that is we change x into 
T cos <)5>, we change y into r sin <f>y and we leave z unchanged. Lame 
works out the transformations fully, though the new formulae were 
not absolutely necessary for the few and simple examples which he 
discusses. With respect to this point he says on his page 186 

Mais nous avons pense qu’il etait ufcile d’etablir ces nouvelles 
Equations dans toute leur generality, pour faciliter des recherches plus 
difficiles, oii leur emploi serait indispensable. Quelquefois, dans les 
travaux de Physique mathematique, on abandonne une idee accessoire 
et qui meriterait d’etre poursuivie, parce que Ton n^a pas a sa dis- 
position les relations analytiques necessaires, et que leur recherche, 
exigeant trop de temps, ferait perdre de vue Tidee principale. C’est 
alors que I’impatience peut conduire k Terreur 

1088. Lam^ refers to the memoir already cited in Art. 1022 as 
containing a general solution of the problem of the equilibrium of 
elasticity of an indefinite cylindrical shell, when the surfaces 
are under the action of given forces ; he adds on his page 192 : 

Nous ne reproduisons pas ici cette solution, encore trop compliquee, 
D'ailleurs nous avons pour but, non de donner tin traite complet, mais 
de montrer, par des exemples simples et varies, Tutilite et Timportance 
de la theorie mathematique de Telasticite. 

1089. Lam^ gives at the end of his Lecture a few words 
to the vibrations of solids of cylindrical form. He supposes 
the body “forces to vanish, and puts as before for {\ + 2fM)lp 
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and for /x.//). Lain6 after this proceeds, as elsewhere, in what 
seems to me too positive a manner; he says that certain things 
must he when it would be safer to say that they may he in 
particular cases : we will however follow his process. According 
to the theory expounded in Art. 526, there are two distinct classes 
of vibrations. 

For the vibrations of the first class the terms in must 
disappear from the equations ; hence we have !7, V, W being the 
shifts corresponding to the variable r, (f>, z : 

dU ^dVr 

dz dcj> ' dr dz ' d(j> dr ^ 

From these we infer that 


dF dF ^ dF 


dr ’ ' ' " dz 

where F is some function of r, z. These lead to 

e=v^F. 

Then we easily find : 

dW 


df 




( 2 ), 

,(3). 

,(4). 


For the vibrations of the second class the terms in Xi® must 
disappear from the fundamental equations, and we have 


IdUr IdV 
r dr r d<f> dz 


1090, Lamd says that the longitudinal vibrations which are 
produced in a cylindrical rod (tige) by clasping it at the middle 
and rubbing it parallel to its length are of the first class; but I do 
not see why. They are longitudinal^ but in a sense different from 
that in which the vibrations of the first class are longitudinaP. 

According to Lamd the shift being parallel to the axis we have 
J7=: 0, F= 0, so that W alone exists; hence the F of the preceding 
Article becomes independent of r and and we see from (4) that 
W must satisfy the equation 

d^W_^, dW 

df “ d^ • 


1 [Lam6’s discussion of vibrations seems to me here as elsewhere unsatisfactory ; 
I think I am justified in saying erroneous, En.] 
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The tangential components of the stress are zero everywhere. 
If a is the length of the rod, and n any integer, a suitable solution 
of the last equation, when the ends are free, is given by 

(2?i + 1) TTZ (2?i + 1) 7rD.t 

W = cos — cos ^ . 

a a 


1091. An example of a vibration of the second class is furnished 
when V alone exists, and does not vary with Thus 

these lead to 0 = 0. 

Then the shear rS vanishes ^ while the shear r? reduces to 
/dV F\ 

fM f — “J , and this will also vanish if w^e take V = ?/, where f 
contains only z and t If f satisfies the equation 


then the body-shift equations are satisfied. The shear S? reduces 
to ) "this must vanish at the ends if they are free. This, and 
all the other conditions will be satisfied if we take 


T-r 

V =r cos cos 

a 


UTTCOt 

a ' 


where n is any integer. 

The tractions ??, JJ, S5 are zero. Thus this kind of motion does 
not involve any elastic action at the surface, either traction or 
shear; the molecules on the surface vibrate without quitting it, and 
the cylinder undergoes no periodic deformation. Lamd concludes 
the' Lecture thus : 


II serait difficile dlmaginer un ^tat vibratoire plus silencieux et plus 
imperceptible. Les experiences sur le pendule, faites au Pantheon 
par M. Foucault, ont constate un mouvement de cette nature, par 
les oscillations tournantes de la boule spherique attach5e au long fil 
pendulaire. 

1 [The system of stresses for cylindrical coordinates (tractions ^ and 

shears f?) readily explains itself, Ep.] 
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It seems to me that Lamd falls into an anti-climax when he 
excites our interest in this mysterious motion, described as far 
beyond the cognizance of our senses, and then says that the 
experiments of Foucault have established the existence of such a 
phenomenon. 

1092. Lame devotes his fifteenth Lecture to the transformations 
which are necessary when instead of the ordinary system of rect- 
angular coordinates wc substitute the ordinary system of polar 
coordinates, which may be called a spherical system. 

1093. In this Lecture formulae are obtained which are suitable 
for problems relative to the elastic equilibrium, or to the vibra- 
tions, of a sphere or of a body bounded by concentric spherical 
surfaces. The formulae are not fully worked out, but the steps 
to be followed are sufficiently indicated for the guidance of a 
resolute student. A case of vibrations of a spherical shell is 
worked out at the end of the Lecture. In considering the amount 
of originality in this and the following Lectures, as well as in 
Lamd’s memoir of 1854 (see Art. 1111), the work of Poisson and 
Mainardi ought to be duly weighed ; see Arts. 449 and 860. Lam^ 
was the first to apply Laplace's coefficients to the problem. 

1094. In his sixteenth Lecture Lame applies the formulae of 
the fifteenth to the elastic equilibrium of a spherical shell. 
There are two cases ; in the first case no internal applied force is 
considered; in the second case the force arising from the attraction 
of the particles themselves is considered. Thus the second case 
includes the first : both are parts of the general problem which I 
have called Lami's Problem, and shall discuss in Art. 1111. 

1095. Lame makes an application of his formulae to the case 
of the earth, and then on his page 221 proceeds thus : 

Ce resultat parait s’accoixler avec I’idee de M. l%lie de Beaumont, 
sur la formation des chaines de montagnes, ^ la suite d’un afiaissement 
general, du au refroidissemeiit : car il semble r^sulter de cette id6e que 
la pression interieure doit aller en dimiauant, d’uii cataclysme au 
suivant, du dernier k celui vers lequel nous avangons. 

Oette application de la theorie de T^lasticite a Tequilibre interieur 
de Tecoroe terrestre pourra paraitre trop hasardee; mais s’il en est 
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ainsi, les apijlicatious de ]a tlieorie analytique de ]a chaleur au re- 
froidissement du globe, faites par Laplace, Fourier, Poissou, doivent 
inspirer les m^mes scrupules. Et nous ne nous defendrons pas d’avoir 
imite ces illustres geom^tres, lors m^me qu’ils se seraient tromp^s, en 
appliquant aux sublimes questions de la M^canique celeste de simples 
formules de Physique mathematique. Au reste, la question qiie nous 
avons abordee peut se traiter d’lme mani^re plus complete on plus 
voisine de la realite : nous avons constate, par des recherches ana- 
lytiques, qu’en considerant la terre comme un spheroide peu different 
de la sph^ire, qu’en prenant pour les deux parois de I’enveloppe solide 
des ellipsoides homofocaux, ce qui donne une epaisseur variable ; enfin, 
qu’en ayant €gard aux variations de la pesanteur dues k la force 
centrifuge, on arrivait dans tons les cas, aux memes conclusions. 

I suppose that these investigations were never published, for in 
Lamp’s memoir on the siibject w^hich appeared in Liouville’s 
Journal in 1854 the earth is treated as originally a sphere. 

1096. On his page 222 Lam^ gives a brief account of the 
memoir in which he applied his curvilinear coordinates to the 
theory of elasticity; the memoir was published in Liouville’s 
Journal de matMmatiques for 1841 : see Art. 1037. The memoir 
is substantially reproduced by Lam^ in his Legons sur les 
Goordonndes curvilignes, where however he uses two constants of 
elasticity instead of one as in the memoir. 

1097. Hitherto Lamd has confined himself to the case of a 
medium which is both homogeneous and isotropic; but he now- 
gives up this restriction. The remainder of his volume occupying 
pp. 225 — 335 is devoted to the subject of light, and forms a 
theory of the double refraction of light based on the principles of 
elasticity, the medium beiug supposed homogeneous but aeolo- 
tropic. The name of Lam^ does not occur in the paper by Stokes 
entitled: Report on Double Refraction^ published in the British 
Association Reports for 1862. 

1098. Lamd in his seventeenth Lecture investigates the rela- 
tions which must hold among the thirty-six coefficients of elasticity 
in order that double refraction may be possible. These coefficients 
are reduced to twelve in number ; then six are suppressed because 
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they occur multiplied by the dilatation which is here assumed 
to vanish; of the remaining six it is shewn that three will disappear 
by a suitable choice of axes of co-ordinates, leaving finally three. 
The axes of co-ordinates which must be used to reduce the coeffi- 
cients to three are called axes of elasticity. This Lecture carries 
the investigation to the point which presents the quadratic equa- 
tion giving the two velocities for a plane wave propagated in a 
certain direction through a crystal. 

1099. Lam^ begins as usual with some very interesting general 
remarks ; they occur on his pp. 225 and 226 : 

Jusqufici nous avons traite la th^orie de Telasticite comme une 
science rationnelle, donnant Texplication complete et les lois exactes de 
faits qui ne peuveiit pas evidemment avoir une autre origine. Kous 
aliens maintenant la presenter comme iin instrument de recherches, ou 
comme un moyen de reconnattre si telle idee precongue, sur la cause 
d’une certaine classe de phenora^nes, est vraie ou fausse. C’est sous ce 
dernier point de vue que Fresnel Tavait consideree, lors de ses belles 
decouvertes sur la double refraction, et ses commentateurs auraient du 
suivre plus scrupuleusement son exemple. La theorie physique des 
ondes lumineuses porte certainement en elle Texplication future de tons 
les phenom^nes de Toptique ; mais cette explication complete ne peut 
6tre atteinte par le seul secours de Tanalyse mathtoatique, il faudra 
revenir, et souvent, aux phenom^nes, h Texp^rience. Oe serait une 
grave erreur que de vouloir cr6er, d^s aujourd’hui, une th6orie mathe- 
matique de la lumik'e; cette tentative, inevitablement infructueuse, 
jetant des doutes sur le pouvoir de Tanaljse, retarderait les vrais 
pi'ogr^s de la science. 

II nous paraifc done utile de Men pr6ciser le r61e que doit remplir 
Fanalyse mathematique dans les questions de physique, et, pour cela, 
nous ne saurions choisir un meiheur exemple que celui du travail 
de Fresnel ; mais nous presenterons ce travail comme il aiu'ait fait, 
si la theorie de T^lasticit^ des milieux solides avait ete aussi bien ^tablie 
qu^elle Test aujourd’hui 

1100. I think with Lam6 that his method is a decided improve- 
ment on that originally given by Fresnel ; it seems to me to be 
more intelligible with respect to mechanical principles and to involve 
fewer assumptions. I am not sufficiently acquainted with the 

T. E. 38 
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history of the subject to say how much of this part of Lamp’s work 
is due to himself: see, however, Art. 1042 and various memoirs 
in our Chapter Vlil. 

1101. Lamp’s eighteenth Lecture consists of mathematical in- 
vestigations of the consequences which follow from the fact of the 
double velocity of propagation of plane waves. The equation to 
the wave surface is obtained ; and the existence of conjugate points 
is established : these are such that each is the pole relative to a 
certain ellipsoid of the tangent plane to the wave surface at the 
other. The Lecture begins thus : 

Dans cette Legon et celles qui la suivent, nous laissons de c6t^ la 
theorie de Telasticite, pour rechercher toutes les consequences qui 
resultent de la double vitesse de pi’opagation des ondes planes, telle 
que Tanalyse nous I’a donn6e ; pour definir les proprietes optiques que 
ces consequences assignent aux milieux bir6frin gents ; enfin, pour 
exposer les regies capables de determiner a priori la marche de la 
lumilre dans ces corps diaphanes. Quand cette theorie analytique sera 
aussi complete que possible, nous la rapprocherons de la theorie 
physique des faits coimus, et scrutaut avec soin leurs concordances, 
leurs desaccords, nous essayerons d’en deduire des reponses aux 
diverses questions posees, savoir : si ce sont les molecules ponderables 
d’un cristal qui executent et communiquent les vibrations lumineuses ; 
si les coeflGicients des sont constants ou variables; et, en outre, 

si Tapproximation qui limite Finfluence des deplacements k leurs pre- 
mieres derivees est reellement suffisante. 

1102. Lamp’s nineteenth Lecture is devoted to the mathe- 
matical discussion of the form of the wave surface ; this includes 
an investigation of the singularities which it exhibits connected 
with the intersection of the two sheets which compose it. 

1103. Lamd’s twentieth Lecture gives the explanation of the 
reflection and refraction of light on the wave theory ; substantially 
this coincides with what we find in various elementary works, 
though Lamd invests the most familiar subjects with a special 
charm. After speaking of the construction given by Huyghens for 
doublei^efraction, and its accordance with facts Lamd observes on 
his pp. 277 and 279 : 
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...Mais cette conception hardie, si bien justifiee par les faits, laisse 
en dehors la cause m^me de la double refraction et de la polarisation 
qui accompagne ce pbenom^ne; aussi la construction d’Huyghens 
n’a-t-elle ^te regardee, pendant longtemps, que comme une r^gle empirique, 
due ^ un heureux basard. 0’6tait meconnaitre un trait de g^nie, et 
Fresnel ne s’y est pas tromp^. Le fait de la double refraction du verre 
comprim^ lui fit penser que la bifurcation de la lumiere r^fractSe et sa 
polarisation dependaient d^une difference d’elasticit^ dans les directions 
diverses. Et c’est en poursuivant cette idee, en T^tudiant avec le 
concours de Panalyse, que Fresnel a et6 conduit sL sa principale de- 
couverte 

Fresnel n’avait pour but que d’expliquer, par la th^orie physique 
des ondes lumineuses, la construction d’Huyghens, qui coordonnait les 
faits optiques des cristaux birefriugents ^ un axe, seuls connus £l cette 
epoque. II s^attendait done ^ trouver, pour les deux nappes de I’onde 
multiple deduite de la theorie mathematique, une sphere et un ellip- 
soide de revolution ayant Taxe commun de double refraction. II 
trouva une surface du quatrieme degr6 qui ne se decomposait, de 
mani^re k donner la sphk’e et Tellipsoide, que dans des cas particuliers ; 
il conclut de Ik que le fait general de la double refraction n’etait encore 
qu’imparfaitement connu, et quHl devait exister des milieux cristallis^s 
oil Tonde multiple, serait indecomposable, comme dans sa formule. 
L’experience est venue justifier cette provision hardie : les phenomenes 
optiques de la topaze, et d’autres cristaux birefriugents, dits ^ deux 
axes, decouverts par Fresnel, ont donne k sa theorie de la double 
refraction une realite incontestable, que sont venues confirmer avec 
edat les decouvertes faites par Hamilton, et verifiees par Lloyd^ des 
refractions coniques et cylindriques dont nous parlerons dans la Legon 
suivante. 

1104. Lam^ makes some comparison between two kinds of 
theories ; one which includes with accuracy a certain assemblage 
of facts, but leads to no new discovery ; and another founded on 
some novel idea of the cause of a class of phenomena, which 
indicates the existence of other phenomena of a similar kind, 
afterwards confirmed by experiment : see his p. 279. He 
obviously estimates the second kind far more highly than the 
first : thus with respect to the wave theory of light, notwithstanding 
the difficulties wljich it has not yet conquered, the predictions 

38—2 
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which it has uttered, and has seen fulfilled give it the greatest 
claims to attention. 

1105. In his twenty-first Lecture Lamd explains the conical 
refraction deduced by Hamilton from theory and verified ex- 
perimentally by Lloyd. With respect to these phenomena Lamd 
says on his p. 285 : 

La verification complete de ces consequences extremes donne k la 
realite de la th4orie de Fresnel, une certitude qu’aucune theorie 
mathematique de phenomenes naturels n’a certainement point depass^e. 

Lamd gives mathematical formulae for determining the re- 
fracted rays which correspond to a given incident ray. He also 
shews that the diflference of the squares of the velocities of the two 
waves which have a common direction of propagation varies as 
the product of the sines of the angles which that direction makes 
with the optic axes. Lamp’s investigations seem somewhat in- 
direct; the main fact is that if a my be incident normally on 
a crystal the refracted wave in the crystal is parallel to the surface 
of the crystal, that is, has the direction of the incident ray for 
the normal to its plane. 

1106. The twenty-second Lecture is devoted to an examination 
of the conditions necessary for the propagation in an elastic 
medium of a wave of Fresnels form ; it begins thus : 

L’explication des phenom^nes optiques des cristaux bir^fringents 
repose sur ce principe, qu’une molecule de la surface, atteinte par la 
lumi^re, devient le centre d’un syst^me d’ondes h, deux nappes. II est 
done nicessaire, pour la v^rite de cette explication, qu’uii jDareil 
syst^me puisse exister, Nous allons chercher les conditions que la 
throne de I’elasticit^ impose k ce systdme isole. 

The discussion is given partly in this Lecture, and partly in 
the next. 

1107. The twenty-third Lecture continues the mathematical 
discussion of the twenty-second ; the main result is the expression 
obtained for the amplitude of vibration. 
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1108. The twenty-fourth Lecture contains some general 
remarks on the theory of light. The value found for the am- 
plitude becomes infinite at the origin ; and some observations are 
made with the object of explaining this diifficulty. Attention 
is drawn to the difference which exists between Fresnel’s own 
theory of light, and that developed by Lamd; according to 
Fresnel the direction of a vibration at any point is the same 
as that of the projection of the radius vector on the tangent 
plane to the wave surface at that point; according to Lam4 
the direction is at right angles to this projection; that is to 
say parallel to the plane of polarisation. Lamd names MacCullagh 
and Neumann as coming to the same conclusion as himself, 
while Cauchy on the other hand agrees with Fresnel. [Lamp’s 
work is in some respects similar to Green’s; he supposes the 
direction of transverse vibrations to be accurately in the front of 
the wave, but he does not introduce the ‘extraneous pressures’ 
(better ‘initial stresses’) of Green, and hence cannot arrive at 
Fresnel’s result that the direction of vibration is 'perpendicular to 
the plane of polarisation. His discussion is much fuller, and more 
suggestive than Green’s, yet of course he had the advantage of 
working after Cauchy, Green, MacCullagh and Neumann. The 
objections which have been raised to Green’s second memoir, 
notably by Saint-Venant (see Navier’s Legons Appendice v. 
pp. 721 — 731), would I suppose be equally valid against Lamp’s 
treatment. The discussion of this matter would however carry 
us beyond our limits. Lame’s relation to Cauchy is noted in the 
Comptes Rendus, Vol. xxxv, ; according to Lamd himself he 
simplified Cauchy’s methods : see our Art. 1042.] 

Lamd insists strongly that the existence of the imponderable 
medium which we call the ether is fully established. He closes 
his work thus : 

Quoi qu’il en soit, Texistence du fluide 6tli^re est incontestablement 
d6montr6e par la propagation de la lumi^re dans les espaces planetaires, 
par Fexplication si simple, si complete des phenom^nes de la diffraction 
dans la theorie des ondes ; et comme nous I’avons vu, les lois de la 
double refraction prouvent avec non moins de certitude que Father 
existe dans tons les milieux diaphanes. Ainsi la mati^re ponderable 
n'est pas seule dans Funivers, ses particules nagent en quelque sorte 



598 


lam6. 


au milieu d’un fluide. Si ce fluide n’est pas la cause uniqu ; de tous les 
faits observables, il doit au moins les modifier, les propager, compliquer 
leurs lois. II n’est done plus possible d’arriyer k une explication 
rationnelle et complete des ph^nom^nes de la nature physique, sans 
faire intervenir cet agent, dont la presence est inevitable. On n’en 
saurait douter, cebte intervention, sagement conduite, trouvera le secret, 
ou la veritable cause des effets qu’on attribue au calorique, ^ I’electricite, 
au magn6tisme, k Pattraction universelle, ^ la cohesion, aux aflSnites 
chimiques ; car tous ces etres mysterieux et incomprehensibles ne sont, 
au fond, que des hypotheses de coordination, utiles sans doute k notre 
ignorance aotuelle, mais que les progr^s de la veritable science finiront 
par detr6ner. 

1109. The work of Lam^ cannot be too highly commended; 
it affords an example which occurs but rarely of a philosopher of 
the highest renown condescending to employ his ability in the 
construction of an elementary treatise on a subject of which he is 
an eminent cultivatorh The mathematical investigations are clear 
and convincing, while the general reflections which are given so 
liberally at the beginning and the end of the Lectures are con- 
spicuous for their elegance of language and depth of thought. The 
work is eminently worthy of a writer whom Gauss is reported to 
have placed at the head of French mathematicians, and whom 
Jacobi described as des matMmaticiens les 'plus penetrants. 
Gomptes HenduSj xv. p, 907. 

1110. In the Gomptes Rendus, Vol. xxxvii., 1853, we have on 
pp. 145 — 149 an account by Lamd of his MSmoire sur V^quilihre 
d'elastioite des enveloppes sph^riques. The memoir itself is published 
in Liouville’s Journal de maihimatiques, Vol. xix., 1854; and the 
present account forms substantially the introductory part of the 
memoir. The last page of the account is not reproduced in the 
Journal and we will give it here. 

...Je terminerai cette ITote par quelques indications sur les re- 
cherches qu^il faudrait faire pour hS,ter les progrbs de la theorie de 
P^lasticitg, et multiplier ses applications. Dans le M^moire actuel, j’ai 

1 [These remarks are perfectly just when we regard Lam^ as a mathematician, 
but it seems to me that a certain want of ‘physical touch* somewhat reduces 
the value of his contributions to the science of elasticity. Ed.] 
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considere Tenveloppe spherique compUte, d’oii resulte qiie les series ne 
doivent pas contenir les termes qui deviendraient infinis pour certaines 
valeurs particuli^res de la latitude ou de la longitude. 

Mais si Ton voulait considerer le cas d’une sorte de dome, decoupe 
dans I’enveloppe spherique par un c6ne d^6gale latitude, ou, plus 
generalement, celui d’un voussoir compris entre deux spheres con- 
centriques, deux cones d’egale latitude et deux plans m^ridiens, les 
series ou les integrales generales admettraient les nouveaux termes. 
Elies contiendraient alors d’autres suites de constantes arbitraires, que 
devraient determiner les nouvelles forces appliqu^es sur les faces 
coniques et meridiennes. 

Quand ces nouveaux cas seront traites g4n6ralement, et compl^te- 
ment resolus, on pourra sans doute transformer leurs formules, de 
mani^re a d^duire le cas du cylindre droit et celui du parallelipipede, 
que Ton ne sait pas encore traiter directement. Mais, avant d’entre- 
prendre ces nouvelles rechercbes, il faut etudier avec soin les propri^tes 
des termes additionnels, qui n’etant pas utilises dans la M^canique 
cUeste, sont generalement pen connus. 

Cette 6tude indispensable est commencee : elle fait Tobjet principal 
de Memoires r^cemment publics. D’ailleurs, Tbistoire de la science 
manifeste comme une loi d\i progr^s, que les geom^tres babituellement 
occupes d'analyse pure, soit par provision, soit par une sorte de logique 
instinctive, s^exercent precis4ment sur les sujets qui, dans une epoque 
procbaine, seront r^clam^s comme instruments par les sciences d*ap- 
plication. II est done permis de Tesp^rer, le travail pr6liminaire que 
j’ai d^ni sera bientdt acbeve. Alors, la tb6orie de Tequilibre int^rieur 
des corps solides 4lastiques, s’appuyant sur ces decouvertes de Fanalyse, 
pouri'a devenir la branebe la plus feconde de la physique matb^matique. 

1111. The memoir to which the preceding Article relates is 
published in Liouville's Journal de matMmatiqueSj Vol. xix., 1854 ; 
it occupies pp. 51 — 87. It is reproduced almost entirely in the 
Legons sur les coordonn^es curvilignes pp. 299 — 336 : see our 
Arts. 1154—1163. 

It was read before the Paris Academy on August 1, 1853, 
and contains the solution of a very interesting problem ; namely 
the investigation of the conditions for the equilibrium of a 
spherical elastic envelope or shell subjected to given distribution 
of load on the bounding spherical surfaces, and the determination 
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of the resulting shifts. The problem is the only completely general 
one in the theory of elasticity which can be said to be completely 
solved; see Thomson and Tait’s Natural Philosophy, Art. 696. 
It maybe justly called by Lamd’s name, although as we shall see 
in the sequel it has also engaged the attention of Resal, Thomson, 
Chevilliet, and others. 


1112. Lam4 after giving a general description of his method, 
starts (p. 55) with the following equations established on p. 200 of 
his Logons sur VElasticiU : 


(X+ 2/i) / cos<^ ^ + + cos<^i?o = 0 

(X + 2;.) cos<^ ^ ^ + pr cos.^^>„ = 0 


(^ + 2/t) ^ cos + pr- cos .^^0 = 0 


m 


where 


a = 


y8 = 


_1 f dv ^ dw cos (f> 

r coscf) \dylr d^ 
(drw cos 


7 = cos<^ 


fdrw cos 

V dr 'd^Jr) 
du drv\ 


COS0 V dr 
fd^ 



( 2 ). 


Here r is the radial distance of any point from the centre of 
the shell, ^ is the latitude and is the longitude of the point; 
we shall use s for sin^ and c for cos^ when convenient; u, v, w 
are the shifts of the particle of the shell which was originally 
at the point r, (p, yfr, namely u along the radius, v along the 
tangent to the meridian, and w along the tangent to the circle 
of latitude ; these displacements are considered positive when they 
increase the coordinates r, <p, •xfr respectively. Pq, are the 

components, referred to the unit of mass, of the body-forces in the 
same directions as u, v, w are estimated respectively ; p is the 
density of the body, X and p, are the two constants which measure 
its elasticity, and 6 is the dilatation. This notation differs 
slightly from that of Lamd ; his does not seem very inviting, and 
has I think not been adopted by others. 
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1113. Lam^ also quotes from his Legons (p. 199) the following 
expression for the dilatation : 




1 : 4 . 2: — — 

d/r ro d<j> ro dijr' 


and the following expressions for the various stresses : 


rr = XO + 2/1,^ 


H' 


\r or rcd^Ir/ 


^ / 1 dv 1 dw sw 

= /A ( — "7 , H — -fj H 

\rc dy T d<j> or 


ij/r 


= ^(' 


dw 
dr 
1 dll 


w ^ 1 du 
r’^ro (Z'vjir, 


:) 


_ , dv V 

^ Ir d<f> dr r 
The stress notation explains itself. 


.(3), 


.(4). 


1114. Besides the body-forces which act throughout the shell 
we suppose given loads to act on the bounding surfaces. Thus 
for the outer surface let the load at any point be resolved 
in the same directions as u, v, w are estimated respectively ; then 
rr, 5?, must be equal respectively to these components. 
Similarly rj must have given values over the inner 

surface. Thus finally the problem to be solved is this : values of 
u, V, w must be found which satisfy (1), and then each of the 
expressions 5^, r? must be equal to a given function of 
^ and over the outer surface and also over the inner surface. 
That is we have six conditions to enable us to determine the 
arbitrary quantities which enter into the general solution of (1): 
see the memoir, p. 57. 


1115. In treating the problem it is convenient to find 
first some particular solution of (1) as in our Art. 1063; let 
Wo denote such a set of values of the shifts. Then put 
2 ? = % -f v', w = Wo + w', and substitute in (1) ; we thus 
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obtain for v!, v\ w' equations precisely like (1) except that the 
terms in <I>o, occur, so that our equations will be to 

that extent simpler than (1). Lam^ gives three examples of this 
preliminary process of simplification. 


1116. Suppose the spherical shell is acted on by a constant 
force ; denote it by q, and suppose its direction to be parallel to 
the polar axis. We have then = — qs, <I>o = “ qc, = 0. Now 
as the action of the constant force will not tend to displace any 
particle out of its original meridian plane we have and 

u and V independent of Thus the equations (1) become 




, zi 1 , 1 dcva (du^ dv^r\ 


r* dr rc 
These equations are satisfied by 


0^ 




and these lead to the particular solutions 

„^2£r!! 

“ 10\ ’ “ lOX ’ 


Wo=0. 


1117. Again, suppose that the shell is in relative equilibrium 
when rotating with spin a> round a fixed axis; take this for 
the polar axis ; then from the so-called centrifugal force, we have 

iJj = fflVo®, ^0 = - wVcs, ■^^0 == 0 . 

In the same way as in the preceding example we obtain 

e = -i Qr^o^ 7 = 0, where Q = ; 

and these lead to the particular solutions (p. 68) 

'^o = (i-o^)Qr\ v^==^^Qr^c$, w^ = 0. 

1118. Finally, Lamd supposes that the shell is acted on by a 
force varying as the distance, directed towards the centre ; denote 
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this by — so that its numerical value is q at the outer surface, 
the radius of which we denote hy r^. Thus (1) reduces to 

and this leads to the particular solutions (p. 59) 




10(\+2/a)r,’ 


«'o = 0. 


Wo = 0. 


X 4“ do 
^ dcf> 


.(5). 


1119. Lam^ having thus exemplified how it is possible to free 
his equations from body-forces throws them (p. 59) into the form : 

d/3 dy X + ^jjb ^^d9^ 
d^lr d<f>^ fjL dr 

dy da 

dr d’^ /Ji^ 

da dO 

d<f> dr iJL c d^jr 

To these Lamd adds the following equations (p. 60), which the 
reader will easily deduce from (6) and (2) : 

d fod9\ ,ldf dd\ ,ld^0_ . . 

dr r dr) cd<f>V d<f>) ^d‘dy}r^~^ 


dr^a 


4.i^4.^ ^ = 0 
dr c d(f> ■ 




-in 


The following is the process of solution which these equations 
suggest; ‘find 6 from (6) ; then a, y from (5) and (7) ; then u, 
Vj w from (2) and (3). 


1120. 


Put0 = : ^ 


.( 8 ). 


- “ F; then (6) may be written 

X 4“ Jtfjt 

df ^dF\ , d 0, , 1 d?F_^ 

® ^ cfoP 1 - ^ 

This, as Lamd remarks (p. 61), is a well-known equation 
frequently employed in the Mioanique cileste and in the Thiorie 
analytique de la chaleur. As an integral sufiSciently general for 
our purpose we may take 

((Ar" -I- J?}*"*"') cosZ-f -P ( 0»-" q- Dr"”'') sinlyjr} P^, 
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where in Heine’s terminology is an associated function of the 
first kind satisfying the differential equation 


L 

ds 



J2pi 

^+n(n + l)Pl^0 (9). 


Aj P, 0, D are constants with respect to r, (p, but are 
functions of I and n; the two letters S denote summation with 
respect to integral values of I from 0 to n, and with respect to 
integral values of n from 0 to oo . 


1121. Lamd remarks (p. 63) that we may arrange according 
to a different order the operations denoted by the two letters % of 
Art. 1120. We may collect in a group all the terms which involve 
the same value of Z, and in which n takes all integral values from 
n^l to = 00 ; and afterwards take all the groups which exist 
from Z=0toZ=oo. We may adopt either order of operation 
which is convenient in any case, and we will use the single letter 
S to denote the double summation. Thus we have the following 
symbolical relation 

^=00 l=n l—w n—oo 

8=t S =2 2 . 

n=0 2=0 2=0 n=l 


1122. Let ^ and f be two functions of the variable such 
that 

^ = A eoslyjr + (7sinZ'\|r, f = P cosZ'»|r + D sinlyfr ....(10). 
Then the expression for F in Art. 1120 may be written 

+ ^)P^ (11). 

We shall have occasion for other functions verifying, like P, 
the equation (8); and we shall denote such functions by P', P',.... 
We shall put in like manner accents on the constants of the 
equations like (10). 


1123. Lam^ then proceeds to equations (5) and (7) and in 
the former substitutes for 0. This gives him four equations 

for .f, /?, 7 of which three only are independent. 
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1124. In treating equations (5) and (7) Lame adopts the 
method already introduced in Art. 1115. He puts a = a„ + a', 
^ = ^0 + , y = 70 + y, where a„, form a particular solution, 

and u, /3', y' form a solution of the equations supposing the right- 
hand members to be zero. It is easy to see that for a', /S', y we 
may take the differential coefficients with respect to v, <j>, yp' respec- 
tively of any function F' which verifies equation (8); for with 
these values the first members of equation (5) vanish. Thus we 
have 

,_dF' dF' , dF' 

“ dr’ ^~d<f>’ 

where F' = 8 + ; and and are formed as in (10) 

when the constants A, 5, (7, D are affected with accents. It re- 
mains then to find a^, 7^. 


1125. Lam^ states on p. 65 that he has found particular 
values for these quantities by a method of integration which he 
says is too long to develop but of which he gives some hint in the 
latter part of his memoir. These values are 


ao = 0. /3o = ^( 


/ d^ 


\ dyp n + 1 



Ll\iL 

n J c ' 


% 




1 


ds 


It is easy to verify by substitution that these give a particular 
solution. 


1126. Thus, collecting the two parts of which a, y8, 7 respec- 
tively consist according to the assumptions of Art. 1124, and 
effecting the differentiations of F' which are indicated, we obtain 
for the general integrals of (5) 






d'yjr 71 -h 1 dyjr 0l j C 


y = 8 




,n + l 


n + 1 


gr~” 

'n 


ds 


tdt’ T"- 


( 12 ). 
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1127. The next step, as stated in Art. 1119, is to find ti, v, w 
from equations (2) and (3), which may now be written 

drv drew 
dtjr 


d<j> 


= 0^0 (a, + a) 


drew du 


dr 

du 

d(j) 


drv 1 . . 

dr c 


.(13), 


dr^u 1 derv 1 
dr c def) c® 


derw 




r^F 


(14), 


d^ X + 2yL6 ' 

where the functions on the right-hand sides of the equations are 
to have the values which have been already found. The equations 

(13) amount to only two distinct equations, for if two of them are 
satisfied the third is necessarily satisfied. 

Lamd (p. 67) separates the expressions which solve (13) and 

(14) into three parts by putting 


+ u”, + v", w = Wq + w' + lu" . . .(15). 

Here we shall take Wg, v^y Wq to form a particular solution when 
the right-hand members of (13) involve only /9g, 7 ^; we shall 
take u\ Vy w' to form a particular solution when the right-hand 
members of (13) involve only a', 7 '; and we shall take uf\ 

w" to form the general solution when the right-hand members are 
zero. 


1128. The values of u'\ v", w"' can be assigned in precisely 
the same manner as a, 7 ' were obtained in Art. 1124. Let F'' 
denote another function which verifies equation ( 8 ); then we may 
put 

„ dF^ „ 1 dF" „ 1 dF' 

dr -rd<f> rc d'yjr 

where = and and are formed as in 

(10) when the constants A, B, G, JD are affected with double 
accents. 


1129. Next for the values of w , v', w\ Since the quantities 
a', /S', 7 are respectively partial differential coefiScients of F\ it is 
obvious that the particular solutions rv\ row' may be found 
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from just as a„, 7 (, were found from F. Thus by Art. 1125 

we obtain 


w' = 0, 


v'=8(-^ 


d^' 


d^lf n. + 1 dyfr 
w' = 8 


rr-»-^ dP' 

n ) ds 


1130. Finally for the values of u^, v^, w^. Since is zero the 
first of equations (13) shews that rv may be the partial differential 
coefiScient of some function with respect to <j), and rcw the partial 
differential coefficient of the same function with respect to yjr. 
The following forms may then be assumed on trial as a solution ; 
when h, h', h, k' denote constants as yet undetermined, 

ilP’’ 

It 

Substitute these values in equations (13) and (14), the right-hand 
members being reduced to contain only the terms in 
then by comparing the parts which involve the same f we obtain 
two equations for finding h and and by comparing the parts which 
involve the same f we obtain two equations for finding K and k\ 
These equations give, putting for simplicity \ = e, and 

X + = Qi l 

1 (71 + 2) 6 — 205- * (71 -j- 1) 6 -j- 2c& 

'^""'2(27i + 3)“a ’ '^"{27i + 2)(27i + 3)a' 

— l)e + 2a jj _ ne — 2a 
~ 2(2?^-l)a ' ”"271 (272 — 1) a ‘ 

The value of K can be obtained from that of h by changing n 
into — 72 — 1 ; and the value of — h' can be obtained from that of h 
by the same change (p. 68). 


1131. Substitute in (15) the values found in the preceding 
three Articles; effect the differentiations of F” which are in- 
dicated; introduce the constants according to (10) and the 
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analogous equations with accents, and employ the following 
abbreviations : 


nO'V“-‘ 


- -{n + - Or"” = G, 

- - (n + 1) D'V-"-® - A'Dr"” = G\ 

+ Or-“ = H, 

0"r”-^ - + A'Dr"” = H', 

A'r” Er-^-^ 


n + 1 n 

G'r’‘ _ DV-“-" 
«+ 1 n 


= K, 
= K'; 


tlien we obtain 

U —8(Gcosl^lr+ O' smi'yir) PI, 


rlP^ IP 

sin lyjr)c^- 8 (K' cos If-K sin l^fr ^ , 

jpi fjpi 

w — 8 {H* cosZi|r t- E sinZ^/r) — ^ ’^8{K cos Z-i/r + K' sinZ^/r) c . 

0 ds 

These values furnish the complete integrals of equations (1) 
when we omit and (p. 69). 


1132. The values of u, v, -w; just given involve three quadruple 
sets of arbitrary constants, introduced by the series for E, F and 
F\ These constants must be determined by the aid of the three 
conditions which hold at each bounding surface as found in Art. 
1114. To the abbreviations already noticed in Art. 1131 let us 
add these, 

Ar”' + = J, Gr^ -f = J ' ; 

then, since Q - ^ jP — ^ F, we have by (11), 

A/ + ^jJ* CL 

0 = 5f (^1 /cosZ-^ + ^ J' sinlfjpji. 

1133. Lam^ now substitutes the values of u, v, w, 6 as found 
in Arts. 1131 and 1132 in the expressions for the stresses which are 
mentioned in Art. 1113. We shall use b for S\ + 2/4, so that 
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a + 6 = 4^. We may also use for abbreviation six new symbols 
as follows : 


2w(?i — 1) ^ 


fj, n (tt-1) e-h . 
a 271 + 3 ^ 


+ 2(>i+l) (ji + 2) 


M (« + l ) (ra+2)e-& ^^_,. 
a 2n — l 


= L, 


a similar expression with 0", G, B", D instead of A", A, E', B 
I'espectively will be called L ' ; 

2 (» - 1) - 2 („ + 2) 


fjL ife — a 
a n (2m — 1 ) ^ 


^B = J/, 


a similar expression with the changes just mentioned will be 
called ilf' ; 


n-1 

91+1 

91—1 
9^ + 1 


V"-‘ + ytiCV--= = K, 
n ^ 

aD'r-'-^ = if'. 


Then we find that 


7 r^S{L cosZi^ + X' sinZ'^^) PI , 


ZP* 

= S (If cos?*^ + M' sinZt^f) c — /S^ (^' cosZ^lr - i\r sinZ^) , 

7P* /7P* 

S {M' cosZt^ — J/sinZi/r) — ** + iS> (jS^ cosZ'»|r + N* sinZ'^|r) c . 

C CLS 


Now each of the three expressions which occur on the right- 
hand side must have a given value over the whole outer surface, 
and also a given value over the whole inner surface. Call these 
given values Zq respectively for the inner surface, and 

Xj, Fj, Xj respectively for the outer surface ; and also use subscripts 
in a similar manner with respect to the six quantities X, X', if, i/', 
Nj N\ Then we must have at every point of the inner surface 

S (Xo coslyjr + Xo' sin I^^r) P\ = Xo, 
and at every point of the outer surface 

S (Xj cosZ-i/r + X/ sin Z>|r) P[ = Xj. 


T. E. 


39 
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We shall sometimes find it convenient to use the general 
equation 

S {L cosliri^L'sinlxlr) = X (16) 

as an abbreviation for the two. 

Similar remarks hold with respect to Y and Z. 

1134. Thus, corresponding to any given pair of values of I and 

n, we have in the expressions of the preceding Article twelve 
quantities, namely M,, L', AV, N^, i/, M', iV/ ; 

and when these are known we have twelve equations in the same 
Article for finding the twelve constants A, A\ A\ B, B\ B'\ C, O', 

I), D\ U' \ for each of the equations by which we define L, L\ 
M, My ]Yy JV' is to hold both at the inner surface where becomes 
7\, and at the outer surface where r becomes r^. Lamd then 

proceeds to shew how the twelve quantities Xq, I/q, are 

obtained. 

1135. The method of obtaining Xq, X^ X/ X/ involves only 
well known applications of the Integral Calculus. Take equation 
(16), multiply both sides first by cos l^lr, and next by sinZ'v/r, and 
integrate for between the limits 0 and 27r. Thus we get 

SXP,^=^ [ XcQ^l^d^y 
J 0 

l.L'Pl=- rx sin l^lrdyjr; 

'ST j 0 

where X denotes a summation with respect to n from n — I to 
71 = 00 ; also stands for tt if Z is not zero, and for 27r if I is zero. 
Moreover each of these equations represents two, for we may apply 
the suffix 0 or the suffix 1. 

1136. It will be unnecessary henceforth to repeat a remark 
like that which has just been made respecting the double forms of 
the equations; we may proceed as if we were concerned with only 
one bounding surface instead of two. 

1137. We have thus determined 2XP^ and SX'P' ; we wish 
however to find the values of the separate terms denoted in 



LAM^ 


611 


general by L and L\ We proceed thus; it will be sufficient to 
consider one of the two, say L. 

We know then that 

%LPl=~ r X cos If d^fr; 

'TO' jo 

the right-hand member may be considered known, and we will denote 
it by Hence a fundamental property of leads us to the 

result ~ which determines L for any 

given values of I and n. Lamd arrives at a result similar to this on 
p. 74. 


1138. We now proceed to obtain the terms denoted by 3/, M\ 
Nj N\ Take the equations 

jpi IP 

S {M cos ly\r + M sin ly^r) c (JV" cos - N sin = Y, 


ipi (JP^ _ 

S (.¥' coslf - 31 sin {N cofilf -h N' sin7i/r) 


and in them let I have any assigned integral value different from 
zero. Four new equations are obtained by multiplying each of 
these first by cosIy}r, and next by sinZ^, and integrating for i/r 
between the limits 0 and 27 r. Of these four equations we shall 
use only two which will find M and N'; the other two may be 
applied in the same way to find N and M', Thus we have 


2 






...(17), 


where 2 denotes summation with respect to 7i from 7 i — I to 7i oo , 
and we have individualised the constants by means of the 
subscripts Z, 7i. The right hand expressions may be regarded 
as known quantities, say Y' and Z' respectively. 

ZP* 

Multiply the former by and the latter by and in- 

tegrate with respect to s between the limits — 1 and 1 , then sub- 
tract. Thus 


39—2 
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The right-hand member may be considered known ; the left- 
hand member is easily shewn to reduce to 

m(m + f (Plj^ds, 

-1 

SO that becomes known, namely from 

^\T'o^-Z'^-^\ds 
[ ds c I 

m (m + 1) j {P,y“ ds 

•'-I 

The value of any N' comes from that of the corresponding M 
by interchanging Y' and Z': see Lam^, p. 76. 



1139. We have excluded the case of Z=0, so that it now 
remains for consideration. The equations (17) are then not two 
simultaneous equations with two unknown quantities, but reduce to 

jpo ^po 

c ^ = F, o^=Z' (18). 

Also, by supposing Z = 0, we easily find 
/-+1 ^po 

j df^ ~d^ (Zs = 0 if m and n are unequal, 


and = m (m + 1) J (P^)“ ds if m and n are equal. 


dPl 


Multiply the first of equations (18) by and integrate 

between the limits — 1 and 1 for s. Thus we get 


P4,,»= 


r r..- dP, 

'd -1 


Fc 

ds 


m 




^ds 


Similarly from the second of equations (IS) we can determine 
namely zero, for Z' is zero when Z=0. We see by com- 
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paring these special results with the general fornaulae obtained in 
Art. 1138 that these formulae hold when Z= 0 (see p. 77)\ 

1140. Thus Lamd has, as he proposed, determined all the 

twelve quantities ,. corresponding to any assigned pair of 

values of I and n] at least he has expressed these quantities as 
definite integrals. 

On pp. 78 — 80 Lamd evaluates certain integrals of the asso- 
ciated functions PI which have occurred in the earlier parts of his 
memoir. The results obtained are now well known and need not 
be considered here. 

1141. We have now, according to Art. 1134, to determine the 
values of the twelve constants. A, A\ A",... corresponding to a 
given pair of values of I and n. The equations are given towards 
the beginning of Art. 1133. They resolve themselves into four 
groups. 

The first group finds the values of A'\ A, B in terms of Xq, 
ij, I/q, Ifj. The second group finds the values of (7", (7, D in 
terms of X/, X/, and i//. The third group finds the values 
of A' and B' in terms of and The fourth group finds the 
values of C‘ and i)' in terms of A/ and A/. 

So long as n is greater than unity there is no difficulty; but 
when 71 = 1 some of the terms vanish from the left-hand sides of 
the equations in Art. 1133, and thus we shall find that some of the 
constants remain undetermined; also when 7^ = 0 there are pecu- 
liarities to notice. These points we now proceed to examine. 

1142. Put 72 = 1 in the first four equations of Art. 1133 ; thus 


$-Ar^ 


1 /i(6e- 



oa 


aP 






^D- 

-L', 

oa 

r 

ar 





• t^(e- 

^B- 

= M, 

lOci 


ar^ 



- Or - 


fjL (e — 

^i) = 

-■M. 

iOo- 






1 In tins Article is of course the with Legendre’s coefficient, usually denoted 
simply by Lam(5 uses somewhat different factors for the associated functions 
and for the Legendre’s coefficients to those adopted by Heine. 
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The constants A!' and C' have disappeared, so that we cannot 
determine them ; and, as in each of these equations we are to put 
and in succession for r, we have eight equations to determine 
the six constants A, B, (7, jD", i). Thus two conditions must 
hold among the quantities supposed known. To the first of these 
equations add twice the third, and put and in succession for 
r; thus 






3^ 




So in like manner from the second and fourth equations 






Thus when n = 1 we must have these two conditions holding, 

r,*(A + 2i»i.) = r/(4 + 23f„) I 

{ l ; + 21/;) = (z; + 2J/;) j 

Next put ?2 = 1 in the fifth and sixth equations of Art. 1133 ; 


thus 


3yu. 




Sfjb 


D' = N' 


The constants A' and G' have disappeared, so that we cannot 
determine them ; and, as in each of these equations we are to put 
and in succession for r, we have four equations to determine 
the two constants B' and D\ Thus two conditions must hold 
among the quantities supposed known; these conditions obviously 
are 




.(20). 


1143. When = 1 we may have i = 0 or Z = 1 ; we proceed to 
take these cases separately. 

Suppose n = 1, and ?= 0. Then 
dP^ 

= = = l ^ = 27r. 

By Art. 1135 

Q r + l /•27r 

Here ^ is the L of Equation (16) ; it becomes or shortly 

Xj, when we put for A, and (Xoi)o, or shortly when we put 
X, for X 
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Again, by Art. 1139, 

Q rl /•2jr 

Here ^ is the M of equation (17) ; it becomes or shortly 

il/j, when we put for F, and (M^ or shortly when we put 

F, for F 

Thus the first of equations (19) gives us 

// 0 ...( 21 ), 

where the limits of integration are 0 and 27 r for and - 1 and + 1 
for 5. 

1144. This condition can now be easily interpreted. It as- 
serts that the forces applied to the surface of the shell must 
satisfy one of the ordinary six equations of statical equilibrium, 
namely that wdiich expresses that the applied forces resolved 
parallel to the polar diameter must vanish. 

It is natural to conjecture that (19) and (20) will on the whole 
amount to just the ordinary six equations of statical equilibrium 
among the applied forces ; and this will be found to be the case as 
we proceed. 

The second of equations (19) gives no result when Z = 0, for 
then L' and M' both vanish : see Arts. 1135, 1139. 

Let us then take equations (20) ; the second gives no result 
when Z = 0, for then N' vanishes. It will be found that 

Q r+l r^TT 

so that the condition becomes 

i\^jJz^cdsd^fr—rfJJ Z^cdsdy\r = 0, 

the limits of integration being the same as before. This is 
the equation of the moment of the applied forces round the polar 
diameter. 

1145. We now suppose n = 1 and Z = 1 ; and then from (19) 
and (20) we shall obtain the other four equations of statical 
equilibrium. The following will be the expressions which have to 



616 


LAM^. 


be used with appropriate suflBxes in (19) and (20). When = 1 


/•+! 

and Z = 1, we have PJ = 0 , J 

L = Xc cos'^fr dsd\[r, 

L' = ^jj Xc sinyjr dadyfr, 

s cos'^ 4- ^ sin ^lr) dsd^fr, 


X' = - 


StTj 

3 

Stt 


jj ( Y cosyfr 4- sin-v/r) dsd-\}r, 

M'= ^JJ(-Ys sin^fr 4- Z COS^/r) cZ^cZi/r, 
U (F sin-^ — Z? cos^lr) dsdyjr ; 


X ^ 


SttJ 


all the integrals being taken between limits as before. 

Then using relations (19) and (20) Lam^ finds : 

j{X^c cos^ifr — Y^s cos^Jr — Zj sin'»|r) dsdyjr 

— j' (X^^c QOB-^ — YqS cos^Jr — sin>/r) dsd'^Sf = 0, 

r^^JJ (X^c sin^/r ~ Y^s sim|r + Z^ cos-^lr) dsdyjr 

- -To® jJ (Z qC sin*^ — YqS + Z^ cos '\|r) = 0, 

7\^JJ ( Y^ sini|r - Zj5 cos'\|r) cZacZ^ 

— r/ J I* (Fq sim|r — Z^^ cos*»|r) dsdyjr = 0, 
J I (Fj COS-v/r 4 z^5 siu'v/r) dsdyjr 

— Tq^J j' (Yq COSsjr 4- ZqS sin'^/r) = 0. 

Of these four conditions the first asserts that the loads vanish 
when resolved along a diameter in the equator in the plane 
of the first meridian, and a second asserts that these loads vanish 
when resolved along a second diameter in the equator at right 
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angles to the former. The other two conditions are the equa- 
tions of moments of the loads round these two axes (see 
pp. 81—85). 

1146. We must now advert to the constants which, as we 
said in Art. 1142, disappear from the equations and so cannot be 
determined. These are denoted by A’\ C", A' and 0\ 

Let us write down the values of u, v, w from Art. 1131, so far 
as they depend on these constants. We have 
it = [A"] s -h A"c cos yfr -1- C"c sin^Jr, 

V = [A''] c — A''s oosyfr — C"s sinn/r + ^A'r sin 'v/r — J C'r cos>/r, 

w = a [-^ ] ”■ sini^ + G" cos^/r — \ A' rs cosyjr — ^O'rs sm\[r ; 

where [^"] and [A'] correspond to n = 1 and I — 0, while the 

other constants correspond to n = 1 and Z = 1. 

These formulae explain why the constants which occur remain 
\mdetermined ; each constant corresponds to a certain shift 
of the body as a whole, which leaves the relative positions of 
the particles unchanged, and so calls no stress into operation. 
Thus [.4"] corresponds to a translation parallel to the polar 
diameter, -4" to a translation parallel to the first equatorial 
diameter, 0" to a translation parallel to the second equatorial 
diameter, [A’'] to a rotation round the polar diameter. A' to a 
rotation round the first equatorial diameter, and O' to a rotation 
round the second equatorial diameter. 

1147. We have now to attend to the peculiarities which 
occur, as we stated in Art. 1141, when 7z = 0, in the equations 
of Art. 1133. 

The constants -4" and G” disappear; while the coefficients of 
jB, D, B\ D' become infinite. But when = 0 we have Z = 0, and 
cZP® 

P2 = 1, and = 0. Hence the series for and rj in Art. 1133 

have no terms which correspond to n = 0 ; and the same remark 
holds for the equations obtained by putting these expressions 
equal to Y and Z respectively, and also for the values of v and w 
in Art. 1131. Hence we see that when 0 we are concerned 
with only the first equation in Art. 1133, which then becomes 

^ . V Dv „ r 
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For B must necessarily be zero; for if B be not zero we get 
infinity occurring. 

By Art. 1137 we find that when n = 0 and Z = 0, we get 


Thus we get by putting in succession and for r. 


fjbb 


Thus A and B'" can be found. 

The constant A" will not occur, as it will disappear from the ex- 
pression for G in Art. 1131, and so will not appear in the expression 
for u in that Article. 


1148. Thus the solution is completed for the case in which 
we suppose no forces to be applied within the body. When such 
forces do occur we must get a particular solution corresponding 
to them ; and then to the values w, v, w of Art. 1131 we must add 
terms expressing the values of the shifts for the particular solution. 
The consequent modification of the process for determining the 
constants of which the types are A\ A'\ B,.., can be easily 
traced. 

If instead of a spherical shell we have a complete sphere, then 
all the coefficients of the negative powei's of r must vanish to 
avoid infinite expressions at the centre; and this consideration 
must be used instead of the conditions at the inner surface. 


1149. We now come to the work by Lam^ published in 1859, 
entitled : Legons sur les coordonnees curvilignes et leurs diverses 
applications. This is an octavo volume of 368 pages, besides xxvii 
pages of introductory matter ; it gives the theory of curvilinear co- 
ordinates and their application to Mechanics, to Heat, and to the 
theory of Elasticity. The part of the volume of which we have 
to give an account occupies pages 257 — 368, and consists of the 
Lectures from the fifteenth to the twentieth both inclusive. 
Lam^ himself on page xviii of his Preliminary Discourse gives 
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the following brief sketch of the contents of this part of his 
volume : 

La demi^re parfcie du Cours sera consacrle & la theorie mathematiqne 
de I’elasticit^. Elle comprendra : 1“ la transformation, en coordonnees 
curvilignes, des equations de eette thfiorie, la loi des surfaces isostatiques, 
et son application 3, la rfisistance d^ parois sphSriques, cylindriqnes, 
ou planes (xv® et xvi® leqons) ; 2“ la solution complete du problems de 
I’equilibre d’ elasticity des enveloppes spiSriques, comme exemple de la 
marche 3 suivre, dans l’int6gration des Equations generales (xvii®, 
xvm® et XIX® logons); 3° enfin, I’examen des principes qui doivent 
servir de base 3 la theorie de I’ylasticitd (xx® legon). 

[1150.] The fifteenth Lecture transforms in terms of curvi- 
linear coordinates the three body stress-equations for the equi- 
librium or the motion of elastic bodies; thus results of the 
following kind are obtained : 

If pj, p^ be three orthogonal curvilinear coordinates; s^, 
s^, Sj the lines of intersection respectively of p^, ; p^, p, ; p„ p^, and 

thus Sj, Sj the lines of curvature on p^ and so forth; v^, v^, v, 
the three shifts of {a!,y, 2 ) in the directions s,, Sj, s^;r^', r' the radii 
of curvature of pj in the lines of curvature s^, a, respectively, r", r" 
of p, in the lines s,. s^, and r/", of p^ in the Unes s^, s, re- 
spectively; A the density; 8^, 8^, 8^ the components of body-force 
in directions Sj, s, and the system of stresses be given by our 
usual notation, then Lamd finds (p. 272) equations of the type . 



The transformation to curvilinear coordinates is necessarily 
long, but not difficult since Lamd has the formulae necessary 
for the purpose ready to his hand in the former part of the 
volume. 

1151. Lamd gives at the beginning of his fifteenth Lecture 
two pages of formulae, quoted without demonstration from the 
ordinary theory of elasticity; he adds a short commentary on the 
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formulae, marking with an asterisk topics which require develop- 
ment, and to these he returns in his twentieth. He notices on 
p. 263 that in the most general case there are 36 -coefficients 
involved in the expressions for the stress at a point ; hut that on a 
certain hypothesis these reduce to 21, and on a more restricted 
hypothesis to 15. Then on his p. 264 he introduces the two 
coefficients X and which occur when the medium is homogeneous 
and isotropic ; but he allows that these are necessarily equal if we 
adopt completely the restricted hypothesis to which we have just 
alluded. 

1152. Lamd introduces the definition of what he calls an 
isostatic surface. This is a continuous surface having the property 
that the stress on the tangent plane at any point is normal to the 
plane at the point of contact; at least this seems to be his definition, 
but he is not very clear. 

[Lam^ appears to consider that as at any point there are three 
elementary planes upon which the stress is entirely normal, so 
these elementary planes will if there be no sudden or considerable 
change in their directions envelope three families of orthogonal 
surfaces which may be taken as our systems of curvilinear co- 
ordinates ; these he terms isostatic. The equations therefore of 
the preceding Article reduce to the simple form 

dsiS\ S\8\ ^ Sj,5i ”— ^3*^3 

when we study only the deformation produced by a load. These 
equations express a law, v/hich is thus given by Lame : 

Dans tout systems effectivement isostatique, chacune des trois forces 
6iastiques principales eprouve, suivant sa direction meme, une variation 
qui est egale k la somme de ses exces sur les deux autres, respective- 
ment multiplies par les courbures correspondantes de la surface qu’elle 
sollicite. p. 274.] 

The following remarks by Boussinesq are given in the Gomptes 
Rendus, Vol. 74, 1872, p. 243: 

Lame a designe par ce nom diisostatiques les surfaces auxquelles ne 
sont appliquees qne des actions normal es : il croyait qu’un triple 
systeme orthogonal de surfaces pareilles existait toujours dans un 
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corps ; ce qui est une erreui% bien qu’il y ait en chaque point trois 
elements plans rectangulaires sollicites par des forces normales, parce 
qu’il ne snffit pas. pour que ces elements plans se raccordeiit de maniere 
h former des surfaces, que leurs inclinaisons varient avec continuite 
d’un point aux points voisins. Toutefois, le beau tbeor^me sur les 
surfaces isostatiques, qui se trouve demontre au § cxLix des Legons sur 
les COOT (lounges curvilignes, n’en subsiste pas moins pour les cas ou ces 
surfaces existent : il serai t assez facile de I’etablir geometriquement. . . . 


[1153.] The sixteenth Lecture is restricted to the case of 
homogeneous isotropic bodies. Laind here transforms into curvi- 
linear coordinates the special equations which apply to this case, 
namely those which express the six stresses in terms of two 
constants and the shift-fluxions, and gives the value of the 
dilatation for this case. 

These results are of the following forms : 






' 


(dv, 

\ds. 


dv^ 

ds^ 




a 4. JL -I- 


dv. dv^ dv , 1 \ 1 

ds^ ds.^ ds^ Vr^ r J 1 



See p. 283. On pp. 289 — 292 Lamd obtains the body-shift 
equations. They may be found in a slightly different form by 
substituting the above values for the stresses in the equations of 
Art. 1150. The results are extremely complex. 

Some applications to isostatic surfaces, in which approximate 
results are obtained, are given at the end of this Lecture, although 
they belong more properly to the preceding Lecture. 


1134. The seventeenth, eighteenth, and nineteenth Lectures 
are devoted to the problem which I call Lam^ s Problem ; they 
amount substantially to a reprint of the memoir published by 
Lamd in Liouville’s JoutuoX do 'hyidthiyiidtigiiBS^ 1854, the differ- 
ence between the two being very slight. I will make a few brief 
remarks on points where there is some variety in the republica- 
tion. 
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1155. In the memoir Lame starts with assuming the differ- 
ential equations in terms of spherical coordinates which he had 
given in his treatise on elasticity: see Art. 1093 of my account of 
that work. In the present volume he deduces the equations for 
spherical coordinates from the general equations in curvilinear 
coordinates which he had previously investigated ; these are given 
on his p. SOO, and from this point the general curvilinear 
coordinates occur no more in the volume. It is curious to notice 
that although Lame expresses in various places his opinion of the 
great advantages which follow from the use of his general curvi- 
linear coordinates, yet be allows that the only problem with 
respect to an elastic body which has been thoroughly solved is this 
which involves only the ordinary spherical coordinates : see pp. 
299 and 868 of the volume now under consideration \ 

1156. Lamd had remarked in his memoir that there are two 
modes of effecting a certain double summation, and that we may 
adopt the one which is most suitable in any particular case ; see 
my Art. 1121. Here he adds on his p. 310 : 

Le premier mode de groupement rap[»elle les fonctions de 
Laplace, et est exclusivement employe dans la Mecanique cUeste, En 
physique mathematique, et notamment dans la question qui nous 
occupe, il faut essentiellement adopter le second mode, quand il s’agit 
de determiner isolement les constantes arbitraires. 

1157. A little more development is given in the book of the 

matter contained in Art. 1130 of my account, that is to make out 
that the values there assigned for do really satisfy the 

equations which they ought to satisfy ; but the steps are such as 
a reader may easily take for himself : see p. 315 of the volume. 

1158. For the definite integral j (P^fds, which is of frequent 

-1 

occurrence, Lamd uses the symbol 'cj with Z as a suffix and (??) as 
an index : see his p. 329. 

1159. Lamd gives on his p. 335 especially the values of 
certain coefficients when 1 = 0, namely the coefficients which we 

^ [The case of the ellipsoidal shell has since been solved by M. Painvin ; we shall 
consider his memoir in our second volume. En.] 
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denote by Z, L\ M, M\ N, N' ; see my Arts. 1137 and 1139 ; these 
special cases can be deduced immediately from the general forms. 

1160. He considers that the success of the investigation 
depends mainly on the solution of the simultaneous equations 
discussed in my Art. 1138. He describes this as the simultaneous 
development of the two expressions Y' and Z' by the aid of the 
functions P : see his pp. 333 and 337. He says on the latter 
page: 

II y a tout lieu de penser, qu’on ne reussira, dans la m§me voie, 
avec un autre systeme orthogonal, qu’en lui decouvrant, d’abord, la 
faculte analogue, de developper shnultanement deux ou trois fonctioDS, 
de line ou de deux de ses coordonnees. Car la simultaneite dans les 
developpements des fonctions donnees, parait 6ti’e necessitee, et par la 
simultaneite des equations aux differences partielles k integrer, et par 
la presence simultanee des fonctions integrees dans les Equations k la 
surface. 

IIGI. On his pp. 354 — 357 Lamd adverts to two cases in 
which the solution becomes simplified. One is the case in which 
we have a full sphere instead of a spherical envelope ; in this case, 
in order to avoid the occurrence of infinite quantities, all the 
terms must disappear which involve negative powers of the radius 
r, so that the constants which are the coefficients of such terms 
must be zero. 

The other case is that in which we suppose no external 
boundary, that is we take a medium of indefinite extent in 
which a spherical cavity exists ; in this case, in order to avoid the 
occurrence of infinite quantities, all the terms must disappear 
which involve positive powers of the radius vector r. 

1162. The nineteenth Lecture finishes thus : 

Pour completer Texamen de la solution generale, il faudrait etudier 
successivement les termes les plus influents, ou ceux qui correspondent 
aux moindres valeuts des entiers (^, n), et faire ressortir les proprietes 
caracteribtiques, et distinctes, de ces differents termes, desquels 
chacun pourrait exister seul, si les fonctions introduites ou les efforts 
ext^rieurs se pi'^taient k cet isolement. On devrait, aussi, consid^rer 
particulierement le cas des enveloppes sph^riques minces, ou dont 
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I’epaisseur (r^ - r^) est une tres-petite fraction du rayon r^, ce qui 
permettrait de simplifier considerablement les series finales. Enfin on 
pourrait citer un grand nombre d’applications speciales et importantes. 
Mais nous passerons tout cela sous silence. Une digression trop 
6tendue, sur une question particuliere de la theorie matbtoatique de 
I’elasticite, pourrait donner quelque apparence de raison, k ceux qui 
ne veulent voir, dans la grande generalite de cette theorie, qifiune 
complication inextricable, et qui prerirent et pronent des precedes 
hybrides, mi-analytiques et mi-empiriques, ne servant qu’^ masquer les 
abords de la veritable science \ 

1163. The last Lecture is entitled: Principes de la theorie de 
VilasticiU; it occupies only ten pages, and the topics brought 
forward are not very fully discussed. The main idea seems to be 
this ; we really know nothing about molecules or molecular action, 
and therefore we cannot fully rely on any theory which is based 
on hypotheses respecting molecular action. Accordingly we ought 
not to attach much importance to the process by which the thirty- 
six coefficients are reduced to fifteen : see Art. 594. Lam^ seems to 
employ the phrase Vancien principe to designate the Navier- 
Poisson hypothesis as to the nature of molecular action, and he 
presents his general conclusions thus on his p. 363 : 

On le voit, chaque partie du principe dent il s’agit, chaque mot de 
son enonce donne lieu a un doute, deguise une hypoth^se ou presuppose 
une loi. La theorie mathematique de I’elasticite ne pent done faire 
usage de ce principe, sans cesser d’etre rigoureiise et certaine. Pour etre 
sure de rester d’accord avec les faits, elle doit se restreindre: P aux 
equations generales deduites, avec Navier, des th^oremes fondamentaux 
de la mecanique rationnelle; 2*^ aux relations qui existent entre les 
forces elastiques autour d’un point, si bien definies par la loi de re- 
ciprocite, ou par rellipsoiJe d’elasticite et qui resultent de Tequilibre du 
tetraMre ^lementaire, imagine par Cauchy; 3° aux Ty exprimes 
lin^airement par les derivees premieres des d4placements, avec leurs 
coefficients independants, sous la forme essentielle 4tablie par Poisson. 

^ [These last words read like a covert sneer at Saint-Venant’s mHliode mixte ou 
seini-ini'erse. No elastician now-a-days would hesitate to acknowledge the value 
of Saint- Venant’s method, and the majority would probably endorse what he him- 
self has written about Lame’s pursuit of that Will-o’-the-wisp — the solution for a 
perfectly general ‘mathematical’ distribution of load: see the JBwtorique Ahrfhje^ 
pp. clxxii — clxxiii. En.] 



LAM]S. 


625 


Ain si les belles recherclies -ulterieures de ces geometres, partant de 
lois pr^congues, sortent du champ des applications actuelles. Mais, 
elles ont admirablement prepare, et rendront faciles les applications 
futures, lorsque de nouveaux faits, et leur ^tude approfondie, auront 
conduit aux lois r^elles des actions moleculaires. 

The three points which Lamd here holds to he firmly estab- 
lished are apparently: (i) the body-stress equations; (ii) the 
theorems relative to the stresses discovered by Cauchy and 
deducible from an elementary tetrahedron, or as an equivalent the 
properties of Lamd's stress-ellipsoid : see Art. 1059 ; (iii) the 
expressions for the stresses involving thirty-six constants, as we 
have them in Art. 653 of my account of Poisson’s memoir of 
October, 1829. 

1164. Lam^ then refers specially to the case of homogeneous 
isotropic bodies ; he considers that the two lemmas which he gave 
in his Legons sur VElasticiU were not properly established, as they 
were based on the old ideas. These occur on pp. 89 — 42 of the 
work: see my Arts. 1054 and 1055. Accordingly he now substi- 
tutes new demonstrations for those formerly given of these lemmas, 
which he calls respectively the lemma of simple traction^ and the 
lemma of simple torsion ; the new demonstrations do not appeal 
to the consideration of the action of a single molecule on another, 
but to some results which must obviously hold by symmetry with 
respect to the action of an aggregate of molecules. 

When the new demonstrations of these lemmas are substituted 
for the old, Lamd says that the establishment of the formulae which 
relate to homogeneous isotropic bodies ‘‘ est complfetement ddgagd 
de toute hypothese, de toute idee prdconque ” : see his p. 367 \ 

1 [Lamp’s statement here, together mth that on p. 369, with regard to the easy 
establishment of the linearity of the stress-strain relation seem to me unsatisfactory. 
His lemmas do not definitely appeal to any physical axiom, and we have, precisely 
as in the case of Green, the apparent miracle of the theory of an important physical 
phenomenon springing created from the brain of the mathematician without any 
appeal to experience. The physical axiom or hypothesis of molecular force which 
Lana4 uses in his Legons svr VfillasticitS and which would undoubtedly have led him 
to rari-constanoy if carried out (see our Art. 1051) is here dropped, and the only 
bridge over the void between the pure theory of quantity and the physical phenomenon 
is formed by these two lemmas, based upon considerations of symmetry, and a 
tacit assumption that the most sensible terms in stress are linear in strain. I have 

T. E, 40 
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1165. The work finishes thus : 

Si quelque personne trouvait strange et singulier, que Ton ait pu 
fonder un Cours de Mathematiques, siir la seiile idee des syst^mes de 
coordonnees, nous lui ferions remarquer que ce sont precisement ces 
syst^mes qui caracterisent les phases ou les etapes de la science. Sans 
I’invention des coordonnees rectilignes, Talg^bre en serait peut-§tre 
encore au point ou Diophante et ses commentateurs Font laiss^e, et nous 
n’aurions, ni le Calcul infinitesimal, ni la Mecanique analytique. Sans 
rintroduction des coordonnees spheriques, la Mecanique celeste etait 
absolument impossible. Sans les coordonnees elliptiques, d’illustres 
geomtoes n’auraient pu r^soudre plusieurs questions importantes de 
cette theorie, qui restaient en suspens ; et le regne de ce troisi^me genre 
de coordonnees sp^ciales ne fait que commencer. Mais quand il aura 
transforme et complete toutes les solutions de la Mecanique celeste, il 
faudra s’occuper serieusement de la Physique mathematique, ou de la 
Mecanique terrestre. Alors viendra necessairement le r^gne des coor- 
donnees curvilignes quelconques, qui pourront seules aborder les nouvelles 
questions dans toute leur generalite. Oui, cette epoque definitive 
arrivera, mais bien tard : ceux qui les premiers, ont signaie ces nouveaux 
instruments, n’existeront plus et seront compietement oublies ; k moins 
que quelque geom^tre archeologue ne ressuscite leurs noms. Eh ! 
qu’importe, d’ailleurs, si la science a marche ! 

Lam^ died on the 1st of May, 1870: see Comptes JRendus, 
Vol. 62, p. 961. 

dwelt on this point, because we find even in mathematicians of the standing of 
]jam6 not infrequently an omission to state clearly the physical principle upon 
which they base their calculations of a physical phenomenon. The history of 
mathematical elasticity gives many examples of this divorce between theory and 
physical fact; the mathematician has too often identified elasticity with the solution 
of certain differential equations, the constants of which are to be determined by a 
purely fanciful and often practically idle, if not impossible distribution of load. En.] 
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INVESTIGATIONS OF THE DECADE 1840—1850 \ 

INCLUDING THOSE OE BLANCHET, STOKES, WEETHEIM, 

AND HAUGHTON. 

[1166.] P. H. Blanchet: Memoue sur la propagation et la 
polarisation du mouvement dans un milieu elastique ind^fini 
cristallise d'une manihre qiielconque. Journal de mathematiques 
(Liouville), Tome v. pp. 1 — 30. Paris, 1840. This memoir was 
presented to the Academy of Sciences on August 8, 1838, and a 
report on it by Poisson, Coriolis and Sturm appears in the Oomptes 
renduSj Tome vii. p. 1143. The report speaks very favourably of 
the memoir ; we quote the following remarks : 

Dun de nous (Poisson, see our Art. 523) apr^s avoir donne les 
Equations difierentielles de ce probl^me, les a integr^es compl^tement 
dans le cas d’un corps homog^ne non cristallis^, c’est-^-dire d^un corps 
dont la constitution et Telasticite sont les monies en tons sens autour de 
chaque point. II a conclu de ses formules que si Tebranlement initial 
est circonscrit dans une petite portion du milieu, il donne naissance k 
deux ondes sph^riques qui se propagent uni£orm4ment avec des vitesses 
different es, et dont chacune a une constitution particuli^re. Dans le 
meme Memoire, on trouve aussi Tindication succincte de la methode 
qu’il faudrait suivre pour traiter de la m^me manifere le probl^me 
g6n6ral qui a pour objet les lois du mouvement dans un milieu 
homog^ne elastique indefini, cristallis^ d’une mani^re quelconque, et 
qui a partout la m^me temperature. C'est ce probl^me general que 

1 The memoirs of KircbhofE and W. Thomson due to this period will be found in 
the chapters of our second volume especially devoted to those writers. Borne few 
memoirs of an earlier or later date are inserted for diverse reasons in this chapter. 

40—2 
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M, Blanchet a r4solu dans son premier Memoire. Les Equations 
differ entielles auxqnelles sont assnj^tis les deplacements d’un point 
qnelconqiie du milieu 6carte de sa position d’equilibre renferment 36 
coefficients constants, qui dependent de la nature du milieu, et qu’on ne 
pourrait r^duire k un moindre nombre sans faire des hypotheses sur la 
disposition des molecules et sur les lois de leurs actions mutuelles. 

Blanchet in fact assumes each stress as a linear function of the 
six strains, involving 6 independent constants (see our Art. 553). 
If these constants be reduced on the rari-constant theory to 15, 
or on the multi-constant theory to 21, his results are considerably 
simplified. 

[1167.] After pointing out that in the solution of his 
equations Blanchet has used the methods of Poisson and Fourier, 
the Rapporteur continues : 

Mais les moyens qu’il emploie dans tout le reste de son Memoire 
pour r^duire ult^rieurement ses int^grales quadruples et pour en tirer 
les lois du mouvement vibratoire, lui appartiennent exclusivement et 

sont aussi simples qu’ingenieux Le travail de M. Blanchet se I'e- 

coramande k I'attention des geom^tres et des physiciens par I’importance 
et la difficulte du sujet et par le talent avec lequel I’auteur Ta traits. 
Les propositions qufil a demontr^es sur la propagation du mouvement 
ondulatoire du k un ebranlement central et limits acquerront encore 
plus d’interet par I’application qu’on en pourra faire a la th^orie des 
ondulations lumineuses. 

[1168.] If w, V, w be the shifts of the point oo, y, z, Blanchet 
assumes them to be of the type : 

u^U . expt. (Jjjx) H- m^y -j- n^z) J — 1, 

V , expt. -h m,^y + n^z) J —1, 
w=^W. expt {l^x -b m^y -i- n^z) J — 1, 

where i7, F, W are functions only of the time and 

constants. He then proceeds by substitution to deter- 
mine these constants, and obtains the value of the shifts in terms 
of sextuple integrals with limits — oo to -b co : see his p. 7. The 
expressions' for the shifts involve vibrations of three periods, or 
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terms having for arguments s% s"t and s"% where 5 '®, s'"®, s”'^ are 
the roots of a certain cubic (p. 4, Equation 17). 

On p. 10 Blanchet proceeds to the interpretation of his sextuple 
integrals, and by a change of variables and application of Fourier’s 
theorem reduces them to quadruple integrals. A further reduction 
to double integrals is obtained by an ingenious change of variables 
which involves replacing one of them by the parameter of the 
cubic equation before referred to (pp. 13 — 16). This method is 
due entirely to Blanchet. 

[1169.] After these preliminary reductions the following 
problem is attacked: to find the nature of the vibrations when 
the initial disturbance is limited to a certain portion of the space 
round the origin of coordinates, and when the time elapsed since 
the initial disturbance is very great (pp. 17 — 30). 

The characteristics of the motion are very similar to those 
obtained by Poisson (see Arts. 565 — 567) and later by Stokes for 
an isotropic medium (see Art. 1268), as the following remarks 
will shew : 

II suit de la que pour connaitre les points de Tespace en mouvement 
apr^s le temps iJ, il faut deplacer la surface p = Nt (A is here a function 
of direction only) parall^lement k elle-m§me, de mani^re que Torigine 
du rayon vecteur p se prom^ne dans toute la portion de Tespace ou 
I’ebranlement initial a eu lieu. II y aura une surface enveloppe ex- 
terieure et une surface enveloppe interieure k la surface p = Ft, dans ses 
diverses positions, et les points de Tespace non compris entre ces deux 
surfaces enveloppes seront en repos, si, d’ailleurs d’autres integrates que 
I’integrale I (Blanchet is treating here only a part of the shift) ne 
donnent rien pour ces points. 

La propagation se fera done suivant une onde et les dimensions des 
surfaces limites de cette onde croitront ^videmment avec le temps. 

La vitesse de propagation de Tonde sera constante dans chaque 
direction, du moins tant qubn ne considerera que I’integrale /. Elle 
changera, au contraire avec la direction, ^ cause de la variability de F 
(p. 19). 

It will be seen that Blanchet here uses a method which 
is now generally adopted for the motion of waves of any kind 
in space. 
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[1170.] In conclusion Blanchet sums up the results of his 
first memoir as follows : 

1°. Dans Tin milieu elastique, homog^ne, indefini, cristallis^ d’une 
maniere quelconque, le mouvement produit par un ebranlement central 
se propage par une onde plus ou moins compliquee dans sa forme, 

2°, Pour chaque nappe de Tonde, la vitesse de propagation est 
constante dans une m^rae direction, variable avec la direction suivant 
une loi qui depend de la forme de Tonde. 

3°. Pour une m^me direction, les vitesses de vibration sont con- 
stamment parall^les entre elles dans une m^me nappe de Tonde pendant 
la dur^e du mouvement, et parallMes a des droites differentes pour les 
differentes nappes, ce qui constitue une veritable polarisation du 
mouvement (p. 30). 

[1171.] In a note appended to the memoir in Liouville 
Blanche! remarks that some parts of his analysis might be 
simplified. He states that he has applied his results in a second 
memoir to the case treated by Poisson (see Art. 565), and he 
finds that the same conclusions, as that ‘great geometrician* has 
discovered, flow from them. Finally he promises to publish 
applications of his theory to various special cases, particularly 
for uniaxial crystals. 

This second memoir does not seem to have been published. 

[1172.] A third memoir entitled : M6moire sur la delimitation 
de Vonde dans la propagation generate des mouvements vibratoires, 
appears to have been presented on June 14, 1841, to the Academy 
of Sciences. An extract by the author is given on pp. 1165 — 6 of 
the Comptes rendus, Tome xii. 1841. The Commissaires to whom it 
was referred were Cauchy, Liouville and Duhamel. The object of 
the memoir is expressed in the following words : 

Dans le Tome x des Mimoires de V Academie des Sciences M. Poisson 
a d4montr^ les lois de la propagation spherique des mouvements vi- 
bratoires. (See our Art. 564.) En se bornant k prendre les parties les 
plus considerables de ses integrales, il a trouve deux ondes spheriques. 
La forme des intigrales completes montre qu’il peut y avoir entre les 
deux ondes des mouvements comparativement plus ou moins n^gligeables ; 
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mais il ii’y a rien en-degk de la plus petite onde, rien au-dela de la 
plus grande. Les int^grales de M. Ostrogradski pr^sentent aussi ce 
dernier caract^re. L’Academie n’a pas oublie sans doute toute Tim- 
portance qu’y attacbait le grand g^om^tre qu’elle a perdu. 

Blanchet, at the invitation of Liouville, then states that he has 
endeavoured to obtain similar results for the case of a crystallised 
body. By means of Cauchy's Galcid des residue, he has been 
able to obtain limits for the integrals of the first memoir and 
concludes that : 

II n'y a, en general, ni deplacement ni vitesse au-deld de la plus 
grande nappe des ondes. 

The memoir itself is published in Liouville's Journal des 
mathdmatiques, Tome Vll. 1842, pp. 13 — 22. It refers to Cauchy's 
discovery of a lower limit (p. 16) and then proceeds to the 
investigation of a superior limit. The last lines of the memoir 
point to a certain jealousy of Cauchy, and a claim to priority in 
results (p. 22). 

[1173.] A fourth memoir on this subject was presented to the 
Acadimie des Sciences on July 5, 1841. It is entitled : M4moire 
sur une circonstance remarquahle de la delimitation de Vonde, A 
note upon it will be found in the Comptes rendus, Tome xiii. p. 
18, but the memoir in full is given in Liouville's Journal des 
maili6matiqueSj Tome vii. pp. 23 — 34. 

[1174.] The principal object of the memoir is the considera- 
tion of the nature of the wave when two roots of the cubic 
obtained in the first memoir (see our Art. ] 168) are equal. There 
are also various simplifications of the analysis of the earlier 
memoirs. The results appear to me of greater analytical than 
physical interest. 

[1175.] In the same volume of the Comptes rendus (Tome 
XIII.) will be found other notes relating to this matter. 

(a) On pp. 184 — 188 is a memoir by Cauchy on what he 
terms the surface caracUristique and the surface des ondes. He 
refers to Blanchet in a footnote, p. 185. 
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(6) On pp, 188 — 197 is a M&moire sur Vemploi des fonctiom 
principales reprdsentees par des intigrales d^finies doubles^ dans la 
recherche de la forme des ondes sonores^ lumineiisesy etc. by Cauchy, 
■wbich has for its object the investigation of inferior and superior 
(interior and exterior) limits of the waves. 

Ces conclusions s’ accordant avec celles qu’a obtenues M. Blanchet, 
en appliquant le calcul des residus ^ la determination des integrales 
triples (p. 197). 

(c) On p. 339 is a note by Blanchet entitled : Demonstration 

geomitriqiie de VidentiU de la limite exterieure de Vonde, que 
M. Oaiichy vient de donner avec cells que fai donne'e pr^cidem- 
ment 

Blanchet remarks : 

Je connaissais depuis longtemps ces theor^mes que M. Cauchy vient 
d’imprimer le premier. Je suis bien aise de trouver une occasion d’en 
faire usage. 

He then gives a geometrical proof of the limit obtained by 
Cauchy in (6), and remarks that it is a direct corollary from a 
I'esult of his last memoir. 

(d) On pp. 958 — 960 there is a note by Blanchet pointing 
out that Cauchy's results in a memoir to be found in the same 
volume (pp. 397 — 412) do not agree with his own. 

(e) This is followed by an observation of Cauchy’s (p. 960), 
that Blanchet has not shewn where his (Cauchy’s) formulae are 
wrong. The question Cauchy holds to be a delicate one, and 
it appears to him necessary that all the calculations on the matter 
should be revised. 

(/) Finally in this volume we have a letter of Blanchet on 
p. 1152. It is entitled : Sur la propagation de ionde. Blanchet 
here states his general conclusions, and considers his methods to be 
of wider application than Cauchy’s. He refers to a memoir he 
hopes soon to present to the Academic. 

[1176.] The discussion is continued in the Gomptes rendus. 
Tome XIV. We briefly note the various occasions. 
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{g) Oa pp. 8 — 13 is a memoir by Cauchy on the same 
subject which contains the following remarks on p. 13: 

Les deplacements et par suite les vitesses des molecules s’evanouiront 
pour tous les points situes en dehors ou en dedans des deux ondes 
propagees. M. Blanchet a remarque avec justesse qu’on ne pouvait, en 
general, en dire autant des points situes entre les deux ondes. Toutefois 
il est bon d’ohserver que, meme en ces derniers poiiits, les deplacements 
et les vitesses ae reduisent a zero quand on suppose nulle la dilatation 
du volume represent^e par la letti’e -z?, c’est-^-dire, en d’autres termes, 
quand les vibrations longitudinales dispai^aissent ; et comme, dans la 
th6orie de la lumiere propag4e k travers un milieu isotrope, on fait 
abstraction des vibrations longitudinales, en se boruant a tenir cornpte 
de celles qui ont lieu sans changement de density, on pourra conclure 
des forniules precedentes, appliquees a cette th^orie, que les vibrations 
hiraineuses subsistent seulement dans Tepaisseur de I’onde la plus lente. 

(h) On pp. 389 — 403 is the report of Sturm, Liouville, 
Duhamel and Cauchy on Blanchet’s memoirs on waves in crystalline 
media and on their delimitation. The report recommends their 
publication in the Eecueil des Savants dtmngers. To the report 
are added four notes by * Cauchy principally relating to his 
own results. 

[1177.] We have treated these notices shortly because their 
practical application belongs rather to the theory of light than to 
our present topic. We may however sum up the results in the 
following statement. Blanchet was the first to investigate fully the 
motion of a wave in a 36-constant elastic medium. He has demon- 
strated that, when such a medium is initially disturbed in any 
way about a point, the exterior limit of the vibrating portion is 
determined by the greatest, the interior limit by the least sheet of 
the wave-surface. He has in a later memoir (see our Art. 1174) 
extended his results to the case where the two sheets intersect. 
The important question then arises as to what the shifts and velo- 
cities between the two wave-sheets may be. Blanchet holds that 
they will exist, but that they will be very small relative to those 
which take place on the sheets of the wave-surface, provided the 
dimensions of the volume included by the wave-surface have be- 
come very large compared with the dimensions of the space 
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initially disturbed. If the wave produces a 'sensible phenomenon/ 
that phenomenon may possibly cease to be sensible between the 
wave-sheets, when at a great distance from the origin of disturb- 
ance, but it will never absolutely disappear. Cauchy, considering 
the shifts between the wave-sheets to be infinitely small as com- 
pared with those on the sheets themselves, argues {Cornptes rendus, 
xili. pp. 897 and 960) that they may be considered as non-existent. 

[1178.] A final memoir of Blanchet’s must be noted. It is 
entitled: Sar les ondes successives. It was presented to the 
Acaddmie on May 3rd, 1842. It was published in Liouville’s 
Journal des mathSmatiques, Tome ix. pp. 73 — 96. Its object is to 
deduce the nature of the motion in a crystallised medium in which 
there is not an instantaneous but continuous central disturbance 
varying with the time. The author makes use of a principle due to 
Duhamel {Journal de V£cole polytechnique, Cahier xxiii®. p. 1) in 
order to apply the sextuple integrals of his first memoir to this case. 
He di'aws some general conclusions which are clearly stated in the 
extract by the author inserted in the Comptcs rendus (Tome xiv. 
p. 634). We reproduce these partially: 

1®. A une distance suffisamment grande, le mouvement, en chaque 
point, est la r^sultante statique des mouvements qu’y am^nent trois 
syst^mes partiels dbndes successives dont les vitesses de propagation sont 
diffh'eoites, 

2®. Dans chacun de ces syst^mes les deplacements et les vitesses des 
molecules sont polarises, suivant des directions variables avec cel les des 
rayons vecteurs, men4s d^un m^me point pris pour origine dans la partie 
de I’espace agitee par la force acc^l^ratrice. 

3^ Ciiacune des propagations partielles se fait comme si le mouve- 
ment glissait en quelque sorte tout d’une pi^ce dans les difierentes 
directions pendant que les deplacements, et les vitesses des molecules 
varieraient en raison inverse des distances a Torigine. 

4®. Ce mouvement reste pour ainsi dire semblable k lui-meme sur 
certaines surfaces concentriques et semblables entre elles, qui doivent 
^tre considerees comme les surfaces des ondes. 

fi®. La partie de Tespace agitee entre deux de ces surfaces tr^s- 
voisines constitue Tonde ^llmentaire. L’epaisseur proprement dite des 
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ondes ne pent 4tre bien definie que dans le cas oil la force acc^leratrice 
est periodique par rapport an temps. 

Blanchet's other results appear to be only properties due 
to the superposition of small motions, and depend really on the 
linearity of the body shift-equations. 

[1179.] J. Fr. L. Hausmann. Jleler einige am Eisen, hei 
Versachen uher 'seine Elasticitdt, beobachtete Erscheinungen. Pog- 
gendorffs Annalen, Bd. Li. 1840, pp. 441 — 443. 

In 1834 a Commission was appointed to examine the elastic and 
cohesive properties of bar iron (Staheisen) prepared in Hannover. 
A full account of these experiments will be found in the Studien 
des gottingischen Vereins bergmdnnisGher Freunde, Bd. iv.. Heft 3. 
The above communication of Hausmann has relation to a very 
remarkable phenomenon associated with that of stricture. After 
rupture had taken place at the section of stricture, the strictured 
ends of the bar were found to be strongly magnetised. This phe- 
nomenon did not appear to such a marked extent with ‘ Oiissstahl 
von der schweissharen Sorted although the stricture in that case 
was still more marked. The magnetisation was of a very permanent 
kind, and was quite sensible after six years. The following are 
the results obtained : 

1®. Nur das ausserste, bei dem Zerreissen verdiinnte Eude der 
Sttlcke Hess Magnetismus erkennen ; weder am entgegengesetzten Ende 
der 3 bis 4 Zoll langen Stiicke noch an anderen Stellen derselben zeigte 
sich eine Spur davon. 

2®. An dem verdiinnten Ende zeigten sich die Kanten und Ecken, 
so wie die hervorragenden Spitzen der Eadenbiindel am Starkstea 
magnetisch. 

3®. Die Stticke, an welchen sich unzweideutig Magnetismus wahr- 
nehmen Hess, gehorten der Mehrzahl nach zu den Staben, welche bei 
dem Zerreissen im Yerhaltniss zur Ausdehnung, sich am St’^ksten 
zusammengezogen batten. 

4®. Magnetismus zeigte sich vorzuglich an solcben Stiicken, welche 
sich durch eine voUkommen fadige Textur auszeichneten. 

The magnetisation was tested by the influence of the strictured 
section on iron filings. 
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[1180.] A number of papers on vibrating elastic bodies by 
A. Seebeck will be found in the volumes of Poggendorffs Annalen 
for the decade 1840 — 1850. They belong however to the history of 
the theory of sound. Some of these papers are reprints or abstracts 
of memoirs presented to the Konigliche sdchsische Gesellschaft der 
Wisse7ischaften (Leipzig), and will be found in the Berichte of that 
Society. We may note the paper in Poggendorffs Bd. LXXiii. 1848, 
pp. 442 — 448, or the Berichtes Bd. i. pp. 159 and 3b5. This paper 
contains a calculation of the nodal points and loops {Knoten- 
and Wende-Punkte) of vibrating rods. Seebeck notes that Du- 
hamel’s theory of N. Savart’s result only applies to one special case, 
and not to a rod with both ends built-in : see our Art. 1228 and 
Lord Kayleigh's Theory of Bound, Vol. I. pp. 230 — 232. 

[1181.] Investigation of the Tendency of a Beam to hreah when 
loaded with weights. Cambridge Mathematical Journal, Vol. 1. 1840, 
pp, 276 — 278. This paper is initialled H. T., but in the table of 
contents is attributed to A. Smith. The writer remarks that 
at a point of transverse load the tendency to break changes dis- 
continuously, and suggests a method of representing the tendency 
to break by one formula which contains discontinuous factors. The 
paper has no elastic importance. 

In the same volume will be found another paper by A. Smith 
entitled : The Propagation of a Wave in an Elastic Medium, pp. 
97 — 100. It belongs entirely to the theory of light and so does 
not concern us. 

[1182.] On the Form of a Bent Spring, Cambridge Mathe- 
matical Journal, Vol. il. 1841, pp. 250 — 252. This paper is merely 
described as ‘from a correspondent.’ It notices the fact that in 
the ordinary Bernoulli-Eulerian theory of beams, no account is 
taken, when the load is not transverse, of the extending or com- 
pressing effect of the longitudinal component of the load. This 
effect had however been referred to by previous writers : see our 
Arts. 198 and 737. The paper is worthless, as may be shewn by 
the remark on the Bernoulli-Eulerian hypothesis {i,e. that the 
cross sections remain perpendicular to the longitudinal fibres) : 

Bid this law not hold the laminae of the spring would have a 
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sliding motion, and tlie form o£ the bent spring coxild not be made the 
subject of mathematical investigation. 

As a matter of fact Saint- Venant bad already commenced to 
investigate mathematically this slide : see our Chapter ix. 

[1183.] Morin. Note siir la resistance au roulement des corps 
les uns sur les autres, et sur la reaction dlastique des corps qiii se 
compriment reciproqiiement Gomptes rendus, T. xiil. 1841, pp. 
1022—1023. 

I do not know whether the memoir of which this is an extract 
was ever published. Morin holds that the law that the resistance 
to rolling is proportional to the pressure is not general, but if 
there be no impulse this resistance will be sensibly independent of 
the velocity. He then cites general results which he says are 
partly due to experiment and partly to reasoning. These general 
results relate to the impact of elastic bodies which are endowed 
with different vitesses de retour. By this term Morin denotes the 
rate at which a body regains its primitive form. We quote the 
results here as bearing upon Hodgkinson's and Haughton's ex- 
periments: see our Arts. 939 — 943, and 1523. 

1°. Que dans ce choc il y a toujours une perte de force vive ou de 
travail pro venant de cette difference des vitesses de retour, abstraction 
faite de celle qui peut ^tre due aux mouvements vibratoires ; 

2®. Que si des corps de m^me forme et de m6me poids parfaitement 
^lastiques, mais doues de vitesses de retour differentes, choquent un 
meme corps avec des vitesses €gales, ils quitteront le corps choqug avec 
des vitesses differentes ; 

3®. Que si on laisse tomber de diverses hauteurs sur une surface 
plane liorizontale des spheres de mati^re et de poids differents, le 
rapport de la hauteur de retour k la hauteur de chute est constant ; 

4®. Que quand le corps choqui est sensiblement plus compressible 
que le corps choquant, le rapport de la hauteur de retour ^ la hauteur 
de chute ne depend que de la reaction 6lastique du coips choque, et qu’il 
est, dans les limites des experiences, independant de F6lasticite, de la 
rigidity et de la masse du corps choquant ; 

5®. Qu'^ rinverse, quand c’est le corps choquant qui est le plus 
compressible et qui a la vitesse de retour la plus faible, le rapport de 
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la hauteur de retour a la haxiteur de chute est independant de la duret6 
et de Telasticite du corps cheque. 

[1184.] A. Masson. Sur V^lasticiU des corps solides, Annales 
de Chimie et Physique, Tome ill. 1841, pp. 451 — 462. This 
memoir was presented to the Acaddmie des Sciences on November 
15, 1841. A brief account of it will be found in the Comptes 
rendusy Tome xili., 1841, pp. 961 — 963. 

This memoir opens with the following words : 

Malgr^ ses nombreuses experiences sur la physique moleculaire, 
Savart voyait avec regret qu’il ne pourrait jamais resoudre tons les 
problbtnes qui sans cesae assaillaient son esprit. Livre depuis longtemps ' 
k r^tude des proprietes mecaniques des fluides, il voulait soumettre les 
solides k des etudes comparatives, afin d’etablir les bases d’une mecani- 
que generale des corps ponderables. II m’avait charge d’une partie de 
ce travail. Aid6 de ses conseils, travaillant sous sa direction et dans 
ses cabinets, j’avais commence des recherches qui out interrompues 
par le malheur qui a plonge tous ses amis et moi particuli^rement dans 
un chagrin que rien ne saurait adoucir, sinon le souvenir de sa bien- 
veillance et de son amitie. 

The idea of Savart was to study the action of heat, electricity, 
etc. on the cohesive and elastic properties of bodies. It was never 
carried out, and the present memoir is only a very slight contribu- 
tion to these great problems. 

We may notice a few points. 

1^ Masson experimented on the rods used by Savart in the 
memoir referred to in our Art. 347. The results diverge consider- 
ably from Savart’s, and great irregularity was noticed in the ex- 
tension. 

On voit par ce tableau que les corps solides ne s’allongent pas dhme 
manibre continue, mais par saut brusque (p. 454). 

The reader will recognise that the rods had not been reduced 
to a state of ease, and also remark the influence of the yield-point. 

2®. The stricture of bars subjected to longitudinal load is 
noted (les verges chargdes de poids devaient fileVy p. 454). There 
is especially early stricture in the case of zinc. 

3®. Jn calculating the coefficients d'dlasticiU the time effect 
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seems to have been taken into account (see p. 456), but there is no 
distinction made between elastic fore-strain and after-strain. 

4®. The coefficients d'^lasticiU calculated from the velocity of 
sound were found to agree fairly with those calculated from the 
statical stretch. There is no consideration however of the dis- 
tinction which ought perhaps to be made between the specific 
heats at constant volume and at constant stress (see our Art. 705). 

5®. Between — 4® and -j- 20® C. no difference was found in the 
elasticity. 

6®. Masson obtained the same result as Lagerhjelm that iron, 
tempered steel, and annealed steel present no notable difference in 
their elasticity : see our Art. 366. 

7®. There is an attempt to set up a relation between the 
elasticity of a substance and its atomic weight. This is stated as 
follows : 

En multipliant les coefficients d’elasticite des corps simples par un 
multiple on sous-multiple de leur equivalent on obtient un nombre 
constant (p. 460). 

This constant number has the mean value 2*45 ; the multiple is 
unity except in the case of iron when it is taken equal -to 2. The 
experiments, made only on iron, copper, zinc, tin, and silver, cannot 
be considered very conclusive. 

8®. Special experiments were made on the velocity of sound 
in lead. It was found to be 1443*48 metres and thus greater than 
that of water (1435 metres). This result is not in accordance 
with later experiments. 

The coefficient d'dlasticiU is defined by Masson as the extension 
produced by unit weight in a rod of unit length and of unit section. 
This must be remembered in any comparison of his results with 
those of other investigators. 

[1185,] 1841. F. E. Neumann. Die Gesetze der Doppelhrechung 
des Lichts in comprimirten oder ungleichfdrmig erwdrmten un- 
krystalliniscTien Korpem, Abhandlungen der h Akademie der 
Wissenschaften zu Berlin. Aus dem Jahre 1841, Zweiter Theil. 
Berlin, 1843, pp. 1 — 254, with plate. The last six pages are filled 
with a list of errata, remarkably long even for a German memoir 
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of this period, but by no means exhaustive. This memoir is far 
more important for our subject than its name would seem to imply. 
Starting from Brewster’s researches^ Neumaun developes a theory 

^ Eor the fuller understanding of Neumann’s memoir as well as Clerk- 
Maxwell’s memoir of 1850, I have placed in this footnote a short account of 
some of Brewster’s resiilts. 

Brewster’s researches on the polarising effect of strain on glass and other bodies 
will be found in the following memoirs : 

(a) Strain produced by heat. JPhil. Trans. 1814, p. 436, and PMl. Trans, 
1815, p. 1. 

(h) Strain produced by stress. Phil. Trans. 1815, p. 60 ; Phil. Trans. 1816, 
p. 156, and Ediiib. Boy. Soc. Trans. Vol. vm, 1818, p. 281, and p. 353. 

The points which concern us in these memoirs are those connecting the stress 
at any point of a body with its polarising effect on light at that point. Brewster 
remarks in the Phil. Trans, for 1816 that his experiments furnish a method of 
rendering visible and even of measuring the mechanical changes which take place 
during the straining of a body (p, 160) : 

‘ The tints produced by polarised light are correct measures of the compressing 
and dilating forces, and by employing transparent gums, of different elasticities, we 
may ascertain the changes which take place in bodies before they are either broken 
or crushed.’ 

Brewster suggests that models of arches should be made of glass, and so the stress 
in different parts of the arch rendered visible by exposure to polarised light. 

Proposition lY. on p. 161 of the same memoir is important. It runs : 

‘ The tints polarised by plates of glass in a state of compression or dilatation, 
ascend in Newton’s scale of colours as the forces are increased ; and in the same 
plate, the tint polarised at any particular part is proportional to the compression 
or dilatation to which that part is exposed.’ 

By reference to Brewster’s figure and text, it would appear that he denotes here 
by compression and dilatation, the stretch and squeeze in a bar subject to 
flexure, or as we may put it the tint ascends in the scale as the longitudinal stress in a 
fibre increases ; thus the tints are not always the same throughout the length of a 
bar subject to flexure at the same distance from the neutral line. 

Proposition VII. (p. 164) proves the superposition of small strains, by means of 
the superposition of optical effects. 

The memdir suggests various instruments for measuring temperature and force 
by the polarising effect of glass submitted to strain. 

In the Edinh. Trans. Yol. viii, (pp. 362 — 364), wiE be found some account of the 
tints in the case of tubes and cylinders of glass. Pp. 369 — 371 give an account of 
the Teinometer to which we have referred in Art. 698, and explain how the 
Teinometer is to be made use of in practice. It is true that the maximum tint at 
an edge of the standard glass plate wiU measure its deflection, but Brewster does 
not enter into the necessary theoretical calculations which must be made before 
we can ascertain how this .deflection may be used to compare the elasticities (i.e. 
stretch-moduli) of the materials of the two metal plates : see our Art. 698. The 
fuller theoretical consideration of his method was left for Neumann and Clerk- 
Maxwell. 
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for the analysis of strain by means of its double-refracting influence 
on light, the strain being due (1) to load, or (2) to unequal tem- 
perature, or (3) to set. The memoir also involves one of the first 
attempts to investigate the general equations of set. Throughout 
the memoir Neumann appears as a rari-constant elastician. In 
the Lectures of 1857 — 1860, recently published, Neumann seems to 
have maintained an agnostic attitude: see his Vorlesungen ilber die 
Theorie der Elasticitdt der festen Korper und des Lichtdihers,,, 
Herausgegeben von Dr 0. K Meyer, Leipzig, 1885, pp. 133 — 163. 

[1186.] The memoir is divided into five parts. We have (1) 
the Einleitung (pp. 3 — 24) containing a general statement of 
method and results ; (2) the discussion of the law of the double 
refraction of light in homogeneously strained bodies (pp. 25 — 61) ; 
(3) the consideration of the optical phenomena (colour-fringes) 
produced by passing polarised light through a heterogeneously 
strained body (pp. 61 — 85); (4) the consideration of the like 
phenomena produced by an unequal distribution of temperature (pp. 
86 — 229); and (5) a theory of set (pp. 230 — 247). Neumann’s chief 
object was to determine the fringes produced by a given strain; the 
elastician will regard his memoir as solving the converse problem : 
To analyse an unknown strain by means of the fringes it produces. 


[1187.] Neumann commences his memoir by a consideration 
of the three possible modes in which the strain of a homogeneous 
isotropic body can affect its power of transmitting light. He holds 
that the most probable hypothesis for the double-refractive property 
of strained bodies, is the new arrangement of the particles of ether, 
produced by the shifts of the solid parts of those bodies. In bodies 
snbiect to homogeneous strain the re-arrangement of the ether- 
^paHicles must be symmetrical about the three planes of strain- 
symmetry. Thus the ^optical axes of elasticity’ will coincide in 
direction with the axes of principal stretch, and the lengths v^, 
of these optical axes will be functions of the three principal 
stretches Since these stretches are supposed to be small 

w'e must have relations of the form 


^8 = V +pSj^+ps^ + qs^ , 


(i). 


T. E. 


41 
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Here V' differs from F — the velocity of light in the unstrained 
body — only by very small quantities which are functions of the 
square of the strain, and p, q are two constants depending on the 
material of the body. 

Of these equations Neumann remarks : 

Die Grosse der Doppelbrechung hangt von der Difierenz der 
optischen Elasticitatsaxen ah ; sie hangt also nur von zwei Constanten 
p tind q ah. Oh zwischen den Werthen von p iind q noch ein kon- 
stantes Yerhaltniss stattfindet, oder oh aiich ihr Verbal tniss durch die 
individuelle Natnr des comprimirten Kbrpers bedingt ist, lasst sich 
nicht weiter durch allgenieine Betrachtungen ermitteln, sondern muss 
der Entscheidung durch Beohachtungen liberlassen bleiben. (p. 37.) 

[1188.] Neumann then proceeds to consider the two surfaces, 
the radii*vectores of which are the reciprocals of p, where : 

j 

In the first p' represents the strained magnitude of the radius- 
vector p whose direction cosines are (Z, m, n), and 

a = p(l-h5,), i^p(l^s^), c^p(1 + 53); 

thus the surface is what we term the strain-ellipsoid ; Neumann 
terms it the Elastizitdtsfldche des Bruchs. 

In the second v represents the velocity of wave propagation 
for the direction of molecular displacement {I, m, n). This surface 
is Fresnel’s ellipsoid of elasticity. Neumann terms it the optische 
Elastizitdtsfldche (p. 37). 

It is then shewn that if the square of the strain be neglected, 
these two ellipsoids have the same directions of circular-section. 
Neumann for no very clear reason terms the normals to the circular- 
sections of the strain-ellipsoid the neutral axes of pressure {n&utrale 
Axen des Bruchs), and as Fresnel terms the corresponding normals 
for his ellipsoid of elasticity the optic axes, we have the proposi- 
tion: 

The neutral axes of pressure and the optic axes have the same 
directions, (p. 38.) 

[1189.] The next step is to shew that in the sections by any 
plane of these two surfaces the directions of the principal axes 
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coincide. Further if 0, E be the reciprocals of the principal axes of 
the section of Fresnel’s surface of elasticity, and p (1 + «), p (1 + s'), 
the reciprocals of the principal axes of the section of the strain- 
ellipsoid made by the wave front, an easy analysis leads us to the 
conclusion that 

0 — ^ — (jp - g) (5 — s') (iii). 

These results give us (1) the direction of the principal stretches 
in any planes as the directions of 0 and E, (2) the magnitude of 
s — s', the difference of the principal stretches or the maximum- 
slide (see our Art. 1368) for planes perpendicular to the wave-front : 
see our remarks on Maxwell’s memoir. Art. 1544. Neither Neumann 
nor Maxwell seems to have remarked that the difference of the 
velocities of the ordinary and extraordinary rays depend solely on 
the maximum-slide of planes perpendicular to the wave front. 
Neumann expresses the result in a somewhat longer form on p. 40, 
and then states that : 

The greatest radius-vector in a section of Fresnel’s ellipsoid of 
elasticity coincides in direction with the smallest or greatest radius- 
vector of the same section of the strain-ellipsoid, according as ^ ^ is 
positive or negative, 

[1190.] The remarks which follow on the same page, I shall 
quote in full ; they suggest clearly the methods which the elastician 
must adopt in order to analyse a strain by means of the polari- 
scope : 

A us diesen Satzen folgen liberraschende Analogien zwischen den 
linearen Dilatationen des gleichformig comprimirten Korpers und den 
Fortpflanzungs-Geschwindigkeiten der Lichtwelleii und ihren Polari- 
sations-Richtungen. Fine Lichtwelle, welche seukrecht auf einer 
neutralen Axe des Drucks steht, hat nur einerlei Fortpflanzungs- 
Geschwindigkeit und die Richtung ihrer Polarisations-Ebene ist will- 
kiirlich; in alien Richtungen eines Schnittes aber, die senkrecht auf 
einer neutralen Axe stehen, haben auch die festen Theile des Korpers 
dieselben Dilatationen erlitten. In jedem andem Schnitt, welchen man 
durch den Korper macht, giebt es zwei auf einander rechtwinklige 
Richtungen, in welchen die Dilatation ein Maximum oder Minimum 
ist, eine Lichtwelle, welche sich parallel mit diesem Schnitt bewegt, ist 
entweder nach der einen oder der andern dieser beiclen Richtungen 

41—2 
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polarisirt; die raschere Welle ist nach der Eichtung der grossten 
Dilatation polarisirt, wenn einen positiven Wertli hat, und nach 
der Eichtung der kleinsten Dilatation, wenn -q einen negativen 
Werth hatte. Der Dnterschied der grossten und kleinsten Dilatation 
in einem Schnitt ist proportional mit dem TJnterschiede der heiderlei 
Qeschwindigkeiten, mit welchen die mit dem Schnitt parallele Welle 
sich bewegen kann. 

[1191.] Neiimann then considers the case of a right six-face 
of sides B, D subjected to a uniform tractive load (pressure) over 
two parallel faces perpendicular to H, when a ray of light parallel 
to D and polai-ised in a plane making an angle of 45 ° with E is 
passed through it. He easily deduces that : 

28 = D (^- J) =-^^ . (1 + 17 ) D (iv), 

where S is the thickness of the air, which corresponds in the 
Newtonian scale to the colour produced by a given value of B 
S 3 is the squeeze produced by the load, 77 the ratio of lateral 
stretch to longitudinal squeeze, and Z7 the velocity of light in air. 
Neumann takes t/' = 1, and 77 = 1/4 ; thus he obtains : 

3 = f ^ = % h nearly (iv)'. 

As soon as the stretch-modulus for the material in question is 
known we have for a given load, and can thus determine p- q- 
Neumann does not directly find the value of but takes a case of 
non-homogeneous strain, namely that of a glass rod of rectangular 
section, subject to transverse load, and practically constructs the 
colour fringes for polarised light transmitted through it ; these fringes 
are easily shewn to be of hyperbolic form. The stretch-modulus 
is then measured in terms of the deflection and thus the value 

of — - p- obtained. The two values of this expression which Neu- 
mann obtains from Brewster’s and from his own experiments 
respectively differ somewhat. We must note that: (i) he has 
supposed his glass to possess uni-constant isotropy, (ii) he has 
made use of the old Bernoulli-Eulerian theory of beams to obtain 
his stretch-modulus, neither very satisfactory assumptions. He 
finds (p - §')/F= *082 : see his pp. 40 — 49. 
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[1192.] Equations (iv) and (iv)' will obviously be of use in 
determining the elastic limit or the limit of cohesion in terms of S, 
that is in terms of a definite tint in Newton’s scale. If set has 
begun the fringes will not disappear entirely on the removal of the 
load. On the other hand we can measure by means of the 
maximum tint reached before rupture the maximum stretch (limit 
of cohesion). This method ^vas actually suggested by Brewster, and 
Neumann gives some numerical examples in a footnote: see his 
pp. 49 — 50 and our Art. 698. 

[1193.] On pp. 50 — 58 Neumann describes an optical method 
of measuring the absolute values of p and ; briefly it may be 
said to depend on the shifting of the diffraction fringes owing to 
the retardation of one of the interfering rays. Neumann’s own 
calculations are again based on a measurement of the de- 
flections of a glass bar supposed to obey the Bernoulli-Eulerian 
theory and to possess uni-constant isotropy (pp. 56 — 57). He 
finds jp/'F= — 0*131, and g'/F= — *213, or both negative. The 
equations (i) thus take the form 

= F {1 - 0*213 a, ^ 0*131 5^ - 0*131 S 3 } (v). 

These equations should enable us, supposing the numerical 
factors to be correct, to analyse by the polariscope all forms of 
strain in glass : see Brewster’s suggestions in our footnote, p. 640. 

[1194.] We may note a point made on p. 59, which, however, 
belongs essentially to the history of optics. If a body be com- 
pressed by a uniform tractive load, 5^ = 5^ = 53 = 6/3 ; 

.*. v^ = v^ = v^= V (1--158 0), 

thus the velocity of light in a medium is increased by compressing 
it, for 6 is negative. If (m and g! be the refractive indices before 
and after loading 

^' = ;c4(I-|-*158 0 ) 

or the refractive index decreases with increased density. 

Neumann remarks that he has found, when the change in 
density is produced by a change in temperature instead of by a 
change in load that this law holds, although the coefficient of 0 is 
in the case of temperature only about half as great as that given 
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by the above theory for the mechanical load (p. 60). He gives a 
reference to some experiments of Fresnel’s which do not at all 
agree with his results : see Annales de Chimie, T. xv, 1820, p. 385. 

[1195.] The memoir now passes to the case where the 
strain is heterogeneous, or the direction and magnitude of the 
principal stretches change from point to point. Neumann remarks 
that this is the case when a body does not possess uniform tempe- 
rature at all points, or when it possesses initial strain from rapid 
cooling. His investigation is principally of optical interest ; as 
far as elasticity is concerned it involves the determination of the 
value of the quantity 5 — / in equation (iii) in terms of the first 
shift* fluxions. Neumann, however, does this only for a special 
choice of the coordinate axes. In fact, he has previously limited the 
problem by supposing the compressed body to be a plate bounded 
by parallel faces ; the ray striking one of these obliquely is retarded 
and rotated as to its plane of polarisation by the various strata in 
different states of strain through which it passes ; the ray is 
further supposed to remain very nearly straight. The grounds 
for this assumption are given on pp. 62 — 65. The formulae finally 
obtained are somewhat lengthy, but the analysis by which they 
are deduced is fairly easy to follow. As usual there are numerous 
misprints not all enumerated in the Errata, Neumann con- 
siders one example only, that of a ray passing through the plane 
ends of a right circular prism, but not parallel to the axis, and 
works this case completely out only when the ray lies in the same 
plane as the axis. In this case there is no rotation of the plane of 
polarisation, and, as Neumann shews in a footnote, this special 
instance can be treated more easily by a direct investigation 

(pp, 85—88). 

[1196.] The next section of the memoir is the investigation 
of the effect of a varied distribution of temperature in producing 
colour-fringes. Pp. 86 — 100 are occupied with the deduction of 
the thermo-elastic stress equations. These are practically identical 
with those of Duhamel, a term of the form — being introduced 
into the three tractions: see our Arts. 869, 875. 

Neumann in fact makes the following remark in his Einleitimg, 

p.9: 
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Uebrigens, obgleich ich seit vielen Jabreii im Besitz dieser Glei- 
chungen bin, hat Duhamel, der seinerseits zu denselben Gleichungen 
gekommen. ist, die Priori tat ihrer Piiblikation. Diese Gleichungen, 
welche, wie aiis dem Folgenden erhellen wird, bei mir nur einen 
besondern Fall von viel allgemeineren Gleichungen bilden, konnen 
unmittelbar auf krystallinische Medien angewandt werden, nur miissen 
dann fiir die Molekular-Krafte die auf krystallinische Medien sich 
bezieiienden Ausdriicke derselben gesetzt werden. 

There is a sort of covert claim to priority here which is not 
very happy. 

[1197.] Pp. 100 — 110 treat the case of a sphere. We have first 
worked out as in Duhamers memoir (see our Art. 871) the relation 
between stress and temperature when the latter is a function only 
of the central distance. Neumann then applies his earlier results 
(see our Art, 1195) to the discussion of the fringes produced when 
a polarised ray is passed through the sphere. The investigation 
has however only very remote beaiung on our present topic. 

[1198.] Neumann commences an important application of his 
previous work on p. 110; namely, the investigation of the stress 
and the corresponding colour-fringes for a thin plate, in which 
there is a non-uniform distribution of temperature, supposed 
however constant throughout the thickness of the plate at any 
point. The equations obtained are the same as those for an elastic 
membrane or plate stretched in its own plane, the contour-load and 
the body-forces being replaced by terms involving the tempera- 
ture. Thus taking Cauchy's equations (69), and (71) of Art. 640, 
using Duhamel's results in Art. 875 and remembering that we are 
now dealing with the flow of heat in two, not three dimensions, we 
have P' = --/3q; 

hence, the thermo-elastic traction at any point [Eqn. (71)] 

= P/k -P'^/3q{l- l/zf), 

and we must take 

It follows that for the body shift-equations we have putting 

l'o = «. Vo=‘>’- 
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substituting for Caucby s Cl and k tbeir values in terms of the X 
and fL of our work, and reducing : 


= 2yS 


dx 


4 (>■ + ri + (>• + 2/*) S + ^ S 


...(vi). 


dxdy dy ] 


And for the contour-equations : 

+ + »“«»+(>• + 2 /.) (^ + 5 ) “““ 

(l(X + rt| + 2xg)ana+(X. + 2;.)(| + |)oM. 

— sin a ^ 

These agree with Neumann’s equations (7) and (9) on pp. 113 
and 114, if we suppose uni-constant isotropy, i.e. X — fi, =Jo in 
Neumann’s notation, and write for our ^ its value in Neumann’s 
notation = p, Neumann also writes s for our q, and v for Cauchy’s 
a ; Cauchy’s J3 is of course 7r/2 — a. 


[1199.] These equations Neumann transforms to polar co- 
ordinates (pp. 114 — 115) considering what the contour-conditions 
become in the special cases of a circular and of an elliptic contour 
(pp. 115 — 116). The reader will find no difficulty in deducing 
these equations which in the case of a circular contour take 
simple forms. 

In the notation of this book, I find for the body shift- 
equations in polar coordinates, 




...(viii); 
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and for the contour-equations in the case of a circle : 

^ (lb ,1 dv\ " 

+ ... 

^ \ (ix), 

1 dll ^dv ^ _ Q 
r d<p dr r 

where r, <f> are the polar coordinates of the point, the shifts 
of which parallel and perpendicular to the radius-vector r are 
ii and V respectively. These equations reduce to Neumann’s 
(p. 115), if we suppose \ = 


[1200.] On the supposition that the plate is very thin we may 
suppose no sensible rotation of the plane of polarisation and 
shall then have from equation (iii) of Art. 1189 for the retardation : 


= / (I/O - 1/JEJ) dr = (I/O - 1/E) T = T (p ~ g) (s - 0/ V\ 

where r is the thickness of the plate. It remains to find 5 — s'. 

Here s and 5 ' are obviously the principal stretches in the plane 
of the plate. Now obviously the invariants of the stretch-conic 
for that plane are 

= s$= $ -^ s 


Where 


__du _ I ^ " 

^ dr ^ r d<f> 

du dv V 

r d<f> dr r 


(X). 


Hence 


$ — s' = J{Sr + Se)'' + 

= J (s^. — Sef + o',^^ 


which might have been written down at once since 5 — 5 ' is the 
maximum-slide. 

Thus the retardation is measured by 


T 7 (Sr - 59)® + 0 -rt (xi), 

•when we neglect the square of the strain. If we substitute from 
(x), this agrees with Neumann’s Equation (I.) of p. 117, re- 
membering that in his notation 0 — E is the retardation of the 
extraordinary ray : see his (7) p. 79. 
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[1201.] Neumann then proceeds to apply these results to 
several fairly simple cases. Thus (1) to a circular plate with 
temperature symmetrical about the centre (pp. 117 — 125) ; (2) to 
a circular annulus (pp. 125 — 134). In this case a 'neutral zone’ 
exists, the determination of which requires some rather complex 
analysis. Case (3) to which Neumann then turns is thus stated : 

Ich werde in cliesem §. die allgemeinen Gleichungen entwickeln fiir 
die Biegungen, welche ein sehr diinner und schmaler Kreisring oder ein 
St lick eines solchen erfahrt, wenn die Temperaturvertheilung in ihm 
allein eine Fiinktion des Bogens ist. Diese Gleichungen enthalten 
sechs willkiirliche Constanten, welche durch die verschiedenen Bedin- 
gungen, welche an den Enden des Bingbogens erfullt werden miissen, 
ihre Bestimmungen erhalten. (p. 134.) 

[1202.] The general analysis (pp. 134 — 145) is of a very 
interesting kind and involves one or two purely elastic theorems. 
Thus the expression under the radical of our equation (xi) is 
thrown into the form 



which follows of course easily from our method of obtaining it : 
see Neumann s p. 144. 

The stresses tt, Te are expanded in terms of ascending powers 
of the diameter of the section of the ring ; the method is similar to 
that used by Poisson and Cauchy for the problem of the elastic 
plate : see our Arts. 479 and 632. The problem is really a thermo- 
elastic one although Neumann considers also the photo-elastic 
results. The solution involves six-constants, which Neumann 
determines in the following cases : (1) when both the terminals of 
the circular arc are fixed, (2) when one is fixed and the other 
loaded, (3) when the terminals are both attached to other bodies, 
i.e. as in the case of sextant, (4) when the circular arc is a 
complete ring and carried by n spokes : see pp. 145 — 172. The 
latter case leads to a consideration of the stress in a ' spoke,’ when 
the depth being constant the breadth, although small, is a function 
of its distance from the centre. The problem is here again solved 
by expanding the stresses in terms of ascending powers of the 
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breadth of the spoke (pp. 156 — 167). I do not feel quite satisfied 
with the legitimacy of this expansion, nor see why the objections 
to Cauchy’s method of treating the torsion problem (see our Art. 
661), and p. 621, footnote, of Saint-Venant’s edition of Navier’s 
Legons) do not also apply to this case. Neumann himself 
remarks : 

Ich werde in einem spatern §. auf diesen Fall zuriickkommen mit 
einer Analyse, welche die Entwickelbarkeit der Moleknlar-Componenten 
und der Temperatur nach den Potenzen von y nicht voraussetzt. 
(p. 165.) 

Neumann considers the special instances when the stress is 
produced {a) only by non-uniform temperature in the spoke ; (6) 
only by a tractive load in the direction of the axis, the temperature 
being uniform ; (c) only by a shearing load producing flexure at one 
terminal the temperature being uniform. He refers to Brewster’s 
memoir of 1816 for a confirmation of his calculation of the fringes 
in the case (a). 

[1203.] In § 18, we have a discussion of the case of two long 
thin rectangular plates of dififerent substances cemented together 
along two edges at some definite temperature; at other temperatures 
the combination will be bent, and if transparent exhibit fringes. 
This combination is similar to that made use of in Breguet’s 
metallic thermometer (pp. 172 — 185). 

The investigation is of an extremely interesting kind, and we 
wish that our space would allow of its reproduction in full 
Neumann determines the stresses and the shifts at all points of the 
two plates, on the assumptions that the plates possess uni-constant 
isotropy, and that this is really a case where it is possible to 
apply expi'essions for the stresses similar to tliose for a plate stretched 
in its own plane (see his pp. 173 and 113). He shews that the 
form taken by the common edge is that of a parabolic cylinder. It 
seems to me that it is the latus-rectum of this cylinder, rather than 
the diameter of a grade Oylinderjfldche, which he gives at the 
bottom of p. 183. He also determines the deflection of the free 
end for a given temperature (p. 184). The two sets of fringes 
obtained in this case have each a neutral zone, and the fringes 
are all parallel to' the curve formed by the common edge (p. 185), 
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[1204.] The following section is occupied with the considera- 
tion of a case which had played a considerable part in Brewster’s 
memoir of 1816 (p. 114. Figs. 1 — 4 etc.). In this case a hot 
plate is placed with one edge upon a cold surface, or a cold plate 
with one edge upon a hot surface. The problem is to deter- 
mine the resulting stresses at any point of the plate, and the 
corresponding system of fringes. Neumann remarks with regard 
to the problem : 

Die Auflosung der Gleichungen von denen das Problem der innern 
Spannungen in einer solchen rechtwinklichen Platte bei nngleich- 
formiger Temperaturvertheilung abhangt, hat vollstandig mir nicht 
gelingen wollen, indessen habe ich daraus in zwei Fallen, namlich, 
wenn entweder die Breite der Platte in Beziehung auf ihre Hohe, oder 
umgekehrt ihre Hohe in Beziehung auf die Breite bedeutend ist, 
die innern Spannungen und die Gesetze der Farbenvertheilung im 
polarisirten Licht bis zur numeriscben Berechnung abgeleitet. Die 
Schwierigkeit, welohe ich nicht habe iiberwinden konnen, und welcher 
ich die Aufmerksamkeit eines Geometers zuwenden mochte, besteht in 
der Bestimmung der Coefficienten der Glieder einer Heihe, welche 
fortschreiten nach den Wurzeln einer transcendenten Gleichung. 
Solche Beihen sind haufig vorgekommen bei der Anwendung der 
Analysis auf physikalische Problem e, hier hat sich aber, ziim ersten 
Male, wie ich glaube, der Fall dargeboten, wo sammtliche Wurzeln der 
transcendenten Gleichung imaginar sind. Dieser Fall ist von allge- 
meinem Interesse, ein grosser Theil der Problem e in der Theorie der 
Elasticitat, Akustik und Optik fiihrt zu ahnlichen Beihen. (p. 185.) 

[1205.] The investigation and the comparison of theory 
and experiment occupy pp. 186 — 229 of the memoir. The 
same somewhat doubtful process as we have referred to in 
Art. 1202, namely, of expanding some of the quantities which occur 
in the problem (in this case quantities akin to the stresses) in 
terms of integral powers of a variable coordinate, will be found to 
repeat itself on pp. 188 and 209. 

A process of treating simultaneous differential equations of 
which the coefficients of the terms involving the differential 
coefficients are constant is given on pp. 189 — 193. The equations 
are of an infinitely high order and Neumann remarks : 

Es ist mir nicht bekannt, dass das Verfahren ein solches System 
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gewohnlicher Differentialgleichungen mit constanten Coefficienten, wo 
auf der linken Seite eine beliebige Funktion der unabhangigen Yariabein 
sick befindet, irgendwo entwickelt ist. Ich werde daher ein allgemeines 
Verfabren Mer auseinandersetzen. (p. 189.) 

It is sufficient here to note the fact for the benefit of the pure 
mathematician. 

For the comparison of his theory with experiment in the two 
cases, where he is able to approximate to the value of the stresses, 
Neumann cites results of Brewster, Fourier and Depretz: see pp. 
202 and 223 \ 

[1206.] The final pages of Neumann’s memoir are entitled 
Erlduterungen (pp. 230 — 247). Their object is expressed in the 
following words : 

Es hat mir zweckmassig geschienen, die in der Einleitnng ausein- 
andergesetzten Principien der Theorie der innern Spannungen, welch e 
aus bleibenden Bilatationen in einem festen Korper entstehn, noch 
durch einige Formeln zu erlautern nnd einige ihrer einfachsten Anwen- 
dungen zu entwickeln. (p. 230.) 

The part of the preface which describes briefly Neumann’s 
theory is pp. 18 — 24. 

[1207.] In the Erlduterungen the following process is sug- 
gested for the consideration of set. Let be the set part of 
the stretch in direction r of which the direction-cosines are cos a, 
cos/3, cos 7; let be the set-slide parallel to y of a face perpen- 
dicular to X, and Sya-, have similar meanings. Then 
Sr — Ssi cos®a + Sy cos’^/S 4- 8^ cos^y -f cos^S COS7 + cosa COS7 

+ '2^^ cos a cos/3. 

The coefficients S^,, 8^, 8g, 2^^, 2;^ are continuous or dis- 

continuous functions of the coordinates. The value of these func- 

1 Neumann draws attention to a numerical error of Brewster’s who has used the 
value -" 77 ^ = *312 instead of its square ^ 7 ^. . The slip appears to be on p. 355, 

XO'Uia 

line 8 from the bottom, where Brewster writes X>=*312B2. His line above 
would give D = *312 B ; possibly however this should be *312 B^, The square of 

seems to be and not as Neumann has it : see Edin, Trails. 

16*02 10 *20 10*24 

Vol. vni.p. 355 et seq. 
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tions must be deduced from the circumstances which produce the 
set. Neumann terms the three greatest values of S,, the 'principal 
sets’ (die hleihenden Hauptdilatationen), 

[1208.] We next require a postulate as to the relation 
between set and elastic strain. Neumann proposes the following : 

If the set arises from elastic strain, owing to the elastic limit being 
exceeded, the principal sets can be taken, if this limit be not much 
exceeded, as linear functions of the principal elastic stretches, (p. 230.) 

Thus if the constants in these linear functions be determined 
by experiment, and the consideration that the principal sets and 
the principal elastic stretches take place in the same directions, 
then the above expression for Sr is fully determined. 

It must however be noted that Neumann’s postulate for the 
set does not agree with Gerstner’s Law, which makes the set vary 
as the square of the elastic strain, nor is it quite in accord with 
Hodgkinson’s experimental value for the set given in the Iron 
Commissioner’s Report : see our Arts. 806, 969 and 1411. It seems 
probable that for some materials set does not vary as the elastic 
strain even for small sets. 

[1209.] If the elastic stretch be the same in all directions and 
equal to s, then Sr will be a function of 

where q is the temperature, l3/5fju the stretch produced by unit 
increment of temperature, and the elastic limit, the negative or 
positive sign being given to according as s — ^/5/^. g is positive 
or negative, is a quantity to be determined by experiment, 
generally depending however on s, and perhaps on the sign which 
must be given to itself. Hence we may put 

Sr^v(s--^/5fi.q + s^), 

where z/ is a constant which has only a value when s — Sjofi . q is 
greater than 

[1210.] The next step is to express the stresses due to the set 
in terms of the components of set. These are the ' initial stresses’ 
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in the meaning of our Arts. 616 and 666. If we represent them 
hy 0 ^ 0 , Wq, Sq, ^ 0 , So» Neumann puts in our notation and on the 
theory of uni-constant isotropy, 

fljaso = M' + SX 

with similar values for the other set-stresses^ This step seems to 
me of a somewhat doubtful character; for, even supposing uni- 
constant isotropy, I do not understand why the constant should 
be the same for both set and elastic strain. Neumann then gives 
body and surface stress-equations of the types : 

^ cZ (S + a^o — /3g) + d{^z-¥x^^ 

55 + — dz 

Xq = (Sc -{- ~ ^2) ^ + (S + So) m + + Sq) 

where Z, m, n are the direction-cosines of the normal to the 
element of surface and X, Y, Z, X^, Zq the components respec- 
tively of body-force and load. 

The equations for the special case of a stretch-set S uniform 
in all directions at a point are deduced from these. In this case 
Sq = 55o = ^0 — So = Ssq = ^0 = 0. 

Hence 

P dq Y - I , dxz 

^ dx dx~ dx ^ dy ^ dz^ 

Xq *4“ {^q — 5fjiS) I == xxl “4" xyTTl ~]r xs^Jl, 

are the types of body and surface stress-equations (p. 232). 


du 

[1211.] If u, V, w be the absolute shifts, Neumann terms 

dv d^ absolute strains: the relative strains 

dy dz dy dx ' 

dU dV dW dU dV , .V • 1 . ^ 

“Y"-. , -*= — h-T“j fhen given by equations of the 

ax ay az cLy ax 


types : 

dU ^_a dU , dV _du ,dv ^ 
dm^dx 'd^^ da;~ dy^ dx 


^ Neumann tak^s throughout his memoir, negative tractions (pressures) with 
a positive sign. 
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These expressions for dUldcc, dUldy + dVldx, etc., are to be 
substituted in the formulae referred to in our Art. 1195 to get the 
effect of the strain on polarised light. Thus, if 
and the set-slides are all zero, the set disappears and the formulae 
remain unaltered. 

[1212.] Neumann applies these formulae to calculate the set 
developed by the rapid cooling of a glass sphere (Hdrtung einer 
Glaskugel), pp. 233 — 240, and of a long right-circular cylinder of 
glass, pp. 240 — 247. The results are of a complex kind and not 
given in a form adapted to calculation. Their physical value seems 
to me somewhat doubtful, as I do not feel convinced of the correct- 
ness of Neumann’s theory of set. 

[1213.] The whole memoir deserves, however, very careful 
study; much of it might be expanded and rewritten in a somewhat 
more general form. It is one of the most important researches 
in our subject, since Poisson’s great memoir of 1829, and indeed 
forms the chief contribution to both thermo- elasticity and photo- 
elasticity published before 1850. 

1214. Su le condizioni di equilibria di una corda attorta e di 
una verga elastica sottile leggiermeute piegata, memoria del Dottor 
Gaspare Mainardi. This memoir is published in the Memorie di 
matematica e di fisica della Societd J/aZmna... Modena, 1841; it 
occupies pp. 237 — 252. It was received on May 9, 1840. The 
memoir does not involve any of the modem theory of elasticity, so 
that a brief notice of it will suffice. 

The first part of the memoir relates to what is called the 
torsion balance ; this occupies pp. 237 — 246. The memoir begins 
by alluding to the important use made of the torsion balance 
by Coulomb, Cavendish and Gauss. The force of torsion 
was universally admitted to be proportional to the angle of 
torsion, and Gauss held it to be probable that the coefficient 
expressing the ratio would consist of two parts, one proportional 
to the weight stretching the cord, and the other to the number 
of threa.ds forming the cord and to the tension which a thread 
could support. Mainardi proposes to investigate the admissibility 
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of Gauss’s conjecture. The process is one of approximation, is not 
of an inviting character, and is very badly printed ; up to the end 
of p. 243 the mistakes may be corrected by a careful reader 
without much trouble, but after this they are so numerous as to 
render the investigation worthless. 

1215. The second part of the memoir relates to the equilibrium 
of an elastic rod ; it occupies pp. 246 — 252. The problem is treated 
on two special assumptions. One relates to the nature of the change 
of position of the particles of the rod produced by the action of 
the forces to which the rod is exposed. According to Mainardi 
this change amounts to supposing that a transverse section of the 
rod undergoes a translation and rotations about two axes, one in 
the transverse section and one at right angles to it : but his 
process seems really to use only the two rotations and not the 
translation. The second assumption is that the molecular force 
arising from the relative displacement of two particles acts along 
the line of this displacement and is proportional to the displace- 
ment. The whole process is obscured by mistakes or misprints, 
and seems to me of no value. 

The following note is given on page 249 ; 

Sequendo i principj della Meccanica molecolare, dietro le tracce dei 
chiar. sig. Poisson e Cauchy, facilmente si tratta il problema con 
raaggiore generality, my non ho voluto recare qui un calcolo, la cui 
prolissity non h compensata dair importanza dei risultati. 

On the last page of the memoir Mainardi alludes to the un- 
satisfactory part of an investigation by Poisson which has already 
come under our notice: see our Arts. 571, 935 and 1601 — 1608. 
Part of Mainardi’s process consists of a purely analytical pro- 
position, which we will give. 

Let a, 6, c be direction-cosines of one straight line, 
those of a second, and a^, those of a third; suppose the 

original axes rectangular, and also the three straight lines mutually 
at right angles : then will 

da^ = (Xj (a^da^ -f- b^^db^ 4- c^dc^ -1- a (ada^ 4 bdh^ -^cdc^). 

For the right-hand member 
= -j- a®) 4 4 ah) dk^ 4 {a^c^ 4 ac) dc.^, 

T. E. 


42 
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= (a^ + a®) da^ -1- (aj)^ + ai&i + ab) dd)^ + (a^c^ + + ac) dc^ 

- afijb^ - aji^dc^ 

= {a^ + a“) da^ - {h^d\ + dc^ = (a^ + a® + a^) da^ 

= da^. 

Of course other similar formulae also exist. 

Maiuardi thus deduces fairly from his equations the following 
result in his notation : 

dT , a^da^ H- \dl)^ + c.,dc^ jj , a^da + l^dh + c^dc rr _ a 
_+ _ K-0. 

dT 

Thus it would follow that we cannot have -:r- = 0 unless a 

ds 

certain condition holds ; but Mainardi, without any warrant, breaks 

dT 

up this condition into two, and says that we cannot have = 0 

CLS 

unless either U—Q and F = 0, or _ q 

ds 

a^da^’ \db+c^dc _Q 
ds 

(The notation is not good. A is used to denote a point, while 
on p. 248 it is the coefBcient of r. ilf is used for a point, 
while on p. 250 it represents a force. On p. 248 a certain 
length is denoted by r, while on p. 251 this letter is put 
for Ad.) 

[1216.] Ignace Giulio. Experiences sur la resistance des fers 
forges dont on fait le plus d'usage en Piemont. Memorie della 
reale Accademia delle Science di Torino^ Serie ii. Tomo in. pp. 
175 — 223. Turin, 1841. The paper was read July 5, 1840. 

These experiments have principally a local and temporary value 
as a comparison in regard to elasticity and strength of the kinds of 
iron generally used at the date of the memoir in Italy. Of the 
general conclusions on p. 204 only the following three seem to me 
of general physical interest : 

1®. Resistance to flexure is greater for circular than for bars 
of square section, and the mean value of the ratio of the resistance 
of these two forms is about 35 : 33. 
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2°. The resistance to rupture, on the other hand, is greater for 
bars of square than of circular section, the mean value of the ratio 
of the resistances differing little from 19 : 18. 

The ^ resistance to rupture’ was calculated from flexure ex- 
periments, and is taken to be the average stress across unit area 
of section when rupture begins \ The resistance to flexure is said 
to be greater for circular bars, because the stretch-modulus as 
calculated from the flexure of such bars was found to be greater 
than the stretch-modulus obtained from the flexure of square bars. 

3°. The elastic line obtained by experiments on cylindrical 
or prismatic bars with supported terminals, and with different 
positions of transverse load, was found to be in accordance with the 
Bernoulli-Eulerian theory that the moment of the elastic reaction 
is proportional to the curvature. 

[1217.] Experiences sur la force et sur Vdlasticite des fils defer. 
Ibid, pp. 275 — 4 j 34. This paper was read December 20, 1840. 

This paper has first like the last a local object, namely to 
collect statistics with regard to the iron-wire in local use, and 
secondly a wider aim, the consideration of Gerstner’s Law. The 
latter part only has general physical interest. We note some of 
Guilio’s conclusions : 

1° He holds that the duration of tractive load between fairly 
extended limits (2 or 3 minutes to 10 or 15 hours) makes little or 
no difference in the stretch given to an iron- wire. 

Cette proposition, qui ne s*applique cependant qu'aux tensions qui 
ne sont pas de tr^s-peu inferieures ^ celle qui produit la rupture, a dej^ 

d^montr^e par les experiences de M. le Colonel Dufour (see our 
Art. 692). 

2^, In iron-wires set begins with almost the first tractive loads. 
Giulio thus confirms one of Gerstner’s results : see our Art. 804. 

1 This method of measuring the resistance to rupture seems somewhat arbitrary. 
It neglects the change in sign of the stress. If 2d be the sectional diameter 
in the plane of flexure, Tq the traction which will produce rupture in the bar 
subjected only to longitudinal traction, I find for J?, Giulio’s resistance to rupture, 
JR = To S/d, X being the distance of the centroid of the half of the section above the 
neutral axis from the neutral axis. Hence the theoretical ratio is Stt : 8, which 
differs from Giulio’s 19 ; 18. 


42—2 
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3°. He does not find Gerstner's formula for the set verified 
(see our Art. 806). He remarks : 

Je me crois done autorise k conclure, que Tequation propos^e par 
M. de Gerstner pour exprimer la loi des allongements des fils elastiqixes 
sous des tensions croissantes, depuis zero, jusqu’^ la tension qui produit 
la rupture, donne des resultats, qui s’ecartent sensiblement de ceux 
auxqnels on parvient, en operant sur des fils de fer non choisis et tels 
qvHon les emi:>lo{e dans Us arts, et qu^on les trouve communhnent en 
commerce, Je m’abstiendrai dans ce moment de cbercher k expliquer 
ces differences, dont la cause ne parait pouvoir 6tre parfaitement 
4claircie que par de nouvelles experiences, faites sur des fils de quelque 
mati^re beaucoup plus extensible que le fer (p. 431). 

We must remark here the absence of any consideration of the 
disturbing factor due to variability of the yield-point; it is also 
probable that Gerstner’s Law does not extend to the plastic 
stage, i.e. only from the yield-point to the point of stricture. 

[1218.] Sur la torsion des fils mitalliques et sur Vdasticiti des 
ressorts en hilices. IhuL Tomo iv. 1842, pp. 329 — 383. 

The memoir opens with reference to the labours of Coulomb, 
Chladni, Savart, Poisson, and Duleau. Giulio’s first experiments 
are upon torsion, and he makes use of the method of torsional 
vibrations. He assumes however the relation between the slide- 
and stretch-moduli which is based upon uni-constant isotropy, 
namely in our notation ^///. = 5/2. This is hardly tme for an iron- 
wire which has probably a cylindrical distribution of elasticity. 
Giulio finds for the value of njn* the quantity 1*6219, which is 
about the mean of those obtained by Chaldni and Savart and does 
not differ much from that obtained on the hypothesis of uni- 
constant isotropy (I'oSll) : see his p.»340, and our Art. 470. 

[1219.] The second part of Giulio’s memoir is devoted to springs 
in the form of helices (ressorts d houdin). Of this pp. 341 — 347 
contain a theory of such springs, and the rest (pp. 347 — 383) is 
occupied with experimental detail. Giulio adopts the hypothesis of 
Mossotti that the points primitively on a generator remain on 
a generator (see our Art. 249). We reproduce the main points of 
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his theory to serve as a comparison with those given by Mossotti, 
Saint- Veoant, and later by Thomson and Tait. 

Let be the radius of the cylinder on which the helix lies, 
Tiq the distance measured along a generator of this cylinder between 
two turns of the spiral, I the length of a turn of the spiral, and n 
the number of turns, s the arc measured from the lower terminal 
A to any point P on the helix, the angle between the 
osculating plane to the helix at A, and the consecutive osculating 
plane at A\ where AA' equals ds, the radius of curvature ; and 
H the load parallel to the axis of the cylinder, supposed to be the 
only load on the upper terminal. Let the same letters with the 
subscripts removed denote the like quantities for the new helix 
which on Mossotti’s supposition is the form taken by the old helix 
when strained. 

Giulio proceeds as follows ; he neglects the effect produced by 
direct traction in stretching the wire, and he does not note that 
unless the wire v/ere of equi-momental section (possessed inertial 
isotropy m Saint-Venant’s sense of the words: see our Art. 1602) 
he ought to introduce a term depending on the change in angle 
between the radius of curvature and a principal axis of the section 
at any point. With these limitations and one to be later noted his 
method seems to me legitimate and agrees as a particular case 
with Saint- Venant’s work. 


[1220.] Since R= # = (i) 

■' 27rJP-h^ ds 

^ 1 ^27rhSh f^dd> 2TrZh 

— (“)■ 

Let 6 be the moment d'dlastidU de flexion, a the moment de 
V elasticity de torsion, then Giulib obtains the equation of virtual 
moments : 


• rs " i) * B ■ * + “ r (S " ^) ® 

Integrating, we easily obtain after dividing by nZh : 


d(t> 
ds ' 


(1 

27rh 

fd4> 


U. Rl 

-f* oc 1 

V ds 

■ ds) 


ds. 

..(iii). 
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By using (i): 




4ir^ 




+ 'x(h- Ji„) . 


.(iv). 


If h/l, as will usually be the case, is so small that its fourth 
power may be neglected, 

H a (/t //„) (v). 

If we may neglect the cubes of h/l, 

^, = a(/i-/0 (vi); 

a result which shews us that spiral springs act principally by 
torsion : see Arts. 176, 250 and 1382. 


[1221.] Now iGiulio supposes the section to be circular and 
of radius r, and thus writes : 


e = \E'jn* ) 
ot = \Eirr‘^ 1 


(vii). 


This latter result is obtained on the assumption that iJi.jE —'ijo. 
Equations (v) and (vi) thus become respectively 


11 = 


4iir^Ev^ 
5J“ 




14-'? 


h{h + h„) 
L'‘ 


4>nr^Er* 
~ oL^ " 


(h-K) 


•(V)', 

(vi)'. 


Giulio throws this last equation into the form 

„ 5^" H'-ir 

WV h'-h’ 


by supposing another load 11' and a corresponding turn-distance A'. 
Finally, since h is small, wo may put I = 2wa nearly, or 


10a” /r-i/ 
r* h'-h 


(viii). 


This is the formula which Giulio uses to fijid the stretch- 
modulus of a wire in the form of a hclicoidal spring. Wc note that 
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it depends on the assumptions of isotropy and of uni-constant 
isotropy. A better result would be 

r* h'-h ’ 

as an equation to find the slide-modulus. 

See pp. 341 — 345 of the memoir. 


[1222.] On pp. 345 — 347 Giulio considers the lower terminal 
fixed and a couple C applied to the upper terminal in a plane 
perpendicular to the axis of the cylinder. In this case, if n become 
n + the virtual moment of the couple is ^irhuC, and we have 
in place of (iii) the ecpation 

2:rS,C7 . (I - Ij 8 i + S g . . .(ii). 

Now Giulio supposes that the length of the axis 6 cannot vary 
and that the whole length of the spiral nl = L. Then 


a = 






d<l> __ 27rn6 , v 


S^ = ^Sn 


.(xi). 


Whence it easily follows, 

1} 

Applying (x) and (xi) to (ix) we find : 

^={eir-¥)+ub^}(n-n,) (xii). 

From the values (vii) by substitution 

_ lOX" 0 

-If) n-n,‘ 

Now hjL will usually be small, and if two couples C and C are 
taken corresponding to n' and n, we find 

„ 2L G'-O 


See p. 347. 


[1223.] Giulio modifies the result (xii) by giving e and a their 
values for a rectangular section. In this case he adopts Cauchy’s 
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value for a (see our Art. 661), but he omits to notice the third term 
which must now be introduced: see Saint-Venant’s cousideration 
of the same problem in our Arts. 1599 — 1602. Formula (vi) 
coincides with Mossottfs assumption as to the proportionality of 
vertical load and vertical shift : see Art. 250. 

[1224.] The remainder of the memoir is of considerable 
physical interest, being an experimental discussion of set and elastic 
after-strain in helicoidal springs. Giulio’s results fully bear out the 
Ooulomb-Gerstner Law, that the elasticity after set remains nearly 
tiie same as before\ The duration of the load does not affect the 
amount of the immediate loss of strain on removing the load, in 
other words the duration affects only the greatness of the set. 
There arises however a difficulty here, for what Giulio calls set 
{allongement permanent) appears to have been in great part elastic 
after-strain : 

On voit encore que ce que j’ai nomm^ jusqu’ici allongemmt per- 
manent est loin de m^riter ce nom d’une mani^re absolue, puisqu’il 
disparait en grande partie apr^s un temps suffisamment long, et se 
I'eproduit alors sous des tensions suffisantes et assez longtemps coai- 
tinuees. 

See pp. 354, 356, 360. 

We see again the great need for a careful experimental dis- 
tinction between elastic after-strain and after-set. The important 
experiments of Gerstner and Hodgkinson, which tend to shew that 
set varies as the square of the stress, lose somewhat in value owing 
to this omission : see our Arts. 806, 969. 

[1225.] We may cite Giulio’s concluding remarks as especially 
instructive : 

L’alt^ration de forme produite par Taction d’une force exterieuro 
sur un corps ^lastique se compose de deux parties : Tune independante 

1 Giulio remarlcs on Coulomb’s claim to be considered as discoverer of this law : 
On pourrait oonclure de quelques expressions de Coulomb, et surtout de quelques- 
unes des experiences qu’il rapporte, qu’il 6tait parvenu a la mSme loi ; je ne la trouvo 
cependant nulle part oxplicitement 6nonc6e dans son memoire. Footnote, p. 354, 
to a statement of Gerstnor’s Law. See, however, Note A, (2) in the appendix to 
this volume. 
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de la diiree de cette action et sensiblement proportionnelle a son 
intensite ; I’autre, croissant plus rapidement que la force qui la produit, 
et suivant une fonction de la duree de son action. La force exterieure 
venant k cesser la premiere partie de Talteration qu’elle avait causee 
dans le corps disparait instantanement : la seconds persists, mais en 
diminuant continuellement avec le temps. Une nouvelle force plus ou 
moins intense que la premiere vient-elle k son tour agir sur le m^me 
corps ? Les m^mes eifets se reproduisent avec une intensite qui depend 
de I’intervalle de temps qui s’est ecoiile entre Taction des deux forces, 
de Tintensite de la seconde, et de la duree de son action. Quelle est la 
fonction de la tension et du temps suivant laquelle ces alterations se 
produisent et disparaissent 'I et cette fonction est-elle la m^me quelle que 
soit la mati^re des corps od elles se produisent^ Voil^ des questions 
aiixquelles, malgre les travaux tr^s-remarquables de plusieurs pliy- 
siciens, il ne parait pas que Ton soit en etat de repondre encore 
complbtement. 

Giulio then refers to the labours of Leslie^, Gerstner, and 
Weber : see our Arts. 806, 707. He remarks that more investi- 
gations are required and suggests his own method of experimenting 
on helicoidal springs because of the accuracy of which this 
method appears capable (p. 361). 

[1226.] Giulio’s conclusions are remarkable, if true, but we must 
to a certain extent qualify them by his not quite exact theory of the 
helicoidal spring and by various difficulties he met with in experi- 
ment. They would tend to shew that fore-set disappears with time 
on the removal of the load, but that a body having been reduced to 
a state of ease, there will be no fore-set, only after-set, which in its 
turn disappears with time on the removal of the load. In other 
words elastic after-strain only requires time to produce it when the 
body has been reduced to its state of ease ; with or without the 
state of ease it requires time to disappear. This is not opposed to 
Weber’s results, for he had reduced his threads to a state of ease : 
see Art. 708. 

[1227.] V. Regnault : JS^ote sur la dilatation du verre. Annales 
de Chimie et de Physique, T. iv. 1842, pp. 64—67. 

1 With the usual vague reference ; in this case to Poncelet, Mecanique Industrielle, 
p, 343 : see our Art, 984. 
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This paper gives some account of the dilatation of glass, which 
Eegnault found necessary to determine for his experiments on the 
dilatation of water. He shews that, contrary to the experiments of 
D along and Petit, the dilatation varies very greatly with different 
kinds of glass. The following concluding remarks of Eegnault 
are of extreme importance as shewing the errors introduced by 
supposing glass vessels to be isotropic; see our Arts. 686 — 691, 
925, 1323 and 1358. 

Les differences que Ton remarque dans les dilatations du m^me tube 
de verre, lorsqu’il est sous forme de tube ou bien quand il est souffle en 
boules de di verses grosseura, ne paraissent assnjetties k aucune loi 
simple 

Le m6me verre souffle en boule parait avoir un coefficient de dila- 
tation ffautant plus grand que son diamHre est plus considerable, ou 
peut-toe que I’epaisseur de ses parois est plus petite. 

En tons cas, Ton voit combien on s’ expose ^ se tromper dans des 
experiences precises, en calculant la dilatation d’un appareil de verre, 
d’apr^s le nombre obtenu dans une experience direote faite sur un tube 
ou sur une boule soufflee avec la m^me mati^re, et, k plus forte raison, 
d’apr^s la dilatation lineaire observee sur une tige du m6me verre, 
comme I’ont fait plusieurs physiciens distingu^s (p. 67). 

[1228.] N. Savart : Recherches expirimentales sur Vinfliience 
de V4la$ticitd dans les cor des vihrantes. Annales de Ghimie et de 
Physique, T, vi. 1842, pp. 1 — 19. 

Dahamel : Remarque d V occasion du, M6moire de M, le Colonel 
Savart sur les cordes vibrantes. Ibid, pp. 19 — 21. 

N. Savart points out a relation between the numbers of vibra- 
tions in a second of a cord supposed non-elastic and subject to a 
given traction, and elastic but not subject to a given traction. The 
matter belongs properly to the theory of sound, but we may remark 
that Duhamel shews that the law deduced by N. Savart from a long 
series of experiments is in one case an easy deduction from the 
mathematical theory of vibrating cords: see our Art. 1180. 

[1229.] G. H. L. Hagen : Die Masticitdt des Holzes. Bericht,,, 
der k Preuss, Akademie der Wissenschaften, Berlin, 1842, pp. 316 
— 319. See also the Annales de Ghimie, T.’ xi. 1844, pp. 112 — 115. 
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This physicist made a considerable number of experiments on 
the stretch-moduli of various kinds of wood in the direction of the 
fibres and perpendicular to the fibres. The moduli were deduced 
from flexure experiments on the supposition that the moduli for 
stretch and squeeze are equal. Yery considerable difPerences 
indeed were found between the moduli in different directions. 
For a direction making an angle <j> with the fibres Hagen gives 
the empirical formula 

where is the stretch-modulus for the direction He states 
that this formula has been confirmed by numerous experiments. 
Compare Saint-Venant’s remarks in his edition of Navier’s Legons, 
pp. 817 — 825. 

[1230.] Two papers on the law of molecular force will be 
found in Vol. vii. of the Cambridge Philosophical Transactions. 
They are entitled : 

On Molecular Equilibrium, Part L, by P. Kelland, pp. 25 — 59. 

On the Nature of the Molecular Forces which regulate the 
Constitution of the Luminiferous Ether, by S. Earnshaw, pp. 
97 — 112 . 

The first of these papers is based upon Mossotti’s hypothesis 
of two systems of particles repulsive towards atoms of their 
own kind, but each respectively attractive towards atoms of the 
other. Kelland calls one system caloric and the other matter. 
He concludes, after a lengthy analysis, that all the known laws 
of attraction and cohesion can be explained by the Newtonian 
hypothesis. He does not, however, like Belli apply his results to any 
numerical calculations, and therefore it is not obvious ^ that the 
hypothesis does satisfy these laws. He criticises Mossotti on p. 28, 

I think justly ; see our Art. 840. 

Earnshaw, taking only a single system of particles, shfews like 
Cauchy that the molecular force is not the Newtonian. 

[1231.] A criticism of Mossotti’s method by R. L. E. (? Robert 
Leslie Ellis) is printed on pp. 384—387 of the Philosophical 
Magazine, Vol. xix. 1841. The writer points out that Mossottfs 
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equations involve the conception of fluid pressure, which is itself 
but a mode of molecular action. He insists on the necessity of 
distinct ideas on the connection between the theory of molecular 
action and the ordinary principles of equilibrium. Kolland replied 
to this paper {Phil. Mag., Vol. xx. pp. 8 — 10) and suggests that the 
required pressure might be produced by " molecular contact.’ 

[1232.] This paper of Kelland’s was immediately followed by 
a controversy between Earnshaw, O’Brien and Kelland on the law 
of molecular force. The various stages of this controversy may 
be followed in the volumes of the Philosophical Magazine for the 
yeais 1842 and 1843. 

We have seen that Belli had denied the sufficiency of the law 
of gravitation to explain cohesion. This view was also that of 
Cauchy and Earnshaw, who arrived at it by consideration of the 
unstable equilibrium of a system of particles attracting according 
to that law. On the other hand Mossotti and Kelland, by in- 
troducing a second system of particles repelling each other and 
attracting the first system, endeavoured to prove the sufficiency of 
the law of the inverse square to explain cohesion and the phe- 
nomena of light. The controversy belongs to a great extent to 
the history of the undulatory theory, but it seems to me by no 
means favourable to those who assert, even with the assistance of 
two media, the sufficiency of the law of gravitating force to 
explain cohesive phenomena. 

[1233.] H. Moseley. The Mechanical Principles of Engineering 
and Architecture, London, 1843. 

This book contains a chapter (pp. 486 — 585) on the Strength 
of Materials and one on Impact involving some problems in 
resilience (pp. 586 — 603). 

Moseley’s chief merit is the introduction into England of the 
methods of the French elasticians, notably Poncelet’s conception 
of work. 

The first chapter referred to contains a number of beam 
problems, similar to those treated by Navier in his Le^vns 
(see our Art. 279); Navier’s results are generally obtained by 
Moseley in a shorter and simpler manner. He does not however 
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take any account of slide, and on p. 550 introduces Navier’s 
modification of Coulomb’s erroneous theory of rupture by con- 
tractive load: see our Arts .120 and 729. Further we have 
(pp. 561 — 568) the old absurd forms of beams of greatest 
strength, and the erroneous torsion theory of Cauchy reproduced 
(pp. 583 — 585). An elementary treatment of the danger to a 
suspension bridge of isochronous vibrations (p. 494), and another of 
the position of the neutral line in beams subject to load not wholly 
transverse (p. 497), may be noted. The problems on resilience in 
the chapter on Impact are based upon Poncelet, but there are one 
or two interesting special applications, e.g. to the driving of piles 
(pp. 598 — 603). This latter investigation follows Whewell, but 
the method seems due to Airy. 

The book contains a good deal which might be useful even to 
the practical student of to-day, for many of the problems considered 
are not to be found in the ordinary text-books. 

[1234.] Another work by Moseley, entitled : Illustrations of 
Mechanics, reached a fourth edition in 1848. It also contains some 
references to our subject, but being merely a student’s text-book 
has no claim to originality or to a place in the history of elasticity. 

1235. 1843. F. Brlinnow. De Attr actions Molecular i...AuctOT 
Franciscus Bruennow, 

This is an academical dissertation published at Berlin in 1843; 
it is in quarto, and consists of 31 pages, besides the title and 
dedication which occupy 6 pages at the beginning, and a life 
of the author with a list of theses which occupy 2 pages at the end. 

The subject of elasticity is not formally mentioned, but the 
dissertation may be noticed as relating to the nature of the 
molecular forces by which stress is produced. 

1236. Briinnow considers that there are two erroneous opinions 
which have been maintained with respect to molecular force. 
According to the one opinion the force between two particles varies 
inversely as the square of the distance, so that the law coincides 
with the Newtonian law of attraction; according to the other 
opinion the force between two particles varies inversely as some 
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power of the distance higher than the square, the third or the 
fourth for example. Briinnow briefly notices the views of the 
following writers : Newton, Keil, Freind, Maupertuis, Madame du 
Chatelet, Sigorgne, Le Sage, Clairaut, d’Alembert, Butfon, Laplace, 
Belli, Mollweide, Fries, Jurin, Munke, J. Schmidt, Emmet, J. 
T. Mayer, and Bessel. He makes a few observations which he 
considers refute the above two erroneous opinions, and he main- 
tains that nothing more at present can be said about molecular 
force than was maintained by Laplace; namely, that the force 
is insensible at finite distances, and very powerful at infinitesimal 
distances. 


1237. Briinnow investigates some ordinary problems of attrac- 
tion on bis pp. 23 — 30, namely the attraction of a straight line on 
a particle, of a straight line on a certain parallel straight line, 
of a rectangle on a certain parallel rectangle, and of a cylinder on 
a particle situated on the prolongation of the axis. His results 
enable him to correct erroneous statements made by J. Schmidt 
and J. T. Mayer, who both held that molecular force varied 
according to the Newtonian law. 

1238. Programme dlitne These de Mecanique: Siir la ridstance 
des solides dastiqiLes; prdsenU d la FaculU des Sciences de 
Montpellier, Par J. P. Aimd Bergeron, Montpellier, 1844. This 
Programme consists of six quarto pages, besides the title. It 
contains general statements as to resistance and rupture, which 
I presume were developed either in writing, or vivd voce, in some 
academic formality. 

1239. Die Fortschritte der Pliysik im Jahre 1845. This was 
published in 1847 ; it is the first volume of an important scries 
which has been continued to the present time. I shall occasionally 
have to refer to it for notices of memoirs on our subject ; but I 
have always read such memoirs for myself, and formed my own 
judgment on them, before consulting the volumes of this series. 
I do not cite the notices in this series unless they seem to demand 
special attention. 


1240. I now take three papers in conjunction which belong 
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to the same subject, namely the integration of the equations for the 
equilibrium of an elastic curve of double curvature. 

(i) Memoire stir Vintdgration des Equations de la courhe dlasti- 
que d double courbure ; par M. J. Binet (Extrait). Comptes rendus, 
Vol. XVIII., 1844, pp. 1116—1119. 

(ii) Note sur Vintegration des Equations de la courhe elastique 
d double courbui'e ; par M. Wantzel. Ibid, pp. 1197 — 1201. 

(iii) Reflexions sur VinUgration des formules de la tige dlasti- 
que d double courbure; par M. J. Binet. Comptes rendus, Yol. xix., 
1844, pp. 1 — 3, 

Lagrange stated that the integration of certain differential 
equations was probably impossible : see Art. 159 of my notice of 
the Mdcanique Analytique, Now Binet succeeded in effecting the 
integration, and (i) is an abstract of his memoir, giving without 
demonstrations the results which he had obtained. In (ii) Wantzel 
simplifies the method of Binet, and actually demonstrates the 
process of integration; much of this Note is reproduced by 
Bertrand in his edition of the Mecanique Analytique^ 1853 : see 
Yol. I. pp. 401—405. 

In (iii) Binet makes a few remarks on the subject, in the course 
of which he recognises the merit of Wantzel’s process, and holds 
that some words of Lagrange are no longer applicable : 

Jusqu’4 present il ne parait pas qubn ait plus loin dans la 
solution g^n^rale du probl^me de la courbe elastique. 

Binet in his articles refers to Poisson’s researches on the 
problem, and finds no fault with them : see Art. 671. The 
memoir of which Binet’s first article is an abstract seems not 
to have been published; it was, I suppose, superseded by the 
simpler process of Wantzel. 

[It should be remarked that Binet only obtained the first 
integrals — i.e. the values of the direction-cosines of the tangent 
to the elastic line — in the form of elliptic functions, the actual 
coordinates he left to be found by the method of quadratures. 
Wantzel on the other hand by a choice of simpler axes obtained 
the coordinates themselves in the form of elliptic functions. Binet 
in the third paper cited above questions whether Wantzel’s results 
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are expressed entirely by integrals which can be really termed 
elliptic functions, but this does not affect the fact that Wantzel 
has obtained a complete solution of the equations. It is necessary 
to note that these equations are not the most general conceivable, 
for they suppose the shifts to be small, the central axis in the 
unstrained state to be a straight line and the section of the wire to 
possess inertial isotropy. The very needful introduction of the 
moment about the radius of curvature in the case where the 
section does not possess inertial isotropy is due to Bellavitis and 
Saint-Venant: see our Arts. 935 and 1599. Wantzel shews also in 
his memoir that a straight wire will take the form of a helix, if 
acted upon by terminal couples whose planes make a constant 
angle with its central axis. We must add however to his state- 
ment the condition of inertial isotropy in the section. Ed.] 

1241. 1845. M4moire sur la TMorie des Corps dlastiques, prd- 
senU d VAoaddmie des sciences le 18 ao4t, 1845 ; par M. Ossian 
Bonnet. This memoir is published in the Jownal de VEcole 
polytechnique, 30th Cahier, 1845 ; it occupies pp. l7l — 191. The 
memoir is briefly noticed in the Oomptes rendus, Vol. xxr. 1845 : 
see pp. 434 and 1389. 

The object of the memoir is to establish in a direct manner 
without any transformation of coordinates the formulae obtained 
by Lamd for expressing the equations of elasticity in terms of 
curvilinear coordinates. The memoir after a brief introduction 
is divided into three sections. 

1242. The first section is entitled : Pressions qui sollicitent des 
surfaces orthogonales traedes d'lme manilre quelconque dans le corps : 
this occupies pp. 172 — 184, The final results obtained corre- 
spond to the values of the stresses given in my Art. 1153, 
supposing uni-constant isotropy. 

1243. The second section is entitled : Coefficient de dilatation 
cuhique; this occupies pp. 185 — 186. The result obtained is 
the value of 6 in the form given in my Art. 1153. 

1244. The third section is entitled : Equations de Veqnilihre d 
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du mouvement des soUdes ilastigues rapportees anx pressions ; this 
occupies pp. 185 — 191. 

The results obtained are the three equations analogous to that 
of my Art. 1150. 

1245. With respect to the mechanical principles adopted we 
have to observe that the stresses are calculated by means of the 
general formula 

S = ^ rf (r) cos (r, n) cos (r, s). 

Here n is the normal to an elementary plane co at the point M 
where the density is p ; S denotes a summation with regard to 
the distance r from M of all molecules (m), so that will denote 
the sum with regard to molecules on one side only of co ; (r, n) 
denotes the angle between a distance r and the normal n, and 
(r, s) the angle between r and a fixed straight line s. 

For this Bonnet refers to Saint-Venant and Cauchy in the 
Gomptes rendus, Vol. xxi. : see our Art. 679. Bonnet also admits 
the relation 

\yvyy\ = 3 \yy^\ 

see our Art. 615, the Appendix Note B, and Moigno’s Statique, 
p. 703. Bonnet refers to Cauch/s Exercices de mathimatiques, 
Vol. III., page 201. By virtue of this relation in the case of an 
isotropic body the constants X and fju of our notation are taken to 
be equal. 

1246. The instrument of investigation mainly employed by 
Bonnet is infinitesimal geometry ; and a reader will probably find it 
necessary to exert strict attention in order to feel confidence in the 
accuracy of the successive steps. On the whole the process is of 
interest as confirming the results obtained by Lam6, but could not 
with advantage be substituted for that of Lam^. 

1247. G. B. Airy. On the Flexure of a Uniform Bar supported 
hy a number of equal Pressures applied at equidistant points, and 
on the Positions proper for the applications of these Pressures in 
order to present any sensible alteration of the length of the Bar 
by small Flexure. This is published in the Memoirs of the Royal 
Astronomical Society, Vol. xv., 1846, pp. 157 — 163; it was read 

T. E. 43 
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January 10, 1845. There is an abstract of it in the Monthly 
Notices of the Royal Astronomical Society, Yo\. VL, 1845, pp. 143 — 
146. 

The title sufficiently indicates the nature of this memoir : the 
subject is of great practical importance, because it is necessary to 
support bars, which serve as standards of length, in such a manner 
as to secure them from any appreciable change of length through 
the operation of their own weight. The memoir makes no use of 
the modern theory of elasticity, but rests on assumptions which arc 
thus stated on p. 160 : 

The fundamental assumptions for this investigation are, that tlie 
flexure is so small that the mere curvature of a neutral lino will not 
produce a sensible alteration in its length; that the extension of a 
surface is proportional to the momentum of the bending force; and 
that, when the momenta are equal, the extension i)roduced by a 
bending force downwards, and the contraction produced by a bending 
force upwards, ai'e equal. 

The result obtained is simple in form, and was used by Baily 
in his contrivance for supporting the national standard of length, 

[1248.] W. Sullivan. On Gurrents of Electricity prodticecl hy 
the vibration of wires and metallic rods, Rhilosophical Magazine, 
Vol. xxviL, pp. 261 — 264. London, 1845. This paper contains 
some experimental evidence of the vibrations of wires and rods pro- 
ducing electric currents in them. The current did not depend 
upon the heat produced, as it at once ceased with the vibration. 
Its existence if satisfactorily proved would point to a relation 
between the elastic and electric properties of a body\ 

[1249.] Brix. TJeber die Dehnwig nnd das Zerreissen pm- 
matischer Korper %oenn die spannende Kraft seitwdrts der Schwer- 
pxmhts-Achse wirht Verhandlungen des Vereins zur Beforderung 
des Gewerbfleisses in Preussen, Jahrgang 24. Berlin, 1845, 
pp. 185—192. 

This is a paper bearing on the same important point as the 
memoir of Tredgold considered in our Art. 832. Brix refers to 
Trcdgold’s paper in a footnote on p. 186, as the only one which, so 

1 Sullivan failed to repeat his experiments in the presence of Beatson : see my 
footnote, p. 720. 
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far as he is aware, has treated of this point ; namely, the non-axial 
application of a terminal tractive load. 

Brix obtains an expression for the traction T in a 'fibre’ at 
distance x from that diameter of the section which is perpendicular 
to the line joining the point where the direction of the load cuts 
the section to the centroid of the section (of area co). The total 
load P being applied at a distance h from the axis, and fc being the 
radius of gyration of the section about the above diameter, he finds : 



Compare Duhamel and Tregold’s results in our Arts. 815 and 
832. 

Hence, if cr be the greatest stretch which can be given to the 
body without rupture (better without exceeding the elastic limit), 
we have, being the greatest value of x, 

This agrees with the result we found in Art. 832, and practically 
with Tredgold’s conclusions. 

Brix applies this to the case of the load P being attached to 
the bar by a hook. If the diameter (2r) of the bar, supposed 
of circular section, be equal to the opening of the hook, we have 

6 = 2r-, 

P = ip«<r. 

Or, the strength of a hook is in this case only one-ninth the 
absolute strength (better elastic strength) of the bar out of 
which it is made. See Grashof’s TJieorie der Elasticitai und 
FestigJceit, Berlin, 1878, p. 156. 

[1260.] Luigi Pacinotti and Giuseppe Peri. Esperienze svila 
resistenza elastica dei legni. II Cimento, Giornale di Fisica, 
Chimica e Storia Nodurale. Pisa, 1845, pp. 241 297. 

This contains an important series of experiments on wood. 
The memoir opens with some remarks on Wertheim’s experiments 
on metals. We may cite the following lines : 

4.3—2 
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Alcime particolari osservazioni di confronto fra il coefficiente d’ elas- 
ticity, e la density stessa dei metalli, dal prelodato Wertheim sotto- 
posti air esperienza, ci hanno indotti a tentare 1’ elasticity di alcimi 
legni di maggior nso cementandoli in tre modi divers! : colla Messione, 
cio^ ; coir AUungamento, e colla Torsione. (p. 241.) 

The object of the writers was to ascertain with what exactness 
the theoretical formulae for flexure give the stretch-modulus; to 
calculate this modulus for the woods experimented on, and to state 
a general rule for determining its true value ; finally to compare 
the diverse methods among themselves, to explain why traction 
experiments give more consistent results than flexure and torsion 
experiments, and to shew how these latter experiments may he 
made available. 

[1251.] The experimental details are given in Sezione i. 
(pp. 243 — 265). These are followed by a comparison with theory 
in Sezione il. (pp. 265 — 295). We cannot, however, give much 
weight to the torsional results, for Pacinotti and Peri experimented 
only on wooden bars of square section and used the old Coulomb 
theory to calculate the slide-modulus The values of the 
stretch-modulus E, obtained (i) from traction experiments, (ii) from 
flexure experiments, were then substituted in the ratio ^//x., and 
the nearness of the resulting ratio to 5/2 was tahen as a measure 
of the exactness attained in these different modes of experimenting. 
For the traction experiments the mean value of was 4*792, 
for the flexure experiments 5*637. It was therefore held that the 
traction-experiments were more exact than the flexure. But it 
must be remembered that the relation jE^//x = 5/2 cannot be con- 
ceived as holding for a substance like wood which is certainly 
aeolotropic, and further that the values of fju require modifying by 
Saint-Venant’s factor, though this would affect both sets of results. 
Of course if the theory used by Pacinotti and Peri were exact 
the values of Ejfi should be, although not equal to 5/2, the 
same for both sets of experiments. We must, however, point out 
that there was no consideration of slide in the flexure calculations. 
Similar experiments by Duleau and Giulio (see our Arts. 226 
and 1218) which led to like results are referred to. 

Quindi deduces! che nella teoria della flessione oltre al coefficiente 
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elasticita deve introdui'ci qualclie altro elemento, o che il coefficiente 
d’ elasticity varia nei medesimi corpi secondo V operazione che vogliamo 
sopra il solido produrre. (p. 295.) 

[1252.] The authors reach among other the following general 
conclusions : 

1‘^. Not only elastic strain before set, but elastic strain after 
set has begun (obtained by deducting set from the whole strain) is 
proportional to stress. 

2^. The stretch-modulus is proportional to the specific 
gravity, or Young’s height-modulus is nearly a constant for all 
kinds of wood : see our Art. 137. 

This is the result which Bevan had previously obtained : see 
Art. 379. It is denied by Wertheim, who observes that the 
velocity of sound in all kinds of wood would then be the same, 
which is certainly not the fact: see our Art. 1312. We may 
remark however that this supposes the equality of the two specific 
heats, which Weber and others have shewn is hardly probable: 
see Arts. 705 and 882. The authors also allow this result to be 
only an approximate one ; the height-modulus being about 2000 for 
the c. G. s. system. 

The stretch-modulus obtained by flexure must be multiplied 
by 6/7 and that obtained by torsion by 2*396 in order to deduce 
the true modulus supposed to be given by traction experiments. 
(The stretch-modulus obtained from torsion pre-supposes uni- 
constant isotropy.) 

According to a final remark of Pacinotti and Peri we must use 
a different stretch-modulus for each kind of strain which can be 
given to the material. It will be seen at once that this reduces the 
theory of elasticity to pure empiricism. 

[1253.] 1845. E. Lamarle. Mdmoire sur la flexion du hois. 
Annales des Travaux publics de Belgique, nt. pp. 1 64 and iv. 

pp. i_36. Brussels, 1845 and 1846. The first part treats of 
transverse, the second of longitudinal load. 

The object of the first part is to justify the ordinary theory 
of flexure, which, within the limits of elasticity, assumes the 
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stretch and squeeze-moduli to be the same. The author com- 
mences by considering — to a closer degree of approximation tlian 
is to be usually found in the text-books of that period — what 
he terms circular and parabolic flexure, he. flexure produced by a 
terminal couple and flexure produced by a terminal shearing load. 
The results which he finds are not novel and will be found in the 
works of Heim or Saint-Venant : see our Arts. 905 and 1615. 
He supposes the squeeze- and stretch-moduli to bo different 
and calculates upon this assumption the deflection for certain 
cases of triangular prismatic beams. Experimentally, however, 
beams of wood give a deflection coinciding with theory only 
on the hypothesis of the equality of the moduli. 

[1264.] Lamarle arrives at the following conclusions : 

1^ That the hypotheses upon which the ordinary theory of 
the transverse flexure of wood rests, and the calculations based 
upon them, agree in a very remarkable manner with experimental 
facts. 

2®. That the resistances to contraction and extension ought 
for equal changes of length, within the limits of elasticity, to 
be considered as identical, or at least as not differing by a sensible 
quantity. 

3°. That transverse flexure offers a simple, convenient and 
very precise means of determining the stretch-modulus. 

4^ The author holds that the mean value of the strotch- 
modulus for any kind of wood will not give results without 
large error for any specimen of that wood (p. 63). 

The conclusion 3^ can hardly be accepted ; it is an admitted 
fact that the stretch-modulus as obtained by flexure experiments 
differs sensibly from that obtained by traction experiments. In 4“ 
we have a statement of the well-known fact that the stretch- 
modulus of wood depends upon the part from which and tho 
direction in which it has been cut out of the tree, and upon 
its dryness, etc. 

[1255.] The second part of Lamarle^s memoir seems to mo of 
more interest. It is a consideration of the Euler-Lagrangian theory 
of struts I see our Arts. 65 and 106. There arc several points 
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in this memoir worthy of notice. If Q be the contractive load, 
e Euler’s moment of stiffness, the stretch-modulus and <o 
the section, Lagrange arrives at an equation of the form : 

elp = Qy (i)- 

Lamarlo points out that the true equation on the Bemoulli- 
Eulcrian hypothesis is 

<“>■ 

Ho then solves this equation by a series and determines the 
least value of Q for which flexure is possible, and the deflection 
for any given value of Q. The modification thus introduced into 
Lagrange's results gives, however, only a factor negligible in most 
practical cases (pp. 33 — 36): see our Art. 959. On the other 
hand Lamarle does not seem to have noticed that this more 
correct form of the equation solves Robison, Tredgold and others' 
difficulty as to the form and position of the neutral line in the case 
of struts, or rods subjected to contractive load. 

[125G.] In the consideration of a doubly-pivoted strut (of 
length 1), Lamarle follows Lagrange closely, proceeding in the 
same way to investigate equation (i) without neglecting {dt/fdxy 
as small. Ho shews that up to a load Q = there will be no 
flexure, but that after this load the flexure changes continuously 
with the load (pp. 8 — 15) : see our Art. 109. 

[1257.] Then follows a remark of Lamarle's, on the convergency 
of the scries used. We may note that the greatest negative stretch 

in any fibre would bo given by ^ -i- ■— — and the greatest 

positive stretch by ^ ^ “*• , where b is the distance of 

cither extreme fibre of the beam from the central axis. Now 

wo may neglect the term ~ ~ in comparison with the others. 

Lamarle also neglects Qj(Eoo) as compared with h/p. I think, 
however, that his set-conditions are wTong. Since the greatest 
stretch will bo at the central cross-section of the beam, if 
be the greatest stretch which can be given without passing 
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the elastic limit and / be the central deflection I find by 
equation (i) that : 

where is the ratio of lateral stretch to longitudinal squeeze. Of 
these for a small deflection the former will be the greater. Hence 
the condition 


is really too favourable to Q, 

Now the series in which Lagrange and Lamarle have solved 
their differential equation ascends in powers of and therefore 


in powers of something less than since . Now 

in practice Ijh will be <100 and Sq at greatest equal to *0006 for 
iron and wood. Hence the series ascends in powers of something 
not greater than (*01/^)^ or (*04)^ for uni-constant isotropy, and so 
is rapidly convergent. 


[1258.] A result of Lamarle’s on p. 20 is, 1 believe, entirely 
original and has not been sufficiently regarded. A contractive load 
Q would produce a squeeze QI{E(o), Lamarle states that this must 
be less than s^. But this conclusion does not seem to mo correct ; 
if we suppose compressed bodies to reach set by lateral extension 
we ought to put QjEm < sjrj. Now the first load which produces 
flexure is equal to Hence we must have for flexure which 

does not destroy the elasticity 

Now e^Eco/c^ where k is the radius of gyration of the section 
about a line through its centre perpendicular to the plane of 
flexure. Hence it follows that 

/a ^ * 

0 7)Tr 

Suppose Sq = -0006. Then for a circular section of diameter c 
we have 


Ijo 32’06 X Jrj, 
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For a rectangular section of which, the lesser side is c, 
Z/c>37‘12 X Jt], 

If we suppose uni-constant isotropy as holding for metal struts, 
r) = 1/4, and the numbers on the right-hand side are respectively 
16*03 and 18*51. 

Thus we arrive at the important conclusion that : 

There will be no flexure without set in the case of a strut of 
circular section pivoted at both ends unless its length is greater 
than 16 times its diameter ; if it be built-in at both ends, it may be 
shewn that the length must be 32 times the diameter. 

For a strut of rectangular section the length must be in the 
corresponding cases 18 and 37 times the least diameter. These 
numbers are those given by Lamarle, but I think his process 
is wrong. 

[1259.] In the preceding article we have shewn when the limit 
of elasticity will be reached before flexure begins, but we can obtain 
even closer results. In Art. 1257 we have seen that provided 
l/b < 100 or Ijc < 50, then 

^2 {<- 01 /,. 

Now it may be shewn from our Art. 110 that 

hence we must have _ 

- < 1 +- 00002 /,?*, 

TT V 6 

7r^€ 

or for uni-constant isotropy, Q < 1*0006 . 

2 

But for flexure Q > ^ . 

Now these numbers are practically equal and we arc able to 
draw the all-important conclusion : 

That for values of Ijc up to 50, the load will not produce 
flexure without destroying the elasticity. This supposes the strut 
pivoted at both ends ; if it were built-in at both ends we must read 
for values of Ijc up to 100. 
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Thus we see that up to a certain ratio of length to diameter 
the maximum load ought to be calculated from the formula 

Qo = 

But beyond this ratio ought to be calculated from 



A table for the strength of doubly-pivoted struts based on these 
principles is given by Lamarle on p. 24. It needs, however, modi- 
fication for the corrections indicated in our Arts. 1257 — 1258. 

On pp. 25 — 26 the exaggerated effect, which is produced if the 
load be not in the axis of the strut, is pointed out. 

[1260.] Lamarle’s theory is in accordance with the results of 
Duleau and other investigators, who have found in many cases that 
the breaking load is measured by Euler s formula for the doficcting 
load ; — that is to say, if we suppose that the limit of elasticity and 
the rupture-stretch are nearly identical : see Arts. 228 and 95,9. 

[1261.] The second part of this memoir was presented to the 
French Academy and reported on by Poncelet and Lieu villo, January 
15, 1844, They speak of Lamarle’s principles offering dans hiir 
ensemUe, une solution satisfaisante de la question des pieces chmjies 
debout 

Without entirely agreeing with this statement wc may yet 
admit that they introduce into the Euler-Lagrangian theory of 
struts an element which goes far to reconcile that theory with 
experience. It is noteworthy that Lamarle’s results seem to have 
entirely escaped the consideration of later writers. 

[1262.] They seem to be of such importance that wc quote 
them in his own words (pp. 28 — 29) : 

W Que las charges que peuvent supporter, sans alteration per- 
manente, les pieces dont il agit, sont ind6pendantes de lour loiigueur et 
simpleineiit proportionnelles ^ leur section, tant que le rai^port outre 

a ongueur et la plus petite dimension de r^quarrissage n'attoint uas 
ime certaine limite ; 

20. Qx,’au deli de cette limite, et pour tous les cas d’appHcation, la 

charge maximum peut atteindre et nou depasser reflfort corresponduut 
a la flexion initiale : 
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(We may shew generally that Q < 

that in our case for Z/c = 100, Q cannot exceed (1*003) without 

set, and this surpasses the buckling load by *003 only.) 

3°. Que la thet)rie qui permet d’etablir it priori ces deux principes 
CHseutiols et qui les rend applicablcs a I’aide de formules tres-simples, se 
concilie d^iilleurs parfaitemeiit avec les faits d’observation, lorsque Ton 
a pris les precautions convonables pour realiser les hypotheses sur 
lesquolles ello repose. 

1203. G. G. Stokes. We have now to consider the contribu- 
tions to our subject of one of the foremost of English physicists. 
These, without being numerous, are important. So far as they 
bear upon the moot point of bi-constant isotropy we have con- 
sidered them to some extent in Arts. 925 and 92G of Chapter vi. 

12()4. The first memoir wo have to note is entitled: On the 
llieorm of the Internal Friction of Fluids in Motion, and of the 
Kqmlibrkun and Motion of Elastic Solids, It was published in the 
Transactions of the Cambridge Philosophical Society, Yo\, viix. 1849, 
pp. 287 — 319 {Mathematical Papers, l. pp. 76 — 129), and was read 
on April 14, 1843. This important memoir is devoted mainly to the 
motion of fluids. The following sentences are from the intro- 
ductory remarks. 

Ill rtiflccting on the principles according to which the motion of a 
fluid ought to bo calculated when account is taken of the tangential 
force, ami consequtmtly the pressure not supposed the same in all 
cUrectioua, I was led to construct the theory explained in the first 
section of this paper, or ait least the main part of it, which consists of 
equations (13), and of the principles on which they are formed. I 
afterwards found that Poisson had written a memoir on the same 
Bubjiict, and on referring to it I found that he had arrived at the same 
ctpiatioiiH. The method which he employed was however so different 
from mine that I feel justihed in laying the latter before this Society.... 

Poisson, in the memoir to which I have referred, begins with es- 
tablishing according to his theory the equations of equilibrium and 
motion of clastic solids, and makes the equations of motion of fluids 
depend on this theory. On reading his memoir I was led to apply to 
th<^ theory of elastic solids principles precisely analogous to those 
whicli J have employ tul in the case of fluids.... 
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The memoir by Poisson to which reference is here made is that 
of October, 1829 ; see our Art. 640. 

1265, So far as relates to our subject Stokes’ memoir offers the 
following matters ; the equations for the equilibrium and motion of 
an elastic body are established involving two constants; the principles 
of Poisson’s theory are criticised, and objections are urged especially 
against that hypothesis in virtue of which only one constant occurs 
in the equations ; and finally the necessity for the introduction of 
two constants is urged on experimental grounds. 

An allusion to this memoir as relating to the motion of fluids 
occurs in Moigno’s Statique, p. 694. 

[1266.] The parts which concern us are Sections III. and IV. 
In the first of these sections the principle of the superposition of 
small quantities is made use of to deduce that stress is a linear 
function of strain. Thus the method adopted is equivalent to 
Cauchy’s in our Art. 614. We have already had occasion to refer 
to the criticism of Poisson which occurs in Section iv., as well as to 
the experimental data cited from Lame and Oersted : see our Arts. 
690 and 1034. Stokes supposes that the effect of the heat de- 
veloped when the elastic solid is in a state of rapid vibration is 
the introduction of a term into the three tractions proportional to 
the temperature ; the heat developed has accordingly no effect upon 
the three shears. Thus purely transverse vibrations would not be 
influenced by the thermal state. The equation for the conduction 
of heat is not introduced; the treatment of the thermo-elastic 
equations is thus not quite so general as that due to Duhamel : see 
our Art. 877. We have already referred to Saint-Venant’s remarks 
on Stokes’ memoir : see Art. 929. The application of his equations, 
which Stokes has peculiarly in view, is to the luminiferous ether, 
which it is needful to consider as an elastic solid for one kind 
of motion and as a perfect fluid for another. This 'thin jolly’ 
theory of the ether is considered in a paper entitled: On the 
Constitution of the Luminiferous Ether^ to be found in the Pliilo-^ 
sophical Magazine, Vol. xxxir. p. 343, 1848 (or M, Papers, ii. 
p. 8). The subject belongs, however, rather to the theory of light 
than to the history of elasticity. 
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1267. Remark on the theory of homogeneous elastic solids, 
^amhridge and Dublin Mathematical Journal, Vol. 3, 1848, pp. 130 
-131. This is an historical note; and its nature will be obvious 
'om the opening sentences : 

In a paper on Elastic Solids published in the last number of this 
ournal, Professor Thomson speaks of my paper on the same subject as 
eing the only work in which the equations of equilibrium or motion 
f a homogeneous elastic solid are given with the two arbitrary 
1 dependent constants which they must contain. This is so far correct 
lat there is no other work, of which I am aware, in which these 
:[uations are insistsd on as being those which it is absolutely necessary 
> adopt; but the equations have been obtained by M. Cauchy, and 
different method of arriving at them has been pointed out by Poisson. 

[1268.] On the Dynamical Theory of Diffraction, Camb, Phil. 

Vol. IX. pp. 1 — 62 (or Math. Papers, il. pp. 243 — 328). 
"his paper was read on November 26, 1849. The only part which 
oncerns our present subject is Section II., which is entitled : 
Propagation of an Arbitrary Disturbance in an Elastic Medium. 
It occupies pp. 257 — 280 of the Math. Papers, ll.) This contains 
n important solution of the equations of bi-constant isotropy 
or wave motion. The solution is somewhat similar to those 
btained by Poisson, Ostrogradsky and Blanchet, but the method 
5 far simpler; see Arts. 523 — 526, 740 and 1169. 

If u, V, w be the shifts, r^, the twists defined by 
iquations of the form 

9 — 

md 6 the dilatation. Then, a, b being constants, we have equations 


>£ the type 

(i). 

From those we deduce for the dilatation 



Liid for the twists three equations of the type 

^i»-.AaVV (iii"). 



G86 


STOKES. 


These equations have been previously solved by Stokes : see 
formulae (12) and (16) of his Section i. He there divides each 
shift u into two parts and ; of these the first parts are such 
that u^dx + 'o^dy + w^dz is a perfect differential, or the corresponding 
twists are zero, the second parts are due to twists which 

have given finite values throughout a finite space and vanish else- 
where. 6 will thus consist of two parts, the second however is zero. 
The solution is then given by equations of the type 

“ = ^// ;^///^^ {rx) dV ... (iv), 

where r is the distance of the point whose shifts are u, v, w from 
the point whose twist-components are or dilatation 

and y, z are the coordinates of the latter point relative to the 
former ; the integration is to be taken all over the finite space V 
wherein the twists have finite values. 

[1269.] Stokes now proceeds to analyse the integrals of 
equations (ii) and (iii) : 

Let 0 be the point of space at which it is required to determine the 
disturbance, r the radius vector of any element drawn from 0 ; and lot 
the initial values of d, dOjdt be represented by f{r), F{r) respectively S 
we have 

^ = h ^ w- 

The double integrals in this expression vanish except when a spherical 
surface described round 0 as centre, with a radius equal to at, cuts a 
portion of the space T (that of the initial disturbance). Hence if 0 be 
situated outside the space T, and if be respectively the least and 
greatest values of the radius vector of any element of that space, there 
will be no dilatation at 0 until ai5 = rj. The dilatation will then 
commence, will last dui'ing an interval of time equal to (r^ — r^), 
and will then cease for ever. The dilatation here spoken of is under- 
stood to be either positive or negative, a negative dilatation being the 
same thing as a condensation. 

^ This solution is due to Poisson : Mimoires de VAcad^nie, t. in. p. 130. The 
values of 6 and dd/dt at the epoch are supposed to be finite within a given finite space 
and to vanish outside ; the double integration is over the boundary of this space. 
Purther 6^ and dd/dt may be initially functions of the direction as well as magnitude 
of r, but it is not necessary to express this analytically : see Stokes' Section i. § 4. 
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Hence a wave of dilatation will be propagated in all directions from 
the originally disturbed space T, with a velocity a. To find the portion 
o£ space occupied by the wave, we have evidently only got to conceive 
a spherical surface of radius at, described about each point of the space 
T as centre. The space occupied by the assemblage of these surfaces 
is that in which the wave of dilatation is comprised. To find the 
limits of the wave, we need evidently only attend to those spheres 
which have their centres situated in the surface of the space T, WJien 
t is small this system of spheres will have an exterior envelope of two 
sheets, the outer of these sheets being exterior and the inner interior 
to the shell formed by the assemblage of spheres. The outer sheet 
forms the outer limit to the portion of the medium in which the 
dilatation is different from zero. As t increases the inner sheet con- 
tracts, and at last its opposite sides cross, audit changes its character from 
being exterior, with reference to the spheres, to interior. It then expands, 
and forms the inner boundary of the shell in which the wave of 
condensation is comprised. It is easy to shew geometrically that each 
envelope is propagated with a velocity « in a normal direction. 

It appears in a similar manner from equations (iii) that there is a 
similar wave, propagated with a velocity b, to which are confined the 
rotations r^,, This wave may be called for the sake of distinction, 
the wave of distortion, because in it the medium is not dilated or 
condensed, but only distorted in a manner consistent with the pre- 
servation of a constant density. (§§ 11, 12.) 

Wo have here the clear expression of the manner in which the 
wave of dilatation and the wave of twist are propagated. The 
reader may compare our Arts, 740 and 1169. 

[1270.] Paragraph 14 states a general dynamical theorem 
which Lord Rayleigh has termed Stoked Rule in his Theory of 
Sound (Vol. I. p. 96). We give it almost in the words of the 
memoir : 

When the expressions for the disturbance of a dynamical system at 
the end of time t aro linear functions of tho initial displacements and 
the initial velocities, then the part of the disturbance which is due to 
the initial displacements may be obtained from the part due to the 
initial velocities by differentiating with respect to t, and replacing the 
arbitrary functions which represent the initial velocities by those wliich 
represent the initial displacements. 
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IS remarks that this result constantly presents itself in 
tions like those which are the subject of his memoir, 
on considering its physical interpretation it will he found 
extreme generality. 

esents itself in fact in all problems related to the 
al motion of perfectly elastic solids. 

.] The application of the principle mentioned in the 
r article enables Stokes to treat only of initial velocities, 
lers also separately the parts of the shifts due to dilata- 
to twist. 

he finds for the shifts due to initial velocities of 

1 Uqj Vq, Wq equations of the type 

+ ^ III (%-3lqo)^ (r>af)...(vi). 

q^ = luQ + mvQ-hmljQ where I, m, n are the direction- 
f the line joining the point 0 whose shifts are zq, 7 ;^, 

)int whose initial velocity-components are 
lat we are to take at the point distant at from 0 ; the 
be^ration is to be taken over all parts of V for which 
ee § 17. 

1] In § 18 we have the consideration of the values of 

2 due to initial velocities of a twist character. Stokes 
ds that 

-ll(u,-lq„)^do--^lll (u^-Slqa)^ (r>bt)...(vii). 

b expressions for and be added we have finally for the 
iie to initial velocity of any kind 

[ (^0 - 

+ ^///(3Z?o-«o)^ (bt<r<at) (viii). 

oplication of the theorem stated in Art. 1270 the shift due 
displacement is found to be 
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+ i iff ^^^Po ~ “o) ^ {ht<r<at) (ix). 

Here w^ are the components of the initial displacement, 
that displacement resolved in the direction I, m, ii, and the 
bscripts at or bt denote that r is supposed to be equal to at or ht 
ser differentiation (§ 19), 

[1273.] We have reproduced these results of Stokes* not 
,ly to indicate the method in which he has attacked the 
oblom, but also for the sake of the following remarks, which 
we a bearing on the controversy between Blanchct and Cauchy 
nsidercd in our Arts. 1109 et seq. 

The iii"st of the double integrals in equations (viii), (ix) vanishes 
tside the limiis of the wave of dilatation, the second vanishes outside 
e limits of the wave of distortion. The triple integrals vanish 
tside the outer limit of the wave of dilatation, and inside the inner 
nit of the wave of distortion, but have finite values within the two 
ives and between them. Hence a particle of the medium situated 
tside the space T (i,e. space of initial disturbance) does not begin to 
)vo till the wave of dilatation reaches it. Its motion then commences, 
d does not wholly cease till the wave of distortion has passed, after 
lich the particle remains absolutely at rest (§ 20). 

[1274.] In the following paragraphs Stokes treats special cases 
these equations. § 21, no wave of distortion or twist ; § 22, no 
ivo of dilatation ; §§ 23 — 26 consider the terms which are of im- 
►rtance at a great distance from the space originally disturbed, 
is shewn that as the surface of the wave of twist grows larger, 
.0 inclination of the resultant shift of a particle to the wave's 
5nt decreases with great rapidity, §§ 28 — 29 contain the im- 
>rtant bearing of those results on the undulatory theory of light, 
e other being considered as an elastic solid, i.e. not strictly 
compressible. 

[1275.] Wo have omitted to mention § 27 because it contains 
problem of great generality in its application to the motion of 
T. K. 44 
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bly elastic solids and deserves a fuller consideration. The 
m is the following one : to deduce the disturbance due to a 
variable force acting in a given direction at a given point of 
inite elastic medium. 

it 0^ be the given point of the medium, we require to know 
lifts V, w at any point 0 at time t. Suppose f{t) the 
tude of the given force and its direction V, m', let 
n) be the direction of 00^ (=r) and let 
h = IV + mm + nn ; 

be the density of the medium in equilibrium ; then Stokes 
by means of the principle that the limit of a series 
ill impulses will be a continuous moving force, and by means 
seated application of equation (viii), that the shifts are given 
’ee equations of the type 


m-v 


47rl>r* J ria 

teresting discussion of this result follows. 


rrjb 

tf(t— i)dt' (x). 

^ Ha 


276.] Discicssion of a Differential Equation relating to the 
\ng of Railway Bridges, Camb, Phil, Trans, Vol. viii. 
07 — 735 (or Math, Papers, Vol. ii. pp. 178 — 220). The 
was read May 21, 1849. 

has reference to a very important practical problem in 
nee ; namely, the impulsive efiect of a travelling load on a 
ntal beam or girder. A Royal Commission had been 
ited in 1847 '‘for the purpose of inquiring into the con- 
s to be observed by engineers in the application of iron in 
ures exposed to violent concussions and vibrations.” Of this 
lission the late Professor Willis was a member, and the 
ing remarks with which Stokes opens his paper will explain 
3ope of Willis' investigations : see also our Arts. 1406 and 
wherein the experiments undertaken by the Commission and 
illis in particular are referred to. 

e object of the experiments was to examine the effect of the 
y of a train in increasing or decreasing the tendency of a girder 
over which the train is passing to break under its weight. In 
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[er to incroasc the observed effect, the bridge was purposely made as 
jht as possible : it consisted in fact merely of a pair of cast or wrought 
n bars, nine feet long, over which a carriage, variously loaded in 
ferent sets of experiments, was made to pass with different velocities, 
e remarkable result was obtained that the deflection of the bridge 
a'eased with the velocity of the carriage, at least up to a certain 
int, and that it amounted in some cases to two or three times the 
itral statical deflection, or that which would be produced by the 
•riago placed at rest in the middle of the bridge. It seemed highly 
sirablo to invr*stigate the motion mathematically, more especially as 
3 maximum deflection of the bridge, considered as depending on the 
locity of the carriage, had not been reached in the experiments, in 
no cases because it corresponded to a velocity greater than any at 
nmand, in othom because the bridge gave way by the fracture of the 
rs on increasing tho velocity of the caiTiage. The exact calculation 
the motion, or rather a calculation in which none but really in- 
;nificant quantiti<?s should be omitted, would however be extremely 
[ficult, and would req\uro tho solution of a partial differential 
nation with an ordinary differential equation for one of the equations 
condition by which the arbitrary functions would have to be de- 
stined. In fact, tho forces acting on the body and on any element 
tho bridgo depend upon tho positions and motions, or mther changes 
motion, both of the body itself and of every other element of the 
idgo, BO that the exact solution of the problem, even when the 
flection is Bttpposed to bo small, as it is in fact, appears almost 
peless. 

In or<lor to render the problem more manageable Professor Willis 
(glectcHl the inertia of the bridge, and at tho same time regarded the 
oving body as a heavy particle. Of course the masses of bridges 
ch as are actually used must bo considerable; but the mass of the 
.rs in the experiments was small compared with that of the carriage, 
id it was reasonable to expect a near accordance between the theory 

simpUfli*<l and experiment. This simplification of the pi'oblem 
duces tho calculation to an ordinary differential equation, which is 
,ab which has been already mentioned ; and it is to the discussion of 
is equation tJmt the present paper is mainly devoted (p. 707). 

See our Art. 1419. 

We thus see that Willis’ equation solved by Stokes neglects 
ic inertia of the bars, supposing them in fact to take at each 

44—2 
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instant the form due to the pressure exerted by the weight and 
centrifugal force of the moving body supposed to be collected into 
a particle. 

[1277.] Stokes’ theoretical results, while according fairly 
with experiments so long as the inertia of the bars was small, 
diverged considerably as it increased and began to equal that of 
the carriage. He accordingly in an Addition to his menmoir states 
the general equations of the problem on two assumptions, and gives 
another solution for the case when the weight of the travelling load 
is extremely small as compared with that of the bars. Such 
remained the state of our knowledge on this important problem 
till the year 1855 when the subject was investigated by Phillips^ 
He was followed in 1860 by Renaudot^ and finally the matter has 
been very fully treated by Saint-Venant®. The work of these 
elasticians in supplementing the investigations of Stokes will 
be considered in its proper place in our second volume ; but it may 
be well to quote here Saint-Venant’s concluding remarks on the 
problem : 

Qull convient de ne plus dire, comme ^ une 4poque oil la question 
n*avait pas encore et6 suffisamment €tudi€e, que les solutions tcllcs quo 
(a>) et (i/r) ne conviennent qu^^ deux cas extremes; celle-lil pour PjQ 
tr^s petit, et celle-ci pour PjQ tr^s grand, ni que M. Stokes ii’a eu 

d’autre intention, en 1849, que de traiter ce dernier cas. Lo hut 

primitif de reminent correspondant de ITnstitut a C*t6, comme roxprirne 
notre citation ci-dessus, de ‘‘tenir compte de I’inertie de la poutro”; co 
but s’est trouv6 atteint six ans apr^ en 1855, d’une autro maniSsre, et 
sans changement hypoth^tique du mode de distribution des deplaccinouts 
le long de la poutre, par des formules alg^briques telles que («>) ; mais 
son beau et hardi travail a eu le pr^cieux efiet de fournir uno Ova- 
luation approch^e et suffisante de cette partie pSriodique ou oscillatoiro 
des mouvements que la solution alg^brique de 1855 ^tait r^duite it 

n^gliger; Evaluation que nous croyons avoir montrE Etro facile it 

Etendre ^ tous les rapports habituels des poids P, Q de la poutre et do 
la charge mobile qu’elle supporte pendant son trajet\ 

^ Annales des mines, t. vii. pp. 467 — 606, 1855. 

2 Annales des ponts et chattssSes, T. i. 4® serie, pp. 145—204, 1861. 

8 See his edition of Olebsoh: TMorie de V elasticity des corps solules, 1885, pp. 
597—619. 

' 4 Ibid, p. 616, j; 
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We proceed to consider the various points of the memoir. 

[1278.] The equation which Stokes set himself to investigate 
is that determined by Willis, namely : 


where 


da? ^ (a? — x^Y 


P 4F^/S’ 


x' = 2c^, y = 16 /Sfy. 


(iX 


Here 2c is the length of the bar, 

V the velocity of the travelling load, 

S the central deflection when the travelling load is placed at 
rest on the centre of the bar, 

x' and y' the coordinates of the travelling load, x being measured 
from the beginning of the bridge and y' vertically downward, 
g the acceleration due to gravity. 

See our Art. 1419. 


[1279.] In §§ 3 — 6 Stokes solves this equation by means of 
a convergent series. In § 7 he finds a solution in definite integrals. 
This solution is : 

y = (1 - osydx-ar (1 (1 • • • (ii), 

where m and n are roots of the equation 

The two arbitrary constants of the complete integral disappear 
by virtue of the terminal conditions : 

y' = 0, = 0, when x' = 0. 

The following §§ 8 — 10 are occupied with the evaluation of 
the series and constants which express the deflection. 

[1280.] In § 11 the vertical velocity of the body at the centre 
of the bridge is determined. The value of the vertical velocity at 
any time 
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Jfow ^ s= Y very nearly. Hence the vertical velocity 

Cut Cut 

SSV ^//t\ 

at the centre = ./ (4;? 

c 

where/' (|) is the value of dyjdm obtained from (ii) when it- == 

It is shewn that 

2 cos rir ' 6^”“ 4 - g-p’r ’ 

where r = — yS and /> = V/S — -1, according as ^ < or > J. 

The rest of the paragraph is occupied with an investigation of 
the maximum value of this central vertical velocity for varying 
values of T. It is found to take its maximum value (= *6288^/%>9) 
when V = -46550 J^gjS, 


[1281.] In the following paragraph the * tendency to rupture ' 
is expressed in terms of the variables. Stokes takes as the 
tendency to rupture at any point the moment of all the forces 
acting on the bridge on one side of the section at that point 
It is greatest immediately under the travelling load, and is in the 
memoir measured in terms of its value at the centre of the bridge, 
when the load is placed there at rest. 

Stokes, like later writers — Phillips, Renaudot and Saini.- 
Venant — leaves shear entirely out of consideration and follows 
the Bernoulli-Eulerian hypothesis for the flexure of beams. 


[1282.] §§ 13 — 17 are devoted to a table of the numerical values 
of the tendency to rupture and of the ratio y'fB for the valiuis 
of /3 = 5/36, 1/4, 1/2, 5/4; to the plotting of the corresponding 
trajectories, and a consideration of the general results. Thosti 
have already been stated by Stokes on p. 708 of the memoir. 
We reproduce them here because they shew clearly the points 
demanding further investigation : 

It appears from the solution of the differential equation that the 
trajectory of the body is asymmetrical with respect to the centre of the 
bridge, the maximum depression of the body occurring beyond the 
centre. The character of the motion depends materially on the nu- 
merical value of When ^ is not greater than the tangent to the 
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trajectory becomes more and more inclined to the horizontal beyond 
the maximum ordinate, till the body gets to the second extremity of 
the bridge, when the tangent becomes vertical. At the same time the 
expressions for the central deflection and for the tendency of the bridge 
to break become infinite. When is greater than the analytical 
expression for the ordinate of the body at last becomes negative, and 
afterwards changes an infinite number of times from negative to positive, 
and from positive to negative. The expression for the reaction be- 
comes negative at the same time with the ordinate, so that in fact the 
body leaps. 

The occurrence of these infinite quantities indicates one of two 
tilings : either the deflection really becomes very large, after which of 
course we are no longer at liberty to neglect its square; or else the 
effect of the inertia <5f the bridge is really important. Since the 
deflection does not really become very great, as appears from ex- 
periment, we are led to conclude that the eflect of the inertia is not 
insignificant, and in fact I have shewn that the value of the expression 
for the vis viva neglected at last becomes infinite. Hence, ho'wever 
light be the bridge, the mode of approximation adopted ceases to be 
legitimate before the body reaches the second extremity of the bridge, 
although it may be sufiiciently accurate for the greater jiart of the 
body’s course (compare § 18 of the Memoir). 

[1283.] In addition to the above remarks we may add the 
following from § 19 : 

There is one practical result which seems to follow from the very 
imperfect solution of the problem which is obtained when the inertia of 
the bi'idge is neglected. Since this inertia is the main cause which 
prevents the tendency to break from becoming enormously great, it 
would seem that of two bridges of equal length and equal strength, 
but unequal mass, tho lighter would be the more liable to bi'eak under 
the action of a heavy body moving swiftly over it. 

In § 21 the moment of rupture is calculated for a long bridge 
for which /3 might be supposed great in practice ; in this case the 
moment does not become infinite, but the motion is sensibly 
symmetrical about the centre of the bridge, and the moment has 
its greatest value at that point. Stokes holds that the inertia of 
the bridge would decrease rather than increase this maximum. 

[1284.] The memoir concludes with an ingenious application 
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of the * method of dimension-counting ’ to determine the conditions 
under which an exact dynamical -model of a larger system may be 
obtained: see p. 721. 

[1286.] In the Addition which follows (dated October 22 of 
the same year) Stokes calculates the values of the moment 
of rupture and the deflection for greater values of namely 
3, 5, 8, 12 and 20. This was upon the suggestion of Willis, 
who remarked that such larger values were those occurring in 
practice. The corresponding trajectories were plotted by Willis 
and will be found on fig. (i) of the plate at the end of the memoir. 
For /9 = 20 the trajectory becomes sensibly symmetrical except in 
the close neighbourhood of the extremities, where however the 
depression itself is insensible. 

[1286.] On p. 725 we have a criticism of Cox's paper on the 
basis of the remark we have cited above as to the vis becoming 
infinite : see our Arts. 1282 and 1433. 


[1287.] Stokes also shews p. 724 that the ratio of the central 
dynamical deflection D to the central statical deflection B is 
given by 


D 

8 



= 1 + 


go' 


to three places of decimals when /8 is equal to or greater than 

100 . 


[1288.] The main value of the Addition however depends upon 
the attempt made on pp. 727 — ^733 to include the effect of the 
inertia of the bridge : 

In consequence of some recent experiments of Professor Willis^, 
from which it appeared that the deflection produced by a given weight 
travelling over the trial bar with a given velocity was in some cases 
increased by connecting a balanced lever with the centre of the bar, so 
as to increase its inertia without increasing its weight, while in other 
cases the deflection was diminished, I have been induced to attempt an 
approximate solution of the problem, taking into account the inertia of 
the bridge. I find that when we replace each force acting on the 
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bridge by a uniformly distributed force of such an amount as to pro- 
duce the same mean deflection as would be produced by the actual force 
taken alone, which evidently cannot occasion any very material error, 
and when we moreover neglect the difference between the pressure 
exerted by the travelling mass on the bridge and its weight, the 
equation admits of integration in finite terms (pp. 727 — 728). 

[1289.] The result of Willis’ experiments (see our Art. 1421) 
should be noted in connection with the statement made in 
Art. 1282 as to the deflection and moment of rupture becoming 
infinite. It does not seem so certain that these infinite values 
depend entirely on the neglect of the inertia, and that they will 
take less values if that inertia be included. It may possibly be 
related to the unsatisfactory nature of the Bernoulli-Eulerian 
hypothesis as to the elasticity of beams. 

It will be seen that Stokes’ solution of the problem in- 
cluding the inertia of the beam depends upon two assumptions. 
The second of these assumptions, namely that we may neglect 
the difference between the pressure on the bridge and the weight 
of the travelling load, is shewn in the course of the work to depend 
on the two conditions, (i) that ^ be large, (ii) that the mass of 
the travelling load be small compared with that of the bridge : see 
p. 729. 

[1290.] Stokes gives tabular and graphical results for the 
solution of the resulting equation on various numerical hypotheses. 
The variety in these solutions depends upon a certain quantity q. 
If be the central statical deflection that would be produced by 
a mass equal to that of the bridge, 

2 


Suppose the travelling load removed and the bridge depressed 
through a small space, then the period of a complete oscillation P 
would be given by 


P=29r 



Hence 



if T bo the time of the mass crossing the bridge. 
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The quantity r/P will usually be very large, and Stokes 
then shews that the central deflection is liable to be alter- 
nately increased and decreased by the fraction or by 

T12 JSJr of the central statical deflection. Here the units of 
space and time are an inch and a second. 

The value of the central deflection is calculated in the case of 
two examples drawn from the Ewell and Britannia Bridges. 

[1291.] We may conclude our examination of this important 
memoir by the following general conclusions of the Addition : 

In this paper the problem has been worked out, or worked out 
approximately, only in the two extreme cases in wliich the mass of the 
travelling body is infinitely great and infinitely small respectively, 
compared with the mass of the bridge. The causes of tho increase of 
deflection in these two extreme cases are quite distinct. In tho former 
case, the increase of deflection depends entirely on tho dilfcrence 
between the pressure on the bridge and the weight of tlio body, and 
may be regarded as depending on the centrifugal force. In tho latter, 
the effect depends on the manner in which the force, regarded as a 
function of the time, is applied to the bridge. In practical cases tho 
masses of the body and of the bridge are generally comparable with 
each other, and the two effects are mixed up in the actual result. 
Nevertheless, if we find that each effect, taken separately, is insensible, 
or so small as to be of no practical importance, we may conclude 
without much fear of error that the actual effect is iusignifloant. Now 
we have seen that if we take only the most important terms fclie 
increase of deflection is measured by the fractions and 25/(87) of ^V. 
It is only when these fractions are both small that wo are at liberty to 
neglect all but the most important terms, but in pi'actical cases they are 
actually small. The magnitude of these fractions will enable us to 
judge of the amount of the actual effect. 

[1292.] G. Wertheim. We now reach a scientist whose labours 
in the field of physical elasticity are among the most important 
we have to deal with in this period. Wertheim’s first memoir 
was presented to the Acaddmie on July 18, 1842. It is en- 
titled: Recherches sur VdlasticiU; Premier^ Mimoire, and will 
be found on pp. 385—454 of the Annales de Ghimie, T. xn, 
Paris, 1844. 
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This paper deals with the stretch-moduli and the elastic limits 
of the metals, as well as with the relations of these elastic 
to other physical quantities. It contains a very complete 
experimental consideration of the elasticity of lead, tin, cadmium, 
gold, silver, zinc, palladium, platinum, copper, iron and steel in a 
variety of states. The stretch-moduli obtained by Wertheim 
are those usually quoted in the text-books. At this time he 
accepted the uni-constant hypothesis, and treated wires as 
homogeneous and isotropic. 

[1293.] The memoir opens with some historical notes and 
references to writers already considered in this book. There is also 
a footnote upon a sealed packet which the author had deposited 
with the Acaddmie in ISil, containing a table of the elastic 
properties of certain metals, and a rather vague statement that : 
there appears to exist an intimate relation between the mechanical 
properties of bodies and their molecular distances. We have then 
a reference to the various methods vibrational and statical for 
determining the stretch-modulus. The three methods adopted by 
Wertheim are (i) from longitudinal vibrations, (ii) from lateral 
vibrations, (iii) from statical extension. In case (ii) no correction 
was made for the rotatory inertia (see Lord Kayleigh’s Theory of 
Hoimd, I. § 186). The problems which the author set himself to 
answer were : 

1^. To determine the stretch-modulus, the velocity of sound, 
the limit of elasticity and the maximum-stretch for those metals 
for which they had not yet been determined. 

We know that Lagorhjelm (Art. 366) held that the stretch- 
modulus was the same for iron (? wrought iron) and steel whether 
annealed or unannealed. Poncelet (Meoaiiique indttstrielle, p. 354, 
K. 384, and our Art. 98G) confirmed this. Hence the problem : 

2^. To determine whether the difference produced by annealing 
in the stretch-moduli of the metals is so small that it cannot bo 
measured by the ordinary methods. 

3^ If the elasticity of a body changes with its density 
and its chemical nature, to determine the relation between these 
quantities. 

4^ To investigate if there be any relation between the limit of 
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elasticity and the rupture-stretch similar to that propounded for 
iron by Lagerhjelm (see Art. 365). 

5°. To investigate the temporary and permanent effects of 
heat on the elastic state of the metals. 

See pp. 389 — 391. 

[1294.] Wertheim after stating his problems proceeds to 
describe his apparatus and methods (pp. 391—406). Then follow 
long and careful experiments on each individual metal, with an 
account of its preparation and chemical constitution. We may note, 
however, that a distinction does not seem to have been made 
between the metal in the form of a rod and in the form of a wire 
(pp. 406 — 436). 

[1296.] We have next experiments on the relation between 
elasticity and temperature, then those on the effect of annealing, 
and on the elastic limit and rupture-stretch. We may quote 
the following statements as physically interesting and important 
(p. 438) : 

En comparant la premiere colonne la seconde, on voit que feffet de 
r^tirage n’est pas le m^me sur tons les metaux ; les uns se coiidcnsent, 
les aufcres se dilatent. En effet, T^tirage se compose de deux actions 
difierentes : Time qui tend ^ diminuer la density par Tefifort de traction, 
tandis que I’autre tend k I’augmenter par la compression lat^rale ; ce 
dernier effort pr^domine dans la plupai't des m6taux (see our Arts. 
368 — 369 and the footnote to the latter). 

Le recnit ram^ne les fils sensiblement ^ la m6me density qu’ils 
avaient k T^tat fonduj il s’op^re done une dilatation; le plomb, le 
zinc, le fer et lacier en gros fils font exception, ils ont 6prouv6 une 
I6g^re condensation (see our Arts. 692, 830, 858). 

La troisi^me colonne montre que la traction sans compression 
laterals produit une diminution de density sur les m^taux 6tir6s ; muis 
cela n’a plus lieu pour les m€taux recuits, qui se condensent, pour la 
plupart, par lallongement. 

This agrees with M'Farlane's experiments on annealed copper 
wire : see Thomson’s Article Elasticity in the JEncycL Brit § 3. 

[1296.] Further, as to the elastic limit Wertheim writes : 

J’ai pris pour limite d'6lasticit€, en suivant Texemple de plusiours 
auteurs, le poids qui produit un allongement permanent de 0*00005 par 
unite de longueur. Cette determination est arbitraii’e, car on pout 
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trouver des allongements permanents aussi petits qne rinstmment pent 
les mesurer, J’ai op6re avec beauconp de lenteur, snrtout sur Targent, 
Tor, le cnivre et le platine, et je ii’ai augmente les poids qne de tr^s- 
petite.s quantit^s ^ la fois. Je n*ai trouve alors ni sants ni saccades 
dans les allongements; ils croissent, an contraire, d’une maniire con- 
tinue, des qu’ils sont devenus mesurables, ce dont on pent se convaincre 
en parconrant les colonnes (a) de mes experiences. Les allongements 
]>ermanents sont, en outre, des fonctions inconnues du temps pendant 
lequel lo poids a agi; tel poids qui ne produit pas d’allongement 
permanent mesurable, quand il n’agit que pen de temps, en produira un 
apr^s une action assez prolongee. II n’est pas probable que la m^me 
chose n’ait pas lieu pour les allongements plus petits que 0*00001 de 
Ihinit^ de longueur, quoique nos instruments ne puissent pas les mesurer. 
On pent done dire que les nombres exprimant les limites d’elasticite 
doivent diminuer mesure que les instruments de mesure se per- 
fectionneront, et qu’on laissera agir les poids pendant plus de temps. 

Du reste, on voit que le recuit diminue tr^s-considerablement les 
limites d^elasticite, sans qu’il y ait une relation constante entre la limite 
d’^lasticit6 du m(5tal recuit et celle du m6tal non recuit. La limite 
. (V^lasticit6 des metaux recuits ne change pas considerablement par 
I’elC^vation de temp^x'ature k 200 degr6s (p. 439). 

On voit que le recuit diminue tr^s-consid6rablement la resistance 
la rupture, en m6me temps qu^il fait grandir les allongements maxima. 
L’ elevation de temperature jusqu’4 200 degr^s ne change pas sen- 
siblement ces quantit<5s (p. 441). 

See our Arts. G92 and 858. 

It will be seen from the above remarks that Wertheim had not 
reached any conception of the principle which is involved in the 
‘state of ease.' He believed set to begin with the most feeble 
stress. Further it is singular that he should not have discovered 
the phenomenon of the yield-pointy but he speaks too definitely of 
finding neither jumps nor jerks in the extension for us to believe 
he had any idea of it. He also seems to have been ignorant at 
this time of elastic after-strain, so that it is difficult to judge how 
far the allongemeyits permanents w^hich he describes as unknown 
functions of the time were genuine set and how far elastic after- 
strain. This point must be taken into consideration in our, 
valuation of Wertheim's results. 
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The elastic limit as measured by Wertheim is the stretch 
at which set commences. This is not necessarily the mathematical 
elastic limit, or stretch at which stress ceases to be proportional to 
strain : see our Appendix, Note 0, (7). 

[1297.] On pp. 441 — 445 we have the results of experiments 
on the velocity of sound in relation to the stretch-modulus. It is 
found that the velocities as obtained from the statically determined 
stretch-modulus are always less than those obtained directly from 
the vibrations. Iron alone appears to he an exception^ (p. 444). 
This difference is attributed to the heat developed in the 
vibrational method, which produces in the solids as in gases an 
acceleration of the velocity. The specific heats at constant stress 
and at constant volume are then referred to, and a formula of 
Duhamefs cited: see our Arts. 705 and 887. Wertheim seems to 
have been unacquainted with Weber’s priority in this matter. If 
we compare Weber’s results with Wertheim’s we find that for the 
two metals they have both treated there is not much agreement. 

Nor should we indeed expect much, for Wertheim is using for 
the velocity of sound in bars a formula of Duhamel’s which applies 
only to the velocity of sound in an infinite solid: see our 
Art. 887. If, however, Wertheim’s numbers are substituted 
in the proper formula, we arrive, as Clausius first pointed out, at 
still more inconsistent results; in fact we find in certain cases 
impossible values for the ratio of the two specific heats. Either, 
then, in this matter Wertheim’s experimental method was defective, 
or the difference between the two specific heats is not sufficient to 
explain the difference in the values of the stretch-modulus. On 
p. 445 Wertheim himself remarks on the difficulty attaching to 
experiments of this kind : see our Arts. 1350 and 1403, 

[1298.] With regard to the influence of heat Wertheim’s 
experiments go to shew that the stretch-modulus decreases 
continuously between — 15° and 200°. Iron and steel however are 
exceptions; their moduli increase from - 15° to 100°, but at 200° 

^ The values of the stretch-modulus for two pieces of iteil tested by 
A. B. W. Kennedy in 1880 were 30,950,000 and 31,100,000 lbs. per square inch 
respectively. Wiillner afterwards determined the stretch-modulus for the same 
pieces by the vibrational method, and he found values respectively 0*958 and 0*961 
of Kennedy’s. The difference' is almost within the instrumental error, yet, if steel 
be included with iron, is, so far as it goes, opposed to Wertheim’s result. 
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are not only less than at 100°, but sometimes less than at the 
ordinary temperature (p. 445). 

Wertheim’s investigations on iron and steel require careful re- 
petition; it is not certain from his account of the experiments 
whether he had definitely ascertained that no permanent alteration 
of elasticity had been produced by the alteration in temperature. 
Such a permanent alteration is at least suggested by Cagniard 
Latour's results : see our Art. 802. 

[1299.] An attempt is then made to find a relation between 
the stretch-modulus and the molecular distance. This is done by 
an appeal to a formula which occurs in the theory of uni-constant 
isotropy. If /(r) express the law of molecular force, a the 
molecular mean distance and E the stretch-modulus, we find from 
Poisson’s results cited in our Art. 442, 



As to a Wertheim writes (p. 447) : 

Pour trouver la valeur de a pour chaque m4tal, supposons que les 
poids relatifs des molecules des corps chimiquemeht simples soient 
oxprim^s par leurs poids atomiques. On sait combien cette hypothese 
est devenue probable par la loi de Dulong et Petit sur les chaleurs 
sp(jcifiques, et par les travaux de M. Regnault. MM. Avogadro et 
Baudrimont ont clierch^ si, d^montrer, depuis, que les Equivalents 
dEduits de la chaleur spEcifique sont la vraie expression du poids des 
raolEcules. Soient S le poids spEcifique d’un corps simple, A le poids 
de sa molEcule, a la distance moyeune relative de ses molEcules, on aura 

a=(SIA)-^ (ii). 

Wertheim finds that EA is approximately constant for the same 
metal, and its mean value sensibly the same for lead, cadmium, 
silver, gold, zinc, palladium, iron and steel; somewhat greater, 
however, for tin and platinum and less for copper. Its mean value 
for the former set of metals is 8*09907 ; for tin 8*26715 ; for 
platinum 8'31789 ; and for copper 7*91020. 

If EJ were accurately constant for all metals, we should have at 
once from equation (i)f(r) varying as or intermolecular force 
would vary as the inverse fifth power of intermolecular distance 
(p. 449). 
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[1300.] Experiment does not, according to Wertheim, permit 
ns to form this conclusion ; for the quantity Ecl! is found to vary 
somewhat with the temperature. But it does not seem impossible 
that fir) may vary not only as t*”®, but also as a function of the 
temperature \ The nature of this function of the temperature is 
not determined; Wertheim only remarks, after tabulating the 
values of EaJ for several metals at 100° and 200° : 

En comparant ces nombres avec ceux du tableau pr^c^dent on verra 
que r^lasticite diminue par I’accroissement de temptoture, dans un 
rapport plus grand que cela ne devrait ^tre, en vertu de la seule 
dilatation. Mais il faudra des experiences faites sur une plus grande 
€chelle pour exprimer T^lasticite des metaux en fonotion de leur 
temperature (p. 450). 

[1301.] Wertheim concludes his first memoir with a summary 
of results which we briefly reproduce as giving answers to some of 
the problems proposed in our Art. 1293. 

1°. The stretch-modulus is not constant for the same metal, 
every circumstance which increases the density increases the 
modulus, and reciprocally. 

2°. Lateral and longitudinal vibrations lead to the same 
stretch-modulus. 

3°. But these vibrations give greater stretch-moduli than are 
obtained by the statical stretch. 

4°. The difference noted in 3® can be used as a method of 
determining the ratio of the specific heat at constant stress to the 
specific heat at constant volume. This ratio is greater for annealed 
than for unannealed metals : see however our Art. 366. 

^ I may perhaps be permitted to draw attention to the fact that if the ultimate 
ato'm be considered as spheres pulsating in a fluid medium, then there will always 
be an attractive force between two molecules varying as the inverse fifth power of 
the distance. This force varies also as a function of the intensities of the atomic 
pulsations, upon which we may suppose temperature to be based. The part 
of the intermolecular force which depends on the inverse square may perhaps be 
considered as vanishing when substituted in expression (i) above for the stretch- 
modulus, as it involves a cosine of the difference of phase in the atomic pulsations, 
which can possibly take every conceivable valu6: see ‘On a certain atomic 
hypothesis,' Cavib, Phil. Trans. Yol. xiv. Part ii. p, 106, 
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5®. The stretch-modulus decreases continuously as the tempe- 
rature rises from — 15® to 200® centigrade. This is true for all 
metals but iron and steel, for which it varies in a remarkable 
manner: see, however, the qualifying remarks in our Art. 1298. 

6®. The Coulomb-Gerstner Law as to the constancy of the 
stretch-modulus is confirmed for all metals : see Art. 806. 

7°. Set does not proceed by jumps and jerks, but continuously. 
By modifying the load and its duration any set desired can be 
produced. (This seems doubtful: see our Art. 856 and Appendix, 
I^ote 0 (9).) 

8®. There is no real elastic limit ; what is termed this limit 
depends upon the exactness of the measuring instrument. (This 
seems doubtful: see Arts. 853 — 854, 1003.) 

Wertheim thus rejects all relations similar to that stated by 
Lagerhjelm : see Art. 366. 

9*^. Resistance to rupture is considerably diminished by 
annealing, but elevation of temperature does not much diminish 
the cohesion of metals previously annealed : see our Art. 692. 

10'’. We may include under this heading the properties of 

mentioned in our Art. 1299, and their bearing on the elastic 
and molecular order of the metals. Namely, the metals follow 
the same order in relation to their stretch-moduli as in relation 
to their molecular distances. Only platinum is placed between 
copper and iron in relation to its stretch-modulus and between 
zinc and copper in relation to its intermolecular distance. 

A further result of Wertheim’s that magnetisation does not 
affect the stretch-modulus of iron is rendered doubtful by the 
author^s own statement in a footnote. 

[1302.] ReclierchessurVilastiaiU: Deuxihne Mdmoire, Annales 
de Ghimie, T. xii. pp. 581—610. Paris, 1844. Wertheim^s 
second memoir is devoted to the consideration of the elasticity and 
cohesion of alloys. He begins by remarking that the only experi- 
mental results on the elasticity of alloys are those on brass due to‘ 
Tredgold, Ardant and Savart, and on bell-metal {mital de cloche) 
due to Tredgold and Sevan. The cohesion of alloys has been 
treated by a number of writers, notably Musschenbroek and 
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Karmarsch. But these experiments have not led to the statement 
of any definite law connecting the mechanical properties of the 
alloy with its chemical constitution. The discovery of such law is 
the object of the present memoir. The experiments were conducted 
in much the same manner as in the first memoir, except that, 
longitudinal and lateral vibrations giving the same value for the 
stretch-modulus, the former only were made use of. Pp. G04 — G07 
give results for a very great number of alloys. 

[1303.] Wertheim does not succeed in drawing any very 
definite law from these results. He remarks indeed that the 
simple inspection of his tables shews that there is no regularity 
in the elastic limits or the rupture-stretches. This of course 
is only saying that the law, which must exist, is not easy to find. 
His general conclusions are the following : 

1®. If one supposes that all the molecules of an alloy arc at the 
same distance from each other, then it is found that the smaller 
this distance the greater is the stretch-modulus. 

(The quantity Eol^ varies however more than in the case of 
the simple metals (p. 609) : see our Art. 1299.) 

2®. The stretch-modulus of an alloy is pretty nearly equal to 
the mean of the stretch-moduli of the constituent metals, so that 
the condensations or dilatations which take place during tlxe forma- 
tion of the alloy do not sensibly modify the modulus. 

3®. Neither the elastic limit, the rupture-stretch, nor the 
cohesion of an alloy can be determined a priori from the same 
quantities in the constituent metals (p. 610). (That is to say 
Wertheim has not determined the relation.) 

[1304.] Recherches sur VdasticiM: Troisieme Memoir e. This 
memoir occurs in the same volume of the Annales, pp. 610 — 624. 
Its sub-title is : De V influence du courant galvaniqxie et de Vdlectro-- 
magnitisme sur Vilasticiti des mStaux, It contains, I believe, the 
first attempt to find a relation between the elastic and electro- 
magnetic properties of bodies. 

Apr^s avoir ^tudie dans les precedents M^moires T^lasticitd dcs 
metaux dans leur €tat naturel, puis k differents degrds de condensation 
et de dilatation, et enfin aux differentes temperatures, il nous resto 
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voir si les forces m6caniques et la chaleur sont seules siisceptibles de 
modifier leur elasticite, ou bien si Telectricit^ et le inaga^tisiiie peuvent 
produire des effets analogues (p. 610). 

[130o.] Wertheim commences by noticing the close connection 
between molecular and electric forces, so that it is only natural 
to suppose that an electric current would affect the elasticity. But 
the problem is a complex one, as an electric current generates heat 
and this of course aflfects the elasticity. Knowing, however, the 
influence of heat from the previous experiments, it will be possible 
to measure any direct modification of the molecular forces. 
Wertheim gives a fairly complete account of his apparatus and 
experimental methods, as well as the tabulated results of a 
considerable range of experiments on the metals. He does not 
hold his experiments, however, sufficiently exact to enable him to 
state the absolute relation of the stretch-modulus to the electric 
current (p. 618). He then proceeds to a series of experiments on 
the magnetisation of iron and steel wire. 

[1306.] His general conclusions are the following : 

P. The electric current produces in the stretch-modulus of 
metal wires, which it is made to traverse, a temporary diminution. 
This diminution is due to the direct action of the current and 
independent of the diminution produced by the rise in temperature. 
It disappears when the current ceases, whatever may have been 
the current's duration. 

2^ The magnitude of this diminution depends on the 
strength of the current and probably also on the electric resistance 
of the metal, 

3^ The cohesion of the wire is diminished by the current; 
yet the variable character of this property does not allow us to 
determine whether this diminution is due to the direct action 
of the current, or whether it may not rather be only a consequence 
of the rise in temperature. 

4^. Magnetisation {australe que bor^ale)^ excited by the con- 
tinuous passage of an electric current, produces a small diminution 
in the stretch-modulus of soft iron and steel; this diminution 
persists in part after the current has ceased. 


45—2 
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Compare the conclusion at which Wertheim arrived in his first 
memoir : Art. 1334. 

[1307.] G. Wertheim : Fote sur V influence des hasses tempdra- 
tures sur Velasticitd des mitaux. Annales de Ghimie, T. xv. pp. 114 
—120. Paris, 1845. 

In his first memoir Wertheim had considered the elasticity 
of the metals at temperatures of 15®, 100® and 200® ; he completes 
these researches in this memoir by further experiments at low 
temperatures. The temperatures considered vary from 10® to 
— 20®. It is not impossible that extreme cold makes several 
metals more brittle, but Wertheim confines his experiments to 
elasticity and does not enter on the question of cohesion (see our 
Art. 692, 8°). The experiments embrace gold, silver, palladium, 
platinum, copper, iron, steel and brass. As to lead, tin and zinc, 
we are told that they could not be considered, 

Parce qu’ils s’effilent trop vite pour qu’on puisse pi'endre des mesui'es 
exactes (p. 116). 

I do not clearly understand what this statement means. 

[1308.] The results are collected in a most valuable table on 
p. 119, from which it appears that from — 10® or — 17® up to 200® 
the stretch-modulus of all the metals mentioned, but iron and steel, 
continuously and sensibly diminishes. In iron and steel however 
it first begins to increase, reaches a maximum (at or before 100® in 
some varieties), and then decreases ; for at 200® it is sensibly the 
same as at — 15®. 

I must remark that these experiments were made on wires, and 
it would be of value to have the results verified on larger and 
possibly more isotropic masses of metal. 

[1309.] An interesting remark with which Wertheim closes 
his note ought not to escape our notice : 

Je ferai encore remarquer que Faction du froid ne parait pas tou» 
jours toe passagto j mais Faugmentation de density, et par consequent 
d’elasticite, semble persister encore en partie, apr^s quo le mefcal est 
revenu k sa temperature primitive. C’est, du moins, ce qui parait 
resulter de quelques experiences que j*ai faites (p. 120). 
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(Here follows an account of experiments on copper wire)... 

J’ai observe la meme chose sur le platine ; il parait done que les 
basses temperatures produisent un efiet permanent analogue au recuit, 
mais en sens oppose; pourfcant, il faudrait operer I. des temperatures 
beaucoup plus basses avant de pouvoir enoncer ce fait d’une manifere 
positive et gen^rale. 

We have suggested in Art. 1298 that Wertheim's conclusions 
as to the unique effect of heat on the elastic character of iron' and 
steel may be due to his not having examined whether a permanent 
change had arisen from the increase of temperature. The remarks 
cited in this article shew, however, that he was fully alive to 
a permanent change possibly taking place. 

[1310.] E. Chevandier and G. Wertheim : JS^ofe sur Vdlasticite 
et sur la cohesion des differ entes esphees de verre. Annales de 
Ghimie, T. xix. pp. 129 — 138. Paris, 1847. This note was 
presented to the Acaddmie on June 2, 1845. A Note suppUmen- 
taire appears on p. 252 of the same volume of the Annales. 

The authors mark the divergence in the values (i) of the 
stretch-modulus and (ii) of the velocity of sound in glass as deter- 
mined by the experiments of Savart, Chladni, Colladon and Sturm. 
They attribute these differences to variety in the kinds of glass 
used and to peculiarities due to shape and working. A remark on 
p. 136 as to Savart’s theory of the coexistence of longitudinal 
and lateral vibrations might perhaps deserve attention from 
writers on the theory of sound : see our Art. 350. 

[1311.] The general conclusions which the authors draw from 
their experiments are : 

1^ The stretch-modulus and the density are increased at 
the same time by annealing. (Thus glass differs in this respect 
from several of the metals : see Art. 1295.) 

2^ The stretch-modulus found from traction is less than 
that found by the vibrational method : see our Art. 1297. 

3^ The different, kinds of glass have the same order when 
arranged according to their stretch-moduli or according to their 
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absolute strengths. The greater stretch-modulus corresponds to 
the greater cohesion. 

4°. There is no difference as to elasticity or as to density 
between the same glass whether run or drawn [coule et ^tire), after 
it has been annealed. 

The other conclusions, as well as the Note swppUmentaire, 
have reference to the influence of the chemical constitution 
and of the presence of colouring matter on the cohesion and 
elasticity of glass. 

[1312.] K Chevandier and G. Wertheim. Memoire sicr les 
proprietes micaniques du hois. Paris, 1848. This is an octavo 
pamphlet of 136 pages and two plates. The memoir was presented 
to the Academic on October 5, 1846\ An abstract will be found in 
the Comptes rendus, T. 23, 1846, pp. 663 — 674. The work contains 
an account of the most exhaustive experiments hitherto made on 
wood. It is divided into five parts: (i) History of the subject, 
(ii) Description of apparatus and detail of experiment, (iii) Cal- 
culation of experiments and discussion of the methods employed, 
(iv) Results obtained, (v) Conclusions from these results. 

The historical part treats of experiments most of which we have 
referred to in our work, namely those of Parent, Art. 28, a; 
Musschenbroek, Art. 28, 1 ; Buffon, Art. 28, e ; Duhamcl du Monccau 
(Traitdde la conservation et de la force des hois, 1780); Girard, 
Art. 131 ; Perronet, Art. 28, f ; B^lidor, Art. 28, /3 ; Dupin, Art. 162 ; 
Bevan, Arts. 373, 378 ; Savart, Art. 339 ; Wheatstone, Art. 746 ; 
Poncelet, Art. 984 {M^c. Lid. K. 340—350) ; Ardant, Art. 937 ; 
Hodgkinson, Art. 235 ; Hagen, Art. 1229 ; and Pacinotti and Peri, 
Art. 1250. There is some criticism of these different physicists, 
and finally a long series of questions which Chevandier and 
Wertheim themselves propose to investigate in this memoir. 
These questions have relation in particular to the stretch- 
moduli of wood in various directions, in various parts of tlie tree, 
and for trees of the same kind in various soils and at different 
ages (pp. 13 — 17). 

1 The copy which I have examined is the one presented by the authors to 
Alexander von Humboldt, which had found its way in an uncut state into the 
British Museum. The memoir is apparently very scarce. 
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[1313.] The experiments made were on the velocity of sound, 
on the flexure, and on the cohesion (pp. 35 — 40) under varying 
conditions of age, humidity and so forth. On p. 47 an empirical 
formula is given for the stretch-modulus as varying with the 
humidity. It contains two arbitrary coefl&cients depending on the 
ratios of the changes of the density and of the sound-velocity to the 
change of humidity. The tabulated results of the experiments \vill 
be found on pp. 74 — 135. They shew great variety in the values 
of the stretch-modulus according to the position and to the direction 
which the block experimented on originally took in the sub- 
stance of the tree. No formula like that of Hagen or Saint-Venant 
(see Art, 1229) is given, but general statements as to the change 
in the stretch- modulus will be found in the Conclusions — 7° on 
pages 70 — 71. 

[1314.] We quote the following Conclusions as containing 
matter of physical as well as of practical value : 

I*'. The values of the stretch-moduli deduced by the method 
of vibrations are greater than those obtained by means of static 
traction. The ratios of the numbers given by the two methods 
are sensibly the same for trees of the same kind, whatever may be 
their degree of humidity. These constant ratios enable us to find 
the static stretch-modulus from the velocity of sound. 

2^ The extensions produced by terminal tractive loads in the 
direction of the fibres are composed of an elastic part proportional 
very nearly to the load, and of a permanent part which is measur- 
able even for relatively small loads, and of which the magnitude 
varies not only with the load, but with its duration. (Was this 
really set or possibly elastic after-strain ?) 

3^ The result in 2° applies also to the flexure of even 
strong pieces, when supported at their terminals and loaded at 
their centres. 

4^ The stretch-modulus found by the flexure of a beam {hille) 
2 metres long agrees with the mean value of those obtained by pure 
tractive experiments on a great number of rods {tringles) taken 
from this beam. The accordance does not hold for resinous 
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trees, for which flexure always gives moduli much greater than 
those obtained from the traction of rods : see p. 69. 

[1315.] G. Wertheim : Memoire sur Vdlasticiie et la coMsion 
des principaux tissiis du corps liumain, Annales de Chwiie, 
T. XXT. pp. 385 — 414. Paris, 1847. This memoir was presented 
to the Academic on December 28, 1846. It contains a consideration 
of some of the purely mechanical properties of the constituent 
parts of the human body. 

En effet, dans la chirui'gie, dans Tortliopedie, et dans la mddeciue 
l%ale, il se presenfce beaucoup de cas oil il seraifc important de pouvoir 
determiner quelles forces exterieures on pent appliquer sans danger aux 
parties dures on molles du corps; quelles sont les extensions ou les 
flexions qu'on pent faire subir d. ces parties; si une force donnee a pu 
ou a du produire une rupture ; et, enfin, quelle pent etre' rinfluence du 
sexe, de T^ge, etc. (p. 385 ). 

[1316.] The above paragraph will serve to shew the value of 
Wertheim’s experiments, which were made on all parts of the 
human frame and upon the bodies of persons of a great variety of 
ages. His tabulated results occupy pp. 397 — 414. On pp. 395— 
396 will be found his general conclusions on the elastic order of 
the human tissues, and the influence of age, etc., on cohesion and 
elasticity. He gives references to somewhat similar but less wide 
experiments by Musschenbroek, Clifton Wintringham, Hales' and 
Valentin". 


[1317.] The physical interest of Wertheim ^s paper lies how- 
ever in his discovery of after-strain in the human tissues. On 
p. 385 he refers to Weber’s experiments on silk threads, and suggests 
that the proportionality of stress and strain may possibly not be 
true for other organic substances. After remarking that as a 
result of experiment the proportionality of stress to strain is found 
to hold for certain parts of the human body, he continues : 


Il nen est plus de m^me pour les parties molles du corps : ici nous 
devons remarquer avant tout que les contractions secondaires observ^os 


. Sailer, JDe partiuvi corporis humani 2^raeclpua7'um fahriett et func- 

twmhiis opus, Bernae, 1778, T. i. pp. 142 and 244. 

2 Lehrbuch der Physiologic dcs Mensehen, Braunschweig, 1844, B. i. p. 34. 
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par M, Weber sur des fils de soie ont lieu egalement dans toutes les 
parties qui coiitiennent une grande quantite d’humidite, mais qu’elles 
deviennent moins sensibles k mesure que cqs substances se dessechent. 
Ces raccourcissements secondaires n’ont 6te, en general, que de quelques 
dixi^mes de millimetre dans le premier quart d’beure apr^s Tenievement 
de la charge (p. 389). 

[1318.] The curve by which Wertheim represents the stress- 
strain relation (pou7^ les parties molles da corps) is hyperbolic and 
so neither of the kind adopted by Weber nor parabolic like the set 
curve of Gerstner and Hodgkinson : see our Arts. 714, 804, 969. 

If y be the stretch and x the load, he puts : 

, + lx, 

where a and h are constants of experiment (p. 389). He calculates 
their values from the least and greatest stretches and finds that 
they then give intermediate values very accurately (so close qu^on 
puisse regarder ces formules com/nie la veritable expression de la 
marohe de Vilasticiti). In the case of very great extensions, as for 
various vessels, they give results much too small, The constant h 
appears to be always positive, and to diminish as the tissues 
lose their moisture, but its value is extremely variable for different 
tissues, sometimes being even greater than a : see Wertheim’s 
Tables, pp. 393 — 394. 

Since the stretch-modulus is the value of the traction when the 
stretch is unity, Wertheim obtains the equation 

ax^ 4 - = 1 

to determine this modulus. This equation has only one positive root, 
and he takes this to be the stretch-modulus. It must be borne in 
mitid that the stretch here considered is wholly elastic, being either 
elastic fore-strain or elastic after-strain. Set is excluded from 
the experiments (p. 391). 

[1319.] G. Wertheim: Mdmoire sur V^quilihre des corps 
solides liomogknes, Annales de Chirnie, T. xxili.* pp. 52 95. 

Paris, 1848. This memoir was presented to the Acaddmie on 
February 10, 1848. While by no means the most valuable contri- 
bution this elastician has made to our subject, it yet has attracted 
considerable notice, because this is the first occasion on which he 
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proposed that relation between the elastic moduli with which his 
name has been generally associated, namely 3/8, or X = 2/^, 

for uni-constant isotropy. The memoir is very instructive as 
shewing the dangers into which a physicist may fall who has 
not thoroughly grasped the steps of a mathematical process. 

[1320.] Wertheim commences with the statement that Cauchy 
has obtained the equations of equilibrium in a more general form 
than either Navier or Poisson. The memoir of Cauchy's to which 
he refers is probably that considered in our Art. GIO, but we must 
note that the equations there obtained by Cauchy do not depend at 
all on a consideration of intemiolecular force, but on an assumption 
as to the nature of the principal tractions. Wertheim remarks that 
the Navier-Poisson equations are a particular case of Cauchy’s bi- 
constant forms, — 

Mais pour pouvoir admettre les hypothiSses fondamcutales sur los- 
quelles sont bas^s tons ces calculs, il faudrait que toutes lea consequences 
et toutes les lois qui s’en deduisent fussent d’abord contraltos par 
rexptrience (p. 52). 

[1321.] The relation to w'hich Wertheim specially draws the 
attention of the reader is that between the lateral and longitudinal 
stretches of a rod subjected only to uniform terminal tractive load. 
Their ratio {rj) was first stated by Poisson to bo 1/4 and this was 
experimentally verified by Cagniard Latour: see our Arts. 3G8— 
369. Wertheim criticises at considerable length, and not without 
reason, Cagniard Latour’s experiment, and concludes that it is not 
sufficient to determine finally the point. Next ho ttirns to the 
experiments of Regnault (see our Art. 1358) and points out how 
discordant are the results he has obtained by applying the uni- 
constant formulae of Poisson to spherical and cylindrical vessels. 
The stretch-moduli so determined are greater than those which 
Wertheim himself had obtained from the traction of rods of the 
same material. 

M. Eegnault ne s'est pas born€ H signaler ce disaccord, axnsi quo 
rincertitude qui r^gne encore dans toute cette partio do la ihCovlo do 
1 elasticite, mais, de plus, il a indiqu^ une m^thode exacte pour de- 
terminer les changements de volume des corps solidcs, ot lo rapport 
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entro ces cliangeineiits de volume et les allongements on compressions 
coiTespoudants. M. Eegnault a bien voulu m’engager k m’occuper 
sp6cialement de cette question (p. 54). 

[1322.] Before proceeding to make experiments by Kegnault’s 
method, Wertheim refers to some less accurate ones he has 
made on india-rubber (pp. 54 — 66). In these experiments (rj) the 
ratio of the lateral to the longitudinal stretch is neither J following 
Poisson nor as it should be if X = 2yL6, though it approaches nearer 
to the latter than the former value. 

[1323.] The next experiments are on hollow glass and metal 
tubes : 

La methodc propos6o par M. Bcgnault consiste dans I’emploi de 
cylindres crtnix quo I’oti soumet cl des tractions longitudinales. On 
mesuro h la fois Pallongemeut lin^aire et le cliangement de volume 
mt(!ricur. Co dornior cst donne avec beaucoup de precision par Tabais- 
semeut do la colonno liquide dans im tube capillaire qui communique 
avoc la cavity du cyliudre. La section interienre de celui-ci 6tant 
rolativoment tr(>8 grande, le moindre changement de volume produit un 
grand changejuent do niveau (p. 67). 

The experimental details will be found on pp. 61 — 73. They 
verify neither Poisson’s nor Wertheim’s value for rj although they 
accord bettor with the latter. In fact all that this somewhat 
limited range of experiments can be said to accomplish is to shew 
the inapplicability of uni-constant isotropy (i.e. any rigid relation 
between the stretch- and slide-moduli) to the materials experi- 
mented on. They force us to conclude either for the bi-constant 
isotropy, or for the acolotropy of these materials; see our Art. 1368. 

[1324.] Wertheim has however great faith in his arbitrary 
relation, and does not seem to perceive that it stands on a very 
different basis to Poisson’s, which is not empirical but the result 
of a possible molecular theory. 

II ost possible quo cette ^galit6 n’ait pas rigoureusement lieu pour 
tous les corps solides 61ustiques; il est mSme probable qu’elle iVexiste 
pas dans des corps qui ont passes par la fili^re ou le laminoir, et qui ont, 
par consC»<iuont, coss6 d’etre des corps vraiment homog^nes. Toutefois, 
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comme les experiences ne donnent que de tr^s-petits difiereiices, et 
comme nous avons trouve la meme loi par les experiences sur le 
caoutchouc, nous pourrons, pour le moment, I’admettre comme rigou- 
reusement exacte, et recliercher quelles modifications il faudra apporter 
k la tlieorie, afin de la mettre d’accord avec cette loi (p. 73), 

[1325.] Wertheim proceeds then to examine what changes will 
arise in the elastic equations when the ratio rj is taken eipial to 1/3, 
But we now find the most singular application of the e<iuatious of 
Cauchy given in our Art. 615. These equations, as we have pointed 
out on p. 330, involve a state of initial stress. This initial stress 
introduces a second constant G (= which does not appear in 
Navier’s equations. Working upon Cauchy’s equations for initial 
stress, Wertheim shews that on his hypothesis 

ii=:~3f?. 

In other words, if his hypothesis were true, there would have 
to be an initial stress in all isotropic bodies in a constant ratio to 
their elasticity! Not perceiving this remarkable result Wertheim 
goes on to deduce that the intormolocular force must vary as the 
inverse fourteenth jpoiuer of intermolocular distance (p. 79)* The 
fact is, that he is, apparently quite unconsciously, applying 
Cauchy’s results, based on the ordinary uni-constant theory, to his 
own hypothesis which in itself contradicts that theory ! It was 
perfectly legitimate for Wertheim to use the equations of Cauchy 
given in our Art. 614, but with his hypothesis lie nnist reject 
entirely the equations given in our Arts. 615 and 616. 

[1326.] On pp. 81 — 87 we have the ordinary formulae for 
rods, cylinders, spheres, etc., on the assumption that X = 2yu.. It 
is then shewn that these formulae give results more in accordance 
with Rcgnault’s experiments than those based on X = /z. But the 
accordance in itself is not so great as to carry conviction : see 
Saint-Venant’s criticism on pp. 665 — 681 of his edition of Navicr’s 
Lecons. 

The memoir concludes with a correction of Oersted’s statement 
in the Annales de Chimie, T. xxxvili. (see our Art. 689), and 
a remark on the ratio of the velocities of sound (of the dilatation 
waves) in a solid mass and in a bar of the same material on the 
hypothesis X = 2/4 (i.e. the ratio = *73/2). 
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[1327.] Guillemin. Observations relatives an changement qui 
pvduit dans V elasticity d\in harreau de fer douco sous Vinfluence 
VilectHoiti, Comptes rendus, T. 22, 1846, p. 264. 

This is a short note to the effect that a horizontal iron bar 
rrounded by a coil has its elasticity augmented by magnetisation 
len a current is passed through the coil. This was proved by 
horizontal bar, built in at one terminal, slightly raising on 
c passage of a current a weight suspended from its other 
rmiual ; that is, by ^flexure experiment. 

Cette action est pen ^nergique, mais elle est cependant assez sen- 
ile, pour qu’on puisse la constater sans aucnii appareil microm^triqiie, 
so st^rvant d’un scul Cdement de Bunsen et d’un barreau de 1 centimetre 
diaml'tx'o sur 20 on 30 de long. 

[1 328.] This result was opposed to Wertheim’s, namely, that the 
'Ctch-modulus was decreased by such a current : see our Art. 1306, 
The latter physicist accordingly criticised Guillemin’s result in a 
‘)te snr les vibrations q'lCxcn courant galvanique fait naitre dans le 
' doux, which will bo found in the same volume of the Comptes 
ndus, pp. 336—330. Ho attributes the decreased flexure noted 
' Guillemin to the foot that his bar was not accurately in the 
is of the coil and quotes some experiments of his own with a 
'ge coil (une grande bobine), from which 
On voit done qu'en i*approchant la barre des points correspondants 
la cirooufCu’cnco do la bobine, on peut la faire flechir horizontaleme^t 
vcrticalomout, ou dans uno direction intermediaire quelconque (p. 337). 

Further, he seems to attribute the apparent deci'ease in the 
'otch-modulus which he had himself noted, to an extension of 
c bar produced by the magnetic forces between the bar and the 
il This conclusion was opposed to some results of de la Rive : 
our Art. 1336. 

[1329,] In a letter to Arago, de la Rive replies to the remarks 
Werthoim. An extract from this letter entitled : Sur les vibrations 
’ua courant ileotrique fait naitre dans un harreau defer doux 
printed in the same volume of the Gomptes rendus, pp. 428—432. 
De la Rive remarks : 

M. Wertheim cstime qtfil n'y a qifune action mecanique dans le 
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phenomfene des vibrations qu’eprouve le fer doux par Tinfluence ex- 
t^rieure on par la transmission interieure d’lm courant ^lastique, tandia 
qne je vois dans ce pbenom^ne nne action moleculaire. Yoil^ en 
quoi git la difference importante qui separe la manibre de voir de M. 
Wertheim de la mienne. 

His note cites various experiments which he thinks conclusively 
prove a change in molecular condition, 

[1330.] It is immediately followed by a letter of Guillemin’s 
to Arago entitled ; Eeponse aux remarques faites par M. Wertheim 
. . .pp. 432 — 433. Guillemin replies that his bar was axial, because 
he wound the coil upon it as core. He further remarks that the 
action of the elements of the coil on each other does not produce 
the change in flexure, for there is no change in flexure when 
the coil is placed on a bar of wood. 

[1331.] On p. 544 of the same volume of Gomptes rendus there 
is a short note to the effect that M. Wartmann, professor in 
Lausanne, has sent a letter saying that his experiments confirm do 
la Rivers results. 

A paper of Wartmann’s on the subject will be found in the 
Philosophical Magazine, Vol. xxviii. pp. 544 — 546, 1846. He finds 
that the tenacity of wires is altered by a prolonged current of elec- 
tricity, while their elasticity is altered by an intermittent current. 

[1332.] Wartmann’s remarks are immediately followed in the 
Gomptes rendus by a note of Wertheim’s entitled : Itdponse aux 
remarques de M, de la Rive sur une Note,,,, pp. 544 — 547. He 
points out that he never meant to deny the existence of a molecular 
action, and cites his memoir of July, 1844, to that effect: see our 
Art. 1304. But he believes that certain phenomena which are not 
explicable by the molecular can be explained by the mechanical 
action. He promises to investigate the whole matter in an early 
memoir. Finally he acknowledges that his criticism of Guillemin, 
owing to the latter's mode of experimenting, had no application. 
His own experiments had been made oh wires and thin bands of 
soft iron. He intends to make investigations bearing on the 
experiment of Guillemin. The memoir to which Wertheim 
here refers is that considered in the following Article^ 
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[1333.] The next memoir of Wertheim’s that calls for 
our notice appears on pp. 302 — 327 of T. xxiii. of the 
Annales, It is entitled: Mdmoire sur les sons produits par le 
courant electnque^ and was presented to the Acad^mie on May 1, 
ISiS. It is his second memoir on the electro-elastic and magneto- 
elastic properties of bodies : see our Art. 1304. 

In 1837 Pago^ had remarked that a bar of iron gives a sound 
the moment it is magnetised by the passage of an electric current. 
Marrian® had noticed that the influence of an ‘external current’ 
(traversing a helix or coil in the axis of which is placed the 
stretched iron bar or wire) produces a note identical with that ob- 
tained by striking the bar on one of its ends in the direction of its 
axis; farther, that the same note is given by bars of the same 
dimensions of iron, tempered steel and steel previously magnetised 
— other metals give no sounds. Matteucci® determined the relation 
between the strength of the current and the intensity of the sound. 
De la Rive^ and Beatson® discovered that a transmitted current pro- 
duces also a sound. Guillemin® observed that an external current 
alters the transverse rigidity of a soft iron bar, thus extending 
and confirming Wertheim’s results: see our Arts. 1306 and 1327. 
Wartmann'^ recognised that the sound does not depend on tlie electri- 
cal resistance of the bar, or that heat plays only a very insignifi- 
cant part in the phenomenon. De la Rive® communicated to the 
Royal Society the discovery that all conductors when placed under 
the influence of a strong electro-magnet give a very pronounced 
sound on the passage of a current. Joule*^ made more careful 

^ American Journal of Science^ Vol, xxxii. 1837, p. 306 {Galvanic and 

XXXIII. 1838, p. 118, 

L^Institut, No. 576, p. 20. 1845. Electrical Magazine, Yol. i. p. 527. 

» VImtitut, No. 600, p. 315, 1845. 

4 Oomptes rendus, T. xx., 1845, pp. 1287 — 1201. Translation in the Electrical 
Magazine^ Vol. ii. pp. 28 — 33. 

® Electrical Magazine, April, 1845. Vol. i. p. 557. 

Comptes rendus, T. xxii., p. 264, 1846. 

7 Comptea rendus, T. xxii., p. 544. 1846. 

8 Phil Tram,, Part I. p. 31, 1847 ; Annales de Chiinie, T. xix. p. 378. 

^ Philoaophical Magazine, 1846, Vol. xxx. pp. 76 — 87, and pp. 225 — 241. 
Joule refers to an experiment made hy him in 1841. The paper contains a mass of 
experimental statistics of the influence of magnetism on the length and bulk of wires 
and bars. 
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investigation of the action of magnetisation on the volume of iron 
and ateel bars. He concluded that magnetisation extends iron and 
steel bars ; that this strain is partly temporary and partly perma- 
nent ; that each of these parts is proportional to the square of the 
magnetic force of the bar ; that after reaching a certain charge 
however the bar begins to contract ; that this contraction is pro- 
portional to the strength of the current and to the magnetic inten- 
sity of the bar; and finally that the extension is probably due to 
the molecular forces of the bar, while the contraction arises from 
the attraction of the coil (the external current) on the magnetised 
molecules. Beatson^ obtained results similar to those obtained by 
Wertheim for an external current (see our Art. 1328) for means of 
a transmitted current ; the extension was distinct from that pro- 
duced by the heating of the bar, but was sensible only for iron. 

Such, taken in conjunction with Wertheim’s previous results (see 
our Arts. 1304 — 1300), is a brief historical description of the state 
of knowledge with regard to the electro-elastic and the magneto- 
elastic properties of bodies, when Wertheim' returned to the 
subject in 1848 : see his account, pp. 302 — 310 of the memoir. 

[1334.] He 'made some careful experiments on the influence 
of external currents (when the bar was or was not in the axis 
of the coil — 'central or eccentric’), transmitted currents and com- 
binations of the two, and draws the following conclusions : 

1°. A current traversing a coil exercises upon a mass of iron 
placed within it a mechanical attraction identical with that which, 
according to the discovery of Arago, a wire conductor exercises 
upon iron-filings. 

2'*. The stress can be considered as composed of two forces, 
one longitudinal and the other transverse. 

3°. It is proportional to the intensity of the current and 
to the mass of the iron. 

4^ The longitudinal component can tend, according to the 
position of the coil, to extend or contract the bar of iron. 

1 Electrical Magazine, April, 1846, Vol. n. pp. 296 — 300. We have already 
referred to Sullivan’s memoir of 1845 : see our Art. 1248. 0. V. Walker writing in 
the Electrical Magazine, Vol. i. 1L844, p. 528 states that Marrian had suggested that 
a mechanical vibration or note would produce electricity. Beatson’s experiments, 
however, do not confirm Sullivan’s results : see p. 298 of the above memoir of 1846. 
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5°. The transverse components, the mechanical equivalent of 
which can be easily expressed in pounds when the iron is in an 
eccentric position, are null when the iron is central to the coil. 

6®. A transmitted current produces an impulse (un choc 
hrusqu^ on traversing an iron conductor. 

7®. There is a complete analogy between the action of a 
current and that of a purely mechanical force acting in the same 
direction. 

8®. The above propositions explain all the sounds which can 
be produced by an external or by a transmitted current in bars, 
wires, or plates of iron and steel ^ (pp. 326 — 327). 

Wertheim propounds the following questions as deserving in- 
vestigation : 

(a) Does stretch take place in a mass of iron owing to its 
magnetisation independently of the mechanical action of the coil ? 

(&) Magnetised iron appears to be no longer mechanically 
isotropic. What are the position and ratio of its axes of elasticity ? 

(c) How can a current transmitted along a wire produce a 
' mechanical impulse ’ ? Does this take place by the mutual action 
of molecules magnetised perpendicularly to the current ? 

(cZ) The last question is as to the nature of a Iruit deferraille 
which is sometimes produced and does not seem (see p. 321) due to 
the longitudinal or transverse vibrations but appears to 'run along 
the wire 

[1335.] Besides the points we have noted there are (pp. 314 
and 316) some valuable experiments on the influence of magnetisa- 
tion on the stretch in a bar due to a terminal tractive load and on 
the flexure due to a terminal shearing load. 

The memoir is among the more important of the earlier 
physical papers which treat of the magneto-elastic properties of 
bodies. 

[1336.] A paper by de la Rive entitled : Fouvelles recherches 
sur les mouvements vibratoires qvHprouvent les corps magndtiques et 
1 Have we not here the beginnings of telephonetic discovery? 


T. E. 
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les corps non magndtiques sous X influence des coicrmts dectriques 
exUrieurs et transmis, -willhe found in the Annales de Ohimie, T. 26, 
pp^ 158 — 174, 1849. It contains some reference to Wertheim’s 
memoir of 1848 and to the controversy in the Gomptes rendiis : see 
our Arts. 1327 — 1333. The writer accepts Wertheini s compromise 
of a direct molecular as well as a mechanical action on the bar 
due to an electric current. 

A translation of this paper will be found in the PhiL Mag., Vol. 
XXXV. 1849, pp. 422 — 434. The volumes of the same periodical for 
this decade contain various other memoirs, as those by Wartmann, 
which treat of this subject, but their bearing on elasticity is only 
indirect. 

[1337.] G. Wertheim : Mdmoire sur la vitesse du son dans les 
liquides. Annales de Chimie, T. xxiii. pp. 434 — 475. Paris, 1848. 
This memoir concerns us only very slightly, but we must draw 
attention to one or two statements made in it. 

[1338.] The argument of this memoir is of a rather singular 
kind. The velocities of sound in large masses of liquid have been 
calculated directly only for water. Wertheim notices that experi- 
ments on columns of water give a much less result. The question 
which he now sets himself to solve is the following : What is the 
relation of the velocity of sound in a large mass of liquid to its 
velocity in a column of the same liquid ? In other words. How can 
the first velocity be deduced from the second, and so the second 
compared with the result obtained by calculation from the com- 
pressibility of the given liquid? Now Wertheim finds that for 
water the ratio of these two velocities is very nearly equal to n/ 3/2. 
But this is what, upon WertheirrXs own hypothesis (see our Art. 1326), 
the ratio ought to be in the case of an unlimited elastic mass and a 
column of the same material. He then argues as follows : 

La coincidence de ces deux nombres prouve que la loi s’applique 
r^ellement aux liquides, que par consequent I’egalite de pression en tout 
sens n^a pas lieu pendant leurs vibrations sonores, et qu'une colonne 
liquids vibrant longitudinalement donne le meme son que rendrait une 
barre solide dont la mati^re aurait la meme compressibility cubique que 
le liquids (p. 466): 
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Lastly we may cite the following paragraph : 

II s’ensuit 6galement que les lois de Tequilibre des corps solides 
fl'appliquent aux liquides pendant un tr^s-court intervalle de temps 
apr^s Tapplication des forces exterieures. Ainsi done, si on pouvait 
suspendre librement line colonne liquide, si on pouvait appliquer k ses 
deux extremites une traction instantanee, et si on pouvait dans ce 
moment mesurer sa longueur et son volume, Taugmentation de volume 
serait 4gale ^ un tiers de Tallongement, et on pourrait calculer Tune et 
Tautre d’apr^s la compressibility cubique. Enfin, la loi de I’attraction 
moleculaire doit ytre la m^me pour les liquides que pour les solides (p. 
467). 

Wertheim’s theory is thus based upon two hypotheses; one is 
apparently suggested by the single experiment on water, the other 
is the peculiarly doubtful X — 2yL6. 

[1339.] G. Wertheim : Note sur la torsion des verges homogenes. 
Annales de Chimie, T. xxv. pp. 209 — 215. Paris, 1849. The 
object of this memoir is to shew that all torsion experiments 
confirm the supposition made by Wertheim in his memoir of 
February, 1848, considered in our Art. 1319 ; namely, that with our 
notation X = 2//,, or the stretch-modulus bears to the slide-modulus 
the ratio of 8 : 3. 

[1340.] Wertheim begins his memoir by the remark that the 
stretch-moduli as calculated from the torsion experiments of 
Coulomb, Duleau, Savart, Sevan and Giulio (see our Arts. 119, 229, 
333, 378, 1218) do not agree within the limits of experimental error 
with those obtained from traction experiments. Accordingly 
Wertheim takes Poisson’s result for a cylindrical rod and modifies 
it on the above supposition. Referring to Saint- Venant’s paper in 
the Gomptes rendns (T. XXIY. p. 486)— to be considered in 
our next chapter — he remarks on the correction of Cauchy’s 
formula for rectangular rods by the introduction of a numerical 
constant independent of the elasticity. For comparison with 
experiment he then adopts Saint- Venant’s formula with his 
own value of the ratio between the stretch- and slide-moduli. 

[1341.] The larger portion of the Note is an endeavour to 
shew that the formulae thus obtained agree better with experiment 

46—2 
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than those deduced from the usual uni-constant theory X = /x. The 
experiments Wertheim makes use of are those of Coulomb, Duleau, 
Savart, Giulio,and finally in the matter of torsional vibrations some 
fresh ones of his own. He replaces Poisson’s relation njn! = ^5/2 (see 
our Art. 470) by njn' = = 1*6830. This value he holds agrees 

better with Savart’s result 1*6668 and the mean of his own, 
1*6309. 

[1342.] The Note concludes with a statement that the author 
had intended to verify his relation, X = 2/^, by applying it to 
elastic plates : 

Mais M. Kirchhoff ayant annonc6 a TAcademie qu’il s’occupait de 
ce sujet, je crois devoir attend re que cet habile g^ometre ait public les 
r^sultats de ses recherches (p. 215). 

Kirchhoff’s memoir was published in January, 1850, and will 
be considered in the chapter devoted to that physicist. It may 
suffice here to remark that the pitch of the notes given by elastic 
plates agree better with Poisson’s than with Wertheim’s hypothesis, 
though differing considerably from both; the radii of the nodal 
circles agree better with Wertheim’s than Poisson’s. But Kirchhoff 
himself remarks that the difference is so small as to be no 
argument against Poisson’s assumption. Possibly it is an argument 
against uni-constant isotropy or rather for the aeolotropy of the 
plates. 


[1343.] This Note of Wertheim’s led to a polemic with 
Saint- Venant. In a later and more considerable work on Torsion, 
the memoir of 1855, Wertheim returns to the same subject, and 
even supports Cauchy’s erroneous theory of the torsion of rect- 
angular prisms. It must be noted that in this controversy there 
are three points to be considered : 

1°. Were the prisms experimented on really isotropic ? 

2*^. If they were isotropic ought we to put X = /^ with Poisson 
or X = 2/x. with Wertheim, or to accept neither relation ? 

3®. Is Saint- Venant’s * numerical factor’ a true correction of 
the ordinary theory ? 
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Saint- V6iiaiit in. tli6 fourth A.ppeTidic6 to his edition of Navier’s 
Legons conclusively answers the question 3°. We have seen in 
considering the memoir of 1848 that it is extremely improbable 
d prioviy and certainly contrary to much experiment A posteviovi, 
that X should equal 2/^. Either the difference between theory 
and experiment must be accounted for by bi-constant isotropy, or 
perhaps more satisfactorily by supposing the "wires experimented 
on to be non-isotropic : see our Arts. 831, 858, and Saint- Venants 
fifth Appendioe to Navier’s Legons referred to in our Art. 923. 

[1344.] 1849. G. Wertheim. Mimoire but les mhrations des 

plaques circulaires. Annales de Ghimie, Tom. 31, 1851, pp. 1 — 19. 
This memoir was presented on October 1, 1849. It is occupied 
with a further consideration of Wertheim’s theory of the relation 
which should hold between the two constants of elasticity in the 
case of isotropy. 

[1346.] The memoir begins with a reference to the torsional 
experiments of Kupffer: see our Art. 1389. These experiments 
had given values of the stretch-moduli considerably smaller than 
those obtained by a terminal tractive load. Wertheim endeavours 
to shew that with his relation between the constants there is 
identity in the results obtained by the two methods. The diver- 
gence however is most probably due to the non-isotropic character 
of the wire employed. 

[1346.] Wertheim then proceeds to the main question of his 
memoir, whether on his hypothesis (A, = 2;u,) the calculated and 
observed values of the radii of the nodal circles will not be in 
greater agreement than on Poisson’s theory. It will be seen on 
referring to our Arts. 519 and 520, that Savart's value was too 
small for the second nodal radius, and too great for the first and 
third. Wertheim proceeds to calculate the value of these radii 
on his theory, and, as Kirchhoflf has noted, the values do not differ 
very much from those obtained on Poisson’s supposition : 

Toutes les differences, ^ Texception de celle qui existe sur la premik'e 
valeur de fj? [= Xf, of onr Art. 518], sont tellement petites, qu’elles tombent 
n^cessairement entre les limites des erreurs d'exp^rience ; c’est done le son 
fondamental surtout qu’il faudra cliercher k determiner avec exactitude. 
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On voit, dll reste, qii’independamment du cliangement de formule, il a suffi 
de calculer, avec plus d’ exactitude, les valeurs de y pour faire presque 
disparaitre les differences constantes qui existaient encore entre le calcul 
de Poisson et les experiences de Savart (p. 11). 

If in the equation of Art. 518 we put ^ instead of 3/8 as the 
coefiScient of the long bracket, we have Wertheim's equation; his 
jj? being then Poisson’s X? (= His y is the same as the y^ of 
Art. 519. We have already noted the want of accuracy in Poisson s 
calculation : see our footnote, p. 266. 

[1347.] Wertheim apparently holds that his experimental 
results confirm his theory, but this is hardly the fact. The dis- 
cordance between theory and observation is most probably due 
either (1) to isotropy being bi-constant, or (2) to the plates 
experimented upon being really aeolotropic. This latter view 
receives some confirmation from Wertheim’s remarks on p, 13. 
Referring to some tabulated results he writes : 

Nous avons marqu^ par des asterisques les cercles dans lesqucls on 

commengait k apercevoir une l%^re ellipticite En gdn^ral, Toxcen- 

tricite de Tellipse qui remplace le premier cercle, augincnte k mesure 
que le son s’el^ve dans la serie des harmoniques de la plaque, et son 
grand axe ne se place que suivant deux diamcJtres d^tormin^s, et pex‘- 
pendiculaires Tun sur Tautre ; pour obtenir les sons aigus avec facilitc, 
il faut soutenir la plaque par les deux points dans Icsquels un cercle 
nodal rencontre Tun de ces deux diam6tres. Dans les plaques en 
laiton, ces deux diamUres, et par consequent les axes de V ellipse, font un 
angle de 45® avec la direction du laminage. Ces faits sont analogues k 
ceux que Savart a observes en produisant Tebranlement par un point do 
la circonference ; nous aurons k les 4tudier, lorsque nous nous oc- 
cuperons des plaques dont Telasticite n’est pas la m5me dans tons les 
sens. 

[1348.] Wertheim refers to Kirchhoff’s memoir, which had 
only been published in part at the time his own paper was pre- 
sented. In the interval which elapsed before the publication 
of the latter in the Annales, Kirchhoff’s memoir was published in 
Crelle’s Journal (B. XL.), and on p. 7 Wertheim refers to it in a 
footnote. The reader of Kirchhoff’s memoir, having regard 
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especially to the last few pages, will find Wertheim’s footnote not 
wholly satisfactory. It is as follows : 

La comparaison des r^sultats de son calcul avec les mesures donnles 
par M. Strelilke a conduit IM. Elirchhoff k divers resultats analogues ^ 
ceux quo j’ai obtenus moi-meme. 

KirchhofF, as we shall see when considering his memoir in 
our second volume, does not by any means accept Wertheim’s 
hypothesis (X = 2fjL), 

On the whole Wertheim’s memoir has greater value for its 
experimental results, than for the support it gives to his 
hypothesis. 

[134)9.] G. Wertheim. Mdmoire sur la 'propagation du mouve- 
'nient dans les corps solides et daiis des liquides. Annales de Ghi'miej 
T. 31, 1851, pp. 19 — 36. This memoir was presented to the 
Academic on December 10, 184 j9. 

Wertheim, referring to the memoirs of Poisson, Cauchy and 
Blanchet on the nature of waves in an infinite isotropic medium, 
shows that, on his hypothesis of X = 2//-, the velocity of propaga- 
tion of the longitudinal wave would be double that of the trans- 
verse wave. He strives to find evidence in favour of this from the 
sounds produced by bars which are vibrating longitudinally and 
transversely, and argues from experiment that the same ratio of 
velocities will hold for a bar as for an infinite solid. His reasoning 
does not seem to me very clear. He again introduces (as in the 
memoir referred to in our Art. 1337) liquids as behaving absolutely 
like solids in relation to sound vibrations (p. 23), and he states 
that the same differential equations apply to both cases and the 
same ratio of the velocities for the two waves. I do not under- 
stand this. 

Some remarks on the two waves which ought to be expected 
in the case of earthquakes are of interest (pp. 22 — 23). 

[1350.] G. Wertheim. Note sur la vitesse du son dans les 
verges, Annales de Ohvmie, T. xxxi. 1851, pp. 36 — 39. 

Wertheim in his memoir of 1842 had found that the stretch- 
modulus when obtained by vibration experiments had always a 
greater value than when obtained from traction experiments\ To 
1 See, however, my footnote, p. 702, 
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explain this difference he supposed the sound to be accelerated by 
the heat given off, and made use of a formula stated by Duhamel 
(see our Arts. 887 and 1297) to obtain the ratio of the two 
specific heats by means of the ratio between the two velocities of 
sound. Clausius published a memoir in which he shewed that the 
formula used by Wertheim applied to the propagation of spherical 
waves in the interior of an elastic solid, and not to wave motion 
along a rod : see our Art. 1403. Clausius also pointed out that 
the true formula when applied to Wertheim’s experiments led to 
impossible values for the ratio of the specific heats : see the Article 
referred to above. 

In the present note Wertheim gives rather a lame excuse for 
this slip on his part; namely, that the distinction between the 
propagation of sound in a rod and in an unlimited mass was not 
then admitted by physicists. An excuse which will hardly be 
accepted by those acquainted with Poisson’s and Cauchy’s re- 
searches. 

Wertheim now apparently rejects the explanation which might 
be derived from the specific heats, and seeks to explain the difference 
between theory and experiment by considering the difference 
in the velocity of sound in a bar and in a plate. Thus he writes : 

Mais maintenant qu’il ne reste plus de doute sur la distinction ^ 
etablir entre les deux vitesses de propagation, I’hypoth^se de I’acc^l^- 
ration du son dans les corps solides, par suite de la chaleur degagee, me 
semble d'autant moins soutenable, que cette acceleration n’a positive- 
ment pas lieu dans les liquides, quoique ces derniers se comportent, par 
rapport aux vibrations, absolument comme les corps solides ; il faudra 
done chercher k expliquer autrement la difference entre la vitesse 
theorique et experimentale (p. 37). 

[1351.] Wertheim then quotes from the third volume of 
Cauchy’s Exerdees, which be it noted was published in 1828. Taking 
our Articles 649 and 654, we have what Wertheim reproduces, with 
however the alteration introduced by his own hypothesis (X~ 2//.). 
Thus he makes the ratio of the velocity of sound in a plate to that 
inarod = s/|, while Cauchy and Poisson give it as aTIi. These 
ratios refer ‘ to a plate of indefinite extent and to dilatation 
vibrations. The concluding remarks of Wertheim I do not under- 
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stand, nor do his experimental results seem to be at all in harmony 
with his theory (pp. 38 — 39). They point either to bi-constant 
isotropy or to aeolotropy in the material experimented on. 

A further series of memoirs due to Wertheim will be considered 
in our second volume. 

[1352.J Oliver Byrne. A new Theory of the Strength and Stress 
of Materials. The Civil Engineer and Architects Journal, Vol. ix. 
London, 1846, pp. 163 — 167, and pp. 231 — 232. A criticism 
of this paper, presumably by the editor of the Journal, appears on 
pp. 204 — 205, and a letter of the author as rejoinder on p. 257. 
The ' new theory ’ seems to be of a rather confused nature and its 
propounder a somewhat self-confident character. Two extracts 
will suffice : 

He must be a very clever man indeed who determined the modulus 
of elasticity of pipe-clay. Mere book-makers like Hall and Moseley, 
of King’s College, cannot be offended; but men like Barlow and 
Hodgkinson, who have lost their time experimenting to find them, may 
be a little indignant to find their favourite numbers spoken so lightly of. 

In the next number will be pointed out the erroneous principle 
upon which Hooke’s law is founded. 

I do not know whether Professor Byrne ever carried out 
this latter intention, as his contributions to this Journal seem to 
have ceased. 

[1353.] W. R Johnson. Effect of Heat on the Tenacity of Iron. 
The American Journal of Science and Arts, edited by Silliman and 
Dana. Second series, Vol. i. pp. 299 — 300. 1846. 

A committee seems to have been appointed by the Franklin 
Institute to draw up a report on the strength of materials for 
steam-boilers. This report was published in 1837, but I have not 
consulted it. A short notice, "with a table of some of the experiments 
embodied in the report, is given in the above Journal. The table 
exhibits the effect of heat on thirty-two varieties of malleable iron. 
Xhe experiments go to shew that a great traction applied to an 
iron-bar at a high temperature increases its absolute strength when 
cold again; the process is here termed ‘treatment with thermo- 
tension.’ The average gain by the treatment was 17*85 p. c. (from 
8*2 to 28*2 per cent.), the average temperature at which the effect 
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was produced being 573°*7 Fabr. Further, the absolute strength 
was found to be greater at high temperatures than at low : see our 
Art. 1524^ 

The experiments also confirmed the fact that the total 
elongation of a bar of iron, broken in its original cold state, is 
from two to three times as great as the same force would produce 
upon it if applied at a temperature of 573°, which force will 
moreover not break the bar at that temperature. An average 
difference of 5*9 per cent, was found in the absolute strength of the 
bar when hot and cold. 

[1354] In the Artizan for 1846, p. 127, there will be found 
some remarks of Fairbairn and Hodgkinson on the Strength of 
Wrought-Iron Pillars. The only copy accessible to me was that 
in the British Museum; pp. 86 — 207 are, however, missing. 

1355. In 1846 the Paris Academy of Sciences proposed a 
question in the theory of elasticity as the subject for the great 
prize of mathematics to be awarded in 1848 : see the Oomptes 
Bendtis, Vol. xxii. p. 768. The problem is thus enunciated : 

Trouver les integrales des Equations de Tequilibre int6rieur d’un 
corps solide ^lastique et homog^ne dont toutes les dimensions soiit 
finies, par exemple dhin parallelepipede ou d’un cylindre droit, en 
supposant coniines les pressions ou ti*actions in^gales exercees aux 
differents points de sa surface. 

I presume that no satisfactory essay was contributed in 
competition for the prize, as the problem is held to be unsolved in 
Lamp’s Legons sur la theorie..,de Velastioite... 1852: see p. 162 
of the work. 

We have in the Comptes Rendus, Vol. 38, 1854, p. 223, a 
notice respecting this matter. The subject was proposed for 1848, 
and again for 1853. One memoir was sent in but no prize 
awarded. 

[1356.] Ludwig Wilhelmy. Die Wdrme als Maass der 
Cohdsion. — Inaugural-Dissertation, Heidelberg, 1846. This is an 
octavo pamphlet of 27 pages divided into two parts, respectively 

1 Some unpublished experiments of A. B. W. Kennedy’s shew that the absolute 
strength of steel at 450° is 37/30 of the absolute strength at 70^ but at 600° only 
33/30 ; in other words, it reaches a maximum between these temperatures. 
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entitled: Eesiiltate der Berechmmg (pp. 1—18) and Theoretische 
Betrachtungen zur Erlaiiterung der Bechnungs-Resultate (pp. 
19 — 27). To the work are attached two tables of experimental 
data. 

The object of this dissertation is expressed in the following 
words : 

Der bekannte Zusamnienhang der Cohasion und der'Warme, wonach 
die Cohasion in ihren Wirkungen, — in denen sie die Erscheinungen der 
Capillaritat und Adhasion, die Festigkeit und Dichtigkeit der Korper 
zur Eolge hat, — ^geschwacht wird durch eine Steigerung der Warme, 
veranlasste mich, den Yersuch zu machen, beide durch ein gemeinschaft- 
liches Maass auszudriicken (p. l)....Vei*melirung des Drucks wirkt wie 
Y erminderung der Warme, und umgekehrt. Beide — Streben des Zusam- 
menhangs und der Ausdehnung — sind sich gerade entgegengesetzt, man 
kann sie daher auch durch ein gemeinschaftliches Maass und durch 
dieselbe Einheit ausdriicken, also von Cohasions- wie von Warme-Graden 
sprechen, so dass durch Hinzufiigen eines Warmegrades ein Cohasions- 
grad aufgewogen wird und umgekehrt. Die Dichtigkeit eines Kbrpers 
wird bei gleicher Temperatur direckt proportional sein der Anzahl 
seiner Oohasionsgrade, die Ausdehnung, das Yolum, bei gleichem 
Werthe der Cohasion, der Anzahl der Warmegrade. Da sich bei 
ungeanderten Massen die Dichtigkeiten umgekehrt verhalten miissen, 
wie die Yolume, so folgt daraus der Zusammenhang, in welchem ander- 
seits Warme und Dichtigkeit, Cohasion und Yolum mit einander 
stehen (pp. 19 — 20). 

From these principles YTlhelmy attempts to deduce the laws 
which connect for gases, fluids and solids, the volume, density and 
temperature. These deductions do not seem to me satisfactory, 
because I am unable to follow the course of the argument on p. 21, 
wherein a certain quantity It is used as a common measure of atomic 
density, of the sphere of atomic influence and finally of heat and 
cohesion. I suppose that, if the results on p. 21 were even admitted, 
they must be considered as flowing from a somewhat limited 
atomic hypothesis, which, however, does not seem to be anywhere 
clearly stated. 

[1357.] Y. Eegnault. Septihme Memoire, Be la compressi- 
bility des liquides, et en particulier de celle du mercure. Mimoires 
de V Academic j Tome xxi. 1847, pp. 429 — 464. 
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This memoir has interest for us as involving the question of the 
relation between the dilatation- and the stretch-moduli. The 
reader may compare Art. 1227. 

Eegnault begins by referring to the labours of Oersted, 
Colladon and Sturm, and G. Aimd. He refers to Poisson’s mathe- 
matical investigation and states that physicists have in general 
accepted his results: see our Arts. G86 — 691. Next Oersted’s 
results are quoted as disagreeing with Poisson’s theory, and 
Eegnault remarks : 

On ne pent pas se dissimuler que les formnles mathematiques, du 
genre de celles dont nous nous occupons, ne presentent de grandes 
incertitudes, par suite des hypotheses que Ton est oblige de faire sur les 
forces moleculaires, pour etablir les Equations difierentielles du probieme. 
Ces hypotheses s’eloignent probablement beaucoup de la r6alite. Ainsi 
les geometres admettent que les molecules d’un corps solide se meuvent 
avec une egale facilite dans tons les sens, et qu’un d^placement 6gal, 
suivant une direction quelconque, developpe toujours une force de 
reaction ^gale. Cette proposition est certainement inexacte, meme 
dans les corps k crystallisation confuse. II est tres-probable qu’une 
molecule d’un corps solide eprouve des resistances tr^s-inegales dans ses 
deplacements en difiPerents sens. On peut, jusqu’^ un certain point, se 
representer ces molecules, comme formant des esp^ces de syst^mes 
articules, chaque syst^me prenant le mouvement qui lui est le plus 
facile, lorsqu’une pression s’exergant a la surface exterieure du corps 
detruit requilibre moleculaire (p. 432). 

[1358.] Eegnault then proceeds to direct experiments on the 
compressibility of solids. On pp. 438 — 442 will be found a note 
by Lamd on elastic formulae for spherical, cylindrical, and hemi- 
spherically terminated cylindrical shells on the supposition of 
isotropy. These formulae are applied to the very careful experi- 
mental data obtained by Eegnault. He finds that the * cubical 
compressibility’ of certain metals as obtained by direct experiment 
is less than that which would be obtained on Poisson’s uni- 
constant hypothesis from Wertheim’s values of the stretch-moduli 
for the same metals. This result has been used as an argument 
by some writers against uni-constant isotropy. It appears to be 
rather an argument against the isotropy of the vessels used 
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by Eegnault and of the bars and wires experimented on by 
Wertheim. Indeed Kegnault’s remarks (quoted above seem rather 
to point to his attributing the divergence to aeolotropy. At the 
same time the divergence is by no means great, and he concludes: 

Les experiences qui precedent ne penvent done pas ^tre consider^es 
comme 6tablissant Texactitude des formules matli^matiques ; mais on 
ne pent pas non plus les regarder comme condamnant ces formules, 
parce que Ton pent attribuer les divergences k ce que les piezom^tres 
que nous construisons, s’eloignent trop des conditions geom4triques efc 
physiques qui ont ete admises dans Tetablissement des formules (p. 456). 

A very careful consideration of Eegnault’s experiments is 
given by Saint-Venant in his edition of Navier’s Legons, pp. 650, 
665 — 676. He shews that they agree quite as well with Poisson's 
as with Wertheim’s relation, and attributes the divergence which 
exists to the aeolotropic character of the vessels employed. 

[1359.] We may mention in connection with Eegnault’s 
memoir, a paper by Grass! which will be found in the Annales de 
Chimie, T. xxxi. 1851, pp. 437 — 476. It is entitled : Recherches silt 
la compressihiliU des Uquides. The writer applies to the theoretical 
results, with which Lam^ provided Eegnault, the hypothesis of 
Wertheim, \ : see our Arts. 1326 and 1358. This is the basis 

upon which he calculates the compressibility of his piezometer. 
He remarks : 

M. Wertheim a fait voir linexactitude de la loi de Poisson, car les 
resultats que Ton en d^duit ne s’accordent pas avec ceux que donnent 
les experiences directes faites sur le changement de volume des corps 
soumis ^ diff^rentes pressions on tractions. Ces expiriences prouvent, en 
eSet, que la compressibility ou la dilatability cubique est ygale k la 
compressibility ou dilatability linyaire (p. 440). 

The last sentence expresses a far greater confidence in the results 
of Wertheim’s experiments than seems to me justifiable. I may 
note that Grass! found very little change in the compressibility of 
glass due to temperature. In one of his piezometers there was a 
slight increase of the compressibility with the temperature (p. 453). 

[1360.] 1847. M, O'Brien. On the Symbolical Equation of 
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Vibratory Motion of an Elastic Medium, whether crystallized or 
uncrystallized. Camb. Phil. Trans., Vol. vili. pp. 508 — 523. The 
paper was read March 5, 1847. 

The object of the following Paper is twofold ; first, to shew that 
the equations of vibratory motion of a crystallised or uncrystallised 
medium may be obtained in their most general form, and very simply, 
without making any assumption as to the nature of the molecular 
forces; and, secondly, to exemplify the use of the symbolical method 
and notation explained in two Papers read before the Society during 
the present academical year. 

The symbolical method and notation referred to is practically 
that of the Quartemion Calculus. 

[1361.] If a, )S, 7 be direction units, or three lines each of unit 
length drawn parallel to the axes, V^au + + yiv, where u, v, w, 

are the shifts, and be taken for the operation : 

^ doc ^ dy ^ dz^ 

further, if 

<T = ao? 4* jSy + ^z, 
a = aaf + ^y + 7 /, 

the symbol Ao-V standing for oox + yy' + zz ' ; then, the general 
equation for vibratory motion of an isotropic medium is 

. F+M-J5)iiAB . V, 

where A and B are elastic constants of the medium (p. 515)* 

[1362.] O’Brien shews that the symbol 30 written before any 
quantity v which is a function of x, y, z has a remarkable signi- 
fication: ‘the direction unit of the symbol 30“^ is that direction 
perpendicular to which there is no variation of v at the point x, y, z, 
and the numerical magnitude of 30v is the rate of variation of v, 
when we pass from point to point in that direction' 

He also shews that A30 . F is a numerical quantity representing 
‘ the degree of expansion, or what is called the rarefaction of the 
medium at the point x, y, z ' : see p. 510. 
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[1363.] In investigating the motion of a crystalline medium^ 
O Brien follows closely the relations between the constants suggested 
by Fresnel s theory of transverse vibrations ; thus the equations at 
which he arrives belong rather to the theory of light than to that 
of elasticity proper. He starts with 15 constants ; by assuming six 
relations essential to Fresnel’s theory he gets rid of 6 of these ; 3 
others do not appear in the equations for transverse vibrations, so 
that he is left with 6. Finally these 6 are proved to be pair and 
pair equal and so reduced to three in the case of biaxial crystals 
(p. 522). It is shewn how Fresnel’s and MacCullagh’s equations 
are contained in the symbolical forms. 

[1364.] Further, O’Brien points out that if the above six 
relations necessary to Fresnel’s theory be introduced into the 
equations for a vibrating elastic medium based upon the theory of 
intermolecular force being central, those equations reduce to the 
equations for an isotropic medium. 'From this it follows that 
M. Cauchy’s hypothesis cannot be applied to any but uncrystallised 
media. In fact, it may easily be proved that, if the equations 
derived from M. Cauchy’s hjrpothesis be true, a crystallised medium 
is incapable of propagating transverse vibrations’ (p. 510). 

The reader should, however, on this point consult Saint-Venant’s 
paper : Stir les diver ses manihres de prdsenter la tMorie des ondes 
lumineuses; Annales de Ghimie, T. xxv., pp. 335 — 385, 1872; 
also the same writer’s Appendice V. to Navier’s Legons pp. 729 — 
732, footnote; and Glazebrook’s Report on Optical Theories, 
British Association Transactions, 1886, p. 164 etseq, London, 1886. 
These writers do not, indeed, directly refer to O’Brien. The 
matter is beyond our present field of investigation. 


[1365.] For the transverse vibrations of a crystalline medium 
the equation found is : 



where, B^, B^, B^, B/, B^', B' are constants such that for biaxial 
crystals B = B\ and Da . a denotes the operation 


(zy' - z'y) a + {xz' - x'z) ^ + {yx -y'x) j. 
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It is thus the symbol of a line perpendicular to <t and cr ; 
hence the above equation indicates: ‘that the force 
is perpendicular to the direction of 30, and that direction, as we 
have seen, is the direction of propagation.’ The equation being 
based on the six relations between the constants before referred to, 
it follows that : ‘ the forces brought into play by transverse vibra- 
tions are always perpendicular to the direction of propagation’ 
(p. 521). 

1366. On the Internal Pressure to which Pock Masses may 
he subjected, and its possible Influence in the Production of the 
Laminated Structure, By W. Hopkins, Esq., M.A., F.R.S., &c. 
This is published in the Camb, Phil, Trans, Vol. viil. 1849, 
pp. 456 — 470. It was read on May 3, 1847. 

We are concerned with the first ten pages only of this memoir, 
namely, the introductory remarks and the Section I. which is 
entitled: Relative positions of the lines of maximum and minimum 
tension, and planes of maximum tangential force in the interior of a 
continuous mass. Two propositions relative to our subject are 
established. The first is the existence of axes of principal traction : 
see Art. 603. The second is an investigation of the numerically 
greatest shear; the investigation is rather complex. The first 
proposition was already well known; the second proposition 
appears here, I think, for the first time; the only previous 
work cited on the subject is Cauchy’s Exercices de mathimatiques, 
Vol. ii. 

[1367.] I quote the following remark, as it bears upon a 
point not always suflSciently regarded. Taking an elementary plane 
5 at a point P, Hopkins writes : 

If this plane assume different positions by moving about P as a 
fixed point, the normal and tangential forces acting on it will have 
different values, assuming maxima or minima values for certain 
determinate positions of s, and it is on these particular positions of s 
that the distortion of a small portion of the mass about P, and that of 
any organic form contained in it will depend. Generally, the linear 
dimensions of the element will be altered by extension or compression, 
and it will also be twisted, so that if it were originally a rcctiingular 
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parallelepiped it will become an oblique-angled one, and these changes 
pf form will be indicated by the corresponding distortions of the organic 
remains. 'Now, if the directions of the cleavage planes were originally 
determined by the state of internal tension and pressure of the mass, it 
w^ould seem probable that they would be perpendicular to the directions 
of greatest, or to those of least normal pressure, or that they would 
coincide with the planes of greatest tangential action (p. 456). 

It is to the last statement I wish to draw attention, as I think 
it may contain a fallacy; if the planes of cleavage are planes of set 
they would be surfaces orthogonal to the original directions of 
greatest stretch, — to the greatest positive as distinguished from 
negative stretch (or squeeze). The author nowhere shews that these 
directions of greatest stretch coincide with the directions of maxi- 
mum stress. In fact they need not necessarily do so, and he thus 
may have fallen into the same error as Coulomb did in discussing 
the problem of cohesion : see our Arts. 120 and 729. 

[1368.] Hopkins’ results as to maximum shear may be thus 
briefly expressed. Let x, y, z be any three rectangular directions 
at a point, and x, y\ / a second set of rectangular directions ; then 
it is well known that : 

Jy = SS cos ix'x) cos {y'x) + 75 cos (ooy) cos {y'y) + “S* cos (x'z) cos {y'z) 
-h 75 {cos {xy) cos (y'z) -b cos {x'z) cos {y'y)} 

-i- S {cos {a!z) cos {y'x) -b cos {x'x) cos 
+ ^ {cos {x'x) cos {y'y) + cos {x'y) cos {y'x)]. 

ITow taking z to coincide with z and x' to bisect the angle 
between x and y, we find : 

Jy = § (w — ' ^)- 

Hence it follows that will be greatest when — aa? is greatest, 
or when yy, S are principal tractions. Or, the greatest shear will 
be in a plane which contains two principal tractions and across a 
face which bisects the angle between them. 

If the three principal tractions are all of the same sign the 
greatest shear lies in the plane of the greatest and the least and is 
equal to half their difference ; if the principal tractions are not all 
of the same sign, the greatest shear is the arithmetical sum of the 
two which would be called the greatest and the least algebraically 
and lies in their plane. 

T. E. 


47 
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1369. Section ii. is an application of the results obtained to a 
point in geology. Organic remains, such as shells, are found in dis- 
torted forms, and the point for consideration is how these forms 
‘‘may indicate the directions which must have been those of 
maximum and minimum tension or pressui'e, and the position of 
the planes of maximum tangential action at some former epoch, 
posterior' to the elevation which raised the general mass into 
anticlinal ridges.” 

[1370.] C. G. Page. Singular Froperty of Caoutchouc, il- 
lustrating the value of Latent Heat in giving Elasticity to solid 
bodies, and the distinct functions in this respect of latent and 
free or sensible heat Silliman's American Journal of Science, 
Vol. IV. 184)7, pp. 34)1—342. 

This paper notes the rediscovery by Page of a fact remarked by 
Gough in 1805, that a strip of caoutchouc, stretched and quickly 
cooled, loses its elasticity ; ‘ it resembles a piece of frozen rubber in 
some respects, although not quite so rigid’ : see the footnote to our 
p. 386, (3). A further experiment on the same point as to the 
result of compressing portions of such a strip is worth noting : 

If successive portions of the inelastic strip be pinched between the 
thumb and huger, it contracts powerfully in these parts h, leaving the 
others a unaffected, and presenting the appearance of a string of knots 
or beads, which may be preserved in this state for any length of time, if 
not handled, and kept at a moderate temperature. Upon examination 
by a sensitive thermometer the portions a and h are found to bo of the 
same temperature. As regards the amount of heat contained, the 
portions a and h differ considerably, and in respect to latent heat, a 
may be said to be positive and b negative. The function of the two 
portions continues abrupt and well defined, showing that there is no 
tendency to distribution or equilibrium of latent heat between the two 
portions. 

[1371.] 1848. S^guin. There are three memoirs of this period 
by the above-named physicist on the nature and law of molecular 
force. They will be found in the Oomptes rendus, T. XXVII. 1848, 
pp. 314—318, T. XXVIII. 1849, pp. 97 — 101, and T. xxix. 1849, 
pp. 425 — 480. I shall refer to these memoirs when considering 
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later papers of the same writer in the second volume of this 
work, as they will be best treated together. 

[1372.] Andrew Bell. On the Determination of the Modulus of 
Elasticity of a rod of any material, by oneans of its musical note. 
Cambridge and Dublin Mathematical Journal, Vol. ill. 1848, 
pp. 63 — 67. 

It is proposed in this paper to determme the modulus of elasticity 
of any material, by means of the musical note obtained from a rod of 
the material. The modulus being determined, it will of course thence 
be possible to ascertain the weight a column of the material can support 
before beginning to bend, and other elements dependent on the modulus. 

The writer seems ignorant that the method he proposes had 
been very generally used during the past twenty years from 
Lagerhjelm to Wertheim : see Arts. 370 and 1293. Also he appears 
still to have faith in the Eulerian theory of columns: see Arts. 65, 
146 and 964. On p. 67 he notes that some acceleration of the 
propagation, of disturbance in a rod might be expected from the 
* disengagement of free caloric.* To this there is a footnote by Sir 
William Thomson : 

Our ignorance of the amount of this effect, and our conse(^uent 
inability to make the necessary correction for it, are such that the 
practical application suggested by this paper, cannot, in the present 
state of science, be considered as likely to lead to very accurate results. 

On this point we must refer to the corrections made by 
Weber and Duhamel and to the practical applications made 
by various experimentalists, notably Wertheim : see our Arts. 701, 
885—890 and 1297- 

[1373.] 1848. Max Becker. Die gusseisernen Brucken der 

hadisohen. Eismbahn, 1848. The original work was not accessible 
to me, and probably contains little of importance for our present 
purpose. An account of it wiU be found on pp. 441—464 of Der 
Ingenieur, Bd. I., Freiberg, 1848. We have noted the work here 
only because it contains the results of experiments on the deflections 
of 11 cast-iron bridges subjected to a load travelling with various 
velocities. These experiments are similar to those made some- 
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what later by the English Iron Commissioners, and are interesting 
in the light of Stokes’ researches: see our Arts. 1287 and 1290. 

[1374.] The deflections were measured by an exceedingly 
ingenious arrangement, in which a plunger in a reservoir of mercury 
forced the fluid along a capillary tube and so magnified the deflection 
twenty-fold. It seems to me that it would be easy to construct by 
a like arrangement and the use of photography an apparatus for 
tracing automatically the stress-strain curve for very small elastic 
strains. An automatic apparatus of this kind is needed for the 
investigation of the elastic constants for very small stresses. 

[1375.] The results obtained from the 11 bridges, all of 
different construction, were as follows : 

(1) The deflection is smallest when the locomotive is at rest, 
it becomes larger when the locomotive moves and increases with 
its velocity. 

(2) The deflection increases with the magnitude of the 
adhesion between the driving wheels and the rails {die Grosse 
der zwischen den Triebrddem und den Bahnschienen stattfindenden 
Adhdsion). 

(3) The deflections which the greatest velocities (CO ft. per 
second) of a locomotive produce do not very largely exceed the 
statical deflection of the same locomotive. In all 11 bridges they 
did not exceed the latter by A inch. (In the only numerical 
example given the excess was a little less than J the statical 
deflection.) 

(4) The deflections due to the greatest velocities were within 
the elastic limits. 

(5) An impact of any kind produced by unevenness in the rails 
increases the deflection. {Findet uher der Mitte des ScMenentrdgers 
ein Schienenstoss statt, so wird die Zunahme der Senkung hei dem 
Baruherrollen der Locomotive vergrossert.) 

[1376.] Becker gives the following empirical formula to calcu- 
late the deflection (see our Appendix, Note A) ; 

/== anLv + ^Lv\ 

where / is the kinetic deflection, L the weight of the locomotive, v 
its velocity, n the ‘ coefficient of adhesion,’ and a, ^ two constants 
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be determined for each individual bridge. To / we must add, in 
[er ^ obtain the whole deflection, the statical deflection due to 
i load L at the centre. Becker .takes n = 1/10 (p. 462). 

[1377.] 1848. J. ^Weisbach, Die Theorie der zusammen- 

\etzten Festigkeit Der Ingenieur, Bd. i., Freiberg, 1848, pp. 252 
265. The limits of cohesion having been found for simple 
ains, Weisbach considers how these limits must be compounded 
complex strains, as when longitudinal traction and flexure or 
her of these and torsion are combined. He remarks on p. 253 : 

Man hat seither auf die zusammengesetzten Festigkeiten fast gar 
iht Riicksicht genommen, sondern in den Fallen, wo zwei Festigkeiten 
jleich in Ahsprucli genommen werden, jede einzeln betrachtet, als 
un die andere nicht da ware, und bei Berechnung der Dimensionen 
r Korper von den erhaltenen Doppelwerthen alle Mai den grossten 

sgewiihlt Dasa dies nicht richtig ist, und dass man hiernach zu 

sine Werthe fiir die Dimensionen der Korper erhalt, ist leicht zu 

uessen Welche Dimensionen aber in solchen Fallen die ange- 

jssenen sind, wird in folgendem kurzen Aufsatze gezeigt werden. 

This statement is a little too sweeping in the light of Saint- 
3nant^s researches (see our Chapter ix.), still it draws attention to 
very important practical point; the superposition of strain natu- 
lly demands that the resultant strain as a whole shall be less than 
e cohesive (or elastic) limit. 

[1378.] Weisbach proceeds to apply this to various cases of 
mpound strain, (i) Traction and flexure (p. 254). (ii) Contrac- 
m and flexure (p. 255). Here I consider his results erroneous, 
icause it is not the compression (lateral stretch) in the undermost 
3res of the beam which in this case mmt produce rupture ; the 
.ace of rupture depends upon the ratio of the contractive to the 
3xural load ; wo must here as elsewhere take the maximum posi- 
ve stretch as our limit^ ; see our Art 1567- (hi) Non-central 

1 I find that the beam will only set at the lowest fibre first, so long as 

1 - 7 } 

ere ij is the stretoh-saueeze ratio ; Q, P are respectively the shearing and contractive 
ads at the free end, and like Weisbach I neglect the buckling action of P; k is 
le sectional radius of gyration about a line through the centroid of the section per- 
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longitudinal traction (p. 256); Weisbacb’s results agree with 
tbose of Tredgold and Brix: see our Arts. 832 and 1249. (iv) 
Non-central contraction (p. 258). Here for the same reason as in 
(ii) I doubt the accuracy of Weisbach's results, (v) and (vi) con- 
tain other cases of combined traction and flexure, (vii) Combina- 
tion of flexure and torsion. I do not feel satisfied with Weisbach’s 
treatment of this case, for one reason, because he appears to ha\e 
neglected the flexure which would be produced by his force P (p. 
260). (viii) Combination of traction and torsion ; the same remark 
applies as in case (vii) (p. 261). (ix) Case of a strut subjected also 
to a deflecting force (p. 263). The method is only approximate and 
I do not believe it would in practice lead even to approximately 
accurate results. 

I may note that Weisbach in all these cases neglects the sliding 
strain, and so does not really fulfil the conditions he has himself 
laid down for compound strain. 

[1379.] James Thomson. On the Strength of Materials, as in- 
fluenced hy the existence or non-existence of certain nmtnal strains 
among the 'particles composing them, Cambridge and Dublin 
Mathematical Journal, Vol. in. 1848, pp. 252 — 258. 

It is well known that Cauchy and Poisson introduced into the 
expressions for the stresses six terms dependent on 

the initial state of stress. These extended formulae were not how- 
ever applied to explain any of the phenomena of set. As a rule of 
course would be functions of position, but Cauchy and 

Poisson appear to treat them as constants : see our Arts. 598 
and GIG. The above paper of James Thomson seems to be 
among the first theoretical attempts to explain an initial state 
of strain and its bearing on set : see Art. 1207. The set here 
treated of is fore-set, not after-set, the time-element being dis- 
regarded. The paper is reproduced in extenso with a few additional 
notes by Sir William Thomson in his article on Elasticity in the 

pendicular to the plane of flexure, I is the length of the beam and the diameter in 
the plane of flexure, which is supposed to contain a principal axis of the section: 
see Appendix, Note A. Weisbach’s services to technical elasticity arc, I think, slightly 
overrated hy Ktililmann (Vvrtrltge ilher Geschichte der tccImUchcn Meclmnih, p. 421, 
Leipzig, 1885). This *Pietat gegen seinon unvcrgesslichon Lchrcr’ is, however, very 
excusable. 
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Encycl, Brit. §| 10—20. The object of this paper is stated in the 
following words : 

To shew that the absolute strength of any material composed of a 
substance possessing ductility (and few substances, if any, are entirely 
devoid of the property) may vary to a great extent, according to the state 
of tension or relaxation in which the particles have been made to exist 
when the material as a whole is subject to no external strain (p. 252). 

The term strain is here used in the modem sense of stress. 
What the paper is occupied with is the possibility of varying 
the elastic limits (i.e. extending the state of ease), thus the term 
ahsohite strength seems to be wrongly applied, for it usually denotes 
the limits of cohesion. Whether the absolute strength of a body 
can be increased by initial stress seems a doubtful matter : see our 
Arts. 1353 and 1524. In two sets of experiments recorded in Clarkes 
work on the Britannia and Conway Bridges, we find opposite con- 
clusions are reached : see our Arts. 1473 and 1486. 

[1380.] I have found the reasoning contained in the paper 
extremely difficult to follow. As however the paper is very readily 
accessible in the Encyclopaedia} it is the less necessary to analyse 
its contents. I may, however, remark on one or two points. 

I do not see how any conclusions such as are obtained on pp. 
252 — 254 can be reached without some physical statement as to 
the relative amounts of set and elastic strain in the strain produced 
by any stress. Nor does it seem to me that after set begins stress 
will remain constant. This is certainly not true for a bar under 
uniform terminal traction ; it holds only after the bar has become, 
at least locally, plastic, i.e. after stricture has set in. Further, if it 
be necessary that two elements of surface be given a definite slide, 
say cr, before the shear reaches the elastic limit tj, I do not under- 
stand how such slide could ever be reached even at a moderate 
distance from the centre of the section before rupture took place at 
the contour. Hence the footnote to p. 253 as well as the state- 
ment in the text as to the increased torsional resistance do not 
seem to mo convincing. Again, it would appear that, in the state 
of strain supposed by the writer, where there is a line of no strain 
in the section, shears parallel to the axis of the bar of varying 
magnitude would be called into play and thus the primitively plane 
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sections, be distorted into curved surfaces; this, I think, would 
affect the results obtained on p. 264. I have suggested the above 
difficulties rather that the attention of the reader may be drawn to 
the memoir, than that a mere reference to the memoir should 
lead him to disregard it. 

[1381.] James Thomson proceeds on p. 255 to shew that, 
what we may term the variability of the state of ease, has led to 
many discordant experimental results. On p. 257 he defines the 
superior and inferior limits of elasticity in the sense in which we 
have used them in the present work. He then remarks that : 

These two limits are not fixed for any given material, but that, if 
the change of form be continued beyond either limit, two new limits 
will, by means of an alteration in the aiTangement of the particles of the 
material, be given to it in place of those which it previously possessed ; 
and lastly, that the processes employed in the manufacture of materials 
are usually such as to place the two limits in close contiguity with one 
another, thus causing the material to take in the first instance a set 
from any strain, however slight, while the interval which may after- 
wards exist between the two limits, and also, as was before stated, the 
actual position assumed by each of them is determined by the peculiar 
strains which are subsequently applied to the material (p. 257). 

This is expressed concisely by the statement that : The state of 
ease depends on the worked state of the material : see our Appendix 
Note 0 (i). 

The author of the memoir refers to Eaton Hodgkinson’s experi- 
ments on cast-iron as evidence of the close approach of the limits of 
elasticity due to the process of manufacture ; see our Art. 969. 

[1382.] James Thomson On the Elasticity and Strength of 
Spiral Springs and of Bars subjected to Torsion, Ctdfh.'ldge and 
Dublin Mathematical Journal^ Vol. III. 1848, pp. 258 — 266. 

The writer, after a few preliminary explanations, remarks ; 

The elasticity and strength of spiral springs have not, so far as 
I am aware, been hitherto subjected to scientific investigation; and 
erroneous ideas are very prevalent on the subject, which are not 
imfrequently manifested in practice by the adoption of forms very 
different from those which would afford the greatest advantages. 
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The special case treated in this memoir is of a tractional load 
n the axis of the cylinder on which the spiral lies. More general 
sases had previously been considered by Giulio and Saint-V enant, 
0 say nothing of the investigations of Binet and Mossotti : see our 
Vrts. 1219 and 1608. 

James Thomson, by neglecting the stretching and sliding 
iffect of the tractive load, in fact by supposing the helix unwound 
ind subjected merely to a torsional force, arrives at a result which 
joincides with the approximate result (vi) of Giulio’s memoir of 
L842 : see our Art. 1220. 

Let s be the length of the spiral, w the tractive load in the 
ixis, a the radius of the cylinder on which the central thread lies, 
the radius of the section supposed circular; the rest of the 
lotation coinciding with Giulio’s. Then 

s — nxl—jix 27ra nearly, and w — H; 
but, if f be the elongation of the spiral spring. 


Hence 




4611 ^ 0 , 


from Giulio’s Equation (vi), 


swa 




swa 


.(iX 


x r^/2 

since in Thomson’s notation 6^2f{fM7r). This is the result, 
p. 261. We see that it is only an approximate method of treating 
a special case. 


[1383.] The equation obtained above relates to the elasticity 
of the spring. Thomson now proceeds to consider the strength, 
or the space through which it can be elongated without set. 

Let W be the greatest weight, Z the greatest elongation the 
spring will take without set, v ‘the utmost couple producing torsion 
which can be resisted by a bar whose radius is unity composed of 
the same substance as the spring, and having its particles at various 
distances from its centre free from mutual opposing strains when 
it, as a whole, is subject to no strain’ (compare Ai^ts. 1379—1380). 
Then Thomson^ as in his previous paper, takes 77 to denote the limit 
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of shear per unit area, and finds for the limiting couple for a bar of 
sectional radius r, 

Wa = I ^TTxdx . 7) x“jr 
J 0 

= (ii). 

Now he assumes that Z and W will be related as the f and w 
of the equation of elasticity (i), or 

Z= 6 = dv . sajr (iii). 

The justification of this assumption is based on the remark 
that: ‘in ordinarily formed spiral springs, the elongations continue 
proportional to the weights added, even up to the very greatest that 
can be resisted.’ Thomson cites an experiment of his own : see the 
conclusions of Hooke and Mossotti, Arts. 7 and 250. The equation 
(i) we must, however, remark would hardly remain sufficiently 
approximate for a spiral of which the stress was very considerable, 
when the strain, while remaining elastic, also became considerable. 

[1384.] The resilience of the spring, being the total quantity 
of work which can be stored up in it without producing set, is ex- 
pressed by ^ WZ = ^ ^ volume. Thus the resilience 

of a spring is for the same material proportional to the volume of 
the coil or weight of metal contained in it. This is of course 
a special case of the theorem due to Young and extended by 
Tredgold, Poncelet and others: sec Saint-Venant’s Ilistorique 
Abrig4^ pp. ccxvii — ccxix and our Arts. 982, 999 and Appendix, 
JSfote A, (3). Thomson draws from this result the conclusion that 
the springs of railway buffers should not be made of rectangular 
section, a form frequently adopted. But it seems to me that in the 
case of a prismatic rod on a rectangular base of sides h and c, the 
sections ceasing to remain plane the quantity 6 would be entirely 
changed, and we could not argue that the resilience would be less 
wuthout knowing the ratio of hje and without further investigation. 
In fact equations (i) and (ii) would be completely altered in cha- 
racter. 
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On p. 263 will be found a general statement of theoretical 
results, and on pp. 264 — 265 some experimental details. 

1385. Uehei' die Gesetse der Biegung elastischer fester Korper, 
Von Herrn v. Heim, Major in der kdnigl. Wiirtembergischen 
Artillerie. This memoir is published in Crelle’s Journal fiir.,. 
Matliematik, Vol. xxxvii. 1848 ; it occupies pages 305 — 344. 

Suppose an elastic rod to be subjected to the action of forces ; 
it is possible that in the state of equilibrium the axis of the rod 
should become a curve of double curvature : Heim considers that 
the conditions of equilibrium for this case have not yet been 
accurately investigated. He refers especially to what had been 
given on this subject by Poisson, in the following words : 

ITnter clen neuern Schriftstcllcrn, wclclie dif3 Lehre von clem Gleich- 
gewicht und der Bewogung elastischer fester Korpor zum Gegenstande' 
ihrer Forselmngon goinaoht haben, ninimt unstreitig Poisson eine der 
erston Stollen ein. 

Er hat theils mehrero bosondero Abhandlungen iiber diesen Gegen- 
stand in den Mamoiros do VAcademie das sciences Tome viir. und in den 
Annales do chiinie et do physique 1829 geliefort, theils denselben in 
aeineni Tmito do Mocaniquo, Ausg. 1833 rnit einiger Ausftihrlichkeit 
bearbeitot, und sich hiordurch wesentliche Verdienste um den genannten 
Zweig dor mathomatischon Physik orworben. Jedoch sind einige der 
Ergebnisso seiner Untox’suchungon, hauptsachlich aus dem Grunde, 
weil or die ilaupt-Axen der Querschnitte der Korper entweder nicht 
berUcksichtigt, odor, was walu’scheinlich ist, nicht gekannt hat, nicht 
frei von Ungenauigkeiten odor Unrichtigkeiten. 

Dass dic‘sos nainontlich hoi den ullgemoincn Glcichungen iiber das 
Glciehgowicht einor elastischen lliithe, wio sie Poisson im ersten Bande 
seines Tmito do Mcoaniqm Nro. 31 G u. folg. giebt, und woraus er die 
P>L-.stiiiidigk(‘it des Torsiousinomcuts der Euthe im gebogenen Zustande 
ablcjitot, der Fall ist, soli hior lunstiindlicher gezeigt wei’don (pp. 316, 317). 

1386. Heim's own investigation is long and obscure; he does 
not state clearly what the body or the element is of wlxich he con- 
siders the equilibrium ; ho seems to think it sufficient to speak of 
the equilibrium of an imaginary section made by a plane, instead of 
the C(pulibrium of a slice bounded by two such planes. Moreover 
for some important formulae which he uses he refers to the work 
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of his published in 1838 and referred to in onr Art. 906. One 
consideration however will be sufficient, I think, to shew that they 
are not satisfactory. We know that Poisson obtained the result 
that the torsional moment is constant [see Saint- Venant's account 
of Poisson’s mistake in Art. 1602]. 

Now this result has been shewn by other writers to be 
inaccurate, as resting on an inadmissible assumption with respect 
to the elastic forces. But Heim obtains a formula which makes 
the torsion constant under certain circumstances ; for instance it 
is constant if the section of the rod is a circle or a regular polygon: 
so that practically Heim arrives at Poisson’s result, which we know 
is inaccurate ^ 

1387. Beitrag zur Lehre von den Schwingungen elastisolier 
fester Korper. Von Herrn v. Heim...Crelle’s Journal fur,.. 
Mathematik, Vol. XL. 1850, pages 1 — 20. 

This does not relate to our subject, and seems of no value ; the 
author objects to the solution of various dynamical problems given 
by Poisson and other writers, and offers investigations of his own 
which are quite untenable. One example will suffice to indicate 
the nature of the memoir. Poisson in Art. 493 of his M6canique 
discusses the longitudinal vibrations of an elastic rod. By cutting 
the rod into slices and considering a single slice Poisson obtains 
such an equation as 

■svliere T is the traction, and X the body force parallel to the 
axis. Now our author says that this equation is not admissible ; 
he says that we have by D’Alembert’s Principle the equation 

j'(Z-^)dm+Jdr+P = 0, 

where the integration is to extend over the whole rod, and P 
denotes the load applied at one terminal. This of course is quite 

1 [Heim’s memoir is long and tedious, but this result is not inaccurate as 
Dr Todhunter holds. Heim appears to be quite ignorant of the memoirs 
of Bellavitis and Saint-Venant : see our Arts. 935 and 1597. As 'will be soon by re- 
ferring to those memoirs, the torsional moment is constant when the section possesses 
inertial isotropy. The memoir is of no value because earlier writers had obtained 
in a far simpler fashion the like results. Ed.] 
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true ; but then as this equation alone does not give sufficient in- 
formation Heim proceeds to make an arbitrary hypothesis to enable 
him to express zi the shift as a function of position on the rod. 
He seems to imagine that in treating a dynamical problem relating 
to a rigid body we must formally use D'Alembert’s Principle for 
the whole body, and that we may not by special considerations 
resolve the body into elements, and treat each element separately. 

* The author refers to his book published in 1838 : see our 
Arts. 906 — 916. 

[1388.] 0. C. Person: Relation entre le coefficient dJdasticite 
des m^taux et leur chaleur latente de fusion; chaleur latente 
du cadmium et de V argent Annales de chimie et de physique, 
T. xxrv. 1848, pp. 265 — 277. This memoir was read to the 
Acaddmie on September 4, 1848. 

The author considers that the work done in separating the 
molecules of a substance mechanically ought to be related to the 
heat required to separate them by fusion. Thus he argues there 
ought to be a relation between the stretch-modulus and the latent 
heat of fusion in any given material This is however rather a 
leap, because the stretch-modulus is not a quantity which is 
related to cohesion but, as far as we know, only to elastic stress. 
Further, if we do not assume uni-constant isotropy, the bulk- 
modulus and not the stretch-modulus would seem a quantity more 
likely to be related to latent heat of fusion. 

Referring to Wertheim's first memoir in the Annales (see our 
Art. 1292) Person notices that the latent heats of fusion are 
nearly proportional (trhs-peu prhs proportionnelles) to the stretch- 
moduli This would give a relation of the form 

EIE^LIL\ 

i, i' being latent heats of fusion and E, E' stretch-moduli This 
relation is not however close enough, and the empirical formula 

E l ^ 2lJw _ L 

where w, w are the specific densities of the materials, is then given 
as in close accordance with experiment. The numerical values, how- 
ever, considered on p. 270 do not seem to me so close that we can 
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conclude that this relation must be the true one. In regard to 
cadmium and silver, Person calculates their latent heats of fusion 
by the above formula from Wertheim’s results and from direct 
experiments of his own. He finds : 


Latent heat of Fusion 

Cadmium 

Silver 

Prom formula 

13*rr2 

20-38 

Prom experiment 

13-C6 

21-07 


When the variation coefiicient is determined from zinc wo have 
X = 0-001669 J? (14- 2/Vti;). 

Compare Annales de chimie, T. xxvii. p. 266, whore however the 
jEJ seems to have dropped out. 

Person’s formula is at least suggestive, and wo shall have 
occasion again to refer to it. 

[1389.] A, Kuptfer. RecJierches experimentales sur^ VilasticiU 
des metam. Premiere Partie, Mdmoires de I' Academic. . . de Samt- 
Pdtersbourg. Svdhne 86rie» Sciences mathinuitiqnes^ physiques et 
naturelleSy T. vii. Sciences matMmatiques et phys^iques, T. v. 
St Petersburg, 1853, pp. 231 — 302\ This is the first contribution 
of this physicist to our subject, and marks the beginning of a long 
and very important series of experimental researches on the 
elasticity of metals. Probably no more careful and exhaustive 
experiments than those of Kupffer have ever boon made on the 
vibrational constants of elasticity and the temperature-effect. 
The important memoir of 1852 as well as the grand work of 1860 
will be considered in our second volume. The present memoir was 
read December 1, 1848. The Kussian government had founded an 
Institute of Weights and Measures, to which was also entrusted 
the duty of investigating those properties of metals which can 

1 The titles of the St Petersburg memoirs reach the height of comploxity in this 
period. It would be a great blessing to science, if all scientific societies would 
either style their transactions after the year, or else adopt a continuous numbering 
of volumes. 
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affect the standards of measurement. Foremost among these 
properties are those of temperature and elasticity ; Kupffer in the 
present memoir proposes to investigate the latter. 


[1390.] Kupffer’s experiments in this memoir are all based 
on the torsional vibrations of metal in the form of wire. He 
ascertains the moment of inertia of the body suspended from his 
wire by means of a method suggested by Gauss for obtaining the 
moment of inertia of magnets. The theory of the torsional 
vibration adopted is that of Coulomb. Thus, if jm be the slide- 
modulus, r the radius and I the length of a wire, P the period of a 
semi-oscillation, and 2 the moment of inertia of the suspended 
mass : 

^ 21 ’ 

27r II 

Kupffer makes use of a constant S, which is thus related to 
our ya, 

OTTfX, II " 


[1391.] Ho discovered very early in the experiments that 
the duration of the oscillations increased with the amplitude, and 
it became necessary to deduce the value of P for an infinitely small 
arc, when found from a finite arc. If P^ be the value of P for an 
infinitely small arc, and P, its value for an arc of amplitude s, 
Kupffer found that the reduction was proportional to the square 
root of the amplitude ; or, 

Pj = P.-aJs, = P, (1 - yjs), 

ot/P, being a quantity which is not the same for wires of different 
material, so that a is a constant which depends not only on the 
resistance of the air, but on the particular elastic nature of the 
material. Its value was ascertained in every experiment. This 
law of reduction only holds for durations of oscillation as large and 
for surfaces of resistance as small as those occurring in Kupffer 's 
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torsion experiments. The laws of correction for lesser duration 
and larger surfaces of resistance are given on p. 251. 

[1392.] The diameters of the wires were carefully measured 
not only by means of a microscope, but also by finding the weight 
of a definite length of wire, by weighing in water. In all the 
experiments we have careful statements of the heights of the 
barometer and thermometer. The normal temperature being 
taken at 13° J R. The reduction of a semi-oscillation P' at the 
temperature t is given by 

Po = Po'-/3(i-13-3), 

where is a constant found for each set of experiments, and termed 
by Kupffer the ‘ coeflSicient of the influence of heat on elasticity * 
(p. 299). 

The experiments were made upon iron, copper (cuivre jaune), 
platinum, silver, and gold wires. The requisite calculations were 
undertaken by Napiersky : see our Art. 1396. 

[1393.] On p. 298 Kupffer gives the mean values of 8 and 
log 1/(58) for the above wires. To obtain the slide-modulus we 
must multiply the value of 1/8 by the fraction 2/(57r), The value 
of thus obtained will be in Russian pounds per square Russian 
inch\ For mean values we have 


Material 

8 



Iron, Ko. 1 



18571 


10“^ X -1132 

10,154,644 

17850 

Copper 

10“^ X -2139 

5,374,033 

9446 

Platinum 

10“' X -1269 

9,058,358 

15924 

Silver 

. 

10"^ X -2854: 

4,027,700 

7080 

Gold 

10"^ X -2974: 

3.866,183 

6794 


^ The Eussian pound contains 409*612 grammes, and the Eussian inch is e<3tual 
to the English inch and contains 25 *3996 millimetres. 
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The values of S are KupfFer^s, those of ytt I have calculated in 
nglish pounds per square inch. ® is the pseudo-stretch-modulus in 
rench measure, or the number of kilogrammes which would double 
^ traction the length of a wire of one square millimetre section. (& 
calculated on the supposition of uni-constant isotropy. Kupffer’s 
cperiments probably give us very accurate values of the slide- 
odulus for the above materials. 

[1394.] Kuplfer however supposed wires to be isotropic bodies 
id isotropy to be marked by only one constant. These erroneous 
ippositions led to his adoption of the above value of S. For in 
ai-constant isotropy jF/yu = 5/2, thus S = l/( 7 ri/). or S is the 
^tension of a wire of unit length and unit radius under a traction 
* one pound (Russian units). The values of the stretch-modulus 
ms calculated differ of course considerably from those obtained 
y other experimenters from simple traction. Kupffer’s experi- 
lents thus conclusively prove either that isotropy possesses 
vo constants, or that wires possess a cylindrical arrangement 
F elasticity, i.e. are aeolotropic. 

[1395.] On pages 299 — 300 will be found a calculation of the 
natation coefficients of various metals for change in temperature, 
.s this is based on the values of the stretch-modulus given by 
the results cannot be considered of value. If 1/S be defined 
3 the ' coefficient of elasticity,’ Kupffer concludes that : 

Le coefficient d’^lasticit^ augments ^galement avec la temperature ; 
est probable que le coefficient d’^lasticit^ augments avec la tension 
). 301). 

In other words : The slide- modulus increases equally with the 
jmperature, and is probably increased by an increased traction 
erpendicular to the plane of the slide for which the slide-modulus 
1 measured : see our Art. 1300. 

Kupffer holds that his experiments were not sufficient for him 
) form any conclusions as to the law of the latter variation. 

[1396.] A. W. Napiersky. Beohaohtmgen uber die Elasticitdt 
er Metalle. Poggendorffs Armalen, Ergdnzungsband iii. 1853, 
p. 351—373. 

T. E, 


48 
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This memoir is dated Mitau, October 15, 1850, and was 
communicated by Kupffer. The experimental investigations are 
a repetition of those instituted by Kupffer and referred to in the 
previous Articles. The experiments are here upon iron, dnc, and 
silver wires, and the method is that of torsional vibration. The 
results are given in Russian units, the wires are supposed to 
possess uni-constant isotropy (see p, 353), and we are not given any 
particulars as to the working they may have received (p. 361); 
accordingly the numerical results do not seem to be of any great 
value. 

The experiments were apparently made with great exactitude 
and they confirmed Kupffer^s law of reduction, which is here 
given in a slightly different form : 

P, = P{l-^(^-13*3)}. 

For iron ^ was found to be equal to *0002501 (p. 368). It docs not 
however appear very clearly from the experiments whether the 
change in the periodic time was due to the direct thermal effect 
of heat in increasing the length of the wire, or its effect in altering 
the elasticity. 

[1397.] J. D. Forbes. On an Instrument for Measunng the 
Extensihility of Elastic Solids, Philosophical Magazine^yoX. xxxv. 
pp. 92 — 94, 1849. This paper appears also in the Proceedings 
of the Royal Society of Edinbtcrgh, ii., 1851, pp. 172—175. It 
contains a method by which an instrument similar to that used by 
s’ Gravesande for verifying Hooke’s Law may be applicjd to find 
the stretch-modulus. The method depends upon central flexure, 
and does not seem of any special importance. One numerical 
example on a steel pianoforte wire is given. 

1398. Ueber die Verdnderungen, welche in den Usher ge- 
hrduchlichen Formeln filr das Oleichg&ivicht %ind die Bewegung 
elastischer fester Korper durch neuere Beobachtungen nothwendig 
geworden sind: von R. Clausius. Poggendorffs Annalen, Vol. 76, 
1849, pages 46 — 67. 

This is an interesting paper. Clausius considers that experi- 
ments do not accord well with the theory of uni-constant isotropy ; 
for example^ we have seen in Art. 368 of our account of Poisson’s 
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nvestigations, that if the original length of a cylinder is increased 
)y traction in the ratio of 1 + S to 1, then the volume is increased 
n the ratio of 1 + to 1 ; but Wertheim found from numerous 
experiments that instead of 1 -f -l-S we have really very nearly 
see our Art. 1319. Some explanation is therefore re- 
luired of the discrepancy between theory and experiment. 


[1399.] Clausius then proceeds to investigate on what basis 
.he theory of uni-constant isotropy is founded. He does not 
ipparently question that intermolecular force is central, nor does 
le suggest that the action of a molecule A on a molecule B may 
iepend upon the position or motion of a third molecule C, 
His inquiry is shortly this : Do the equations of isotropic elasticity 
contain only one constant, if the molecular force is central ? 
[f this be granted, how are we to explain the divergence between 
theory and experiment ? 


[1400.] The paper opens with a consideration of Wertheim’s 
memoir of 1848 (see our Arts. 1319—1326), and Clausius shews that 
Wertheim had no right to use Cauchy’s equations, and that he had 
confused a constant, marking an initial state of stress, with the 
bi-constant isotropy of a body primitively unstrained. Clausius 
next proceeds to consider the method by which Poisson and 
Cauchy reduce their two constants to one. He points out that 
Poisson arrives at this result by neglecting the irregular part 
of the action of molecules in the immediate neighbourhood of the 
chosen molecules, and so is able to replace the summations of 
his constants by integrals. Cauchy on the other hand retains his 
constants as summations, but by supposing a perfectly uniform 
molecular distribution in the case of isotropy finds a relation 
between his two remaining constants. Both these assumptions 
Clausius holds to be contrary to what we know of the ultimate 
elements of bodies. But although these suppositions are wrong, 
Clausius holds that the conclusion drawn from them is cor- 
rect, or that isotropy is uni-constant, Clausius comes to this 
conclusion on the following grounds. The summations which 
appear as the constants of Poisson and Cauchy ought not to be 
calculated for a single molecule, for in that case, owing to irregular 

48—2 
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arrangement, even in what appear to be the most homogeneous of 
bodies, they would vary from molecule to molecule. These 
summations must be calculated for a mean or mrmal arrangement 
of molecules based upon taking an immense number of irregular 
individual arrangements. For such a nortnal arrangement we may 
assume with Cauchy a uniform distribution, or we may replace 
Poisson’s irregular part of the action around one molecule by a 
regular distribution, and so our summations by integrals. We are 
led in both cases to the equations of uni-constant isotropy. 
Clausius remarks that the lower limit, zero, of Poisson’s integrals in 
the memoir of 1828, ought now to be replaced by some unknown 
constant, the value of which however there is no need, nor in fact 
possibility, of discovering. He thus justifies Navier’s process: see 
our Arts. 443, 532 and 922. 

[1401.] Clausius next asks : How is it that the equations of 
uni-constant isotropy give results by no means agreeing with 
Wertheim’s experiments on materials, which we are compelled to 
suppose very nearly isotropic ? He answers this question, not by 
a doubt as to molecular force being central, but by the sup- 
position : 

Dass die Korper unter der Einwirkung fremder Krafte cine innere 
Veran derung erleiden, welche in etwas Anderem besteht als einer blosson 
Verschiebung der Molekule, da diese in deti Fornielu schon beriick- 
sichtigt ist, und dass dadurch die Korper fUr die Bauer dor Einwirkung 
jene als Bedingung gestellten Eigenschaften theilweise verlieren kunncn 
(p. 59). 

[1402.] This hypothesis Clausius holds to be cotifirmccl by the 
experiments of Weber and Wertheim. He refers first to the elastic 
after-strain as noted by Weber in 1835 (see our Art. 707) ; next 
he mentions Weber’s researches of 1830 on metal wires (see our 
Art. 701), and holds with Seebeck* that a part at least of the 
change in traction there noted was due to clastic after-strain. He 
supposes that elastic after-strain in metals is either not so great sis 
in organic substances or disappears far more rapidly. As I have 

* Clausius cites for Seebeok’s opinion the Progmmm gur <)ffen.tUehe 7 i PrU/img 
der technisehen Pildungsanstalt und der Paugewerhen-Schule m Dreeden, 184(1, S. 
35, a work inaccessible to me. 
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remarked (see Art. 706), this assumption of elastic after-strain 
bo explain the discordance between uni-constant isotropy and 
experiment does not seem to me entirely satisfactory. 

[1403.] Clausius cites in support of his opinion the results of 
Wertheim's experiments of 1842. He shews (p. 63) that the formula 
of Duhamel adopted by Wertheim for the ratio of the specific 
heats, namely 

7 = — 0 * 8 , 

— where v' is the real velocity of sound in an infinite solid and v 
the velocity supposing the specific heats equal — is erroneous, as it 
does not relate to the linear propagation of sound waves : see our 
Art, 1297. Wertheim ought to have taken on the uni-constant 
hypothesis 

^ — 5 ’ 

a formula easily obtainable from our Art. 888. 

With this formula Wertheim^s results give the following values 
for 7 (p. 64), 

Cast Steel 1160 

Brass 2*588 

Silver (drawn) 1*209, (annealed) 1‘092 

Gold „ 1*484, „ 3*875 

Copper „ 1*044, „ 1*965 

These values Clausius holds to be absurd ; in fact for glass and 
lead 7 becomes negative 1 But it must be noted on the other hand 
that Weber’s experiments, so far as they go, do not lead to 
absolutely impossible values of 7, and there is of course a chance of 
some experimental error running through Wertheim’s results, even 
if we admit the uni-constant isotropy of his material 

[1404.] The difference between the stretch-modulus as found 
from traction and from sound experiments Clausius holds to be due 
to elastic after-strain produced by continuous load. He thus dis- 
tinguishes the state of elastic equilibrium from that of naotion. To 
the former he would apply the formulae of bi-constant isotropy, to 
the latter those of uni-constant isotropy. In the former case the 
two constants must each be determined experimentally. This 
reasoning does not seem to me very satisfactory, for Braun has 
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shewn that elastic after-strain differs from ordinary elastic strain 
in not admitting of superposition. Hence it would be impossible 
for us to apply even the bi-constant equations of elasticity to a 
strain of this kind. 

Clausius appears however, on the last page of his memoir, some- 
what to modify this view by adopting like Weber the hypothesis 
that the molecules are not only displaced but rotated by a system 
of load, and that the direction and amount of rotation depends on 
the distribution of load. Thus he holds it possible that the 
distribution and duration of load may affect the strength of 
molecular attraction, and so render the existing mathematical 
theory quite inapplicable. 

[1405.] The memoir is suggestive, but not entirely satis- 
factory. It concludes thus: 

Jedenfalls sieht man aus den angefiihrten Thatsachon, dass die 
Theorie der Elasticitat noch durchaus nicht als abgeschlossen zii be- 
trachten ist, und es ware zu wtinschen, dass recht viel Physikor sich mit 
diesem Gegenstande beschaftigten, urn durch vermehrto Boobachtnngcn 
die sichere Grundlage zu einer erweiterten Theorie zu schaffen. Dabei 
wurde es von besonderem Interesse sejrn, wenn nicht nur iiber den 
Gleichgewichtszustand ahnliche Yersuche wie der des Hrn. Wortheim 
unter moglichst veranderten XJmstanden angestellt, sondorn auch die 
Schwingungsgesetze entscheidenden Priifungen unterworfon wiirdon, in- 
dem es dem O bigen nach nicht ohne Weiteres angenornmen worden 
darf, dass diese ebenso von den bisherigen Formeln abweichen, wie die 
Gleichgewichtsgesetze (p. 66). 

[1406.] 1849. Report of the Commissioners appointed to 

inquire into the application of Iron to Railway Structures, London 
1849. The Commissioners were Lord Wrottesley, Bobert Willis, 
Henry James, George Rennie, W. Oubitt, and Eaton Hodgkinson, 
with Douglas Galton as secretary. 

[1407.] The Report contains, pp. 1 — 263, appendices of experi- 
mental and in part theoretical results ; pp. 264 — 378, minutes of 
evidence taken before the Commissioners, comprising the opinion 
of nearly all the leading British engineers of that day \ pp. 379 
— 435, an appendix composed of letters and data sent by various 
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xperimenters on the strength of iron, together with facts comnjuni- 
atcd by various iron-masters in answer to a circular. The volume 
oncludes with 77 plates. It forms the most valuable experimental 
ontribution made during the period we have under consideration 
n this our first volume to our knowledge of the elasticity and 
ohesion of iron. The effect of continuous and intermittent loads, 
if long-continued impacts, of moving loads, etc., etc., are all con- 
idered in this Report, with a mass of experimental data and 
cientific opinion which it would be hard to excel even in more 
ecent researches. We can only afford space here to note some of 
he results which have more important theoretical value. 

[1408.] Appendix A (pp. 1 — 114) contains experiments of 
Saton Hodgkinson of a kind similar to those referred to in our 
Lrts. 939—971. 

We draw attention to the following points as bearing upon 
heory : 

(i) A perceptible although very small difference is found in 
he absolute tractive (tensile) strength of cast-iron for different 
brms of section (p. 11): see our Arts. 858 and 1216; also Saint- 
/‘cnant’s edition of Navier*s Legons, p. 116. 

The absolute contractive (crushing) strength of cast-iron seems 
blso to vary slightly with the form of the section. The mean ratio 
>f the absolute tractive and contractive strengths for the simple 
rons of these experiments was 1 : 5’6603 (p. 101). In previous 
ixperiments the author found the ratio to be 1 : 6*595 (p. 15). Oom- 
)ining these values we have 1 : 6*1276. If the absolute strengths 
oere in the same ratio as the elastic strengths and the castings were 
upposed isotropic, we should have on the uni-constant theory the 
atio = 1:4. 

[1409.] (ii) An extensive series of experiments (by means of 
L ball swung as a pendulum) on oft-repeated transverse impact on 
ron beams offers data for comparison with theory, when a theory 
xas been found (pp. 16 — 19 and p. 103). This is followed by a 
leries on considerable transverse impact with the object of deter- 
nining the maximum or rupture blow (pp. 20 — 36, pp. 39 — 44, and 
)p. 104—105). They are similar to those we have considered in 
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Arts. 939 and 942. Young’s theorem on resilience (the inertia of 
the beam being neglected) is confirmed : see our Appendix Notes 
A, (3) and B, (6). 

The deflections in cast-iron beams were always found to be greater 
than in proportion to the velocity of impact, whilst in wrought-iron they 
were nearly constant with impacts of very different velocities (p. 105). 

Hodgkinson attributes this fact to the 'defect of elasticity’ iu 
cast-iron ; there seems to have been no attempt previous to the ex- 
periments to reduce the material to a state of case. 

He remarks that his formulae (see our Art. 943) apply only to 
wrought-iron, or to small impacts on cast-iron. 

[1410.] (iii) A series of experiments (by means of a freely 
falling ball) as to the effect of transverse impact on loaded beams 
of cast-iron will be found on pp. 37 — 38, and a scries as to the effect 
of transverse impact on wrought-iron beams on p. 45. The first 
series shew that to increase the inertia of a beam subjected to 
transverse impact, without increasing its strength, increases very 
considerably its power of resisting impact (p. 106). Hodgkinson 
terms this series ‘ vertical impact’ to distinguish it from what ho 
terms the ‘horizontal impact’ of Art. 1409. 

[1411.] (iv) On pp. 47 — 67 we have a long and most valuable 
series of experiments on the stretch or squeeze produced by tractive 
or contractive load on cast-iron bars. 

Hodgkinson found that the relation between the elastic stretch 
5 and the tractive load L was of the form, 

as — bs\ 

If the load L be expressed in pounds per square inch the mean 
values of a and h are, 

a = 13,934,040, 
h = 2,907,432,000. 

For the elastic squeeze s* due to a contractive load IJ he 
found (pp. 107 — 109) 

L'=.a's'-aW\ 

where, if L be measured in pounds per squax^e inch, 
a' = 12,931,660, 

6'= 522,979,200. 
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The set was deducted in all the experiments, though it would 
ave been more satisfactory had the bars been reduced in the 
rst place to a state of ease. Hodgkinson found in the case of a 
ractive load that the set-stretch 8 was given with a moderate 
egree of approximation in terms of the elastic-stretch by a relation 
f the form 

8 =ps-{- qs^y (p. 60) 

/here p and q are constants for the same material. 

[1412.] We shall draw attention to a memoir of Homersham 
Jox’s, wherein it is shewn that a hyperbolic law of elasticity gives 
►etter results than Hodgkinson’s parabolic law, while to assume the 
oad a cubic function of the elastic stretch gives almost exact results: 
ee our Arts. 1438 — 1442. What, however, is of special import- 
biice is, that within the elastic limits, and even for comparatively 
mall strains, the proportionality of stress and strain ceases to be 
rue. The cubic terms at least must in the case of a great number 
)f cast-metals be retained in the expression for the work : see our 
Appendix Note D. 

[1413.] (v) The next set of experiments (pp. 68 — 94) are on 

ho deflection and transverse strength of long bars of cast-iron. 
V7c may note that in these experiments the set was found to vary 
learly as the second, or more accurately as the 1*92 power of the 
icflection. 

On p. 110 Hodgkinson shews how the formulae of Art. 1411 
oaay be applied to the case of transverse flexure and the 
calculation of the position of the neutral line. He points out that 
in the formulae of his Experimental Researches on the 8trength of 
Iron, it is only necessary to put 'y = 2 : see our Art. 971. 

[1414.] (vi) The final set of experiments in this first Appendix 
(pp. 95 — 100, see also pp. 6 — 7) is on the crushing of short iron 
prisms. The rupture surfaces of a great number of prisms of 
square, rectangular and circular cross-sections will be found on 
Plate III. to this Appendix. The characteristic rupture by the sliding 
off, as it were, of a wedge, and the peculiar forms of this wedge, are 
shewn in great variety : see our Arts. 729 and 948. Some typical 
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figures will be found on our frontispiece. Hodgkinson writes of 
these experiments : 

In all these cases fracture took place by the specimen forming 
wedges which slide ])ast one another, and cut it up in angles dependent 
on the nature of tlie material. When the length of the specimen is 
sufficiently great to allow the wedge to slide olT in tlie direction of least 
resistance, then the height of the wedge, in a cylinder of oast-ii'on, will 
he 3/2 of the diameter neaidy. If the height of the specimen is loss 
than 3/2 of the diameter, tlien that of the wedge will in'cessarily ho less 
and the resistance to crushing gnuiter, since fracture will be constrained 
to take place otherwise than in the direction of least resistance (p. 7). 

It is not quite obvious what is meant by the ' direction of least 
resistance.’ 

Hodgkinson remarks that the same wedge-liko rupturc-surfacc 
is found in short prisms of timber, stone, marble, glass, etc., the 
wedgc-augles being different for eacli substance : see our Art. 050. 

[1415.] (vii) On p. 113 will be found a calculation of the 
constants a, 6, c, d for a formula of the typo 
Z/ = as + 66*® -h + ds\ 

It gives less error than when only the first two terms are 
taken ; the discrepancies would have been still h^ss if 6, c, d had 
been calculated by the method of Least Stpiaros and not from 
certain definite experiments. Hodgkinson observes that the first 
two terms are sufficient for the present state of our experimental 
knowledge: sec our Arts. 1411 and 1439. 

[1416.] Appendix A (pp. 115 — 180) contains Hodgkinson's 
experiments on tubes and cells for the Tubular Bridges of Robert 
Stephenson. It embraces a great variety of experimental data, as 
well as the calculation of the strength and deflection of the Conway 
Tube. Wo shall refer to those researches of Hodgkinson when 
discussing the works of Fairbairn and Clark : see our Arts. 1477 
and 1494. 

[1417.] Appendix B is entitled : JSwperimmta for determining 
the effects produced by causing weights to travel over Bars with 
differeiit velocities^ made in Portsmouth Dockyard and at Cambridge, 



IKON commissioners’ REPORT. 


763 


by the Rev. Robert Willis, F.R.S., Jacksonian Professor, etc. ; 
Captain Henry James, R.E., F.R.S., and Lieutenant Douglas 
Galton, R.E. 

This Appendix is divided into two parts, the first, a Preliminary 
Essay by Willis, occupies pp. 181—214, and treats of the nature of 
the apparatus aud experiments made both at Portsmouth and at 
Cambridge, of the mathematical theory and specially of the effect of 
the inertia of the bridge ; the second part, by Captain James and 
Lieutenant Galton, occupies pp. 215 — 250, and gives the tabu- 
lated results of the Portsmouth experiments. At the end of the 
lieport will be found eleven interesting plates of apparatus and 
trajectories bearing upon this Appendix. 

[1418.] Willis’ essay ought to be read in conjunction with 
Stokes’ memoir in the Cambridge Transactions : see our Art. 1276. 
We may note a few points with regard to it. 

The Portsmouth experiments, although they were not sufficiently 
fine to give an accurate form to the trajectory of the travelling load, 
had yet shewn that the dynamical deflection of the bar could amount 
to more than twice, or even thrice, the statical deflection (pp. 184 
and 203). Such deflections, however, occurred for values of a certain 
constant which were not likely to occur in practice : see Homer- 
sham Cox’s paper discussed in our Art. 1433. These experiments 
thus failed to give a limit (except in the case of a very shoii: 
pair of steel bars, etc.) to the maximum deflection. Summing up 
the results of the Portsmouth experiments Willis, after noting the 
radical defect of the apparatus when applied for the purpose of 
drawing a trajectory comparable with theory, writes : 

The principal excellence of the Portsmouth experiments consists in 
the determination of the effect of velocity upon the breaking weights on 
a large scale, for which purpose they will be found to give a most 
valuable and novel collection of facts (p. 193). 

In other words they do not throw much light on the mathema- 
tical theory of the travelling load. In order to be able to compare 
theory and experiment Willis constructed an apparatus at Cam- 
bridge of an exceedingly ingenious character. This apparatus 
not only gave automatically the trajectory, but by the addition of 
an arrangement, which Willis terms an ‘ Inertial Balance, enabled 
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him to measure the effect of the inertia of the bridge on 
its deflection. 

[1419.] After discussion of the apparatus follows the theoreti- 
cal investigation. Wo reproduce that part of it which is due to 
Willis: 

To simplify as much as possible the mathematical calculation the 
carriage ‘ must bo considered as a heavy particle, and the inertia of the 
bar neglected. Lot a*, y bo the coordinates of the moving body, x being 
measured horizontally from the beginning of the bar and y vertically 
downwards, M the mass of the body, V its vedoeity on (mt(unng the bar, 
2a the length of the bar, g the force of gi’avity, S tho central statical 
deflection, that is to say tho deflection that is produccul in tlu) bar by 
the body placed at rest upon its central ])oint, A’ tho rtniction between 
the body and tho bar. The deflection is small, and th(‘.reforo this 
reaction may bo supposed to act vertically, for it must bo recollected 
that the reaction is perpendicular to tho curve of tlu^ har and not to the 
trajectory^ and therefore, in tho case of such small chiflections as wo 
have to deal with, tho horizontal component of the reaction will bo 
insignificant. Thus the horizontal velocity V will remain constant 
duiing the passage of tho body along the bar. Now we have soon that 
a given weight W suspended to the bar at a distance x from its ex- 
tremity will produce a deflection y — cW c being a constjuit 
depending on the elasticity and transverse sciction of the bar. But as 
the inertia of tho bar is neglected, its clastic reaction upon the travelling 
weight will be equal to a weight that would, if suspended to the bar 
at the point where tho travelling weight touches it, depress that point 
to the same amount below the horizontal line. Therefore 
A-Tr-v//{c(2aa;-aj7}. 

The constant c may bo determined by obs<irvmg that if A ~ M'g md 
x==a, y becomes S, Whence, substituting in tho above equation, wo 
obtain c = SI{Mga‘^), 

The forces which act on the body are its gravity and tho reaction of 
the bar. Whence we obtain tho equation of motion, 

^ y 

df a {‘■^ase-sdf’ 
which becomes, since V = dx/dt, 

9 9^*' y 

y»- p^-(2aa:-ar)“- 
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Putting 7 /= 16%', ^ = ^a7(4F')Sf), we obtain the 

.equation used by Stokes in our Art. 1278. Willis then continues : 

Having proceeded thus far, however, I found the discussion of this 
iquation involved in so much difficulty, that I was compelled to request 
ny friend G. G. Stokes, Esq., Fellow of Pembroke College, to undertake 
he development of it. His kind and ready compliance with my wishes, 
md his well-known powers of analysis, have produced a most valuable 
ind complete discussion of the equation in question (pp. 197 — 198). 

[1420.] So far as theory is concerned the rest of the paper 
Iraws only from Stokes' memoir, but it involves some interesting 
additional comparison of experiment with theory. Thus Willis 
bolls us that the value of /3 for real bridges varies from 14 to 600, 
-io that the dynamical increment of the deflection would be from 
0017 to *1 only. Thus the great development of deflection which 
appeared at Portsmouth does not belong to real bridges but to 
cases in which /3 had far too low a value (p. 203). 

The remarks on p. 204 are also of considerable interest : 

By comparing the experimental and calculated values of the 
lynamical deflection it will be seen that, with the exception of the last 
set (on bars of steel)^ the calculated values are smaller than the real 
values. 

The excess, from its irregularity, is evidently due in part to some 
sources of error inseparable from the nature of the experiments, as, for 
example, the which shews itself by the greater difference exhibited 
in the case of cast-iron, for the mean value of the excess in the five 
experiments on cast-iron bars is three-tenths (*32) of the statical de- 
flection, whereas in the fourteen cases where wrought-iron was employed, 
the mean value of the excess is one-tenth (*12) of the statical deflection. 
In the experiments on steel bars, on the other hand, the calculated 
deflections are greater than the actual deflections. But the values of /?, 
in the latter case, are smaller than in the experiments on wrought and 
cast-iron, being, with one exception, less than unity. 

In the next section I shall shew that the inertia of the bar will 
account for the greatest paiH; of the discrepancies above stated between 
tlie theoretical and experimental deflections, for it will appear that it 
tends to increase the theoretical deflections when ^ is greater than 
about 2 and to diminish them when less. 
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This last remark should be taken as qualifying Stokes’ state- 
ment quoted in Art. 1289. 

Similar discrepancies between computed and observed results 
were found in the cases of the Ewell and Godstone Bridges 
experimented on by the Commissioners. 

[1421.] Willis’ experiments with the ‘ Inertial Balance ’ 
led him to the following conclusions : 

(1) For all values of /3 less than about unity the least sensible 
inertia added to the bar will diminish the central deflection due 
to the theoretical trajectory, namely, that in which the bar is 
supposed to have no inertia. 

(2) For all values of ^ greater than about unity, inertia 
gradually added to the bar will at first increase the central deflec- 
tion due to the theoretical trajectory, will then bring it to a 
maximum, and finally will diminish it. 

(3) The ratio of the masses of the bar (JS) to the load {L) that 
corresponds to this maximum will be very nearly unity for /9 = 3, 
and for the larger vahies of ^ and of BjL will be expressed by the 
equation B = *823/3i. 

This later result is due to Stokes : see a footnote p. 210 of the 
paper. 

It will thus be seen that experiments lead us to rather remark- 
able results as to the effect of the inertia of the bridge. Since for 
real bridges /3 is usually > 14, it follows from these experiments 
that the inertia of a bridge tends to increase the deflections duo 
to the theoretical trajectory of no inertia (p, 209). 

[1422.] Willis concludes his paper by remarking that the 
alarming increase of deflection with increased velocity in the 
Portsmouth experiments having been found to bo very much 
diminished in experiments on actual bridges, 

It became, therefore, necessary to investigate the laws of these 
phenomena \ and as analysis, even in the hands of so accomplished a 
mathematician as Mr Stokes, failed to give tangible results, excepting 
ill cases limited by hypotheses that separated the problem from practical 
conditions, it became necessary to cari'y on also experiments directed to 
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expiGSS object of elucidating the theory and tracing its connection 

h practice j-t been shown that the phenomena in question 

libit thein&elves in a highly developed state when the apparatus is on 
jmall sea e, but that on the contrary with the large dimensions of 
»1 bridges tlxeir effects are so greatly diminished as to be comparatively 
little iiRl>ortance, except in the cases of short and weak bridges 
jveised witb excessive velocities. The theoretical and experimental 
/estigation, which is the subject of the above essay, will, however 
perfect, serve to show that such a diminution of effect in passing 
)m the sma.ll scale to the large is completely accounted for (p. 214). 

[1423.] Pp. 215 — 249 are occupied with the data of the 
iporiiuonts of J ames and Galton on moving loads. These 
:perimcnts may have practical value, but they do not seem 
have been so arranged as to settle points of theoretical interest. 

[1424.] On pp. 250 — 258 of the same Appendix B will be 
und somo experiments by James on the transverse strength of 
octangular bars of cast-iron statically loaded. There is nothing 
f theoretical value to be noted. 

[1425.] On pp. 259 — 262 we have probably the first experi- 
lents on reiterated strain. It would appear that the cast-iron 
ars subjected to a continuous depression and release, when the 
opression is less than that produced by 1/3 of the statical breaking 
3ad, gained no set after the first 150 depressions and were not 
weakened by the process ; that is, showed no diminution of the 
tatical breaking load. A few experiments on 'slowly moving 
aads’ close this Appendix. 

[142(5.] The JMinutes of Evidence taken before the Com- 
nissioners occupy pp. 264 — 378. An analysis of the evidence will 
De found on pp. 264 — 283. The material contained in these 
ninutos will well repay perusal not only by the practical engineer, 
Dut by the pure theorist. We will note a few points in the order 
}f the analysis. 

[1427.] Proportion of Load to Breaking Load. 1®. Dead load 
on girders, should be not more than 1/3 to 1/5 breaking load. 
2®, Travelling load causing vibrations, should not be more than 1/3 
to I/IO (if the breaking load ; the majority being in favour of 1/6. 



768 


IRON commissioners’ REPORT. 


There was thus considerable diversity of opinion, although it tended 
to shew that the maximum travelling load should not amount to 
more than 1/2 the maximum dead load (p. 266). This may be 
compared with a similar result of Poncelet’s ; see our Art. 988. 

[1428.] Deflection of Girders and Temperatuj^e-Effect Some 
interesting facts as to effect of continual change of temperature 
will be found in the evidence (p. 267). A curious idea, apparently 
supported by nearly all the practical men, was that a girder would 
be less deflected by a load moving at a high velocity across it, than 
by the same load at rest. Hawkshaw and P. W. Barlow, however, 
held the contrary view, the latter remarking that he had noticed 
that an express train passing over a timber-viaduct ‘ seemed to push 
the bridge like a wave before it.’ This is interesting in the light of 
Stokes’ and Willis’ researches; see our Arts. 1282 and 1422. Some 
experiments of Hawkshaw’s (pp. 411 — 412) referred to in a letter 
to the Commissioners confirm his view. Robert Stephenson also 
referred to a case where an engine and train had pushed a 
suspension bridge like a wave, said to be two feet high, in front of 
it (p. 340). 

[1429.] Change of molecular structure in Iron. This is the 
point to which we find frequent reference at this time, namely, as 
to vibrations reducing ‘tough and fibrous’ metal to a ‘crystalline and 
brittle state’: see our Arts. 1463 and 1464. There was considerable 
evidence produced to shew that such a change takes place, although 
Robert Stephenson considered it highly improbable, see p. 335 and 
our Art. 1464. The evidence seems to me to point on the whole to 
a repeated transvm'se impulse producing a fracture which is crystal- 
line in appearance ; thus the connecting rods of engines in which 
the impulse must be principally longitudinal are not affected by 
years of work, while axles and shafting which must receive a good 
deal of transverse impulse are repeatedly referred to as ‘altered in 
structure’, that is to say, the frapture has a crystalline appearance : 
see the case of a cast-iron gun referred to on p. 374 of the Minutes. 

[1430.] Elastic Limit. A good deal of the evidence as to the 
nature and even the existence of the ‘elastic limit’ is very contra- 
dictory. Thus one engineer held that the time element has no 
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ffect, so long as the ' elasticity is not destroyed ’ (p. 288). Another 
leld that the smallest weight ‘ impairs the elasticity of a beam ’ ; 
ispecially, if there be changes of temperature, the load does not 
)ermit of a return to the first molecular condition (p. 299) : see 
)ur Art. 876. The last witness held that all railway girders ^ would 
gradually swag down/ i.e. would have an increasing although very 
imall set (p. 300). A third witness had observed no swagging in 
jirders (p. 305). Robert Stephenson also mentions the limit of 
dasticity in cast-iron as a definite point (p. 337), and a witness 
3alled by him states that time has no influence on strain within 
:he limit of elasticity (p. 348). 

These replies are to some extent noteworthy, first because they 
do not clearly recognise the state of ease, which in many cases was 
probably produced by testing the girder, and secondly because so 
far as they concern cast-iron the elastic limit is not the mathe- 
matical elastic limit, the limit of the proportionality of stress 
and strain, but the limit to the state of ease, a very variable 
quantity. 

[1431.] A few minor points in the evidence may be grouped 
in this Article. Thus, elastic after-strain had been observed by 
one witness in the testing of anchors, which ' crept back ’ to their 
primitive form in the course of a week (p. 300). This should be 
noted in regard to Saint- Venant's view of elastic-after-strain being 
of no sensible magnitude in metals: see his edition of Navier s Legonis 
p. 745. Set does not, at least in the early stages of loading, affect 
* strength* (pp. 316 and 328). It is not quite clear whether the 
witnesses refer to elastic or absolute strength ; in the first case 
this is a confirmation of the Ooulomb-Gerstner Law: see our 
Art. 806. The term ‘initial strain* used by Robert Stephenson 
and others (p. 348) must be distinguished from initial stress in 
the sense of Cauchy and the present work: it refers not to a 
molecular condition of the material produced by a process of pre- 
paration (as the sudden cooling of* a casting), but to a permanent 
stress mechanically maintained in certain parts of a structure. 

Nearly all the witnesses spoke favourably of Hodgkinson*s 
formulae and form for beams : see our Arts. 244 and 971. 

[1432.] The Minutes of Evidence are followed by Appendices 
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(pp. 379 — 435) containing letters from various well-known 
engineers with data as to the structure of bridges, and as to the 
strength, elasticity, price and other properties of the material 
composing them. 

[1433.] Homersham Cox. The Dynamical Deflection and Strain 
of railway Girders, The Civil Engineer's and Architect's Jotmial, 
Vol. XI. London, 1848, pp. 268 — 2G4. This forms No. x. of an 
interesting series of Eotes on Engineering contributed by Mr Cox 
to this Journal. Others of those notes on the strength of suspen- 
sion bridges, of the Monai Bridge, etc, will be found to be 
connected with the practical side of our subject. 

The author applies Poncelet's method of treating resilience 
problems to investigate the problem considered by Stokes in his 
memoir of 1849 : see our Art. 1276. He proceeds from the principle 
of the Conservation of Energy to calculate tho work done and 
so the deflection produced. Tho whole calculation is btised upon 
very elementary principles. Cox concludes that the statical strain 
and deflection cannot be more than doubled by tho transit at any 
horizontal velocity of a weight travelling along tho bridge (p. 2C0). 
He also shews how the influence of the ‘ centrifugal force ’ of the 
travelling load may be of use in diminishing tho pressure at high 
speeds, if the girder be given a camber or curve upwards. Stokes 
has questioned the first of these results in his memoir in tho 
following words : 

My attention has recently been directed by Professor Willis to an 
article by Mr Cox...... In this article the subject is treated in a very 

original and striking manner. There is, however, one conclusion at 
which Mr Oox has arrived which is so directly opposed to thti con- 
clusions to which I have been led, that I feel compelled to notice it. 
By reasoning founded on the principle of vis viva^ Mr Oox has arrived 
at the result that the moving body cannot in any case produce a 
deflection greater than double the central statical deflection, tho elas- 
ticity of the bridge being supposed perfect. But among tho sources 
of labouring force which can be employed in deflecting the bridge, 
Mr Cox has omitted to consider the vis viva arising from the horizontal 
motion of the body. It is possible to conceive beforehand that a 
portion of this vis viva should be converted into labouring forcc^ which 
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3 expended in deflecting the bridge. And this is, in fact, precisely 
/hat takes place. During the first part of the motion, the horizontal 
omponeiit of the reaction of the bridge against the body impels the 
►ody forwards and therefore increases the vis viva, due to horizontal 
notion; and the labouring force which produces this increase being 
lerived from the bridge, the bridge is less deflected than it would have 
>een had the horizontal velocity of the body been unchanged. But 
luring the latter part of the motion the horizontal component of the 
eaction acts backwards, and a portion of the vis vma due to the 
lorizontal motion of the body is continually converted into labouring 
brco, which is stored up in the bridge. Now, on account of the 
isymmetry of the motion, the direction of the motion is more inclined 
lO the vertical when the body is moving over the second half of the 
iridge than when it is moving over the first half, and moreover the 
•eaction itself is greater, and therefore, on both accounts, more vUs viva, 
lepending upon the horizontal motion is destroyed in the latter portion 
)f the body’s course than is generated in the former portion; and there- 
:oro on the whole the bridge is more deflected than it would have been 
lad the horizontal velocity of the body remained unchanged. 

Stokes then shews that the change in the square of the 
borizontal velocity although small as compared with the square 
of the initial horizontal velocity is yet commensurable with the 
square of the vertical velocity gained (p. 725). He also shews that 
if it is the weight of the body which is small as compared with the 
weight of the bridge, then the deflection of the bridge will be 
sensibly the same although the bridge be cambered (p. 733). 

Finally we may note that Willis’s experiments shew that the 
deflection due to a travelling load may amount to thrice the central 
statical deflection, no limit in fact was reached for the deflection ; 
see Stokes’ memoir (p. 707) and our Art. 1418. 


[1434.] Homersham Cox. On Impacts on Elastic Beams, 
Camb, Phil, Trans,, Vol. ix. Part l. pp. 73—78. This paper was 


read on Dec. 10, 1849. 

Cox after referring to the experiments conducted for the 
Royal Commission appointed to inquire into the Application of 
Iron to Railway Structures (see our Art. 1409 and Eaton 
Hodgkinson’s experiments described in Art. 942) thus states his 


problem ; 


49—2 



772 


HOMERSHAM COX. 


An elastic beam of uniform density and section tlirougliout its 
length, abuts at each extremity against a fixed vertical prop, and is 
impinged upon at its centre by a ball moving horizontally, with an 
assigned velocity in a direction perpendicular to the length of the beam 
before collision, and subsequently moving in contact with the beam 
througlioxit its deflection. It is required to determine the deflection of 
the beam produced by the impact. 


[1435.] The problem may be divided into two parts, (i) to find 
the alteration in the velocity of the ball at the instant of collision, 
(ii) to measure the effect of the elastic stresses in the beam in de- 
stroying the kinetic energy which the system has immediately after 
collision. 

Now the curve taken by the beam, Cox holds, will not 
differ considerably from the elastic curve of a beam deflected by 
statical pressure at its centre ; this is in fact the assumption made 
by Willis and Stokes in a similar case ; see our Art. 1419. 

Hence, if / be the central deflection of a beam of length a, y 
the deflection at distance x from one extremity, 


2/ =/. — 4it!^)/a® (i). 


Let y now be considered as tbo displacement produced in an 
indefinitely small time t by the impact, M the mass of the beam, 
then since y/t is the velocity at the point a?, the virtual tnoment of 
the momentum generated by the blow 


=/: 


a ]\l[ 


a t 


y=Pf- 




where Pf is the product of the blow and its virtual velocity. 

For the legitimacy of the principle from which this equation is 
deduced Cox refers to Poisson’s TraiU de M^oanujue, Chap. IX. 
§ 535. 

Substituting from (i) in (ii) and integrating, wo find 


or, if = fjt be the initial velocity of the centre of the beam, 

Now if m he the mass of the ball and u its velocity before 
impact, 
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since v is supposed the same for the ball and beam after impact. 
Thus we find 

v = u. m/(m + ^M) (iii). 

[1436.] The next step is to calculate the kinetic energy of the 
beana immediately after impact. This is easily found to he 

4 i (iv). 

Upon these results Cox remarks : 

Adopting, then, the elastic curve to represent the initial velocities 
of the several parts of the system, effecting the integration and supplying 
the numerical calculations, we find ultimately that rather less than one 
half the inertia of the beam may be supposed to act initially to resist 
the ball ; or, to speak more precisely, that at the instant after impact 
the impinging ball loses as much of its motion as it would have done if 
it had impinged on another free ball having 17/35 of the mass of the 
beam (p. 76). 

This very nearly agrees with the gratuitous assumption of 
Tredgold and the experimental result of Hodgkinson: see our Arts. 
943 and 999 and Appendix, Note E. 

[1437.] The next stage is to find the deflection of the beam 
produced by the change of this kinetic into potential energy. Now 
if the beam be statically deflected at its centre through a certain 
distance, it is found that the pressure required to produce this 
deflection is in a nearly constant ratio to the deflection. Let a be 
the weight which will statically produce a deflection of unit length. 
Then, if/ be any deflection, af is the corresponding pressure neces- 
sary to maintain it, and the work necessary to produce it, we 
must have 

m mu^ _ ^ 

m + 2 2 

/ ^ ^ 

m + a 

We have thus the defiection produced by a baU of mass m 
striking with velocity u a beam of mass M, the extremities of 

which are supported. . 

This formula is confirmed by Hodgkinson’s experiments, except 
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when the beam is very flexible and subject to a great velocity of 
impact. In practice beams of great rigidity are always employed. 
Of course care must be taken that the ends of the beam do not 
recoil from their bearings after impact. A useful comparison of 
theory and experimental result will be found on p. 78. 

[1438.] The Deflection of imferfecthj Elastic Beams and the 
Hyperbolic Law of Elasticity. Oamb.Phil. Trans., Vol. ix. Part ii. 
pp. 177 — 190. This paper was read in part March 11, 1850, and 
in part October, 1850. 

Cox begins his paper by a reference to James Bernoulli’s 
memoir of 1694, especially that part of it — referred to in our Art. 
22 — wherein Bernoulli cites an cxpci-iraeut of his own as confuting 
Hooke’s law. Cox quotes this result as an early notice of the 
‘ inexactness of Hooke’s Law,’ and adds ; 

The real law of elasticity of any material can ho known only by 
direct experiments on the material itself, and it seems nearly certain 
that even for two different apocimons of the same metal, the laws would 
be in some measure different. 

Hodgkinson’s hypothesis : 

» = fits* — 

where sS is the traction, tho elastic stretch, and a, h constants, 
is then referred to: see our Art. 1411. Cox terms this very 
fitly the parabolic law, to distinguish it from Hooke’s law 

sox — Es„, 

which we might in a similar fashion term tho linear law. 

[1439.] It is shown (p. 178) that tho parabolic law h not in 
close accordance with tho experiments of Hodgkinson recorded in 
the Bailway Commissioners’ Report: ace our Art. 1411. This is 
partly due to the fact that the constants a and b woro doduce<l in 
those experiments from selected cases and not by tho method of 
Least Squares. But Cox holds that tho parabolic law is not 
the true law, because the differences between the theoretical and 
actual values of the stresses are not promiscuously positive and 
negative, but are all negative or all positive for several tonus to- 
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ler. It is thus possible to find a law for the differences. He 
vs that if a positive traction be expressed by the quantity 

as-f + 

a Xiogative traction by the quantity 

<yS + 

s possible to calculate the constants a, ^8, y, S, S' by the 
ihocl of Least Squares, so that the experimental agree almost 
ctly with the calculated values. The value with the above law 
raction stretch for the deflection of a beam terminally supported 
. oetitrally loaded is stated. But to obtain the constants from 
iiictit>u experiments would require most complex calculations. 

[1440.] In order to avoid these calculations Cox suggests 
itt he terms the hyperbolic law of elasticity, or 

OLS„ 

? being constants which are supposed to be different for positive 
1 trogativo tractions. This law, he states, gives far more accurate 
ultH than the parabolic Zetiy, besides leading to greater simplicity 
coniiputation- The hyperbolic law evidently gives a rectangular 
perbola, with its asymptotes parallel to the axes, for the traction- 
otch relation. 


[1441.] The writer compares results calculated on the hyper- 
lic anil parabolic laws respectively with Hodgkinson s experiments 
d shows that the mean error of the latter is 3 or 4 times as great 
that of the former. The hyperbolic law is then applied to the 
eory of beams and their deflection calculated. The process is one 
approximation, although occasionally of an ingenious character 
i> 1H4— 1 B8). The memoir concludes with a calculation ot tue 
ur constants of the hyperbolic law for cast-iron of tbe quality 
iod in Hodgkinson’s experiments. Oox remarks finally : 


The Croat desideratum for perfecting the Hyperbohe or any other 
rnothetSal law of elasticity, is the want of knowledge of these 
vriltions of the strength and elasticity of the material, 

1 the magnitude of the castings. It is greatly to he desired that this 
rfect of experimental data may not long continue unsupplied. 
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[1442.] It must, however, be remarked that this hyperbolic law 
as stated is purely empirical \ It is not in some respects so satis- 
factory as the parabolic law. For that supposes an expansion 
of the work function in integer powers of the strain, and a re- 
tention of the first two terms only. 

It does not very clearly appear from Hodgkinson’s experiments 
whether his parabolic law holds after the body is reduced to a state 
of ease, for he kept on applying increasing loads and deducting 
the set. The traction-stretch relation is certainly not linear for a 
bar of cast-iron in its state of ease. Docs, however, this relation 
coincide with that obtained by applying a series of increasing loads 
and deducting sot? I do not see that Cox or TTudgkitison has 
noted this point. As I read their memoirs we have only approxi- 
mate and purely empirical formulae suggested as relations between 
the load and the elastic-stretch in the case of a scries of increasing 
loads applied to a cast-iron bar not reduced to a state of ease. 

[1443.] Several brief papers on matters related to our subject 
will be found in the British Association Reports, 1842 — 1850. We 
will devote the following nine Articles to them. 

[1444.] Glasgow Meeting, 1841. Notices of Gornmnnications, 
pp. 201 — 202. Experimental Inquiry into the Strength of Iron, 
This abstract gives the details of some of W. Fairbairn^s experiments 
on the strength of iron plates, and theinfiuonce upon it of riveting. 
A fuller account will bo found in his book on the Tubular Bridges: 
see our Arts. 1494 and 1495. 

[1445.] Camhi'idge Meeting, 1845. Notices of Communications, 
p. 20. On the strength of Btone Golnmns, by Eaton Ilodgkinson. 

This paper contains some intci-csting facts. I am unaware, as 
in the case of a number of the following communications by the 
same writer, whether it was ever published in extenso. 

The experiments were made on prisms of square section ; the 
side of the bases being 1 inch and 1 ^ inches, the heights varyitig 
from 1 inch to 40 inches. Wc may note the following remarks as 
closely bearing on the Bernoulli-Eulerian theory of columns, and 
especially on Lamarlo’s memoir: sec our Art. 1256. 

^ On a certain fairly plausible hypothoBis as to ‘initial stress’ we may, however, 
deduce the Hyperbolic Law for tho elaHtic stretch of a bar mt reduced to a state of 
ease. 
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From tlie experiments on tlie two series of pillars it appears tliat 
Lore is a falling off in strength in all columns from the shortest to the 
ngest ; b-ut that the diminution is so small, when the height of the 
>lumn is xiot gi'eater than about 12 times the side of its square, that the 
rrength. may be considered as uniform ; the mean being 10,000 lbs. per 
[uare incli or upwards. 

From -fche experiments on the columns 1 inch square, it appears that 
'hen the height is 15 times the side of the square, the strength is 
ightly reduced ; when the height is 24 times the base, the falling 
ff is from 138 to 96 nearly; when it is 30 times the base, the 
irength is reduced from 138 to 75; and when it is 40 times the 
aso, the strength is reduced to 52, or to little more than one-third. 

The stone was from the Peel Delph, Littleborough, Lancashire. 

It will thus be seen that the strength of a short column 
3 nearly proportional to the area of the section, though the 
trength of a larger one is somewhat less than in that proportion. 
These results are in accordance with Lamarle’s theory: see 
Lrts. 1258 and 1259. 

[1446.] Hodgkinson then goes on to remark that in all columns 
hortcr than 30 times the side of the square, fracture took place by 
>ne of the ends failing, shewing the ends to he the weakest part. 
Theory shews that when flexure takes place, if the ends are huilt-in, 
ho two ends and the middle are equally the weakest points. I 
ihoukl judge that Hodgkinson’s ends were not truly built-in, 
incl this may account for their rupturing at an end\ 

The fashion in which such struts or columns tend to rupture at 
he tertxxinals is, according to Hodgkinson, by a wedge being sheared 
:>ut. A complete theory of the flexure of columns would deduce 
his result theoretically. Hodgkinson talks rather vaguely of the 
tendency of rigid materials to form wedges with sharp ends, these 
yvedges splitting the body up in a manner which is always pretty 

1 A number of cast-iron stmts experimented on by A. B. W. Kennedy in 
18H5 showed the tendency to simultaneous fracture at the ends and the middle in 
a very marked fashion. These struts were of square section and their length 20 
times the diameter. One such strut is figured on the frontispiece. The shaded 
portions show where the strut retained its original skin, i.e. the parts in tension. 
The form of the ‘neutral line’ is thus very obviously marked, and agrees mth 
theory. It would appear to coincide very nearly with the axis of the strut at both 
the ends and centre before rupture. 
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matter theoretically: see our Arts. 120 and 729. 

[1447.] His final conclusions may be reproduced : 

As long^ columns always give way first at the ends, shewing that 
part to be the weakest, we might economise the mateiial by making the 
areas of the ends larger than that of the middle, increasing the strength 
from the middle both ways towards the ends. If the areas of the ends 
be to the area in the middle as the strength of a shoi*t cohimn is to that 
of a long one, wo should have for a column, whoso height was 24 times 
the breadth, the area of the ends and middle as 13,7GG to 9,595 nearly. 
This however would make the ends somewlnit too strong, since the 
weakness of long columns arises from their lloxuro, aiid increasing the 
ends would diminish that flexure. 

Another mode of increasing the strength of the ends would 
be that of preventing flexure by inenmsing the dimensions of the 
middle. 

From the experiments, it would appear that the Grecian columns, 
which seldom had their length more than about 10 times the diameter, 
were nearly of the form csapablo of bearing the groat('.st weight when 
their shafts wore uniform ; and that columus tapering from tluo bottom 
to the top, were only capable of bearing weights du<^ to the smallest 
part of their section, though the larger end might servo to prevent 
lateral thrusts. This last remark applies too to the Egyptian columns, 
the strength of the column being only that of the smallest part of the 
section, (p, 27.) 

[1448.] Southampton Meetinff, 1846, Notices of Communications^ 
pp. 107 — 109. These pages contain some account of experiments 
by Fairbairn and Hodgkinson on hollow tubes. They led to some 
controversy at the mooting. The papers are given in full in 
the works of Fairbairn and Clark : see our Arts. 1406 and 1494. 

[1449.] Oxford Meeting, 1847. Notices of Comniunicatiom, p. 
43. On the Defect of Elasticity in metals subject to Gompi^ession, 
This is the title of a communication by Hodgkinson of which no 
particulars are given : see our Arts* 1411 and 1412, 

Ibid, p. 132. Experiments on the strength of h^on Columns. 

1 Apparently Hodgkinson terms *long^ a column whoso length is SO times 
its diameter: see Art. 1446. 
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coramunication by the same author, with no particulars ; 
our Art. 1477. 

[1 4<50.] Swansea Meeting ^ 1848. Notices of GommunicationSi 
LI 9. On Investigations undertahen for the purpose of furnishing 
(t the construction of Mr Stephenson’s Tubular Bridges at 

hwtty and Menai Straits, by Eaton Hodgkinson. There are no 
•ticxilars : see our Arts. 1416 and 1466. 

[1 451.] Birmingham Meeting, 1849. Notices of Gommunica- 
1>. 118. On the Strength and Elasticity of stone and timber, 
Katon BCodgkinson. This paper refers to an extensive series of 
poriinents, which were in progress: see our Art. 1414. 

[ 1 45 2.] Edinburgh Meeting, 1850. Notices of Communications, 
2. On the Laws of the Elasticity of Solids, by W. J. Macquom 
iiikiue. The immediate object of this paper is: ‘to investigate 
e rolations which must exist between the elasticities of different 
luhs possessed by a given substance, and between the different 
of those elasticities in different directions.’ Six general 
eoreurs are stated without proof. As these theorems recur in 
aikiiie’s other papers, which we shall treat at length in our second 
liiuio, we need not consider them here. 

Ibid, p. 172. On the Hyperbolic Law of Elasticity of Cast Iron, 
f ITorriersham Cox. Stokes communicated Cox’s results to the 
Meeting : see our Arts. 1438 and 1440. 

£1453.] A.nnales des ponts et ohaussies, A certain number of 
lonxoirs bearing on our subject will be found in the volumes of 
UB Journal for the years 1840—1860. We devote the following 
ivon Articles to their contents. 

[1454.] 1842. 1®"* semestre. E. Flachat and J. Petiet. Sur 

ponts suspendus avec cdbles en rubans de fer laming, pp. 336 
93. This is a purely practical paper, a variety of experimental data 
n<i comparative statistics will be found in Ohapitre iv. (pp. 357 
.93). The authors advocate the use of cdbles en rubans defer laming 
more advantageous than wire or chaines en barres in the con- 
tnrction of suspension bridges. 

En r6sum5, par rapport aux fils, Tavantage r4el, incontestable, c est 

a dur6e. 
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Compares aixx chatnes en barres, ou troiive : s6curit6, ^conomie, 
duree, elegance, leg^irete (p. 393). 

[1455.] 1844. 2° semestre. G. H. Dufour. Noimlles dpreuves 
dJun pout suspends enfil defer construit A Qenhe, de 1822 d 1823, 
pp. 89 — 98. These tests arc interesting as bearing on the time- 
effect in elasticity. It was shewn that the cables of this bridge 
after 21 years* service had their absolute and elastic strengths 
unimpaired. 

[1456.] 1845. 2*-' semestre, pp. 252 — 256. A rdsmnd is given 

of the memoir of Hagen on the stretch-moduli of wood referred to 
in our Art. 1229. 

[1457.] 1848. 1®^ semestre. Bresse. Etudes tliioriques sur 
la rdsistance des arcs eiitplojji's darts les pouts en fonte on en hois, 
pp. 150 — 193. The following is the problem treated in this 
memoir : 

Tin arc circulaire, h section constanto, ost pos6 sur doux appuis de 
niveau ; il est ensuite charge de poids rdpartis unifonn6ment suivant 
line ligne horizontale, ot pent avoir en outre il supporter accidentolle- 
ment des poids conccntr6s en son miliem. T1 s^igit de determiner: 
1° la pouss6e de Tare, ou, en d^autres tonnes, la composanto horizontale 
do la r6action dos aj)puis ; 2^ lo maximum d’offort auqutd doit resistor 
la mati^re de fare. 

This problem ha<l been considered previously by Navicr, Heim 
and Saint-Venant although with slight variations : sec our Arts. 
278, 913 and 1373. 

The author’s problem is less general than Saint-Venant’s, 
in that he nowhere introduces the consideration of slide; it is 
more general, in that he has also a continuous load. 

[1458.] Let 2P be the weight placed upon the summit of the 
arc, supposed of chord 2a and central angle 2-^, lot p be the pressure 
on the arc per unit of horizontal length ; then Bresse finds (p. 153) 
that Q the horizontal component on one of the points of support is 
given by 

0 = M sinY-^Asini/rcosi/r-hoos^^--l)P-}- (-"|-f sin V- 1 sini^ (iOB\j/)pa 

^ COS*^— I sin ^ 
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is is deduced from formulae given by Navier in his Legons, 
partie, p. 287 : see also our Arts. 278 and 279. 

If wo compare it with Saint-Yenanfs result we find that they 
:ec if we put p = 0 in Bresse’s form, and strike out of Saint- 
uaut^s the terms depending on compression and slide : see our 
jount of Saint-Venant*s Oours of 1839 in Art. 1573. 


[1459.] Bresse then shews that if P = 0, and if / be the 
btcnse of the arc, 

y<2/- 

lis loads him to criticise a result of Ardaut given in the 
jraoir referred to in our Art. 937. Ardant states that 

0>^ 

y>2/- 

it. Bresso points out, that if we retain terms involving ifr®, 

2 / ’ 


id is thus 


(P. 155). 


[l,4G0.] The next step is to consider the form taken by the 
aded arc. Bresse shews that, beside the terminals, there are 
VO points, either of which he terms point moym neutre, where 

ic curvature remains unchanged. 

finally we have some consideration of the greatest central load 
hich a continuously loaded circular arc will hear. It is based 
poll the maximum-traction in a fibre, not upon the ^ stretch 
luit. Probably the consideration of slide would considerably 
lodify this result. The memoir concludes with approximate 
xprossions for the constants involved, and a table of the values of 
hcao constants for a considerable variety of angles. 

A very important book by Bresse on the same subject, en- 
itled : Reclierohes amalytiqws sv/r la flexion et la risistame des 
^i&ces courbes, Paris, 1854, will he discussed in our second volume. 


1850. 1® semestre. V. Ohevallier. Beokerches ex- 

m-imentaUs swr la cmstrucUon des portes d/Muses, pp. 309—356. 
Phis memoir contains a valuable comparison of the theoretical and 
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experimental curves of flexure for beams subjected to transverse 
load. A very close accordance was found between theory and 
practice (p. 316). 

The memoir is followed by certain Notes giving a few cases of 
the theory of flexure drawn from Navier’s Legons and some remarks 
on the memoir of Wertheim and Chevandier noted in our Arts. 
1312 — 1314. We may cite the following : 

Dans les experiences presentees k ITnstitut en octobre 1846, MM. 
Wertheim et Chevandier ont trouve que les filches des pieces chargees 
au milieu se composaient dhxne partie sensiblemont proportionnelle h. la 
charge, et d’une partie permanonte dont la grandeur variait avec 
rintensit6 et la dur6e de la charge. Dans les experiences que j'ai 
faites, je n’ai trouve des resultats semblables que pour des tringles pou 
homogi^nes et des charges trop fortes ou trop longtcmps appliqu6es. 
Souvent m6me des pieces qui, d6chargces, semblaiont conserver une 
fl^che permanente, reprenaient, b, tr^is-pou pri^s, lour forme premiere au 
bout de plusieurs heures. Du reste, la charge no restait guiiro au-del^ 
du temps n^cessaire pour observer les flbehes : en un mot, elle n’6tmt 
pas permanente (p. 350). 

This would seem to show that the after-strain noted by 
Wertheim and Chevandier was really not set but elastic after- 
strain. 

[1462.] 1850. 2^ semestre. Lcclcrc and Noyon. Notice sur la 
construction du pont suspendu de Samt-Ohristophe, prbs LoTient^ pp. 
266 — 336. This contains a groat deal of valuable experimental 
matter. See especially p. 296 and the tabulated results pp. 333 — 
336. The experiments were made with a hydraulic press in the 
naval dockyard at Lorient. We may note the following results : 

1^ Maximum resistance of iron wire of good quality may bo 
taken as 76 kilogs. per square millimetre. 

2<^. Maximum resistance of iron bar of good quality may be 
taken to be 34 kilogs. per square millimetre. (This is 20 7o too 
low for good iron bar of to-day.) 

3®. Loads of 10 kilogs. per square millimetre do not produce 
sensible extension in iron bars* 
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4”. S^Tieral loads up to 22 kilogs. or 2/3 of the rupture- 
i do not l>irod.uce set in iron bars, and the stretches do not exceed 
000, i.o-‘ ^t,x*^tch-modulus= 22,000 kilogs, per square millimetre (?). 

[1403.] -Alinutes of Proceedings of the Institution of Civil 
ginBC)*s. number of papers referring to our subject will 

found in Volumes l. to x. for 1840 — 1850. We may note 
2 \v rclato<3. more closely to the theory of our subject : 

(а) Vol. II. Session, 1842. pp. 180 — 184. On some peculiar 
(tngcs iu^ ttJhB Internal Structure of IvoUj independent of, and 
)$etiiicnt io, t?ie several processes of its manufacture, by Charles 
)od, TH is paper notes the changes in direction of crystallisation 
)duccd l>y impact, heat and magnetism, and thus the change in 
jLCsion. Xhie paper and the discussion contain only general 
tciuonts, no theoretical investigation. 

(б) Session, 1843. pp. 89 — 94. Account of a series of experi- 
mts on th& comparative strength of Solid and Hollow Axles, by 
0. Y«)rk. Experimental detail, with further discussion on the 
bet of vibmtion as supposed to produce crystallisation and so to 
bet the cohesive strength of iron. 

(c) Session, 1843. pp. 126—133. Experiments on Cast and 
alloable Ir^on, at the Milton Iron Works, Yorkshire, by David 
UHhet. No theoretical value. 

(d) VoL III. Session, 1844. p. 202. On the causes of 
(icture of tJic Axles of Railway Carriages, by Joseph Gly^. 
urthor consideration of the influence of vibration on cohesive 
rongth. 

(e) p. 248. Remarks on the position of the Neutral Axis of 
earns, by Clmrles SchafhaeutL The author draws the attention 
■ the InBtitntion to Brewster’s method of determining the neutral 
ds of beams by the transmission of polarised light through 
mealed glass beams under similar load: see my footnote, p. 640. 

(/) Voh IX. Session, 1849-1850. pp. 233—287. On 
hbidar Girder Bridges, by William Fairbaim. This is a 
iscussiou of the Torksey Bridge, with a certain amount of 
xperimental detail. The theory introduced by the writer of the 
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paper, as well as by Hodgkinson in the discussion which follows, 
involves only the ordinary formulae for the deflection of beams 
subjected to transverse load- There is frequent reference to the 
Report of the Iron Commissioners : see Art. 1406. 

io) PP- manufacture of Malleable Iron ; 

with the results of experiments on the strength of Railway Axles, 
by G. B. Thorneycroft. Interesting, as giving further particulars 
as to the effect of vibration on cohesive strength, and as figuring a 
number of surfaces of rupture. 

Several of these papers bring into importance the need for a 
full theory of the influence of vibration upon molecular arrange- 
ment, and of the influence of molecular arrangement upon cohesion. 
Any mathematician attempting to work out such a tlieory will find 
statements suggesting various directions for research in the 
papers (a), (6), {d) and {g) referred to above. 

[1464.] Institution of Mechanical Engineers. October, 1849, 
to October, 1860. Several papers as to tlie eflect of continuous 
vibration on the strength of railway axles will be found in the 
Proceedings for these months, and may be profitably compared with 
the corresponding papers read before the Institution of Civil 
Engineers: see our Art. 1463. 

The first paper by J. F. McConnell is principally of jiractical 
value; the author, however, lays stress on tlie change from the 
‘ fibrous to the crystalline character ’ owing to vibration (October, 
1849, pp. 13 — 21). The Chairman, Robert Steplienson, in the dis- 
cussion said he had been unable to detect any change in molecular 
structure due to vibration (p. 22). 

Another speaker said he had cold-hammered fibrous iron till it 
became crystalline ; but in this first discussion the general opinion 
seems to have been against a molecular change duo to vibration. 
An additional paper by J. F. McConnell will be found in the 
Proceedings, January, 1850 (pp. 5 — 19), with further evidence of 
a strong kind in favour of a molecular change being produced by 
vibration. The discussion was continued at thc^ April meeting 
{Proceedings, April, 1850, pp. 3 — 14). Robert Stephenson was 
still doubtful as to the change in molecular condition, but his 
reasoning (p. 6) does not seem peculiarly convincing. The writer 
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of the original paper considered that ^fibrous structure’ was a 
misnomer ; a molecular change took place which changed the iron 
from tough to brittle. Robert Stephenson referred to some inte- 
resting experiments made during the building of the Britannia 
Bridge, in which plates which were to have been delivered as 
fibrous, were found to be crystalline. By direct experiment, however, 
it was found that their tractive strength was above rather than 
below the average. He drew attention to a distinction which he 
thought ought to be made between a steady tractive stress and a 
vibrational stress, and apparently held that iron of crystalline struc- 
ture might have greater resistance than fibrous iron to the former 
stress, and less resistance than fibrous iron to the latter stress. 

In the Proceedings, July, 1850, pp. 35 — 41, will be found a 
paper by Thomas Thorneycroft entitled : On the Form of Shafts 
and Axles. An additional paper by the same engineer with the 
discussion on both will be found in the Proceedings, 1850, pp. 4 — 
15. The only point of theoretical value which seems brought 
out in either paper or in the discussion is that by bending iron 
frecjuently backwards and forwards it may be rendered crystalline 
(pp. 8 and 15). That is, the rupture appears crystalline. 

The papers referred to above do not seem strictly scientific 
cither in their substance or their method. Nor do they 
achieve more than to draw attention to the need existing at 
that time for experiments on the influence of intermittent load 
and continuous impact on molecular structure and the elastic 
strength of materials. 

[1405.] Edwin Clark and Robert Stephenson. The Britannia 
and Gonwaij Tubular Bridges luith general inquiries on Beams and 
on the Properties of Matenals used in Construction. 2 vols. London, 
1850. This book was written by Edwin Clark under the super- 
vision of Robert Stephenson. 

It contains, beside an elementary theory of beams subjected to 
transverse load on the old Bernoulli-Eulerian hypothesis, a large 
amount of experimental material, and not a few new physical facts 
which it will bo needful for us to notice. The results of some of 
tlu‘. expendments given in this work had already been published in 
the Report of the Iron Commissioners : sec our Art. 1406, 
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[1466.] Vol. I, Section l. contains the early history of the 
design with an account of parliamentary evidence, etc. 

Section ll. contains the details of the preliminary experiments 
made by Stephenson, Fairbairn and Hodgkinson. On pp. 83 — 115 
we have an account of some experiments on cylindrical and elliptical 
tubes. There is little in these experiments to which it is necessary 
to draw attention for our present purpose. We may however note 
a remark on p. Ill, to the effect that the value of each horizontal 
layer of a beam in resisting transverse stress is directly proportional 
to its distance from the neutral axis and independent of its 
lateral position. This remark is of course a theoretical result of 
the Bernoulli-Eulerian theory of beams, it does not, however, hold 
if slide be taken into account. Probably it is not generally true, 
owing to the change of the stretch-modulus at the epidermis, or in 
the case of rupture, which is that of the book, owing to a weakness 
produced by a tendency to buckle, when the material, instead of 
being arranged in a tube form, is gathered about the vertical 
diameter of the section. Experiments are wanted on this point. 

[1467.] Pp. 116 — 154 are occupied with details of experi- 
ments on rectangular tubes and beams of x cross-section. Then 
follow Fairbairn and Hodgkinson's reports of their experiments 
on tubes, especially on rectangular tubes with ‘cellular tops.’ 
These reports were also published in Fairbairn’s work: see our 
Arts. 1416 and 1494. 

[1468.] Chapters ill. and IV. of this section (pp. 155 — 205) con- 
tain an account of experiments on a large model tube (75 feet long, 
4 ft. 6 in, deep and 2 ft. 8 in. wide) just one-sixth in length of one 
of those used for the Britannia Bridge, and general deductions from 
all the preliminary experiments. They embrace much interesting 
information, although of little importance for theory. We may 
remark, however, that though some results as to deflection and set 
are given, the main object sought after seems to have been the 
absolute strength. This appears to me rather a doubtful measure 
for the stability of a bridge. One or two isolated experiments will 
be found on time-effect, none on repeated load : see, however, pp. 
468 — 460 on repeated impact 



TUBULAR BRIDGES. 


787 


[1469.] Section ill. (pp. 207 — 292) is entitled : General 
Principles of Beams, The analytical investigations of this section 
as well as much of Section vili. are due to Dr William Pole. 
The writer remarks : 

The complete theory of a beam, in the present state of mechanical 
science, is involved in difficulties, Tlie comparative amount of strain at 
the centre of the beam, where the strain is greatest^ or at any other section, 
is easily determined, but the exact nature of the resistance of any given 
material almost defies mathematical investigation (p. 207). 

The words in italics are clumsy, as they suppose the beam to 
have a distribution of load symmetrical about the centre. The diffi- 
culties mentioned arise apparently from the change in the nature of 
the elasticity of a beam from the surface inwards, and from the want 
of proportionality between traction and stretch. Throughout this 
section, as in other parts of the work, the term strain is used for 
what we now term stress, 

[1470.] Chapter ii. (pp. 239 — 267) of the section gives formulae 
for various kinds of beams on the suppositions of the proportionality 
of traction and stretch, and the equality of the stretch- and squeeze- 
moduli. Hooke's principle, — ut tensio, sic vis, — is here identified 
with perfect elasticity, but this seems to me a wrong use of the 
term ; a material may be perfectly elastic, and yet stress not be 
proportional to strain : see our Appendix, Note D. 

[1471.] Chapter iii. commences with a geometrical theory of 
beams (pp. 258—267), which is due to C. H. Wild, and described 
in Clark's preface as ' extremely elegant and novel ' in method. 
It can hardly be considered as a valuable contribution to our 
subject. The remainder of the chapter is occupied with the usual 
formulae for the deflection of beams. 

[1472.] The following chapter is devoted to continuous beams, 
and treats the cases of beams supported at three, four, five or an 
indefinite number of regular points of support. Some portions 
of this theory of continuous beams seem to me ingenious and 
possibly appear here for the first time ; thus we may note the 
elementary determination of the points of contra-flexure (pp. 275 
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277), and the final pi’oposition of the chapter on a beam subject 
only to its own weight : 

The deflection of each span of a perfectly continuous beam is one- 
fifth that of an independent beam spanning the same opening. 

Some of the results given in this chapter could be obtained 
with less analysis by the use of Clapeyron’s Theorem. 

[1473.] Section iv. is entitled : Specific Experimental Inquiries. 
The remarks as to set are interesting. It is pointed out that to 
reduce a body to a state of ease up to a certain load does not 
increase its absolute strength, and that when workmen term such a 
body stronger, this only arises from their measuring strength by the 
amount of strain (p. 305). Set inwrought iron is not proportional 
to the load, and the writer suggests that it probably varies as the 
square of the load ' as is exactly the case with cast-iron.’ He is 
evidently referring to Hodgkinson’s experiments on cast-iron : see 
our Arts. 969 and 1411, but it should be noted that Hodgkinson’s 
later formula makes the set vary in part as the first, in part as the 
second power of the elastic stretch, not as the square of the load. 

[1474.] On pp. 305 and 311 will be found an account of two 
interesting set-phenomena noted by Messrs Easton and Amos. In 
the one case a wrought-iron cylinder was subjected to enormous 
internal pressure ; it received a set altering its internal hut not its 
external diameter ; additional set of the same kind was obtained 
with each reloading, but at last equilibrium was reached and the 
cylinder ceased to expand under the pressure. In the second case 
a very similar fact was noted with regard to cast-iron. In 
connexion with cast-iron cylinders it is noted on p. 305 that with 
great internal pressure they begin to open on the inside, the 
fracture gradually extending to the outside, increased thickness 
beyond moderate limits giving no increased strength. This should 
be compared with Lamp’s results: see our Art. 1013, footnote. 

[1475.] With regard to set and the plastic stage for iron the 
following remarks are of great interest, and should be noted by any 
one attempting to reduce these stages in the elastic life of a 
material to theory : 
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Witli a wrought’ iron inch cube the set becomes so great with 12 
tons that its shape and proportions begin to suffer ; and where these 
are of any consequence, as in most practical cases they are, we come to 
the limit of its utility. It is not, however, yet destroyed until the load is 
about 1 6 tons. It then oozes away beneath additional strain, as a lump 
of lead would do in a vice, or like a red-hot rivet under the pressure of 
the riveting machine, and to some extent obeys the laws of liquids 
under pressure. If prevented from bulging or oozing away, the softest 
metal would bear an infinite weight, like water in a hydraulic press 
(p. 306). 

[1476.] Turning to the phenomena exhibited by cast-iron, 
Clark points out that for similar weights it yields twice as much 
as wrought-iron, yet that its absolute strength is three times as 
great. Under high pressures cast-iron also appears like liquids to 
exert an equal pressure in every direction in which its motion is 
opposed (p. 311). Notwithstanding this, however, a cast-iron cube 
ultimately fails in an entirely different manner to wrought-iron, 
namely by wedge-shaped fragments being, as it were, sheared off : 
see our Arts. 949 and 1414, and the reproduction of some of the 
rupture-surfaces on our frontispiece. 

[1477.] Pp. 314 — 318 are occupied with some account of 
Hodgkinson’s memoir on pillars : see our Art. 954. This is followed 
by some very important experiments of Hodgkinson's on the re- 
sistance of plates of wrought-iron to a crushing load (pp. 318 — 
335). The strength of such plates is shewn theoretically and ex- 
perimentally to be directly as their width and the cube of their 
thickness, but inversely as the square of their length. The theoretical 
considerations on p. 320 do not seem to me quite satisfactory, but 
the result is easily seen to be true. As we have noted, the top 
of the Britannia tube is of a cellular form, and thus cannot be 
treated as a plate subjected to crushing load. We accordingly have 
given on pp. 335 — 364 a great number of experiments on the 
crushing of cellular and hollow struts. These experiments are 
due to Hodgkinson, and show very markedly the importance of 
form. Thus in the case of circular and double rectangular 
sections we have the following noteworthy results for 10 feet 
tubes (pp. 343, et seq .) : 
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Form 

External 

Dimensions 

Inches 

Area of 
Section 

Sq. in. 

Thickness 
of Plates 

Inches 

Weight 
of Tube 

lbs. 

Total 

Crushing 

Load 

lbs. 

Bectangular 

(riveted) 

m 

8-1 X 4-1 

1-885 

•059 

82 

43673 

Circular 

O 

4-05 

1-7078 

•278 

59 

47212 


Notwithstanding the much better results apparently given by 
the circular form and Hodgkinson’s strong recommendations, the 
rectangular form, chiefly, I expect, from the comparative ease of 
construction, was ultimately adopted for the ‘ cellular plate ’ at the 
top of the tube. 

We shall state reasons later for questioning the application of 
these experiments to the ' cellular plate ' : see our Art. 1493. 

[1478,] The concluding pages (365 — 370) of the second 
chapter of Section iv. are devoted to experiments on the crushing 
of brickwork, single bricks, sandstone and limestone. In the case 
of sandstone the fracture was by a wedge, as in Hodgkinson’s 
experiments on cast-iron : see our Arts. 949 and 950. Limestone 
on the other hand formed perpendicular cracks and splinters in 
much the same way as glass struts have been observed to fracture. 
It would be interesting to explain theoretically by a consideration 
of their aeolotropic or isotropic formation why sandstone and lime- 
stone thus differ when subjected to a crushing load, the one ap- 
parently showing a rupture due to slide and the other to lateral 
stretch. 

[1479.] Chapter ill. (pp. 370 — 388) is entitled: On Tension 
and Tensile Strength of Materials, The valuable part of it is a 
reproduction of Hodgkinson's results published in the Report 
of the Iron Commissioners : see our Art. 1408. 

[1480.] Chapter iv. (pp. 389 — 396) is occupied with experi- 
ments on the strength of rivets and on the shearing of iron. The 
terms shear and shearing strain are here used as accepted terms and 
in the sense of our shearing stress. On p. 5lt ( VoL ii.) we read * the 
strain called by Mr Stephenson “ the shearing strain ''' It would 
thus appear that the term shear in this sense was first used by 
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Stephenson ; I have not noticed the word before. It of course 
corresponds to the force transverse of Vicat : see our Art. 726. 

The experiments on the strength of rivets seem to be among 
the earliest of the kind. The following conclusions were obtained 
when the rivet was treated merely as a body subjected to shear : 

(i) The ultimate resistance to shear is proportional to the 
sectional area of the bar torn asunder. 

(ii) The ultimate resistance of any bar to a shear is nearly 
the same as the ultimate resistance to a direct longitudinal 
traction. 

This is not in accordance with more recent experiment ; even 
on the hypothesis of uni-constant isotropy holding up to the instant 
of rupture the ratio of these two resistances should be 4/5. 

[1481.] The frictional force produced by the cooling of red-hot 
rivets was then investigated. As the rivet cools it draws the plates 
together, and the friction produced by this pressure has to be over- 
come before the rivet can be affected by shearing force. The frictional 
force produced by a rivet of 7/8 inch diameter was found to vary 
from 4^ to nearly 8 tons. Thus it would appear that in cases of 
elastic strain rivets may possibly act only through a tractive and not 
a shearing stress. In the case of the Britannia tube the stress on 
any rivet never amounts to 4^ tons, which explains why the deflec- 
tion is ‘ the same as that indicated by theory for a tube formed of 
one welded piece of iron without joints.’ 

[1482.] The fact is noted that long rivets break at the head 
sooner than short ones ; there appears to be no theoretical reason 
why they should, as the stress produced by cooling ought to be the 
same in both. It is possibly due to irregular cooling, the 
shank in the neighbourhood of the head and tail cooling more 
slowly than towards the centre (p. 395). 

Clark concludes his investigation of riveting with the remark, 

Thus, also, by judicious riveting the friction may in many cases be 
nearly suflGicient to counterbalance the weakening of the plate from the 
punching of the holes, so that a riveted joint may be nearly equal in 
strength to the solid plates united (p. 396). 
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This is certainly not true of absolute strength ; does it refer to 
the elastic strength of a butt joint ? 


[1483.] Chapter v (pp. 397 — 460) is devoted to experiments 
on the transverse strength of beams and tubes. Although many 
of the experiments in this chapter are due to Hodgkinson and vs^ill 
be found in the Report of the Iron Gommissioners (see our Art. 
1413), it yet contains several additional facts. 

We may draw special attention to some experiments on the 
transverse strength of cast-iron tubes due to Stephenson. The 
results are obtained for equal length, sectional area, and thickness. 
On p. 433 it is remarked : 

Now, with a constant length and sectional area, i£ there were no 
advantage in any particular form, the strengths should be precisely in 
the ratio of the depths. 

A constant c giving ' the relative advantage of each particular 
form of section’ is then calculated from the formula TT — ccoa/?, 
where W is the central breaking load, co the sectional area, 2a. the 
vertical diameter, and I the length of the tube. I think this formula 
is wrong. 

If we suppose to be the traction per unit area which will 
just rupture a bar of cast-iron in tension, and suppose the breaking 
load to be in a constant ratio to the load which just produces set. 


we have : 


^ - ^ " la ^ 


where k is the radius of gyration of the cross-section about 
the trace of the neutral surface on the plane of the section. Hence, 
if the tube be cylindrical and of radii a and a^, and Wc the 
breaking load, 

■RT — 7r(a —0.^ ) , 


if square with sides 2a and 2 a 2 , and Wg the breaking load. 




4 

Bla 


But the section being the same, © = tt (a® — a/) — 4 (a^ — a/). 
Now let a^ = n^a, a^ = %a, then 




coa 

I ‘ 


1 + nl 
4 ■ ’ 




(oa 

T 


1 + n- 
3 
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Thus ^ cylindrical form, = 4iTQ . — ; 

< 

„ square form, = 42^0 . ^ . 

L ^ 

If were mere numbers c would certainly be a constant 
giving the relative advantage of each form of section. But we have 

72^ = 1 — ce>/(7ra^), Wg = 1 — ft)/ (4a®), 

or, and depend upon the dimensions of the beam, i.e. on the 
ratio of the sectional area to the area enclosed by the external 
contour. We note of course that and thus is always 

greater than Stephenson makes the order of strength square, 
elliptical, circular, rectangular tubes ; but the values he gives to 
the constant c have no value except for tubes having the same ratio 
of section to contour area as those in his experiments. 

[1484.] On pp. 442 — 445 we have some experiments of Captain 
James on the ultimate strength of cast-iron bars, which bring out 
in a marked fashion the loss of strength in large bars, owing to 
the different elastic characters of the core and epidermis due to the 
process of casting. Thus ‘bars planed down from the centre of 
larger bars are comparatively very weak ’ : see our Arts. 858, 1216 
and 1408. 


[1485.] A very noteworthy result is given on p. 446, the first 
of the kind I have come across, namely, the change produced by 
flexure in the shape of the square cross-section of a wrought-iron 
bar. The set shape of the section pictured bears a striking 
resemblance to the elastic shape of the same section obtained from 
Saint- Venant’s theory of flexure : see his Legons de Navier, p. 34. 



[I486.] On pp. 449 — 451 we have again a remaikable experi- 
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ment, namely, on the increase of strength in a bar due to a primitive 
strain. Four equal bars of wrought-iron were placed in a furnace, 
and two out of them when they had attained a dull-red heat were 
arched or bent ' with a wooden mallet, so that the metal was not 
upset by hammering ’ ; the other two remained straight. The 
curved bars when cold were straightened, so that they were given 
an initial stress. The four bars were then subjected to transverse 
load, and the deflections for the bars with initial stress were found 
much less for like loads than the deflections of those without 
initial stress. 

In fact as regards deflection the strained beam may be considered a 
new material, of which the elasticity is quite different from that of the 
original beam (p. 451). 

The result deserves attention, as being of constant practical ap- 
plication. It furnishes, moreover, a confirmation of the views explained 
in a previous chapter on the nature of permanent set arising from 
strain, and satisfactorily accounts for the many anomalies which charac- 
terise the conclusions arrived at by different authors from experiments 
on the elasticity of materials, in which the effect of previous strain has 
been overlooked (p. 450). 

Compare our Arts. 1379 and 1473. 

According to Clark not only is the deflection decreased, but 
the beam gains in absolute strength by an initial stress. 

[1487.] Some remarks on resilience and repeated impact 
(pp. 464 — 460) are only quotations from Hodgkinson in the 
Report of the Iron Commissioners, The Young-Tredgold theorem 
shows that the resilience of a beam is as its volume, and Stephenson 
thus rightly argued that the motion or impact of trains would have 
no sensible effect on the enormous mass of his tube. 

[1488.] In the last chapter of this section (pp. 461 — 466) we 
have a comparison between the theoretical and experimental 
deflections for continuous beams supported at four and five points. 
The experiments are due to Brunei and Clark. In the former case 
Brunei has compared the observed and computed reactions at the 
points of support. The elastic lines are carefully plotted out and 
figured. Considering that the theory used neglects slide, remarking 
the difficulty of getting a really uniform bar, and then of deter- 
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mining exactly its elastic constants and linear dimensions, I think 
that the computed deflections accord remarkably with experiment. 

[1489.] Volume ii. (pp. 467 — 821) is principally occupied 
with the description of the tubes and the history of their erection, 
and does not concern us as theorists. Section viii. (pp. 726 — 787), 
however, is of interest ; it contains calculations of the deflection and 
strength of the Conway Tube by Eaton Hodgkinson, and of the 
deflection and strength of the Britannia Tube presumably by 
Dr William Pole. These are probably the most important problems 
to which the Bernoulli-Eulerian theory of beams was ever, or ever 
will be, applied. For the Conway Tube the correspondence between 
the calculated and actual deflections may be described as the best 
proof ever given of the close approximation of that theory to fact 
when it is applied to beams under transverse load. The mean error 
is only *01 inches, the central deflection being more than 8 inches. 
The theory is based upon a uniform moment of inertia, but as a 
matter of fact the moment of inertia of the tube decreased from 
the centre towards the ends. Allowing for this the most marked 
differences between actual and calculated deflection are at the 
ends, a result which we should naturally expect from the neglect 
of slide in the calculations. 

The comparison of the like results for the Britannia Tube 
shews a far greater discrepancy, but this is natural, as the tube 
can hardly be considered as a continuous beam, the junction of the 
two large tubes at the centre or Britannia Tower having been made 
rather with the aim of equalizing the pressures on the three points 
of support than of producing continuity (pp. 780 — 781). 

We have given sufficient evidence to shew the important 
contributions to physical knowledge made by these great engineer- 
ing works. These contributions have considerable bearing on 
theory. They are frequently referred to by Saint- Venant in his 
edition of Navier's Legons. 

[1490,] Thomas Tate. On the Strength of Materials; contain- 
ing various oiigmal and useful formulae, specially applied to 
Tubular Bridges, Wrought-ircyn and Cast-iron Beams, Sc. London, 
1850. 
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This is a work of 96 pages. It contains an application of the 
old Bemoulli-Eulerian Theory to beams of varied cross-section 
allied to those employed in the tubular bridges. Thus we have the 
moments of inertia and the relative strengths calculated for square 
circular and elliptic tubes, and also for rectangular tubes with 
' cellular’ tops. 

[1491.] The writer practically assumes the proportionality of 
stress and strain up to the limit of cohesion. 

If M be the maximum bending moment for a beam terminally 
supported and centrally loaded, we have with the notation of 
Art. 1483, since M = Tf Z/4, 

M=^ Tq. coK^ja. 

Tate terms the modulus of rupture, and supposes it con- 
stant for beams of the same material (p. 16). As a matter of fact 
this formula may possibly be true when is taken as the tractive 
load which just produces set (i.e. the elastic limit) in a material for 
which there is no defect of Hooke’s Law: see our Appendix, 
Note D. But it is certainly not true as a formula for rupture, 
(i) when is taken as the tractive load which produces rupture in 
a bar, for the rupture-load has occasionally double the value 
given by this formula (see Saint-Venant’s edition of Navier’s 
Legons, p. 90); or (ii) when the material has defect of Hooke’s 
Law; or (iii) different moduli for stretch and squeeze, for in this as 
in the preceding case the neutral axis does not pass through the 
centroids of the cross-sections ; or (iv) when the form of the cross- 
section is considerably modified ; it is found in this case that 
is not independent of the shape of the cross-section. 

Tate throughout his work calculates the strength of his beams, 
even of the Conway Tube, on the supposition that they are to be 
loaded till rupture. For permanent structures, it is difficult to 
understand how this can be any safe criterion of strength. It was, 
however, adopted also by Fairbaim and Hodgkinson. 

It cannot be too often reiterated that the theoretically best 
form of section for a beam to be loaded only below the elastic limit 
by no means necessarily coincides with the section of the beam of 
greatest strength. 

[1492.] Pp. 24 — 41 are devoted to the consideration of the 
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relative strength of beams of similar section. In the preface (p. vii) 
Tate lays some stress upon the originality of the formulae obtained 
for such beams ; they are however very easy deductions from the 
above somewhat doubtful rupture-formula. 

[1493.] Tate questions, and I think justly, some of the formulae 
given by Hodgkinson, which bear too often a purely empirical 
character, and therefore cannot be trusted beyond the range of 
material and form employed in the experiments on which they are 
based. Thus (p. 59) Tate objects to Hodgkinson’s treatment of 
the cellular top structure of the Conway Tube as a strut, remarking 
that the whole tube must be considered as a beam under transverse 
load. For this reason he doubts Hodgkinson’s recommendation of 
the circular cell in preference to the rectangular cell for the 
cellular top structure of the tubes. By an analysis (pp. 74 — 76) 
very similar to that of our Art. 1483 it is shewn that the hollow 
square section of the same height and area as the hollow circular 
section is the stronger of the two. Since the neutral axis in this 
case lies outside the section, we have to replace /c® of that Article 
by where cZ is the distance of the centre of either section 

from the neutral axis. This addition, however, of the same quantity 
to and TF, will not affect the question as to which is the greater, 
and the conclusions of that ALrticle still hold. 

It seems to me that even supposing the cellular top structure 
to act as a strut, Hodgkinson’s experiments are hardly conclusive, 
because his rectangular cells with the same amount of material 
occupy more space than the circular — so he would really be using 
less material for a top structure of given size. If he intended to 
divide his circular section into two, as was proposed in the ‘cor- 
rugated* top, and to compare the cellular tops of type 

I I i;ij \rj’ 

then since these contain the same amount of material and occupy 
about the same space, his recommendation was theoretically right, 
always supposing the top might be treated as a strut. His ex- 
periments only shew, as it is, the advantage of form in hollow 
pillars or struts, not in cellular tops; see our Ajrt. 1477. 

Tate, after endeavouring to account for Hodgkinson’s results, 
remarks, 
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Be this as it may, we are not disposed to give up a principle 
established by theory until some direct experiments should prove 
the contrary (p. 76). 

On the whole there is little in Tate’s work of present value ; 
the special problems discussed in it being of an elementary nature. 

[1494.] Sir William Fairbairn. An account of the Gonstrioction 
of the Britannia and Conway Tubular Bridges. London, 1849. 

This work, although marred by the unnecessary details of a 
very painful controversy between Robert Stephenson, Eaton 
Hodgkinson and the author, still contains a large amount of 
experimental matter relating to the strength of cylindrical and 
rectangular tubes used as girders. Thus we have (pp. 37 — 42) 
an abstract of Fairbairn’s experiments on cylindrical, elliptic and 
rectangular tubes, together with tubes with ‘ cellular ’ structures 
at the top to strengthen the resistance to ‘puckering’ or to 
crushing force. These are followed by a report of Eaton Hodgkin- 
son’s (pp. 42 — 47) containing a comparison of the formulae for tubes 
of circular, elliptic or rectangular section with experimental results. 
The ‘cellular’ structure for strengthening the tube seems to 
have been the idea which Hodgkinson and Fairbairn each claim to 
have originated (p. 105). The matter was discussed at the British 
Association Meeting for 1846 in Southampton ; see our Art. 1448. 

The most valuable experimental part of the work, however, will 
be found in the Appendix, pp. 209 — 288, being a detailed account 
of Fairbaim’s experiments entitled : Experimental Inquiry into the 
Strength of Malleable Iron Tubes. These contain experiments on 
a vast variety of tubes, including those strengthened at the top by 
a cellular structure. On pp, 273 — 281 will be found formulae, 
adapted from the ordinary theory of flexure to tubes of this character. 
The inquiry concludes with a few experiments on rivets and the 
strength of iron plates: see Art. 1495. 

Much of the matter in this book will also be found in Clark’s 
work on these Bridges : see our Art. 1465. 

[1495.] 1850. Sir William Fairbairn. An Experimental 
Inquiry into the Strength of Wrought-Iron Plates and their 
Riveted Joints as applied to Ship-building and Vessels exposed 
to severe strains. Phil. Trans. Part II. 1850, pp. 677 — 725, This 
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paper is also reproduced in Fairbairo’s Useful Information for 
Engineers, First Series, 3rd Ed., Appendix, pp. 251—320. 

[1496.] The experiments described in the paper were made 
in the years 1838 — 39, but professional duties hindered the 
preparation of the paper till the above date. Eaton Hodgkinson 
avssisted Fairbairn in the experiments, which were designed with 
the special view of testing the suitability of iron in the construction 
of ships. The distinct points under investigation were : 

1®. The strength of plates when torn asunder by a direct 
tractive load in the direction of the fibre, and when torn asunder 
by a load applied across it. 

2°. On the strength of joints in plates united by rivets 
as compared with the strength of the plates themselves. 

3°. On the resistance of plates to a contractive load whether 
applied as a dead weight or by impact. 

4°. On the transverse strength of wroughtdron ribs and frames. 

[1497.] In the first section (Part i. pp. 678 — 687) Fairbairn 
comes to the following conclusions : 

(i) There is very slight difference between the absolute 
strength of plate and of bar iron. 

This by no means holds for plates and bars such as are now 
manufactured! 

(ii) In whatever direction the plates are torn asunder their * 
absolute strengths are nearly the same, being in the mean about 
1/45 in favour of those torn across the fibres. 

The ^ direction of the fibre ’ is used to signify the direction of 
the axes of the rough bars when piled together before being 
rolled into the plate. The conclusion (ii) seems to me extremely 
improbable and suggests some experimental error. 

[1498.] On p. 686 will be found a reference to some experi- 
ments made by Hodgkinson on iron wire and to others made by 
the Admiralty at Woolwich on iron bars, which shew that the 
absolute strength of a material is not reduced by repeated rupture. 
Some experiments apparently shew it to be increased: see our 
Art. 1503. 
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[1499.] In the second section on riveting (Part ii. pp. 688 — 
702), Fairbairn gives the preference to machine over hand-riveting. 
He does not appear to consider that any great influence is 
exercised by the frictional adhesion of the plates at the riveted 
joint. Thus he writes: 

On comparing the strength of plates with their riveted joints, it will 
be necessary to examine the sectional areas taken in a line through the 
rivet-holes with the section of the plates themselves. It is perfectly 
obvious that, in perforating a line of holes along the edge of a plate, we 
must reduce its strength^ and it is also clear, that the plate so per- 
forated will be to the plate itself nearly, as the areas of their respective 
sections, with a small deduction for the irregularities of the pressure of 
the rivets upon the plate ; or, in other words, the joint will be reduced 
in strength somewhat more than the ratio of its section through that 

line to the solid section of the plate It may be said that the 

pressure or adhesion of the two surfaces of the plates would add to the 
strength ; but this is not found to be the case, to any great extent, as 
in almost every instance the experiments indicate the resistance to be in 
the ratio of their sectional area, or nearly so (p. 691). 

It does not seem to me that Fairbairn’s experiments are at all 
conclusive as to the part played by friction in a riveted joint. 
I think that till the elastic limit of the rivet is passed friction 
must be an element in the resistance at least of butt joints: see our 
Art. 1482. 

Fairbairn has also omitted to notice that the remaining material 
is weakened if the rivet-holes be punched. 

[1500.] Fairbairn concludes that a double line of rivets is far 
superior to a single line, and gives the following round numbers 
as shewing loss of strength (p. 700) : 

Strength of plate = 100. 

Strength of double-riveted lap joint = 70. 

Strength of single-riveted lap joint = 56. 

I do not understand the process by which these numbers are 
deduced, nor do they seem very satisfactory, for no distinction 
is made between the elastic and absolute strengths of the joint. 
The strain of a rivet is of a very complex nature, yet theoretically 
of a most interesting kind. We shall refer to the important 
memoirs of recent years in our second volume. Fairbairn can 
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however lay claim to being the earliest and for many years the 
only experimenter in this field. 

[1501.] Part in. (pp. 702 — 705) is occupied with the absolute 
strength of wrought-iron plates subjected to a normal load pro- 
duced by the pressure of a blunt point at the centre of the plate. 
The results obtained are compared with similar experiments on 
oak planks. It would have been interesting to compare the 
forms assumed by loaded plates with those given by theory for 
circular plates : see our Arts. 494 — 504. 

[1502.] Part iv. (pp. 705 — 713) is occupied with experiments 
on the absolute strength of the frames and ribs of vessels, i.e. beams 
formed by riveting angle-irons and plates together. These ex- 
periments have practical rather than theoretical value. They are 
followed (pp. 713 — 719) by simple analytical formulae for finding 
the neutral axis, moment of rupture, etc. for beams of various 
cross-sections on the Bernoulli-Eulerian hypothesis. 

[1503.] The memoir concludes with an account of experi- 
ments by Loyd on the tractive strength of bars of wrought-iron 
and some, suggested by Kennedy, on the transverse strength of 
malleable iron beams of diverse section (pp. 719 — 725). All that 
it seems necessary to notice in these experiments are the remark- 
able statements: 

(i) That the absolute strength of iron bars allowing for re- 
duced sectional area is increased by successive breakages (p. 720) : 
see our Arts. 1353, 1379 and 1524. Thus it increased on the 
average in four successive breakages from 23*94 to 29*20 tons per 
square inch. 

(ii) The rupture-stretch of wrought-iron bars of the same 
section increases as their length decreases, although the absolute 
strength remains the same (p. 723). 

These results would be suggestive as regards the changes set 
produces in molecular condition were we certain how far the first 
may not be due to the want of homogeneity in the bar and 
so to its rupturing successively at its weakest sections, and how far 
the second may not be due to the fact that the short lengths 
always include the locoX stricture. 

T. E. 


51 
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[1504] E. Phillips. S^lr les ressorts formas de plusieurs feu- 
illes deader employes dans la construction des voitwres et wagons. 
Gomptes rendus, T. xxxi. 1850, pp. 712—715. This is an extract of 
a memoir, which does not appear to have been ever published in full. 
The memoir contains a theoretical and experimental investigation 
of the best form of carriage springs. In the extract no analysis is 
given, but an interesting statement of theoretical and experimental 
results. These will be best taken in connection with later memoirs 
on the same subject by Phillips which will be considered in our 
second volume. 

1505. Samuel Haughton. On the Laws of EquiUhrium and 
Motion of Solid and Fluid Bodies. This is printed in the 
Comb, and Dublin Math. Jour., Vol. i. 1846, pp. 17-3 — 182, 
and Vol. n. 1847, pp. 100 — 108. The whole is in effect re- 
produced with considerable additions in a memoir entitled : 
On the Equilibrium and Motion of Solid cmd Fluid Bodies, and 
published in the Tra/nsaotions of the Roycd Irish Academy, Vol. xxi., 
1848, pp. 151 — 198; the memoir was read May 25, 1846. An 
abstract of the memoir is given in the Proceedings of the Royal 
Irish Academy, Vol. ill. 1847, pp. 252 — 258. 

1506. An account of this memoir would find its appropriate 
place in a history of the wave theory of light ; we shall only 
briefly notice what strictly belongs to our subject. 

The author says at the beginning of the memoir : 

The object of the present paper is to deduce from simple physical 
considerations the laws of equilibrium and motion of elastic solid and 
fluid bodies, by the method followed in the M&oatvlque Anal/ytique of 
Lagrange, which possesses the remarkable advantage of giving, by the 
same analysis, the general equations of any system, together with the 

partimlm conditions to be fulfilled at the limits The present paper 

is an attempt to apply the same method of Lagrange to the case of 
material substances, whether fluid or solid, homogeneous or hetero- 
geneous, and whether possessed of a crystalline structure or not : and 
more particularly to investigate the general dynamical laws of solid 
elastic bodies, and the conditions at the limiting surfaces which bound 
the solid. 

[1507.] The following remarks, which will be found on p. l73 
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of the Journal, Vol. i., may be quoted as marking Haughton’s 
position : 

The most general conception of solids and fluids, is that of 'an 
immense assemblage of molecules separated from each other by in- 
definitely small distances’; if we add to this general notion, the 
assertion, that Hhese molecules act on each other only in the line joining 
ihem^ we shall have a definition of the medium whose laws I propose to 
investigate. 

This statement stamps the writer as a rari-constant elastician^. 


[1508.] The distinction drawn between solids and fluids is 

That in solid bodies the resultant of all the forces exerted by all 
the surrounding molecules on any molecule (m) is zero. That in fluids, 
whether liquid or gaseous, this is not the case, and that consequently 
the fluid (no external pressures or forces acting) would be dissipated 
(p. 174.) 

[1509.] It may be noted that Haughton, notwithstanding the 
Navier-Poisson controversy, does not hesitate to replace his 
summations by definite integrals and this without any remark: 
see our Arts. 421, 632, and 616. The same objections which 
Poisson and Cauchy raised against Navier apply to Haughton : see 
Haughton's integrals on pp. 178 and 179 of the Journal^ Vol. I. 


1510. The general equation of equilibrium from which the 
author starts is 


JjJ (XSu + + ZBw) dm = jjj SVdcodydz, 


where 8 V denotes, in the language of Lagrange, the sum of the 
moments of the internal forces. The essential part of the process 
is that which relates to the nature of the function V. The action 
between two molecules is assumed to be represented by an ex- 
pression of the form f(p, a, 7 , p), where p is the distance 


^ Of course in the case of isotropy as a uni-constant elastician. Thus Sir 
William Thomson said in his Baltimore lectures : 

* The pressural wave has been the difi&culty. Cauchy starved the animal, 
M’CuUagh and Neumann didn’t know of its existence, Haughton put it in 
an Irish car and it wouldn’t go, Green and Eayleigh treated it according to 
its merits,’ (Nature, March 1885, p. 462.) 

I understand this to mean that the bite noir of those, who syllogize : ether = 
jelly elastic solid, is quite unmanageable with one constant : see our Art. 930. 

51--2 
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between the two molecules in their original state, and a, /3, 7 the 
direction cosines of this distance; p is the increment of p produced 
by the operation of the forces. 

By expanding and neglecting squares and higher powers of p' 

we may represent f thus, ^ 

f=F^-\r2F^p' 

The moment of this, in Lagrange’s sense of the word, is /dp', 

that is ; 

and thus we have for 8 T^ the value 

and finally V=lff(F,p' + F,p'‘)dm. 

The author holds that the first part of the integral vanishes in 
the case of solids but not in the case of fluids. 


1511. The general equations of equilibrium restricted to this 
approximate value of V are fully worked out. Denote by and 
V the parts of V which depend on p and p'* respectively; then it 
is found that 

where u, v, w are the shifts. It is found also that contains 21 
terms, but involves only 15 distinct coefficients. 

1512. I will not delay on the applications made by the author 
of his formulae to the wave theory of light, but on account of the 
interesting nature of the results I will reproduce a portion of the 
abstract given in the Proceedings of the Royal Irish Academy. 
Haughton constructs six fixed ellipsoids, and from these derives a 
certain variable ellipsoid. 

The axes of this ellipsoid will be the three possible directions of 
molecular vibrations, and the corresponding velocities of waves will he 
inversely as the lengths of these axes. 

To this the following footnote is appended ; 


After Mr Haughton had obtained this construction, he found that 
M. Cauchy has given analytically, and for a particular case, a solution 
which involves an analogous ellipsoid ; but M. Cauchy has not followed 
out the consequences of his analysis in the right direction, and has been 
misled in his attempt to apply his equations to the problem of light. 
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The abstract then proceeds thus : 

The six ellipsoids just mentioned perform a very important part in 
the problem of elastic solids, as they reappear in the conditions at the 
limits, and afford a geometrical meaning for many of the results. 

1513. Mr Haughton then determines from simple considerations 
the equation of the Sphaero-Beciprocal-Polar of the Wave-surface, or 
the Sv/rface of wave-slowness of elastic solids , ■which occupies a position 
in this subject analogous to that held by the index-surface in Light. 
This surface, and the important results it leads to, are as far as Mr 
Haughton is aware, given by him for the first time ; it is of the sixth 
degree, and has three sheets, and by means of it the direction of a 
vibration passing from one medium into another may be determined. 

1514. The paper then proceeds to the discussion of three particular 
cases of elastic solids : (i) The case where the molecules are arranged 
symmetrically round three rectangular planes ; (ii) Hound one axis ; 
(iii) The case of a homogeneous isotropic body. 

In the first case the following I'esults are deduced : 

The traces of the surface of wave-slowness on the planes of symmetry 
consist of an ellipse and a curve of the fourth degree. The surface 
possesses four nodes in one of its principal planes, where the tangent 
plane becomes a cone of the second degree, and the existence of these 
points will give rise to a conical refraction in acoustics, similar to what 
has been established in physical optics. 

In general, for a given direction of wave-plane, three waves will be 
possible, the corresponding vibrations of the molecules being in three 
directions, at right angles to each other, though not, in general, parallel 
or normal to the wave-plane. Mr Haughton investigates the possibility 
of the vibrations being normal and transversal, and finds that for 
particular directions of wave (given in the paper) the vibrations are, 
two in the wave-plane, and the third perpendicular to it. He discusses 
also at length the other two cases, together with the equations of 
condition which hold in general at the limits, aud the geometrical 
interpretations of these conditions by means of the fixed ellipsoids. 

1515. The part of the memoir which really concerns us may 
be considered to be pp. 151 — 168, corresponding to what is given 
in Vol. I. of the Comb, and Bui. Math. Journal. Out of these the 
following pages of the memoir are not found in the Journal, 
namely 159 — 163 which treat of the reduction of the constants 
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from 12 to 9, and 166 — 168 which treat of the conditions at the 
limits. 

In connection with this memoir by Hanghton and another by 
him in Vol. xxii. of the Transactions of the Irish Academy, 
the reader may consult a paper by W. J. M. Kankine in the Gamh 
and Dublin Math. Jour., Vol. vii., 1852, pp. 217 — 234. 

1616. Samuel Haughton. On a Glassification of Elastic 
Media, and the Laws of Plane Wares propagated through them. 
This is published in the Transactiom of the Royal Irish Academy, 
Vol. XXII. 1855, pages 97 — 138; it was read January 8, 1849\ 

1517. So far as we are concerned with this memoir it may be 
said to consist in the establishment of the body-stress-equations 
of an elastic solid. They are given in the form 
fd^ru d^ dxz 

^ \ dx dy dz ' 

fd?v _ dm dyy dyi 

^ ) dx dy dz ’ 

/ dPw _ cZS cZsy dzz 

^\dt ) ^ dx"^ dy dz' 

The mode of obtaining them resembles that of which an account 
will be found in our notice of Haughton’s memoir of 1850: see 
our Art. 1520. 

The conditions 

zy = yz, xz = zx, yx=^xy 

are obtained as by Cauchy and Poisson, but Haughton adds 

^ [In this memoir Hanghton treats the rari-constant hypothesis as applying only 
to a particular class of bodies, and so to some extent retires from the position 
assumed by him in the memoir of May, 1846. But he reaches a very curious 
conclusion (pp. 126, 127), namely, that if the body consist of repelling and 
attracting molecules the function V can contain twenty -one independent constants. 
Ho supposes in fact the reduction to ff teen constants in his former paper to depend 
on the representation of the constants by definite integrals, and not on the 
assumption of molecnlar force being central. He thus apparently docs not under- 
stand why Green’s equations are more general than Cauchy’s. It is obvious 
that Haughton is in this section a i^ari-constant elastician in disguise, for if he 
accepts the hypothesis that the function V depends only on change in molecular 
distance he ought to reduce his constants to fifteen, and in the equations of 
p. 133 to one ; see Cauchy’s and Clausius’ memoirs noted in our Arts. 615, 616, 922 
and 1400. En.] 
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on p. 107, These writers seem to have considered them as 
necessary for all systems; but this is not true...”. The author 
proceeds to develope this remark, but I do not agree with him. 

1518. The most important bearing of the memoir is on the 
wave theory of light ; the author institutes comparisons between 
the different methods used by Fresnel, Cauchy, Green, and Mac- 
Cullagh : see p. 274 of the Report on Double Refraction by 
Stokes in the Bntish Association Report for 1862. 

The following remark as to the principle of Virtual Velocities 
occurs on page 116 of the memoir: 

The equation of virtual velocities, as stated by M. Poisson and other 
writers, supposes no virtual displacements but those for which equal 
and opposite displacements are possible; the correct statement of the 
principle is, that the sum of the virtual moments of the system can 
never become positive for possible displacements. For the full de- 
velopment of this important correction of the equation of virtual 
velocities, as given by Lagrange, I shall refer to a memoir of M. 
Ostrogi'adsky, contained in the Memoires de VAcadmiie de St Fitershourg, 
Tom. Ill, p. 130\ 

1519. It will be convenient to take together three papers 
published by Haughton in various volumes of the Camh. and Dublin 
Math, Jour, and entitled : Notes on Molecular Mechanics, 

I. On the general equations of Motion. Vol. v., 1850, 
pp. 172—176. 

II. Propagation of Plane Waves, Vol. viii., 1853, pp. 169 — 
165. 

III. Normal and Transverse Vibrations, Vol. ix., 1854, 
pp. 129—137. 

1520. The second and the third of these papers belong to 
the wave theory of light, and so do not fall within our range ; they 
cite a memoir by Jellett in Vol. xxii. of the Trans. R, Irish 
Acad. : see our Art. 1526. We have then only to notice the first 
paper ; the object of this is to establish the general equations of 

1 The folloNving errata in Haughton’s memoir may be noted : 

Page 111. In equation (14) in many terms 2 is omitted. 

Page 114. In equations (1C) supply -on the left-hand side ; this mistake ex- 
tends its influence further. The fact is that in this memoir Y has the contrary 
sign to the V of the first memoir. 



808 


HAUGHTON. 


equilibrium and motion. Two extracts from it will be of interest ; 
they are from the commencement of the paper. 

The equations which express the conditions of equilibrium and 
motion resulting from molecular forces have been investigated by many 
writers, and although the results arrived at have for the most part 
agreed with each other, yet the principles from which they have been 
derived have been so different, as to render this branch of mechanics 
less complete than many others on which less labour has been bestowed. 
In France, this subject has occupied the attention of Navier, Poisson, 
Cauchy, and St. Yenant, while at home it has been cultivated with 
success by Mr Green and Prof. MacCullagh in the case of Light, and 
by Mr Stokes in the case of Hydrodynamics and Elastic Solids 


I shall adopt the method of the M^ccmique Analytique of Lagrange, 
which is well adapted to such investigations as the present. In order 
to express by means of it the conditions of equilibrium and motion of a 
continuous body, it is necessary to distinguish the forces acting at each 
point into two classes, viz. molecular and external forces; including 
among the latter the resultants of the attractions of the points of the 
body which are situated at a finite distance, as these attractions result 
from gravitation, and should not be confounded with molecular forces. 
The forces being thus considered as divided into two groups, the equation 
of virtual velocities is the following : 

S + P'Sy + &c.) + S {Q^q + Q'^q' + &c.) = 0, 

P, P', &c. denoting the external forces, and Q, Q\ &c. the molecular 
forces. The hypotheses which I shall make as to the nature of the 
molecular forces are two in number ; first, ^ that the virtual moments of 
the molecular forces may he represented hy the variation of a single 
function^ i.e. 

( 1 ); 

and secondly, ‘ that if u, v, w represent the small displacements of any 
TTbolecule from its position of rest, x, y, z, ths function V depends on the 
differential coefficients of the first order of u^ v, w, i,e. 


where 


V=F{a.^, a^, 

^2’ 

1^2? Ti* *^2^ Ya) 

du 

du 

du 


II 



dv 

dv 

R 

II 


dm 

dw 

dw 





( 2 ), 



HAUGHTON-. 


809 


1521. It will be seen from this quotation that the assumptions 
on which the process rests are very clearly stated. By the ordinary 
methods of the Calculus of Variations the following equations are 
obtained which must hold at every point of the body in the case 
of motion : 



-A 

dV 

d 

dV 

d 

dV 


da ' 

da. 

^dy 

■ doL,^ 

dz 

■ da,’ 

d^v 

_d 

dV 


dV 

d 

dV 


da ' 


^dy ' 

'd^J 

dz ' 

’d^,’ 

dJ^w 

- §L 

dV 

£ 


d 

dV 

P df ° 

da ' 

' dr/^ 

'^dy' 


dz ' 

dy,’ 


where p denotes the density of the body. 

[1522.] Paper III. may be fairly neglected for our present 
purpose as its applications are purely to the undulatory theory of 
light, but there are one or two points in the second paper which 
may properly be referred to here. The function V has forty-five 
coefficients. These are only reduced in III. to twenty -one and after- 
wards to nine by a theorem of Jellett’s ; Haughton in III. (p. 134) 
finds two constants in the equations for wave-motion in an isotropic 
homogeneous elastic solid, but it seems to me that, if he adopts 
Jellett’s theorem to reduce his constants, he ought only to have 
one, for that theorem contains the hypothesis of uni-constant 
isotropy. The equations based upon the function Y are investi- 
gated in II. in a manner very similar to that of Lame and other 
writers for the case of a plane wave, but there are some additional 
points which deserve notice. Haughton investigates the possibility 
of: 

(i) A change in the amplitude so that the type of wave-shift 
takes the form 

Stt Cl 

— T ff • iTT /7 , , .s 

tt=jpcosa.e ^ sm — {la + my + nz — vt), 

where lx -f my + = 0 is a plane parallel to the wave front. 

It is shewn that the constant q must be zero, or motion is not 
possible. 
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(ii) A change in the amplitude so that the type of wave-shift 
takes the form 


u = COS a . e ^ sm — (lx + my + nz — vt), 

A/ 


It is shewn that in this case K must be equal to q. The 
amplitude is then a function of the phase, but its form does not 
indicate a diminished intensity of vibration. Haughton remarks 
that this agrees with a statement of Rankine’s and refers to the 
CamK and Dublin Math, Jour, Vol. vit. p. 218. I suppose the 
statement referred to is that contained in the footnote. It is to the 
effect that the function F, sinne it expresses the work, does not 
permit of a loss of energy by conversion into heat etc. Thus of 
course we might d priori have recognised the impossibility of such 
a shift-type as is suggested in (i). 

(hi) A change in the density of the medium being taken into 
account. In this case Haughton deduces’ that there will be a 
relation between the altered and primitive density of the form 

P = poe-^ (a). 

where 0 is the dilatation and he obtains equations of the type 




(j>), 


where 


a, == 


du 

dx’ 


du 




du 




But in obtaining equation (a) from the equation of continuity 
Haughton neglects such terms ^ ^ > hence it seems to me he 

d^u 

ought to neglect such terms as 6 in (6), which would reduce 

that equation to the usual form. 

He applies equation (&) to the case of plane wave motion and 
takes 


-—jjcosxcos-- {Ix+my'^wsL-vt) 

where x is the angle between the normal to the wave-face and the 
direction of vibration. Thus in order that p may not differ much from 
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Pq, 0 ^ must be nearly equal to a right angle, i.e. the vibration nearly 
in the wave-face ; or, if the vibration be nearly normal, \ must be 
very great, i.e. the velocity of normal vibration must be very great. 
As I have said, however, I am not satisfied with equation (6). 

[1523.] Samuel Haughton. On the Dynamical Coefficient of 
Elasticity of Steel, Iron, Brass, Oak and Teak Royal Irish 
Academy, Proceedings, Vol. viii, 1864, p. 86. This communication 
was made on February 10, 1862. It refers to some experiments 
the full results of which the writer proposes to lay later before 
the Academy. I am unaware whether any such later communi- 
cation was made. 

The noteworthy result of these experiments is that, according 
to them, the dynamical coefficient of elasticity or the ratio of 
the velocity of separation to the velocity of approach of the two 
colliding spherical bodies is not a constant, but diminishes according 
to some unknown law as the velocity of collision increases. 

The reader should, however, note the opposite conclusions of 
Morin and Hodgkinson, not to mention Newton : see Arts. 1183 
and 941. 

[1524.] A. Baudrimont. Experiences sur la tinaciU des metaux 
malUables faites aux temperatures 0, 100 et 200 degris, Annales 
de chimie et physique, T. xxx. pp. 304 — 311, 1850. This writer 
does little more than confirm Wertheim’s results; at the same time, 
he claims a priority of investigation, although not of publication. 
He points out that the tenacity of metals varies with the 
temperature, generally decreasing as it increases ; the rate 
of change in the tenacity is not in all metals proportional to 
the rate of change of the temperature. The peculiar nature of 
the tenacity of iron is noted : see our Arts. 1308 and 1353. 

In the same volume of the Annales, p. 507, are some Remarques 
d V occasion du memoir e de M. Baudrimont sur la tenadte des 
metaux by Wertheim. He vindicates his claim to priority in the 
determination of the influence of temperature on cohesion. A 
note of Baudrimont’s in reply will be found in the Annales, 
Tome XXXI. p. 508. The controversy is of no interest. 

Other memoirs of Baudrimont, including one presented to the 
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Acad^mie on December 30, 1850, will be considered in onr second 
volume. 

[1525.] J. Lissajous. Mdmoire sur la position des noeuds dans 
les lames qui vihrent transversalement : Annales de chimie et 
physique, T. xxx, 1850, pp. 385 — 410. 

This memoir may be said to complete the labours of Euler and 
Strehlke (see our Arts. 49, 64, and 356). We have six possible 
cases for the lamina : 

1°. Both ends free. 

2° Both ends built-in. 

3°. One end free, one end built-in. 

4°. One end free, one end fixed. 

5°. One end built-in, one end fixed. 

6°. Both ends fixed. 

By ‘ fixed * we denote the terminal fixed in position, but not in 
direction. Strehlke had considered case 1°, Lissajous considers 
all the cases calculating the roots of the transcendental equations 
which give the nodes, and verifying his results experimentally. 
The memoir is very important for the theory of sound, but it 
lies beyond the scope of our present enterprise to do more than 
refer to it. 

1526. John H. Jellett. On the Equilibrium and Motion of 
an Elastic Solid. This is published in the Transactions of the 
Royal Irish Academy, Vol. xxii, 1855, pp. 179 — 217 ; it was read 
January 28, 1850. 

In this memoir we have a very elaborate investigation of 
the equations for the equilibrium and motion of an elastic solid, 
the solid being regarded as an aggregate of molecules, and 
Lagrange’s method employed. Other writers who treat the 
problem in this way have assumed that the sum of the ' internal 
moments’ of a medium may be represented by the variation of 
a single function; but Jellett does not make this assumption. 

1527. The following extract gives an account of the basis of 
the memoir : 
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General Classification of Bodies. I. Hypothesis of Independent 
Action. II. Hypothesis of Modified Action, 

The classification which I propose here to adopt, and which forms 
tljo basis of the present Memoir, is founded upon the following very 
obvious principle. The force, or influence, which one particle or 
niolocule oxeiiis on another, may show its effect either by causing a 
change in its stata, or by causing a change in its position. Either or 
both of these changes may affect the influence which this particle in its 
tiun exerts upon any of those around it. Thus, for example if m\ 

be three 2 >articles acting upon each other by the ordinary attraction 
of gravitation, the action of qh’ upon m" will be modified by the action 
of m only so far as their distance from each other is changed by it. 
The atti'aotiou of m has no power to change the attraction of m' upon 
any other particle, except by altering its distance from that particle. 
But the case would bo altogether diflerent if wo supposed /a, 7n\ /a", to 
bti olrctrijiad particlcjs. In this case the action of vi upon 7iif would 
modify the action of that particle upon 7n'\ not only by changing the 
distance between them, but also by changing their electrical state, and, 
tlierefore, the force which each exerts upon the other. In the former 
case, if 7n' and v/i" mainbiin the same relative position, the force which 
they mutually exert remains unchanged. In the second, oven though 
the relative position of the two particles remains unaltered, their 
mutual action will be modified by tlio presence of a third particle. 
I^'roui tliis distinction an obvious classification follows. In the first 
class we place all bodies whoso particles exert upon each other a force 
which is mdepmrlejit of the surrounding particles j a force, therefore, 
wliich can bo changed only by a displacement of one or both of the 
particles under consideration. In the second class, which includes all 
other bodies, the mutual action of two particles is supposed to be 
affected by that of the surrounding particles (p, 181.) 

1528. The equations are then investigated on the Hypothesis 
of Independent Action: see pp. 182 — 193 of the memoir. They 
arc worked out without assuming the body to be Imnogeneous, 
This assumption is afterwards introduced: it is found that the 
equations now involve 54 coefficients. 

1529. The memoir proceeds on pp. 193 — 199 to discuss the 
assumption that a single function V exists by the variation 
of which the sum of the internal moments of the body may be 
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represented. It is found that the function F must involve 36 
constants. The form obtained for V is compared with forms used 
for the Theory of Light by MacOullagh and Green respectively; 
it is shewn that MacOuIlagh’s form is inadmissible, and that 
Green’s form is admissible only under conditions which 

would render the body uncrystalline, and therefore incapable of 
being generally identical with the luminous etherh 

The memoir then says : 

Hence we infer, that if the supposed luminous ether be a medium 
such as either of these writers assume it to be, the mutual action of its 
particles cannot be independent. In other words, we must suppose 
that in such a medium the capacity which each particle possesses of 
exerting force on any other particle, is modified by the action of the 
surrounding particles^ (p. 199). 

1530. The memoir, on pp. 200 and 201, considers the case in 
which bodies are composed of attracting and repelling molecules. 
The conclusion obtained is this: The equations of equilibrium or 
motion in a system of attracting or repelling molecules will in 
general contain thirty distinct constants. Then the additional 
supposition is taken that the sum of the internal moments may 
be represented by the variation of a single function ; the inference 
now is this: The equations of eqtdlibrium or motion of a body 

^ [This argument against Green, it should be noted, is not that raised by Saint- 
Venant: see our Art. 1364 and Glazebrook’s Re])ort on Physical Optics, British 
Association Reports, 1885, p. 171. It is only the result of accepting the ‘Hypothesis 
of Independent Action.’ En.] 

2 [This result apart from optical theories is of peculiar interest as showing 
that the multi-constant theory urges us to assume that intermolecular force is a 
function not only of intermolecular distance, but of the arrangement of surround- 
ing molecules. Yet this indirect action of a molecule <7 on a molecule B, by 
its influence on the action of A on B, would in most conceivable cases be either of a 
higher order than the direct action of A upon B or require time to produce its 
full effect. Thus suppose A, B and C were pulsating spheres in a fluid medium, 
the direction action of A on jB would depend on their distance and on the amplitudes 
of their pulsations, these amplitudes would, it is true, be influenced by the pulsating 
of C and by the position of <7, but the effect would be of a much smaller order than 
the dhect influence of A and B on each other’s pulsations and }Dosition. As a first 
approximation at least we should have rari-constant elasticity. Perhaps we have 
here the cause of the divergence in value between the elastic constants as 
determined by vibrational and statical methods : see our Arts. 931 and 1404. En.] 
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i)i which the Molecular force acts in the line joining the molecules^ 
and is represented hy a function of the distance, will contain fifteen 
distinct constants, 

1531. On pp. 202 — 205 the inomoir considers the Hypothesis 
of Modified Action, The discussion is summed up thus : 

It is unnecessary to pui'sue the consequences of this principle 
further ; for, as we have already seen, all the varieties of the general 
equations of motion, to the consideration of which the present Memoir 
is specially devoted, may be obtained from the more hmited pidnciple of 
independent action (p. 205). 

1532. Pp. 206 — 209 are occupied in pointing out the serious 
difficulties which must occur in applying the equations, as many 
writers on physical Optics do, to the transmission of undulations 
from one body to another with which it is in contact. If we take 
a point in one body nearer to the common surface than the radius 
of molecular activity, the integrals on which the coefficients depend 
cannot bo justly assumed to retain the same values as they have 
for a point remote from the common surface; they will not be 
constant but functions of the distance from the common surface. 
The form of the equations of motion will therefore be completely 
altered, by the change of constant into variable coefficients, and by 
the introduction of new terms. 

[1533.] Jellett sums up his conclusions on this point in five 
statements (pp. 207 — 208) which we reproduce here as they seem 
worthy of more consideration than has apparently been given to 
them : 

(1) That in the case of a single medium of limited extent, the 
molecules which are situated at a distance from the bounding surface 
less than the radius of molecular activity, move according to a law 
altogether different from that which regulates the motion of the par- 
ticles in the interior. 

(2) That it is impossible to assign this law without formulating 
one or more hypotheses as to the nature of the medium. 

(3) That if a plane wave pass through a homogeneous medium, it 
will not in general reach the surface ; that is to say, the motion of the 
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particles in and immediately adjoining the surface will not be a wave 
motion composed of rectilinear vibrations. 

(4) That if two media be in contact there will be a stratum of 
particles extending on each side of the surface of separation to a distance 
equal to the greatest radius of molecular activity ; and that the motion 
of the particles in this stratum is altogether different from that of the 
particles in the interior of either medium. 

(5) That, therefore, two media which are thus in contact, may be 
each perfectly capable of transmitting plane waves through them in all 
directions, and yet incapable of transmitting such a motion from one to 
the other ; and that even in the case of reflection, in which the motion 
is transmitted back again through the same medium, the vibrations may 
cease to be rectilinear. The phenomenon of total reflection affords an 
instance of this. 

Jellett can see no satisfactory answer to these objections and 
he thus finds difficulty in accepting the theories of reflection and 
refraction propounded by Cauchy, MacOullagh, Green, etc. 

1534. Throughout the memoir the coefficients are represented 
by integrals, and pp. 209 — 215 are devoted to examining how 
far this is admissible; special reference is made to Poisson’s 
opinion, expressed on p. 399 of his memoir of April, 1828, that 
summation could not safely be changed into integration. The con- 
clusion of the discussion is thus stated : 

The methods of the integral calculus are applicable to questions of 
molecular mechanics, provided that the molecular force varies continuously 
within its sphere of action ; and provided also that the sphere of molecular 
action is of such a magnitude as to admit of being subdivided into an 
indefinite number of elements, each element containing an indefinite 
number of molecules, 

[We may remark, however, that precisely similar results to 
those of Jellett maybe obtained without replacing the summations 
by definite integrals, i,e, by a method similar to that of Cauchy: 
see our Arts. 615 and 1400. Ed.] 

1535. The whole memoir deserves attentive study ; it is the 
clearest and most satisfactory of the numerous discussions of the 
problem by the aid of Lagrange’s method. The author refers more 
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than once to the memoir by Haughton published in the same 
volume: see our Art. 1516\ 

1536. James Clerk-Maxwell. On the Equilihrimn of Elastic 
Solids, The author of this paper is the present distinguished Pro- 
fessor of Experimental Physics in the University of Cambridge*; 
it is published in the Transactions of the Royal Society of Edin- 
burgh, Yol. XX. 1853, pages 87 — 120; it was read on February 
18, 1850. In the Table of Contents prefixed to the volume 
instead of solids we have by mistake fluids in the title of the paper, 

1537. The author alludes to the mathematical theories of elasti- 
city given by Navier, Poisson, and Lam6 and Olapeyron ; he holds 
that these are inconsistent with experimental results, citing those of 
Oersted : see our Art. 690, and considers that formulae involving 
only one coefficient are insufficient*. Accordingly he proposes to 

^ The following slip may he noted : 

Page 193 first line : such terms as P - 1 should be P + 1. 

2 [I have left these words as a record of the date when Br Todhunter 
wrote them. Clerk-Maxwell died in 1879. Bn.] 

® [The arguments used are of a natoe similar to those of Stokes : 

The insufiicienoy of one coefficient may be proved from the existence of bodies 
of difierent degrees of solidity. 

No effort is required to retain a liquid in any form, if its volume remain 
unchanged ; but when the form of a solid is changed, a force is called into action 
which tends to restore its former figure ; and this constitutes the difference between 
elastic solids and fluids. Both tend to recover their volume, but fluids do not tend 
to recover their shape. 

Now, since there are in nature bodies which are in every intermediate state from 
perfect solidity to perfect liquidity, these two elastic powers cannot exist in every 
body in the same proportion, and therefore all theories which assign to them an 
invariable ratio must be erroneous (p. 87). 

My objection to these arguments may be thus stated : Given a stress which exceeds 
the elastic limit, the strain will consist of two parts elastic strain and set, every such 
stress produces a definite amount of set. The uni-constant elasticians assert that 
their hypothesis holds only for the elastic strain and not for the set. Now in th€ 
ease of a fluid the elastic limits approach nearer and nearer, and the least stresf 
resulting in a positive stretch produces set, barely any elastic strain. The bi 
constant hypothesis which is needful for viscous fluids is a hypothesis as to set and 
not as to elastic strain. When we say that there are bodies in every intermediate 
state between solid and fluid, do we not mean that for any given stress we can fine 
bodies which can have for this stress every conceivable relative amount of elasti( 
strain and of set, t. e. bodies ranging from the perfectly elastic solid to the perfect^ 
setting fluid? Bn.] 

T. E. 


52 
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adopt as the foundation of his theory two axioms, of which he gives 
the following account : 

If three pressures in three rectangular axes he applied at a point in 
an elastic solid : 

1. The sum of the three pressures is proportional to the sum of the 
compressions which they produce, 

2. The difference between two of the pressures is proportional to the 
difference of the compressions which they produce. 

The equations deduced from these axioms contain two coefficients, 
and differ from those of hTavier only in not assuming any invariable 
ratio between the cubical and linear elasticity. They are the same as 
those obtained by Professor Stokes from his equations of fluid motion, 
and they agree with all the laws of elasticity which have been deduced 
from experiments (pp. 87, 88). 

1538. The author refers to the researches of Cauchy contained 
in his Exercioes d Analyse, Vol. III. p. 180, but the reference 
should be to the Exercises de matlidmatiques : see Art. 614 
of my account of Cauchy. The author says, with respect to 
Cauchy : 

Instead of supposing each pressure proportional to the linear 
compression which it produces, he supposes it to consist of two parts, 
one of which is proportional to the linear compression in the direction 
of the pressure, while the other is proportional to the diminution of 
volume. As this hypothesis admits two coefficients, it differs from 
that of this paper only in the values of the coefficients selected. They 
are denoted by E and k, and E=n--^m, k = m (pp. 88, 89). 

1539. The following reproduction of Maxwell's pages 90 — 92 
will exhibit his method of considering strain. 

The laws of elasticity express the relation between the changes 
of the dimensions of a body and the forces which produce them. 

These forces are called Pressures, and their effects Compres- 
sions. Pressures are estimated in pounds on the square inch, and 
compressions in fractions of the dimensions compressed. 

Let the position of material points in space be expressed by 
their coordinates x, y, z, then any change in a system of such 
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points is expressed by giving to these coordinates the variations 
Sx, Zy, hz, these variations being functions of x, y, z. 

The quantities Zxy Sy, Sz represent the absolute motion of each 
point in the directions of the three co-ordinates ; but as compres- 
sion depends not on absolute, but on relative displacement, 
we have to consider only the nine quantities : 

dSx dBx dSx dZy dZy dZy dZz dZz dZz 
dx ' dy ' dz ' dx ^ dy ' dz ' dx ' dy ' dz ' 

Since the number of these quantities is nine, if nine other 
independent quantities of the same kind can be found, the one set 
may be found in terms of the other. The quantities which we 
shall assume for this purpose are — 


1. Three compressions ^ in the directions of three 

principal axes a, yS, 7 ; 


2. The nine direction-cosines of these axes, with the six 
connecting equatio'ns, leaving three independent quantities ; 

3 . The small angles of rotation of this system of axes about 
the axes of cc, y, z. 

The cosines of the angles which the axes of y, z make with 
those of a, / 3 , 7 are — 

cos(aOa;) = cos(^ Ox) 6^, cos(70^) = c^, 

cos (a Oy) = a^, cos (/9 Oy) = cos (70y) = c,, 

cos (a Oz) = ag, cos {^Oz) — cos (yOz) = Cg. 

These direction-cosines are connected by the six equations, 

+ 6^2 4. ;= 1, 4- 6/ + = 1 , fl/ -f V + Cg® = 1, 

a,a, + 6^6, + CjCj = 0, a,a, + 6,6, + c^c, = 0, a,a, + 6,6, + c,c. = 0. 

The rotation of the system of axes a, / 3 , 7, round the axis of 

X, from y to ^•, = Bxi, 

y, from zix>x,^ 

z, from xtoy,= 5 %,. 

By resolving the displacements Sa, By, 8%,, 8^, in the 

directions of the axes x, y, z, the displacements in these axes are 
found to be 

Bx - a.Sa + 6,8/8 + 0,87 - B^^ + 

By = a,S« + 6 , 84 ? + 0,87 - + Bx^z, 

Bz = a^Bx + 6,8/8 + 0,87 - Bx^y + 

52—2 
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But Si = a^, S/3 = ) 8 ^, and 87 = 7 ^; 

and ' 


a = a^x + a^y 4- ^ + h^z, and 7 — 4- c^z. 

Substituting these values 8 a, 8 yS, and 87 in the expressions for 
Sx, Sy, Sz, and differentiating with respect to x, y, and z, in each 
equation, we obtain the equations 


dy 


a 2 ^2 7 

^=-/7«+M624.^.s 

«3 + - + 


l3 

dSx Sx , y r 8y 5j 
d8a? 8a , SyS , , 87 5, 

Ba , II , ^ j_ sj 


^ 8 y _ 8 a 
do? a 


a«a, 


S/3 


87 


8 a , 8;8 , j , 87 ,5, 

-^ = - ®s«i + -^ + - CA + 8 ;^;. 

^85 8a 8^ z z t S<y fN 

^ 6 A + ^ C,c, - 8 x, 


.( 1 ). 


.( 2 ). 


Equations ( 1 ) and ( 2 ) are purely geometrical results; equations 
( 1 ) coincide with the formula of my Art. 547 ; for the slides vanish 
for the principal axes. The other six equations I have not seen 
elsewhere ; by adding so as to form three from them by elimination 
Sxv SXnf SXs expressions for the slides very similar to that 

quoted in my Art. 1368, when we put in the latter the slides for the 
principal axes zero. But is Maxwell’s mode satisfactory ? Where 
does he use his hypothesis that a, JS, 7 refer to principal axes ? 
Implicitly in treating these compressions as the only relative dis- 
placements. 

It will be seen that neither the terminology nor the notation of 
Maxwell is peculiarly inviting. 
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1540. When we arrive at the mathematical investigations of 
the memoir concerning stress we see that something less is assumed 
than the verbal statement of the axioms would suggest : it is really 
assumed that the axioms hold with respect to principal tractions 
only. 

Let SS, 22 denote principal tractions; and assume that 

and also that 


These give 


XX — yy yy — sa as — a?a; 

dvb dv dv dv/ du 

dx dy dy dz dz dx 


£:=(n-im)e + m^, 


9 = (u — ^m) 6 + m 


dw 
dz * 


Then we easily deduce from equation (3) of Art. 669 that 
= oS cos® (xx') + w cos® (yx^) + ^ cos® {zx'} 

= (n - Iw) 0 + jw cos® (xx') + ~ cos® (y« ) + ^ cos® {zx') ■ , 
and by using equation (2) of Art. 663 this becomes 

— — ^ + 

Also we may write 6' instead of 9 since this quantity is an 
invariant ; so that for 55' we obtain an equation of precisely the 
same form as that for 55. Similarly we have for and ?? equations 
of precisely the same form as those for yy and S respectively. 
Again as in Art. 1368, 

iT? — S cos (j/'x) cos {z'x) + yy cos (y'y) cos (z'y) + Si cos (y'z) cos (/ z) 
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This easily follows by adding the fourth and sixth equations 
of (2) Art. 1539. 

Similarly J . 

The expressions thus found for the three tractions and 
the three shears practically agree with those of Maxwell. He 
assumes moreover that ‘‘n is the coefScient of cubical elasticity, 
and m that of linear elasticityh” To obtain these equations 
Maxwell relies partly on results demonstrated by Lam^ and 
Clapeyron, and partly on formulae which he obtains himself, so 
that on the whole it is somewhat difficult to apprehend his 
method. He obtains equations of bi-constant form for the 
stresses like those first given by Cauchy : see our Art. 614 ; these 
lead to the ordinary equations of equilibrium of elasticity with 
two constants. 


[1541.] On p. 95 Maxwell remarks that the shift-fluxions 


du 
dx ' 


^ must, if the temperature be variable, be diminished by 

a quantity proportional to the temperature. Thus he writes 
equations of the type : 

du /I 1 'N ^ 1 

^ = 19 ^ + ^ + m ^ + 


Which give for the tractions, equations of the type : 

= (g+g + ^- 3cg)+m(^^ - eg). 

The shears remain unchanged. Here cq is the stretch for a 
rise of temperature q, and Znc equals the ^ of our notation. 
This result agrees with that of Stokes. Maxwell does not, like 
Duhamel, give the equation for the flow of heat : see our Arts. 869, 
883 and 1266. 

Maxwell applies his equations to various interesting cases; 
some of these had already been discussed by Lam6 and Clapeyron, 
but the present investigations are more general as involving tivo 


1 Maxwell uses p. for the n of our account. It is eq^ui valent to our {3X + 2/i)/3 
(or to the dilatation-modulus F of our Appendix, Note B) ; his m is our 
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constants instead of one: see Art. 1010 of my account of Lam< 
and Olapeyron. 

1542. For example Maxwell’s Case III. is that which wi 
have in Lame’s Legons, p. 188, though not quite so full; 
developed : see my Arts. 1012 and 1087. 

Taking expressions for the stresses in cylindrical coordinatej 
such as equations (7) of Lamp’s p. 184, we easily get by addition, 

rr 4" </></> 4" ~ (3X 4- d 5 so that 

”■ = s):+¥^, ^ ’ 

^ X ^ - fu 1 dv\ 

^ 3xT^ t ’ 

... X ^ ^ dw 

Maxwell’s equations (18), (19), (20) practically coincide wit 
these three, allowing for dijfference of notation. He assumes tha 
S is constant, that v is zero, and that the expressions are ir 
dependent of the angle Further, Maxwell supposes a uniforr 
distribution of load over the inner and outer surfaces of hi 
hollow cylinder so that dwjdz is constant ; hence 0 and 5? + ? 
are constants. Thus H is zero and the first of the body-stres 
equations (Lam^, p. 182, (5)) reduces to 

5? — rr c2?r 

r dr ' 

which coincides with Maxwell’s equation (21). 

1543. In these examples Maxwell calculates what he term 
the ‘ optical effect of the pressure of any point.’ He does this o 
the following basis : 

I have found no account of any experiments on the relation betwee 
the doubly refracting power communicated to glass and other elast 
solids by compression, and the pressure which produces it; but tl 
phenomena of bent glass seem to prove, that in homogeneous singl; 
refracting substances exposed to pressures, the principal axes of pressui 
coincide with the principal axes of double refraction; and that tl 
difference of pressures in any two axes is proportional to the different 
of the velocities of the oppositely polarised r^s whose directions ai 
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parallel to the third axis. On this principle I have calculated the 
phenomena seen by polarised light in the cases where the solid is bounded 
by parallel planes (p. 90). 

[1544.] Thus if I be the ' optical effect ’ at distance r from the 
axis in Case III. of a hollow cylinder of height 6, in which the 
ray is transmitted parallel to the axis, Maxwell puts 
I = bco — h), 



where and are the radii of the two bounding surfaces, and 
the contractive loads upon them respectively, and to is a 
coefficient depending on the substance and probably a function of 
the linear elasticity: see p. 100 and Note C, p. 120 of the memoir. 

The words ‘ difference of pressures in any two axes * are under- 
stood by the author in rather a large sense ; for example, suppose 
that all the stresses vanish except the shear then 55 is taken for 


the difference of pressure : see p. 96, last line\ 

The quotation in the preceding article shows that Maxwell was 
ignorant of Neumann^s great memoir of 1841 : see our Art, 1185. 
Neumann is much more definite than Maxwell in his measurement 


of ‘optical effect:' see Arts. 1189, 1200. 


1545. Maxwell’s Case IV. relates to the equilibrium of a 
hollow sphere : see Lamp’s Legons,p?ige 198, and my Arts. 1016, 
1093. The elaborate equations which are obtained for a complete 
solution of the problem in all its generality are not required here, 
as it is assumed that v=0,w^0 and u is independent of '<|r. 
Thus in our notation, 

^ du 

rr = X6 + 2/^ ^ j 


^ ^ = \d 2yL6 ~ 5 

so that 6 (3X -f = Jr + 2J5. 

1 What Maxwell practically uses is the maximum-shear. Thus on p. 96, vk is 
the maximum-shear of the torsional strain, and by Hopkins’ theorem (see Art. 1368) 
the difference of the principal pressures is equal to twice the maximum-shear. 
To make the optical effect proportional to the maximum-shear, that is, to the 
maximum-slide, seems to me to give a better physical meaning as well as to in- 
troduce consistency : see my remarks. Art, 1189. 
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Hence the fii^t of the body stress-equations (Lamd, p. 198, (5)) 
reduces to 

2 . 

for there is no body-force. The equation just given agrees with 
Maxwell’s equation (36). 

[1546.] Under Case IV. Maxwell refers to the researches of 
Canton, Oersted, Perkins, Aimd and Regnault : see our Arts. 687 — 
691, 1013 and 1227. He does not however notice the extra- 
ordinary statement of Oersted to which we have referred in 
Art. 689. Oersted based his attack on the theory of elasticity 
upon the assumption that lead was 18 times as compressible 
as glass, which he had deduced from some experimental results 
of Tredgold, but as Wertheim has remarked the compressibility 
of lead is only 3 to 3J times as great as that of glass \ When we 
note this the difference between the theory of uni-constant isotropy 
and Oersted’s experiments presents nothing like the divergence 
that Oersted supposed. It is a divergence which might readily be 
accounted for by the w^ant of isotropy in a glass bottle and 
the readiness with which lead takes a set: see our Art. 1326 on 
Wertheim’s memoir of 1848 and Saint- Venant’s edition of Navier’s 
Legons, pp. 666 — 667. 

1547. Maxwell’s Case V. relates to the equilibrium of an elastic 
beam of rectangular section uniformly bent. This is connected 
with Case III. in the manner thus suggested: “By supposing 
the bent beam to be produced till it returns into itself, we may 

1 This result may be deduced from the Tables given in Thomson’s Article 
on Elasticity (Encycl, Brit.) If F be the dilatation-modulus, on the theory 
of uni-constant isotropy where E is the stretch-modulus. In Art. 77 

I find quoted on the authority of Everett that E for a certain glass specimen 
=i8{)4xl0® in the metric system. In the same article E for cast lead, such 
as Oersted’s bottle must have been formed out of, is given as equal to 177 x 10® 
on the authority of Wertheim, hence for cast lead jP=.^ (354 x lO^), or in this 
case the compressibilities of lead and glass are as 3 : 1. LooMng at such 
results it is hard for us to lay the same stress upon Oersted’s experiments 
as Maxwell and Stokes seem to have done : see Arts. 1266 and 1326. We hold 
that these experiments are absolutely inconclusive in regard to the constant- 
controversy : see our Art. 925. 
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treat it as a hollow cylinder.” An equation, numbered (46), is 
obtained involving two constants c and ; the determination 
of the former amounts to fixing the situation of the neutral line in 
the beam. Approximations are given to some exact expressions ; 
but the work of obtaining these approximations is not developed. 

[I do not follow Maxwell’s reasoning in this case at all. 
The section of a rectangular beam under flexure does not remain 
rectangular, and so I do not see how we can treat the beam as 
a portion of a hollow circular cylinder. For this reason I do 
not think Maxwell’s equation (46) is more exact than that given 
by the ordinary Bernoulli- Eulerian hypothesis, possibly less so. 
The section after flexure becomes an equiangular trapezium, of 
which however the sides originally perpendicular to the plane of 
flexure are curved, their curvature being opposite to that of 
flexure: see our figure on p. 793. How can this be obtained 
from a portion of a circular cylinder ? Ed.] 

1548, Case VI. is an example of the equilibrium of an 
elastic plate ; it is treated in a practical approximative way. The 
reader will see that equation (51) is found by integrating that 
which immediately precedes it ; then the equations of elasticity are 
obtained by assuming that we may use equations (19) and (20), 
and by taking a quantity ^ Qi^ as an approximate value of an 
unknown traction. 

[1549.] Case VII. deals with the following problem : To find 
the conditions of torsion of a cylinder composed of a great number 
of parallel wires bound together without adhering to one another. 

This is apparently an attempt to explain the anomalies which 
occasionally arise in applying Coulomb’s theory of torsion to 
experiments on cylindrical rods of a ‘fibrous texture.’ It is 
questionable whether the supposition of a cylindrical elasticity 
due to the working of the materials and causing the plane 
sections to become curved on torsion would not give a better 
result. 

Maxwell’s investigation does not seem to me very satisfactory. 
He says nothing as to how the terminals of his wires are treated. I 
judge that, if they were fixed, the torsion of his bundle might be 
due as much to the sum of the individual torsions of the wires 
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as to the effect of the tractions which have been produced by 
stretching them. There is a general reference to Young’s 
Natural Philosophy, I suppose the particular passage meant is 
VoL I. p. 139. 

1550. Case VIII. is interesting; it is thus stated : 

It is well known that grindstones and fly-wheels are often broken 
by the centrifugal force produced by their rapid rotation, I have 
therefore calculated the strains and pressure acting on an elastic 
cylinder revolving round its axis, and acted on by the centrifugal force 
alone \ 

[1551.] Maxwell’s work seems to me of very doubtful value, 
as he treats the traction perpendicular to the plane of rotation 
as negligible at every point of the stone. The result is an 
unbalanced shearing stress on every element of the free surface. 
This shear is comparable with the traction which he supposes 
to burst the stone. According to Maxwell’s equations the stone 
would burst first at the rim. His mechanical and optical results 
on p. 112 are hardly acceptable even as approximations with- 
out strong physical confirmation^ In addition he has taken a stress 
and not a strain maximum as the limit of elasticity (or, as he 
assumes, of cohesion.) 

1552. Maxwell now adverts to the influence of a change of 
temperature on the equations; and he illustrates this point in 
some of his Cases: see his pp. 95 and 112 — 114. We have 

1 2 

I In the second equation of (57) for ^ read ^ , and for t read 

® The problem of the giindstone has also been attempted by J. Hopkinson in a 
paper entitled : On the stresses produced, in an elastic disc hy rapid rotation : 
Messenger of MathematicSt Vol. ii. 1873, pp, 53 — 54. He does not refer to 
Maxwell’s discussion of the same problem, and so I suppose was ignorant of it. 
He also uses the stress and not the strain condition of rupture. Further, he 
neglects like Maxwell the traction perpendicular to the plane of rotation, but 
he arrives at different results because an equation from which he starts is 
erroneous. He has dropped an r in the term of his first equation. It 

is strange that he did not remark that his final values for the stresses are of 
wrong dimensions. 

The problem of the grindstone when treated without approximation involves 
four series of Bessel’s functions. 
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already referred to the memoirs of Duhamel on this matter : see 
Arts. 868 — 904 

[1653.] Of Cases IX. to XL, the first and last had been pre- 
viously treated by Duhamel. Maxwell in Case IX. applies his 
equations to the optical phenomena described by Brewster, when 
polarised light is passed longitudinally through the material of 
a hollow glass cylinder the exterior and interior surfaces of which 
are maintained at constant temperatures. Case X. is an appli- 
cation of Maxwell’s theory to the fact, noted by Brewster, that 
a polarizing force is developed when a solid cylinder of glass 
is suddenly heated at the cylindrical surface. I do not clearly 
understand how the temperature given by equation (63) is 
physically procurable or maintainable (see p. 114). The case 
is, however, interesting as shewing how stress may be determined 
from optical phenomena. 

[1554.] Case XII. is an attempt to take into account the slide 
in a horizontal beam loaded at the centre. It is practically identical 
with Saint- Venant’s first treatment of the problem in his Gours 
lithographU of 1837; the slide is considered uniform over the 
section: see our Art. 1571. 

[1555.] Case XIII. is an example of the superposition of strain, 
and what may be termed the ‘photography’ of the resultant 
strain by means of polarised light, (pp. 115 — 117.) 

[1556.] Case XIV. (p. 117) is a very valuable and interesting ex- 
ample of a method suggested by Brewster of determining the nature 
of a strain in an elastic solid by means of the colour-fringes ex- 
hibited by polarised light — what we have termed the photography 
of strain. We reproduce this case as it forms an excellent sample 
of Maxwell’s method and of a mode of analysing strain which 
has hardly been given sufficient prominence notwithstanding the 
memoirs of Neumann and Maxwell. 

Sir David Brewster has pointed out the method by which polarised 
light might be made to indicate the strains in elastic solids ; and his 
experiments on bent glass confirm the theoides of the bending of beams. 
(See our Art. 698, and footnote, p. 640.) 
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The phenomena of heated and unannealed glass are of a much more 
complex nature, and they cannot be predicted and explained without a 
knowledge of the laws of cooling and solidification, combined with those 
of elastic equilibrium. 

In Case X. I have given an example of the inverse problem, in the 
case of a cylinder in which the action on light followed a simple law ; 
and I now go on to describe the method of determining the pressures in 
a general case, applying it to the case of a triangle of unannealed plate- 
glass. 

The lines of equal intensity of the action on light are seen without 
interruption by using circularly polarised light. They are represented 
in fig. 1, where J, BBB^ DDD are the neutral points, or points of no 
action on light, and OGO^ BEE are the points where that action is 
greatest; and the intensity of the action at any other point is determined 
by its position with respect to the isochromatic curves. 

The direction of the principal axes of pressure at any point is found 
by transmitting plane polarised light, and analysing it in the plane 
perpendicular to that of polarisation. The light is then restored in 
every part of the triangle, except in those points at which one of the 
principal axes is parallel to the plane of polarization. A dark band 
formed of all these points is seen, which shifts its position as the 
triangle is turned round in its own plana Fig. 2 represents these curves 
for every fifteenth degree of inclination. They correspond to the lines 
of equal variation of the needle in a magnetic chart. 

From these curves others may be found which, shall indicate, by 
their own direction, the direction of the principal axes at any point. 

These curves of direction of compression and dilatation are repre- 
sented in fig. 3 ; the curves whose direction corresponds to that of 
compression are concave towards the centre of the triangle, and intersect 
at right angles the curves of dilatation. 

Let the isochromatic lines in fig. 1 be determined by the equation 

<j> {x,y) = lle=m{q-p)lz 

where I is the difference of retardation of the oppositely polarised rays, 
and q and p the pressures in the principal axes at any point, z being the 
thickness of the plate. 

Let the lines of equal inclination be determined by the equation 
^2 2^)=tan<^ 

^ being the angle of inclination of the principal axes; then the 
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differential equation of tlie curves of direction of compi’ession and 
dilatation (fig. 3) is 

^2 y) = dyjdx. 

By considering any particle of the plate as a portion of a cylinder 
whose axis passes through the centre of curvature of compression we find 

(q—p)lr = dpldr. 

Let p denote the radius of curvature of the curve of compression at 
any point, and let s denote the length of the curve of dilatation at the 
same point, 

q-p = pdplds, 

and since q—p, p and s are known, and since at the surface, where 
y) = 0, p = 0, all the data are given for determining the absolute 
value of p by integration. 

[1357.] We have thus the graphical solution of the problem. 
Maxwell remarks in conclusion that his curves shew the correctness 
of Sir John Herschell's ingenious explanation of the phenomena of 
heated and unannealed glass. He gives no reference. Herschell 
discusses the optical effect of strained and heated glass in his 
Treatise on Light, London, 1854, §§ 1083 — 1108. Maxwell of course 
refers to an earlier work, but I do not know what explanation he 
has in view. 

The memoir concludes with a few notes of which the 
first recapitulates some results of Lamd and Clapeyron, and the 
second states the experiments on which Maxwell bases his some- 
what artificial fundamental axioms : see Art. 1537. 

1558. The memoir of Maxwell is noticed in the following 
places: Cambridge and Dublin Mathematical Journal, Vol. vi. 
p. 185 ; Moigno’s Statique, p. 657 ; Fortschritte der Physik in den 
Jahren 1850 und 1851, p. 255. The last of these refers with 
respect to the optical phenomena noticed in Arts. 1544 and 1556 to 
the memoir by Neumann of 1841 : see our Art. 1185. 

[1559.] Summary. The activity of this decade is remarkable, 
not only on the physical and technical side but in pure theory. 
On the technical side it is no longer suspension bridges, but 
practical railway needs, which call forth not only innumerable 
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experiments on iron, but corresponding developements of theory. 
The investigation of resilience problems by Stokes, Willis and Cox 
is a noteworthy example of theory directly produced by technical 
needs. The technical papers of the period abound with material 
suggesting profitable lines of mathematical, or physical investi- 
gation. We see the theory of elasticity applied with success to 
such vast structures as the tubular bridges of Stephenson, and at 
the same time the construction of those bridges reacting upon 
theoiy, by shewing the need of rectification and of developement. 
In this period also, following up the researches of Brewster, 
Neumann and Maxwell throw open the immense new field of 
photo-elasticity; while Wertheim and others explore the wholly 
unbroken ground upon which electricity, magnetism and elasticity 
meet. The vibratory motion of elastic solids is considered by 
Blanchet, Stokes and Haughton, although with these scientists 
the needs of the undulatory theory of light are predominant. 
The controversy over the rari- or multi-constancy of the elastic 
equations receives new light from memoirs of Stokes, Wertheim, 
Clausius and Jellett; while a host of physical and technical 
investigators enlarge our knowledge of set, of after-strain, and of 
the molecular conditions which influence elasticity as well as 
cohesion. Not in one country alone, but throughout the length 
and breadth of Europe we find men foremost in three of the great 
divisions of science (theoretical, physical and technical) labouring 
to extend our knowledge of elasticity and of the subjects akin to 
it. This, apparently spontaneous, labouring to a common end -is 
not only of interest to the historian of modem science, it is full of 
meaning for the historian of human developement. 



CHAPTER IX. 


SAINT-VENANTS RESEARCHES BEFORE 1850. 

[1560.] We now come to one of the most eminent of living^ 
elasticians; in his earliest writings and in the Royal Society 
Catalogue of Scientific Papers his name is given as Barrd de Saint- 
Venant, but he is usually quoted as Saint-Venant. We confine 
ourselves in this chapter and volume to his earlier researches — 
those before 1850. 

[1561.] Legons de micanique appliqude faites par intirim par 
M, de St-Venantj Inginieur de$ pouts et chaussdes\ 1837 k 1838. 

This is the Cours lithographid frequently referred to by Saint- 
Venant himself, and constitutes the first contribution of our 
author to the subject of elasticity. It consists of lithographed 
sheets on the topic of the lectures given to the students. It 
is interesting to note that these lectures were delivered by Saint- 
Venant as deputy for the then professor of mechanics, Coriolis, at 
the Ecole des pouts et chaussdes. 

[1562.] Remarks on the contents of these lectures by Saint- 
Venant himself will be found in: FoticB sur les travaux et titres 
scientifiques de M. de Saint-Venant, Paris, 1858, pp. 3 — 6, and Ihid, 
Paris, 1864, pp. 3, 4, with several further references. These works 
were presented on successive candidatures for vacancies in the 
mechanical section of the Acaddmie des Sciences. We may also cite 
the references in the Historique Abregd (pp. cxxiii, ccxii, and else- 

^ M. de Saint-Venant died while these pages were in type : January 6, 1886. 

2 This work has of course never been for sale, and I owe the possibility of giving 
some account of it here to the extreme kindness of M. de Saint-Venant, who very 
readily lent me a copy as well as pointed out those portions which presented novelty 
of troatment~a kindness which I hope my readers will appreciate as I do. , 

T. E. 53 
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where in the same work). The preliminary observations of the 
Cours are characteristic of the time and of the writer. We must re- 
member that notwithstanding the splendid theoretical discoveries 
of Navier, Poisson and Cauchy, the only ^ practical theory ’ which 
was still to be found in mechanical text-books for the ever- 
recurring beam problems was the Bernoulli-Eulerian hypothesis in 
more or less modified forms. The application of the general 
equations of elasticity to the problems of the flexure and torsion 
of beams had yet to be made. Practical engineers like Eobison 
and Vicat (see Arts. 145, 735) were disgusted with mathematical 
theories and advocated what Saint- Venant here appropriately 
terms V apprdciation par se^itiment To reinstate theory in its true 
place, to make the theory of elasticity of practical value has 
been the life-work of Saint-Venant. Much of what he writes 
in the Cours of the relation of theory to practice deserves to be 
printed; we regret that our space only permits us to cite the 
following passages, which are so suggestive for the direction taken 
by the a'uthor's after- work. 

L’usage des mathematiques cessera de s’attirer des reproches si 
on le referme dans ses vraies limites. Le calcul pur est simpletnent 
un instiument logique tirant des consequences rigoureuses de premisses 
poshes et sou vent contestables. La mecanique y joint bien quelques 
principes physiques que Texp^rience a mis hors de contestation, mais elle 
laisse aux experiences particulieres le soin de determiner quelles forces 
sont en jeu dans chaque cas, et il rhgne toujours k cet 6gard plus 
ou moins d’incertitude qui affecte necessairement les resultats. Ces 
resultats ne doivent point etre consideres comme les oracles, dictant 
infaillibleinent ce que Ton doit decider ; ce sont de simples renseigne- 
ments, comme les depositions de temoins ou les rapports d'experts 
dans les affaires judiciaires, mais des renseignements extremement 
precieux et dont on ne doit jamais se priver, car il est extremement 
utile k la determination que Ton a a prendre, de connaitre la solution 
exacte d’un probl^me fort rapproche de celui qui est propose, et 
de pouvoir se dire, par exemple, ‘‘si les efforts etaient exactement 
tels ou tels, les dimensions ^ donner seraient telles ou telles.” De 
cette manieT’e le champ de V appreciation instinctive se trouvera reduit 
aux differences qui ne peuvent pas etre le sujet du calcul theorique ; 
et Ton voit que ces deux methodes, loin de s’exclure, peuvent coiicourir 
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ensemble, se suppleer et s’aider mutuellement, se contrdler mSme 
quelquefois, — enfin contracter souS les auspices du bon sens, une 
alliance feconde en resultats utiles sous le double rapport de la 
convenance et de Teconomie. 

Speaking of the imperfections of the then existing theory, 
Saint-Venant says : 

Si ces imperfections sont malheureusement nombreuses, cela vient 
de ce que la science appliquee est jeune et encore pauvre; avec 
ses ressources actuelles, elle pent d€j^ rendre de grands services, mais 
ses destinies sont bien plus hautes : elle offre un champ immense 
au zcle de ceux qui voudront Tenricbir, et beaucoup de parties de 
son domaine semblent m^me n’attendre que des efforts I6gers pour 
produire des resultats d’une grande utility (p. 2). 

[1563.] We will now note the novel points of the Oours. Be- 
ginning with some account of the labours of the great French elas- 
ticians, Saint-Venant corrects their definition, based on the mole- 
cular theory, of stress across an elementary plane at a point in a 
body. He gives sufiScient reasons for his own definition, shewing 
that the old definition, although agreeing with his in its results on 
certain suppositions as to the distance between molecules and 
the radius of the sphere of molecular activity in relation to 
the dimensions of the elementary plane, is yet likely to lead 
to diflSculties — such even as Poisson had met with\ Saint- 
Venant’s own definition of stress across an elementary plane 
is — ‘ the resultant of the actions, whether attractive or repulsive, 
%vhich the molecules situated on one side of the plane exercise 
upon the molecules upon the other side, when the direction 
of these actions traverse the plane.’ The older elasticians define 
this stress as ‘ the resultant of the actions of all the molecules 
situated on one side of the elementary plane — considered as 
indefinitely produced — upon all the molecules contained in the 
interior of a right cylinder situated upon the other side of the 
plane which is taken as base of the cylinder.’ 

Compare our Articles 426, 440, 546, 616 and 678 — 679. 

[1564.] On p. 9 begins an interesting dissection of strain as 

1 Saint-Venant refers to the Journal de V&olc pohjtecJmiqvc, 20® CaUer, Arts. 
49, 50, 51, 53, etc. 


53—2 
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appearing in the stress-strain relations. We here find the term 
glissement introduced and defined. This is probably its first 
accurate treatment in the history of our subject : see Appendix, 
Note A (6). We reproduce the original definition : 

Glissement des molecules d^un corps, sur une petite face prise 
h I’int^rieur, — la tangente du petit angle form6 par une perpendiculaire d, 
cette face apr^s qu’elle s’est deplac^e avec les molecules adjacentes 
et par la droite materielle qui y 6tait primitivement perpendiculaire 
et qui s’est aussi deplacee. 

Glissement estime suivant la direction d’une droite tracee sur 
la face, — la tangente du meme angle projete sur le plan normal A la face 
passant par la droite donnee. 

To the first paragraph we have cited Saint- Venant puts 
the foot-note : 

Dans le mouvement des faces et des lignes entrainees avec les 
molecules primitivement adjacentes k ces faces ou h ces lignes, nous 
supposons que les faces restent planes et que les lignes restent droites : 
cela est permis A cause de leur etendue snpposee tres petite, et do 
la r^gularite qu’on suppose exister, si ce n’est dans les deplacements 
des molecules elles-m^mes, au moins dans les deplacements des points 
qui occupent des positions moyennes entre des molecules qui les 
environnent (p. 11). 

In the section the double-suffix notation is used, possibly 
for the first time : see Art. 610, footnote. 

[1565.] With regard to the general question of slides and the 
corresponding shears, we may remark that Coulomb had considered 
the effect of shear in producing rupture in his: JEssai sur une 
application des regies de maximis et minimis d quelques Pro- 
bUmes de Statique, relatifs d V Architecture {Savants itrangers 1773, 
page 348 et seq,: see also our Art. 120). His theory however 
is not tenable. On the whole a more scientific view was 
presented by Young who, in his Lectures on Natural Philosophy, 
devoted some space to what he termed 'lateral adhesion," or 
considering the corresponding strain ' detrusion " : see our Art. 143. 
Young however gave no mathematical theory of the subject. 
Slides of course appear, although not under the name of glisse- 
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7nents, in the investigations of Poisson and Cauchy, but their 
neglect in the ordinary theory of beams does not seem to 
have been regarded, and enabled Vicat in 1833 to make his 
vigorous protest against the mathematicians: see Art. 735. This 
probably induced Saint-Venant to consider the matter more 
closely, and we have the first-fruits in this Cours : see Appendix, 
Note A (6). 

[1566.] We may note a remark of Saint-Venant’s on p. 12 
that it would be better to term tension or traction what is usually 
termed pressure, although he retains the latter word as sanctioned 
by usage. It is interesting therefore to find him in his edition 
of Clebsch writing : 

C’est une heureuse innovation de Clebsch, que d’appeler ces forces 
on r^snltantes d’ actions moleculaires tensions on tractions et non 
pas (Foot-note, p. 18.) 

The word xised by Clebsch is ZughrafL 

[1567.] Pp. 16 — 17. Saint-Venant states that the true me- 
thod of ascertaining the strength of a given body is to calculate 
the greatest stretch produced by loading it in the required fashion. 
This stretch must be less than a definite quantity, to be determined 
experimentally. He shews that the calculation cannot be made 
on the basis of the greatest traction not exceeding a certain amount, 
for this only agrees with the former in certain cases. We have 
here clearly pointed out an error made by innumerable English 
and German engineers and even perpetuated by such theoretical 
authorities as Clebsch {TheoHe der Elastidtdt, S. 134 — 138 and 
elsewhere) and Lamd: see our Arts. 1013, 1016, footnotes. 

[1568.] The now well-known theorem that the superposition of 
small strains is productive of the sum of the corresponding stresses 
is here probably stated distinctly for the first time : 

Les pressions r^pondant a divers petits d^placements ont pour 
resultante la pression qui proviendrait de d^placements equivalents ^ 
tous ceux-ci ensemble (p. 15 : see its xise on p. 31). 

The word displacement here must be taken as relative dis- 
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placement, the theorem holds for the strains, not necessarily 
for the shifts* See however on this theorem Art. 929. 

[1569.] On p. 18 Vicat’s protest (see Arts. 721, 725, 735) is 
mentioned and also the disagreement of his results with Coulomb's 
theory of shear (see Art. 729) ; the latter however is not here 
criticised. 

[1570.] A geometrical proof (noAv to be found in some text- 
books) is given that a slide consists of two stretches — one positive 
and the other negative and both equal in magnitude to half 
the slide — in directions making angles of 45° with that of the 
slide (p. 20). This is again, I believe, the first appearance of 
this result. It supposes that the squares of the shift-fluxions may 
be neglected. 

[1571.] We now reach a very suggestive, if not quite satis- 
factory, attempt (p. 23) to introduce the consideration of slide 
into the ordinary (Bernoulli-Eulerian) theory of beams. While the 
sections are supposed, owing to the slides, no longer to bo normal 
to the axis, they are still treated as plane; the slide is also 
treated as constant over a section. The maximum stretch is then 
obtained at any point when the slide is taken into account. 
The well-known formula for the maximum stress involving a 
radical (see Art. 995 and Saint-Venant's Legons de Navier, p. 227) 
then makes its appearance for the first time in the history of our 
subject (p. 27). In the following year it was approved by Poncelet 
and has since (England excepted 1) been universally adopted. 

[1572.] On p. 44 we find some general remarks on a method 
for solving the problem of a beam subjected to any system of 
loads (this includes the ‘statically’ indeterminate problem of a 
body resting on more than three supports). We shall refer again 
to this method when mentioning its more complete development 
in the memoir of 1843. Here however we may quote a paragraph 
(§ 47) which contains a fact still repeatedly neglected in the 
elementary text-books^ : 

^ An exception ought to be made in favour of Cotteriirs Applied Mechanics; see 
p. B68. Still even in this excellent work a qualifying remark might well have been 
introduced in using the old theory (e.g. p. 339). 
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On doit fairc attention, en mettant en pratique cette metliode 
generale, qu’il n’y a que les elements encastr^s on assujetis d’une 
niani^re quelconque qui soient astreints, ou k rester dans la meme 
direction, ou k faire constamnient des angles donnes avec d’autres 
elements. Ces conditions ne doivent pas etre appliquees aux elements 
immediatement adjacens k ceux assujetis, car nous avons vu (§27) que 
si les glissements transversaux ne sont pas negligeables, deux elements 
contigus d’une m6me piece qui faisaient un angle infiniment petit avant 
les deplacements peuvent, apr^s les deplacements, faire un angle 
fini quoique fort petit. Si done on pose les equations, comme il est 
commode de le faire, seulement pour les parties des pieces qui sont en 
deliors des encastrements ou des assemblages, il ne faudra pas exprimer, 
dans les equations de condition, que les premiers elements de ces parties 
ont une tangente commune avec les elements assujetis, mais qu’ils 
font avec ceux-ci les petits angles determines en grandeur et en 
direction par les quantites Pt/fim j relatives. 

Here represents the total shear parallel to the section u), 
and iM is the slide-modulus. 

[1573.] The first part of the Ooirn fills 48 pages, and we have 
noted the more interesting points in it. The second part, entitled : 
Sommaire destin6 provisoiremeiit d faire suite d la partie ridigee^ 
contains 28 pages, upon which we will make a few remarks. 
The third part, on steam-engines, does not concern us here. 

The second part commences with a considerable number of 
examples in which the formula of Saint-Venant for rupture is ap- 
plied, occasionally in a form where the slide is neglected. We may 
draw attention to pp. 11 — 14, where curved pieces of constant 
section fixed at the extremities and placed in a vertical plane, so 
that they are symmetrical with regard to a vertical force applied 
at their summit, are treated of. The peculiarity of the treatment 
is the consideration of the slides. As the slides are considered 
constant over the section, the results even in the following 
case of the circular arc must be looked upon as approximations. 

If, 2P be the vertical force, 

Q the horizontal component at either point of support, 

r the unstrained radius of the arc (supposed circular), 

0 ) the section of the piece, 
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<l> the inclination of the tangents at its terminals to the 
horizontal, 

JS the stretch-modulus and G the slide-modulus, 
coK^ the moment of inertia of the cross section about a hori- 
zontal line in its plane through the central axis of the arc, 
then Saint-Venant finds for the value of Q the expression 

i "“g (f cos.^ -hcos<A-1) 

Jsin^cos<?5>)+— (^<j!>-|sin<55)C0s<56)+^— 2 (|<^>-|sin<i6cos<^+<^cos®<5f>) 
Compare the results cited in out Arts. 278 and 1468. 


[1574.] If we suppose <j) very small, or the length of the chord 
2a very great as compared with the sagitta b, this reduces to 




The depression is given by 

Pa“ , 25 Pa/, , 25 
128P<a/E* ^ 16 jb'm V 64 hV 


Saint-Venant remarks that, as the first term is generally the 
most important, the depression is only 3/128 of that which 
it would be for a beam of length 2a loaded in the middle with 
a weight 2P. 


[1575.] The next problem treated (pp. 13 — 14) is that of a 
circular ring of radius r placed vertically upon a horizontal plane 
and loaded on the top with a weight 2P. Saint-Venant finds the 
depression^ 

^ /TT _ 4\ Pr® 

“"U Ecok^^ 


and the extension of the horizontal diameter = 



Pr® 


[1576.] Then follow results similar to those of Euler, Lagrange 
and Heim (see Arts, 65, 86, 106, 910), and the part concludes with 

1 In the' text the halves of these values are given, but the values cited in the 
Comptes rendus t. xvii. p. 1024 seem to me the correct ones. 
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some interesting examples of problems in which several stmts 
support one load, or one beam is loaded at several points. 

[1577.] We have not thought it needful to criticise certain 
portions of the work which are now-a-days superseded, for the 
very good reasons that the work has never been published, and 
that it is to the author himself that we owe the correction 
of the old theories. He would be the last to consider it without 
faults ^ 

Nevertheless this Goiirs is peculiarly interesting, as it clearly 
suggests the lines of thought which were opening up before 
the great elastician and bears in it the germs of much of his 
later work. For this reason, as well as for the important points of 
our science which it first elucidates, we have not hesitated to 
consider it at some length. 


[1578.] The next work of Saint-Venant which we have to 
notice is entitled ; Mdmoires sur la ItSsistance des Bolides suivis de 
deitCD notes sur la flexion des pieces d double courbure^ Paris, 1844. 
This is an offprint, with preface, of the following papers : 

I. Sicr le calcul de la risistance et de la flexion des pilces solides 
d simple ou d double courbure, en prenant simultan6ment en con- 
sideration les divers efforts auxqueU elles peuvent etre soumises dans 
tons les sens. Extrait des Comptes rendus, t. xvii. pp. 942 — 954, 
Oct. 30, 1843. 

IL Integration dlune equation differentielle qui se presente 
dans la TheoHe de la flexion des verges eiastiques. Extrait du 
Journal de inathematiques (Liouville), t. ix. 1844, pp. 191 — 192. 

III. Suite au Memoire lu le 30 octobre 1843, (I) Comptes 
rendus, t. xvii. pp. 1020—1031. 

IV. Sur la torsion des prismes d base rectangle {et d base 
losange et sur une petite correction numerique d faire subir, en 

1 Saint-Venant himself writes in his characteristic fashion to the Editor : “ Vous 
verrez que mes Lemons de 1887 ont un tdtonnement rempli de fautes.’* We 
may add that considering the haste in which they were prepared, their value is 
surprising. 
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gineraly aiix moments de torsion] (traiMe d la maniere de Oauchyy. 
Extrait des Gomptes renduSy Nov. 20, 1843, t. xvii. pp. 1180 — 
1190. 

y. Sar r^tat d'dquilihre d\ine verge dlastique d double conrhure 
lorsque les diplacements iprouvis par ses pointSy par suite de Vaction 
des forces qui la sollicitenty ne sont pas tres~petits. Extrait des 
Gomptes rendus, July 1, 1844, t. xix. pp. 36 — 44. 

VI. A Beuocihme notSy with the same title as V., appears as an 
extrait des Gomptes renduSy July 15, 1844, t. xix. pp. 181 — 187. 

In the preface Saint-Venant states that these six memoirs, 
printed only in extract, have for object the completion, correction 
and simplification of several points in the usual theory of the 
resistance of the solid bodies used in constructions. He further 
points out that proofs of various results merely stated in one 
memoir will be found in the others. We proceed to consider these 
memoirs individually. 

I., III. and IV, were referred to a committee consisting of 
Poncelet, Piobert, Lamd and Cauchy ; their report was drawn up 
by Cauchy and is printed on pp. 1234 — 1236 of the Gomptes 
renduSy t. xvir. The report speaks very highly respecting the 
communications, concluding thus : 

Les perfectionnements que les formules do M. do Saint-Venant ont 
apportes a la m^canique pratique, ainsi qu’^ la niecaniqno vatioiinolle, 
ont ete tellement sentis, que plusieiirs d’entre dies sont doja pass6cs 
dans renseignement, ct ont ete donii6es, on particulier, dans le cours fait 
par notre confrere M. Poncelet k la PacuItC' des Sciences. 

En resume, les divers M^inoires do M. de Saiut-Venaiat nous 
])araissent justifier pleinement de la I'eputafcion que cet habile ingenieur, 
qui a toujours occupe les premiers rungs dans les promotions k TEcolo 
Poly technique, s’est acquise depuis longtemps. Nous les croyons tr6s- 
dignes d’etre approuvc's par rAcadcinie et ins6r(is dans le liecudl des 
Memoires des Savants Urangers, 

[1579.] I do not think however that any further publication 
took place. IV. seems to be completely given in the Gomptes 

1 In the corrected copy of these offprints with which M. de Saint-Vonant favoured 
the Editor, the title is altered by the substitution of the words in round brackets for 
those in looped brackets. Sections 1”, 2“, and Id*’ wore also erased. 
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rendus ; but of the communications I. and III. all we have 
in the Gomptes rendus is the author’s abstract. These com- 
munications may be considered to be to some extent superseded 
by the later researches of Saint-Venant, namely the memoir on 
Torsion of June, 1853, and the memoir on Flexure of 1856. 

[1580.] § 1 of I. entitled: Exposition, criticises the old Ber- 
noulli-Eulerian theory of flexure and contains the following 
remarks : 

Jo clierche, dans nion Memoire, h combler ces lacimes, ^ rei)arer 
cos inexactitudes et a faire disparaitre toute complication inutile. 
Je fais entrer dans le calcul les effets de glissement lattol dus A 
ces composantes transversales dont remission a et6 I’objet principal 
d’uno sort© d’accusation portae par M. Yicat centre toute la th6orie 
do la resistance des solid es (hoe our Art. 725). Je montre com- 
ment, A Taide d^une seconde Equation de moments transversaux, on 
resout tr^js-simplement ce cas general signals par M. Persy (see our 
Art. 811), oA r6quilibre pos6 comme A Pordinaire ne saurait exister, et 
oA la flexion de la pi^ce se fait n^cessairement dans une autre direction 
que cello oA elle est sollicit^e A flechir. J’6tends les calculs de resistance 
aux cas de flexion et torsion simultanles qui doivent s’offrir souvent si 
Ton consider© qu’une piece tordue ne Test presque jamais par ce qu^on 
appelle un couple. Je tiens conipte de ce que les sections planes 
deviennent gauches, de ce qu^elles s’inclinent un pen sur la fibre 
ceiatrale, et de ce que les fibres exercent les unes sur les autres une 
action qui n’est pas tout A fait A negliger. Je donne des Equations 
differentielles nouvelles pour les petits deplacements des points des 
pieces courbes A double courbure, ct les integrales, d’une forme tres- 
simple, que j’ai tiroes de ces trois Equations simultanees du troisieme 
ordre A coefficients non-constants. 

Saint-Venant also remarks that his memoir contains several 
practical applications and that some of his results had already 
been given in his Cours litliographid. 

[1581.] § 2 is entitled : Equations d'dquilibre des forces inte- 

rieures et extdrieures (pp. 944 — 946). It involves a treatment of the 
equilibrium of a prism subject to flexure, when account is taken of 
the slides and of the forces producing flexure not lying in the same 
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plane as that of flexure. A formula of Cauchy’s for the torsion of a 
rectangular prism is assumed, which Saint-Venant at that time 
thought applicable to a prism of any section, but as he has shewn 
later it is only applicable to an elliptic section. The noteworthy 
part of the paragraph is the taking moments about the principal 
axes of the section to obtain the plane of flexure. This is the first 
consideration of this point, and it may perhaps have been suggested 
by a remark of M. Persy : see our Art. 811. 


[1582.] § 3 is entitled : Condition de resistance d la rupture ou 
d ValUration de VelasticiU (pp. 947 — 949). This is the consideration 
of the formula involving a radical, which gives the maximum- 
stretch in a prism subject to flexure, when the slides are not 
neglected. As we have already seen, this formula was first given 
in the Cours lithographic (Art. 1571). A more complete discussion 
of this formula as well as the matter of the preceding section will 
be found in the memoir on Torsion of 1853 (pp. 316 — 320) and in 
Saint-Venant’s edition of Navier’s Legons (pp. 220, 371 etc.), to both 
of which we shall return later. There is a footnote to the effect that 
Poncelet, in his Cours de Mecanique industrielle de la Faculte of 
1839, had insisted on the importance of introducing the slides and 
had adopted Saint-Venant’s formula (see our Art. 994). An elegant 
geometrical proof of the formula given by Poncelet in 1839 will be 
found in a footnote to Saint-Venant’s Legons de Kavier, p. 374. 

[1583.] § 4 is entitled: Application d quelques eccemples — 
Differences avec les risidtats de Vancienne thCorie (pp. 949 — 951). 
This contains practical applications, the principal of which are 
reproduced in the edition of Navicr’s Legons, Thus the paradox 
of the ' solids of equal resistance ’ having no sectional area at the 
points of support is cleared up by the consideration of the 
shear. 

A result may be quoted from p. 951, which I believe has not 
been reproduced. It is the case of a spring in the form of a vertical 
helix on a cylinder of radius a, sectional area 7rr\ and of which the 
thread makes an angle ^ with the horizon. If P be the weight 
supposed to act in the axis of the helix, the traction per unit 
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area, which would produce set in a prism of the same material as 
the helix, then the greatest load P is given by the equation 

-®o = ^[l (« + J) sin/3 + 1 sin*/9 + (a + 0 cos'^sj . 

[1584.] § 5, entitled : Determination des diplacements des points 
des pieces solides ou des changements de forme qiielles iprouvent 
(pp. 951 — 953). This is the consideration of the equilibrium of a 
wire the mean thread of which is a curve of double curvature 
when subjected to any system of force. The main point to be 
noticed is the introduction of an angle e and its variation e. 
This angle is that between the radius of curvature at any point 
and a principal axis of the corresponding section of the wire. 
Saint-Venant shews how the stretch at any point of the section 
depends on the variation of this angle. Paragraph 17 (p. 952) 
may be quoted as explaining this point : 

On pent s^etonner de voir, dans mes Equations, une certaine quantite 
toute nouvelle e, dont personne n’a encore tenu compte, et qui s’y 
trouve en quelque sorte sur le m^me pied que les angles de contingence 
et d’osculation plane dsjp et dsjr. Tin exemple montrera facilement, je 
pense, que ce deplacement angulmre du rayon de courbure sur la section 
devait entrer n^cessairement dans notre analyse. 

Qu’on se figure une verge elastique a double courbure serr6e de 
toutes parts dans un canal fixe et rigide, mais oil on puisse la faire 
tourner elle-m^me, car on suppose sa section circulaire ainsi que celle 
du canal. Dans ce mouvement, les fibres les plus longues se seront 
forc^ment raccourcies, les plus courtes se seront allongees, et il y aura 
eu aussi des torsions si les rotations imprimees k toutes les sections 
n’ont pas ^te les m^mes : T^lasticite de la piiice aura resiste energique- 
ment, dans tous les cas, k de pareils deplacements de ses points. 

Cependant ni les rayons de courbure, ni les plans osculateurs de 
Taxe n’auront chang6 en aucune mani^re. 

Done les resistances dites k la flexion et k la torsion ne dependent 
pas uniquement du changement des angles de contingence, et de ces 
angles que forment les plans osculateurs entre eux : elles dependent, 
au m^me degre, autre chose, savoir, du genre de deplacement qui a eu 
lieu dans Texemple cite; or e’est pr<5cis6inent, sur chaque section, ce 
d^placement angulaire que j^ai appel6 €. 
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On voit done que Ton cliercLer^t vainement la solution du probl^me 
des ebangements de forme des pieces ^lastiques ^ double courbure en se 
bornant a considerer les points de leur axe. II faut s’inquieter aussi de 
ce qui se passe liors de Taxe. Cette observation explique, ce me semble, 
une erreur de Lagrange que Poisson n’a pas 4vit6e {Mecaniqioe, 2® ed. 
Kos. 317, 318), quoiqu’elle eut et6 signalee [en partie]^ par M. Binet 
dhs 1814. 

See our Articles 157—161, 173—175, 215—222, 423 and 935. 
It will be seen by an examination of these articles that Binet, Bor- 
doni and Poisson considered only the mean thread of the wire, while 
introducing the angle between osculating planes (badly termed 
the angle of torsion) which had been omitted by Lagrange, that 
in addition Binet seems to have had some idea of the twist of the 
section round the thread ; but it appears to have been first introduced 
into the calculations by Bellavitis and first practically treated by 
Saint- Venant. 

[1585.] The final section of I, (p. 953) contains a statement of 
the terminal conditions to be satisfied when a system is composed 
of several solid pieces which are united together, pass over points of 
support, etc. The conditions are similar to those mentioned in 
Art. 1572, with an additional one in the case of pieces the mean 
thread of which is a curve of double curvature. 


1586. II. In the penultimate section of I. (p. 952) Saint-Venant 
obtained for the case of double curvature the following equations : 


Sds 

ds 




U^-F. 

ds p 


— = T 

ds T 


( 1 ). 


In these equations D, F, T represent known functions of the 
coordinates co, y, z of any point m of the curved axis of the rod, s 
the length measured up to the point m of the arc of this axis, 
dsip the angle of contingence, and cZs/r the angle between two 
consecutive osculating planes of the curve at this point. Finally 
S denotes the variation arising from the very small shifts of 
the points of the axis produced by the action of the given forces. 
Piit u for So?, V for Sy, and w for Zz \ then v, and w are to be 
found from equations (I). 


^ Addition of Saint-Venant in corrected memoir. 
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On the page cited of the Comptes rendus Saint-Venant gave 
■without demonstration the integrals of the three equations, 
namely, 

du = Ddx -d^fj [rdz + I*) + J ^Tdy+ 1? Z?’) ' 

dv^Ddy-dzj (Tdx+^,F'j + dx j (^Tdz + ^,F') ■ (2), 

dw = Mz-dxj {Tdy+ gF'j + dyf {Tdx+ g f) 
where 

X — dyd^z--dzd^y, Y —dzd^x — dxd^z, Z=dxd^y — dyd^x. 

To verify the statement that these values do satisfy the 
equations (1) we must develop these. The last of them is some- 
what more tedious than the others ; we must observe that 

where L — dx {cPyd?z — cPy cPz), 

and M and N can be derived from L by symmetry : see Frost’s 

Solid Geometry, 3rd cd. Art. 640. 

Thus the equations (1) become when s is taken as independent 
variable : 

dx du + dy dv + dz dw = JD{dsY 

d®j5 ePu 4- d'‘y cPv 4- (Fz d^w = B 4- — idsf 

p p }• 

(3Z + Silf 4- Siv^) 4- (A 4- ilf + iV) s m 

The last equation might be developed still further since wo 
easily find that 

p* _ 2Fp' 32)p“ 

di~ di' dd ’ 

Si 4 - Silf 4- ZFf — du {Fy <Fz — ePy dPz) 4 - dPu {dz dPy — dy cPz) 

+ dPu {dy cPz — dz dPy), 
4- similar terms in v and w. 

1687. It will be found on trial that the expressions in (2) do 
satisfy the equations (3) ; the verification is tedious, but may be 
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performed with patience. It is to be observed, that if we take the 
arc s for the independent variable we have from (1) 

u = dDdx + D(f « + pFd^x -(Fyj (rdz + i?’) 

+ d^zj(Tdy+^,F), 

and similar expressions for cPv and (Pw, 

1588. We now return to the article in .Liouville's Journal. 
Here Saint-Venant adopts a dijfferent process of integration. He 
eliminates v and w and obtains the following result : 
du d^y d?z — du d^z d?y + dy d?z d?u — dy dhi d?z + dz d\ d?y 

^dzd^yd?u^Sd8\..{^). 

Here S represents a certain known function of the primitive 
coordinates of the point m, or of the arc s, which we may take 
for the independent variable. I have verified (4) by means of (2) ; 
here Saint-Yenant derives (4) immediately from (1) : the following 
is his statement of the process, which I do not understand. 

Pour cela, effeotuons les differentiations par 8 des premiers memhres 
des Equations prec6dentes ; apr^s avoir remplac6 ds, dsjp, ds/r par leurs 
expressions g^n^rales connues en x, y, z, nous aurons trois Equations 
differentielles simultanees du premier, du deuxi^me et du troisi^me 
ordre en w, -y, w. Si nous eliminons deux de ces inconnues, par exemple 
V etw (ce qui se fait facilement en diff§rentiant la premiere Equation et 
en tirant les valeurs de d% d'oh, k Taide de la seconds equation, 
cedes de dv et dw que Ton substitue dans la troisitoe) les int^grales 
disparaissent et nous ob tenons une Equation enu,,.. 

Then follows equation (4). 

1689. Saint-Yenant then proceeds thus : if we replace in (4) y 
and z by their values in terms of s derived from the equations to tho 
curve we have only u and s left in the equation. The differential 
equation is of the third order and is linear, but the coefficients of 

^ ^ and ^ are not constant, so that there is no general method 
ds d$" ds^ 

for solving the equation. However the equation may be treated 
as follows : put du^U dz, and dy — V dz, and substitute in (4) ; we 



SAINT-VENANT. 


849 


obtain 22 terras on the left-hand side, of which 20 disappear by 
cancelling, leaving di {dU d’F - dV d?U), that is - d^ dF“ 

Hence (4) becomes 

d 

^dz 

this is integrable and gives 

dll r j dy 

Sds^ 


where \ stands for 


f__Sd£__ 


Now J\d ^ ~ ^ ^ ^ finally 


du^dz 


h 


Sds^ 


f {dy d?z — dz d^y) 
Saint-Venant finishes thus ^ : 


dy-dy^^ 


Sds^ 


{dy d^z — dz dy) 


dz. 


La recherche des petits deplacements des points de Taxe d’une pi^ce 
courhe k double courbure est ainsi ramen^e aux quadratures, et Ton 
voit que le polyn6me diff^rentiel qui forme le premier membre de 
I'^quation (4) est int4grable quand, apr^s Tavoir multipli^ par dz ou dy^ 
on le divise par {dy d^z - dz d^yf* 

[1590.] III. This memoir consists of an application of § 5 
and § 6 of I. to the calculation of various cases of pieces of single 
or double curvature subject to systems of force. Saint-Venant 
again draws attention to the great divergencies of his theory from 
the usual (Bernoulli-Eulerian) hypothesis. 

[1591.] Pp. 1021 — 1022 are occupied with the general 
equations when the mean thread has double curvature. In this 
case equation (19) depends upon Cauchy’s erroneous theory of 
torsion; thus Saint- Venant’s jj!' (the 2z/ of our Art. 1594) is 
really a coefficient which he has taught us in later memoirs 
varies with the shape of the section. 

[1592.] On p. 1022 we have the consideration of the case when 
^ Saint-Venant uses ti, ^ for our shifts w, v, w and w, v for our U, V. 

T. E. 54 
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the mean thread is a plane curve and remains in the same plane 
when its form is changed. Let u, v be the shifts of the point oc, y 
of the mean thread, E the stretch-modulus, (m the slide-modulus, 
CO the section, the load components parallel to the tangent 

and to the normal at the point cg, y of the mean thread, if the 
moment of these forces about the point x, y, co/c^ the moment of 
inertia of the section co about a line in its plane perpendicular to 
the plane of flexure, and ds an element of arc of the mean thread ; 
then Saint-Venant obtains the following equations for the shifts : 



The equations obtained by Navier (see our Art. 257) omit the 
first two terms on the right-hand side of both equations. They 
were in fact omitted by all writers before Saint-Venant, and the 
text-books of the present day often omit them still. 

[1593.] Then follow various practical examples (pp. 1023 — 
1031). We may note that of the vertical circular ring considered 
in our Art. 1675, the case of a horizontal circular ring acted upon 
by vertical forces, and especially the consideration of the helix 
subject to a load in its axis. We will briefly consider this last. 

Let X, y, z be the coordinates of a point on the mean fibre of the 
helix, which is supposed to lie on a cylinder of radius a and to cut 
its generators at an angle 7r/2 — In cylindrical coordinates we 
may write 

it? = (X cos y = a sin 0, z== a6 tan /3. 

Let w be the shift in z and a in a, then, if P be the axial load, 
Saint-Venant finds: 


. P<x sin/3 tan ^ ^ , Pci? 

E<o cos/3 


Pa sin/3 


+ Pa? sinyS 


cos®^ sin®/3\ 

2/^i; ^ E(okV 

[0 4-Csin^H-C'(l~cose)], 



Pa? tan/8 / cos^/3 sin^^ N 

COSyS V EwfcV 


[1 + (7^sin0+(7'0(l-cos0)] 
-i- G"' cos 6 + 0^^ sin 6, 
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where 0, G\ G'\ G'”, are constants to be determined by the 

conditions imposed on the terminals of the spiral, and the rest of 
the notation is that used in the earlier articles of this chapter. 


[1594.] Saint-Yenant then remarks that if the terminals are 
so attached that the helix does not lose any of its regularity in 
changing its form all these constants ought to be suppressed. 
Further, since the longitudinal stretch has in general only a feeble 
influence, he omits the second term in vj and the first in a. His 
values now reduce to 


Pa^ / cos^/3 sin^)S\ ^ 


In these equations 2v (Saint-Yenant uses /x" for our v) is the 
quantity by which it is necessary to multiply the slide-modulus in 
order to obtain the ‘ torsional rigidity.’ Thus, if in prism of unit 
length and any section the couple M produce a torsion r, 

M = 2vfiT, 


On the old theory of torsion 2i/ = o) and for a circular 

section v = co/c't 

On the assumption that v = (ok^ and Saint-Yenant 

(p. 1030) reduces his value of w to 


Po? 

E(o/c^ cos)8 


(|cos®^ +sin®/3) 0, 


[1595.] . Referring to Giulio’s memoir considered in our 
Art. 1218, Saint-Yenant then concludes: 

O’est pour ce dernier cas, on pour des helices d’un pas tres-faible, 
que M. Giulio a fait ses int^ressantes experiences, consignees dans un 
Memoire lu, le 11 juillet 1841, ^ TAcademie de Tui'in. Sa formula, 
dressee priori par des considerations particulieres k Thelice et non 
applicables k des cas oil Tangle c (see our Art. 1584) n’est pas nul, 
revient k 

Fa^ 5 0 

^ "" jE!(j)K^coB]3i cos®/3 ’ 

ello n^est identique avec la mienne que pour cos^= 1, 


54—2 
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Si Ton ne suppriine que la quatricnie puissance de mi/3 la formulii 
de M. Giulio est 


et la mienne 


P<^ 


(_+_sxnO^^ 


0 , 


Pa” /6 3 . , 


i) 


e. 


Ma for mule repr^sente done un peu mieux que la sieuiie les resultats 
des experiences de ce savant, car il prend conStamment cos/3 = 1 ou 


5 Pa^ 


4 ^o)k“ 




pour y satisfaive. 


[1596.] Let us now advert to the communication IV. of this 
set of memoirs. It relates to Torsion, and is founded on an ap- 
proximate method given by Cauchy, a method which Saint-Venant 
here much simplifies, but which he finally abandoned : see Art. 661 
of our chapter on Cauchy. The process assumes only one constant 
of elasticity. Wrong values are given to two moments of inertia 
on p. 1184. Section 4 seems quite unsatisfactory, and section 5, 
which extends Cauchy’s results to a lozenge-shaped section, has 
been discarded by Saint-Venant himself. 

Saint- Yenant however brings out one point in this memoir for 
the first time, a point which is the basis of his later investigations, 
namely, that Cauchy’s formula differs from the old formula, 
because his theory really involves the distortion of the plane 
sections. The old theory is false for all prisms, of which the section 
is not circular, because torsion distorts the plane sections. This 
point is here first noticed. Saint-Venant again emphasises it in 
the memoir of February 22, 1847. See I. of our Art. 1617. The 
distortion is termed gauchissement in both these memoirs. 

See the memoir on Torsion, p. 361 ; Navier’s Logons, 3° <^d. 
pp. clxxv — clxxxv, 620 — 627 ; Moigno’s Btatiqiie, "g. 640. 


[1597.] The communications V. and VI. may be taken together : 
they relate to the equations of equilibrium of a piece the axis of 
which is a curve of double curvature, but they suppose the shifts 
not to be very small as was the case in § 5 of I. These notes 
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are interesting as presenting the first general investigation of the 
problem, that is to say, they first take account of the angle e 
referred to in our Art. 1584. 

1598. The object of the first note is thus expressed at the 
beginning : 

M. Binet, et ensuite M. Wantzel, viennent de donner (Comptes 
rendfus des 17 et 24 juin) les int^grales des equations de la courbe 
elastique k double courbure proveuant de la flexion et de la torsion 
d’une verge ou d^une portion de verge cylindrique et primitivement 
droite, sollicitee ^ ses extremit^s seulement Ces integrales s’appliquent 
k des deplacements des points aussi grands qubn veut, pourvu, bien 
entendu, qu’ils n'aillent pas jusqu’^ alterer Telasticite de la matibre. 
Elies supposent admis ce theorems de Poisson ‘‘que le moment qui tend 
k produire la torsion (ou le moment oppose qui y resiste dans I’^tat 
d’^quilibre) est constant dans toute Tetendue de la verge. 

D^un autre. c6te, j’ai donn^, le 30 octobre et le 6 novembre 1843 
{Comptes rendus^ tome xvii), des Equations et leurs integrales, pour une 
verge elastique dont la forme primitive et le mode de sollicitation sont 
absolument quelconques et en tenant conipte de plusieurs elements 
nouveaux, mais seulement lorsque Us d^lacements restent tr^s-petits^ 
ce qui est le cas le plus ordinaire des applications. 

Je me propose dans cette Note : 

1®. De donner les 6quations differentielles de T^tat d’6quilibre 
d’une verge elastique dans le cas le plus g6n4ral et pour des d^place- 
ments quelconques de ses points. 

2®. De montrer dans quelles limites le th^or^me de Poisson est 
applicable, ainsi que les 6quations dont il Ta tir5. 

[1599.] On p. 40 a value is given to the constant v (see our 
Art. 1594) which depends on the erroneous torsion theory of 
Cauchy, but, as Saint-Venant remarks in the corrected copy of 
the memoir before us, the analysis remains the same if this value 
be not given to vi see our Arts. 661 and 1630. If coic^ be 
the moments of inertia about the principal axes of the section at 
a point, where p is the radius of curvature, and r the radius of 
torsion, Jlf, the moment of the forces about these principal 
axes and Mt about the tangent, e and e being as in Art. 1584, then 
Saint-Venant finds : 
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\ P Po ' 


These equations are obtained by a straightforward bit of 
analysis on the assumption that the sections are not distorted and 
that the mean fibre is not stretched. 


[1600.] Saint-Venant eliminates e between these equations 
and finds : 


L=l. 

P” Pa'^Po\^o>K:' 


<iCOse + 


M’ 


Ecok 


. \ , [ M\^ ( M' 


T To 2fJ.V 


£[ (JL 

ds f \Ea>K 


M 

Ecok- 




cose + 


"ir 

Ecofc'^ 


35 sine ^ 


sme 


Also, ds = ds^. 

Various cases are mentioned in which these equations take a 
simpler form, but in several of these cases it seems impossible to 
integrate them. The exceptional case of our Art. 1586 is referred 
to. 


[1601.] In particular, however, if the rod be primitively 
straight, and the moments of inertia (ok^ and cok^ equal (of 
‘isotropic section’ as Saint-Veuant elsewhere terms it)j the 
equations reduce to the simple forms : 



where Mp is the moment about the line in each section which is 
the trace upon it of the osculating plane of the curve produced by 
the strain and about the normal to this osculating plane. 


[1602.] These equations can be easily thrown into the form 

dx 
ds 


(ii). 
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where is the moment about a line parallel to the axis of co, 
and X left-hand side of the first of equations (i). We have 
similar equations for moments about lines parallel to the axes of y 
and z. 

These are the equations of Lagrange modified by Binet, who 
added the second term. They have been integrated by Binet 
and Wantzel on the supposition that (ok^ is constant and that the 
forces which enter on the right-hand sides act only on the 
terminals of the piece. Saint-Venant remarks, however, that, 
except in this particular case of initial straightness and inertial 
isotropy of section, Mp will never be zero. 

Le theortoe [de Poisson] = constante, [qui est] lie k Jfp = 0, 
n^aiira done lieu que dans ce cas-ld (ok la pt^ce etait primitivement 
droite, et ok Ton avait = co/c'®), et les Equations (i), (ii) sont in- 
compl^tes dans tout autre cas. 

See our Arts. 159, 175, 423, 571—572, 935, 1215, 1239. 

[1603.] The concluding paragraph defines so exactly the 
relative merit of the various investigators on the subject of 
pieces of double curvature that we reproduce it here : 

Si Poissou semble etablir ce th5or^me et les Equations (ii) d’une 
mani^re g^ulrale, e’est qufil omet, dans son analyse, ce troisi^me 
moment Mf*, qui tend k flechir une verge courbe transversalement k son 
plan osculateur aotuel si elle 5tait d6jtl courbe, et, par consequent, k 
changer le plan de sa courbure. Lagrange n’avait fait attention qu’au 
moment Mn, qui tend k augmenter ou k diminuer la courbure dans son 
plan actual, ce qui suffit pour les courbes planes restant planes. M. Binet 
y a sjoutc le moment tendant A tordre, et cela suifit dans le cas 
particulier que nous venons d’enoncer, lorsqu’on ne cherche que les 
Equations gen6rales de Vaxe de la verge ; mais, dans le cas general ou 
la verge k double courbure 5tait primitivement courbe, ou bien ou Taxe 
6tant roctiligne, la section n'a pas une des formes donnant q}k^ = o)k\ 
il est indispensable d’introduire aussi dans le calcul ce troisiAme 
moment Mp perpendiculaire aux deux autres, et qui tend k plier la 
verge droite obliquement aux axes principaux de ses sections, ou k faire 
toiumer le myon de courbure sur le plan des sections de la verge courbe. 
Mais cela exige imp5rieusement que Pon introduise aussi Tangle e qui 
mesure cette rotation et dont la prise en consideration est n5cessaire, 
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en tons cas, pour determiner les deplacements des points hors de Taxe 
et pour fixer m^me la valeur de certaines constantes des equations de- 
finitives de I’axe. 


[1604.] Near the beginning of the second Note (our com- 
munication VI.) Saint- Venant says : 

Je me propose, dans cette Note, d’ajouter plusieurs observations a 
celles que contient la Note pr^cedente, et de considerer divers cas ou 
Pon pent determiner facilement Petat d'equilibre de la verge pour des 
deplacements d’une grandeur quelconque. 


1605. The reader will find stated here distinctly the difference 
between Poisson and Saint-Venant as to the problem of the equi- 
librium of an elastic rod of double curvature. 

Consider the following three straight lines at any point of the 
curve formed by the axis of the rod ; the tangent, the principal 
normal, and the normal to the osculating plane. Let the moments 
round these straight lines of all the forces acting on the rod 
between a normal section at the point y, z and the free end 
be denoted by and respectively. Let the moments of 

the same forces round the fixed rectangular axes be denoted by 
My, and respectively. Let X, Y, Z denote the following 
binomials respectively ; 


dy d^z - dz d^y, dz d^x — dx d^z, dx dSy — dy d^x. 

Let p be the radius of curvature at the point {x, y, z). Then by 
the ordinary principles of Statics we have 

pZ 1 


M = — M + 4-^ M 






ds 


t 

ds 




dz 
d's"'ds 


.(i). 


Differentiate the last of these and use the second ; thus 

ds p ds ds ds ds ds ds ’ 

Now in Poisson’s Mecanique, Vol. i. page 627, it is shewn that 


^ iM? j. ^ I ^ dM, 


ds ds ds ds 


^ ds 


ds 


■■ = 0 


■(ii); 



SAINT-VENANT. 


857 


s is in fact Poisson’s contribution to the subject under con- 
eration. Hence we have 


ds p 


(iii). 


Therefore vanishes, and ifj is constant, provided we assume 


bt ikfp is zero ; and this assumption Poisson really makes. The 
nt had been previously noticed by Bordoni : see onr account of 
memoir of 1821 in Art. 222. 

Saint-Venant remarks that the equation (iii) is due to Wantzel. 
was given by him in the memoir we have referred to in 
t. 1239. 

[1606.] The Note then proceeds to discuss various cases in 
ich the equations for the elastic rod will be integrable. For 
implc, for the interesting case when a primitively straight rod 
acted upon only by a couple, the form is shewn to be a 
lix, a result previously obtained by Wantzel : see our Art. 1239. 
int-Vcnant remarks : 


O’est une generalisation du rcsultat d’Euler consistant en ce quo 
i^que la courbo provenant de la verge, ainsi sollicit^e, est plane, elle 
peut 6tre qu’im arc de cercle. 


See our Art. 58. 


[1607.] A paragraph on p. 181 is interesting: 

Observons k ce sujet que lorsque la verge primitivement droibe et a 
tion reguli^re, est assujettie k une de ses deux extremities seuleiuent, 
libre on simplement appuyie k Tautre, le calcul de c n’est pas 
sessaire pour determiner les constantcs de Tequation do Vaxe, La 
me do cot axo et sa position peuvent dtre diduites coinpletement, 
rs, des Equations dilfirentielles de Lagrange, complities eb integrees 
• M. Binet. 

[1608.] Finally the memoir concludes with a further reference 
Giulio’s memoir of 184^1 : see our Art. 1219. Saint-Venant now 
IS that with a proper distribution of force the distorted lorm of 
3 clastic helix might still be a helix without the vanishing of 
5 hvc constants of our Art. 1593. 
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He obtains equations which are easily deduced from those of 
our Art. 1599, on the supposition that e = 0 and cbk* = a>K^, namely, 

PrsiniS + Jfcos^-i’s)*' (2^-“-^"). 

2 ,., ( 25 ^^ - , 

where P ia the force along the axis, iV" the couple about it, 
which constitute the proper distribution; r, ^ define the helix 
formed by the distorted rod and that formed by the primitive 
rod ; and v has the value given to it in our Art. 1594. 

These equations are given by Thomson and Tait in Art. G05 of 
the second edition of their T^'^eatise on Natural Philosophy. They 
have, however, chosen the opposite direction for the force P. 

Saint-Venant remarks with regard to these equations : 

Ces formules s’accordent avec celles du M^moire de M. Giulio, 
quand F et N ont entre eux une relation telle que Th^lice s’ allonge ou 
se raocourcisse sans se tordre ou se detordre, ou reoiproqucment ; ellos 
s’accordent aveo celles que j’ai donnees le 6 novembre lorsque N est 
nul, et que r - /5 - sont tr^s-petits. La circonstanco € = 0, ot la 

supposition que les termes alterant la forme helicoidale s’^vanouissent, 
rendent semblables les resultats de nos deux analyses, et les dilfercnces 
que j ’avals cru y apercevoir n’etaient qu’apparentes. 

See our Arts. 1219 — 1222 and 3382. 


1609. As an illustration I will place here an example taken 
from the Dublin University Calendar for 1846 ; it is the only 
notice of the subject which I have found in English wmrks. 

The problem is thus stated : 


Point out the error in Poisson’s analysis which leads to the con- 
clusion that the moment of torsion of an elastic rod is constant, what- 
ever be the forces which act on it; and prove that if the rod be a 
horizontal plane curve of very small thickness, fixed at one end and 
acted on by its own weight only, 


^ ds d^s ^ ^ 


d^xd^y — d’xd/‘y 


+ Tf = 0, 


where t is the moment of toi-sion, p the radius of curvature, W the 
weight of the rod between the point a?, y and the free extremity. 
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Since the rod is of very small thickness the equations (i) 
of Art. 1605, which belong to the axis, may be taken as applying 
to the rod itself. We shall have 


M^ = ffa-eof ( 2 i'-y)ds', 
J S 


► f (x' — x) ds\ 
J s 


where cr is the density, and co the area of a section of the rod. 
Put T for the of those equations (i) ; thus 

(* 


— 4- M ^ 4 - . 

ds * ^ di ds ds ds ds ’ 

IM^ f^dy , , .J . dy 


therefore 


ds^ = — gaco (I — «) 


ds ^ds‘ 


Prom this we get 




, dSj fd^y dx d^x dy 


ds^ ds ds^ ds 


ga(o{l-s) ...(3). 


From (1) aad (2) wo obtain 

M -I ( rr^y 
* lyl d8‘ dsdsj’ 


1 / d^x _ dr dx\ 
r^\d$^ dsds)^ 


, ^ 1 p d“ydx d?xdy 

where 7 stands lor ^ . 

as as as as 

Substitute in (3) ; tlius we get 

cZ®T_ fd'xdry d/'yd^a!\ drfd^ydx d?xdy 


” ds^ ‘ W ds‘ ds' dsV ds \di ds ds' dsj'>... ( 4 ), 

+ W, J 

where TT is put for ga-oD (I — s). 

, d‘y dx (ffx dy 1 

Now«ohav« y^-sssdi-y 

d? y dx 3^x ^ _ 2 ^ 

hi da da^ ds ~ da* 


and thus 
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Hence (4) becomes 

1 1 dp dr fd?y ^ _ d^x d^y \ _ 

pds^^ ^ ds ds'^'^ \ds^ ds^ ds^ dsy ^ ' 

This agrees with the proposed formula, except that r has a 
different sign, which merely amounts to changing the direction in 
which the moment is estimated. 

1610. The volume xvii. of the Gomptes rendus which we have 
had under notice contains other communications by Saint-Venant ; 
but these do not relate to our subject. To one of them concerning 
fluid motion Saint-Venant alludes in Moigno’s Statiqve, p. 694. 
From pp. 1310 and 1327 we find that Saint-Venant was one of 

six candidates for a vacancy in the Paris Academy, and by the 

committee of recommendation he was bracketed with Morin as 
superior to the other four ; at the ballot Morin was elected, but 
Saint-Venant gained only the fourth place. 

[1611.] Another memoir on the subject of the resistance of 
materials will be found in the same volume of the Gomptes rendus 
(xvil.), p. 1275. It is entitled: Mdmoire sur le calcul de la 
resistance d'un pout en charpente, et sur la determination^ ou moyen 
de V analyse des efforts supportds dans les constructions existantesy 
des grandeurs des nomhres constants qui entrent dans les formules 
de resistance des materiaux; par MM, de Saini-Venant et 
P. Michelot 

This memoir which is entirely of a practical character, relates 
to a bridge over the Oreuse. We need not stay to consider it here, 
merely remarking that the graphical would now-a-days be pre- 
ferred to the analytical calculus in questions of this kind. 

1612. The next publication by Saint-Venant on our subject is 
thus entered in the Eoyal Society Catalogue of Scientific Papers : 
Sur la definition de la pression dans les corps fiuides ou solides en 
repos ou en mouvement Soc. Philom. Proc. Verb, Paris, 1843, pp. 
134 — 138. I have not seen this volume, but the note appears to 
be reprinted in full in L’ Institute No. 524, January 10, 1844, 
where it occupies about two columns and a half. 

The definition of stress across an elementary plane given by 
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various authors for twenty years is stated to be this : La residtante 
des actions exercies sur les moUcides dun cylindre indefini, ileve sur 
cette face comme base, par toutes les moUcules situ4es du c6t4 oppose 
de la face et de son prolong ement. The inconvenience of this 
definition is pointed out in a manner of which a brief indication is 
given in Moigno’s Statique, p. 619 ; and then the note furnishes 
the following historical information : 

Je pense done qu’il faut renoncer k la definition des pressions 
rapportee pins hant. J’ai propose, en 1834, dans nn niemoire, et 
ensuite, en 1837, dans nn conrs lithographie [see our Art. 1563], d^en 
adopter une autre, analogue k celle qni a ete donn^e du fux de chaleur 
a travers une petite face, par Fourier (ch. i., 96), et par Poisson 
(Memoire de 1815, publie en 1821, Journal de VJ^cole polytechnique, 
article 56). Cette definition consiste a appeler pression, sur une petite 
face plane quelconque, imaginee a I’interieur d’un corps, on k la limitc 
de separation de deux corps, la rhultante de toutes les actions attractives 
ou repulsives qdexercent les moUcules situees dun c6tB de cette face sur 
les moUcules situees de Vcmtre edte, et dont les directions traversent cette 
face, 

Dej^ M. Duhamel avait reoonnu la possibilite de definir ainsi la 
pression, car, dans un memoire presente en 1828, il la calculait, dans les 
corps solides eiastiques, absolument comme il a calcule le flux de 
chaleur dans un autre memoire date de la m^me annee et insere au 
Jowrnal de VEcole polytechnique (21® cahier*, p. 213): mais il n^y 
attachait qu’une faible importance, comme on pent le voir ^ un autre 
memoire (t. v. des Memoires des savants etrangers) on, pour en faciliter 
la lecture, il revient k la definition la plus connue de la pression. 

In the 19 th Cahier of the Journal de rjScole Poly technique, 
Art. 11, Poisson had shewn that the two definitions would lead to 
the same result with respect to the flow of heat, and Saint-Venant 
says that they will also with respect to pressure if certain quan- 
tities are neglected. He adds : 

Mais rien ne dit que Tapproximation dont on s^est contents jusqu^^ 
present sufilse dans des questions k examiner ult^rieurement : il me 
semble m6me que d^j^ la difficult^ des aretes vives qui s^est pr6sent6e il 
M. Poisson (20® cahier du Jowrnal de VJEcole polytechnique, nos. 25, 49, 
50, 53 du memoire du 12 octobre 1829) tient en pai'tie k la definition 
de la pression sur le cylindre. 
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1613. The next paper by Saint-Venant is thus entered in the 
Eoyal Society Catalogue of Scientific Papers : Sur la question, '' Si 
la matilre est oontiniie ou discontinue'' 8oc, Philom. Proo. Ver'h, 
Paris, 1844, pp. 3 — 16. This I have not seen ; there is an allusion 
to it on p. 694 of Moigno’s Statique. There is a brief abstract 
of the memoir in L'Institut, No. 528, February 7, 1844. The 
following statement occurs : 

L’auteur en conclut qu’il n’existe pas dans la nature, de masse 
continue, grande ou petite, et qu’il convient de ne regarder les dorni^ires 
parti cules des corps que comme des points sans 6tendue, nan contigus, 
centres d’action de forces attractives et repulsives. O’est le syst6me de 
Boscovich (Theoria philosophiae naturalis reducta ad unicam legem 
virium in natura existentium, 1763). 

A note says : 

Ce m^tnoire a ^te imprime k pai't et se trouve chez Cariliau- 
Goeury et Victor Dalmont, libraires, quai des Augustins, 39 et 41. 

1614. The next paper by Saint-Venant is thus entered in the 
Royal Society Catalogue of Scientific Papers : Sur les pressiom qui 
se diveloppent d VinUrieur des corps solides, lorsque les ddplacements 
de leurs points, sans alUrer V6lasticit6, ne peuvent cependant pas 
^tre considdrds comme trls-petits. Soc. Philom, Proc, Verb. Paris, 
1844, pp. 26 — 28. This I have not seen ; there is a brief abstract 
of the memoir in L'Institut, No. 637, April 10, 1844; here wo 
have the two formulae given in Moigno’s Statique, p. 670 [and 
reproduced in our Art. 1618. A full account of the naemoir will be 
found in the Pfotice sur les travaux,..de M. de Samt-Venant, Paris, 
1858, referred to in our Art. 1562. The important point is the 
statement of the formulae cited in our Art, 1618], 

1615. Pfote sur les fieodons cansiddrables des verges dlastiques ; 
this occupies pp. 275—284 of Liouville’s Journal de matlU- 
matiques, Vol. IX., 1844. 

The theory of elasticity is very slightly involved in this note ; 
an equation is assumed for the equilibrium of a primitively curved 
elastic rod coincident with that, given by the Bernoulli-Eulcrian 
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theory, such as we find in Poisson’s Mecanique, Art. 315. 
leads to the differential equation 

d^y 



= aoc-hby + c. 


This 


The note really consists of the integration of this differential 
equation, which is accomplished by the aid of Elliptic Functions. 


1616. Note sur lapression dans VinUrieur des corps on d lexers 
surfaces de separation, Comptes rendus, Vol. xxi., pp. 24 — 26. 
The object of the note is thus explained at the beginning of it : 

M. Cauchy, dans des Notes relatives k la M^canique rationnelle, 
ins^rees au Gompte rendu du 23 juillet, page 1765, veut bien citer, 
connno plus exacto que la definition la plus connue de la pression, celle 
quo j’en ai donn^e en 1834 et en 1837, et qui consiste k regarder la 
j;ression, s\\r un Cdemont tr^s-petit, comme la resuliante des actions de 
toutes los molecules situ^es d^un cotS sur toutes les molecules situ%es de 
V autre ebt^, et dont les directions traversent cet Uement M. 

Duhamel, dans un M^nioiro prfisente en 1828, avait reconnu la pos- 
sibilitd de substituer uno pareille definition, analogue 4 celle que 
Fourier donne du flux de chaleur^ k celle par laquelle on consid^re la 
pression comme Taction totale des molecules contenues dans un cylindre 
droit ind^fini ayant T6l Anient pour base, sur toutes les molecules situees 
do Taxxtro c6tS du plan de Teldment. J'ai prouve, surtout dans une 
Noto du 30 ddeembre 1843, insdree au no. 524 du journal V Institute 
que la ddfinition nouvelle n’ avait pas les inconvenients de Tautre ; car, 
on Tadoptaiit, les pressions sur la surface de sdparation de deux portions 
de corps peuvent toujoui's etre substitudes identiquement k Taction 
totale des moldcules de Tune de ces portions sur les molecules de Tautre, 
tandis qu^avec la ddfinition par le cylindre inddfini, cette substitution 
ontraino ordinaii'ement Tomission d’un certain nombre d^actions mold- 
culaires, Temploi multiple de certaines autres, et Tintroduction d’actions 
dtrangdres. 

Jo me propose, dans cette Note, de montrer quo la nouvelle 
ddfinition de la pression se prdte trds-facilement k Tetablissement de la 
formule fondamentale, dont on tire ensuite, par le calcul, toutes celles 
de la indcaniquo xnoldculairo. 
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A note says that the demonstration was communicated verbally 
to the Soddtd philomatique on March 26, 1844. The demonstra- 
tion is the same as that in Moigno’s Statique, pp. 674 and 675. 

See Moigno’s Statique, pp. 619, 675. Saint-Venant on Torsion, 
pp. 249, 262. 

1617. Three communications by Saint-Venant occur in the 
Comptes renduSy VoL XXIV., 1847. 

I. Memoire sur Viquilihre des corps solides, dans les limites de 
leur ilasticiUy et sur les conditions de leur rdsistance, quand les 
diplacements iprouvis par leurs points ne sont pas tres-petits, 
pp. 260 — 263. 

II. Memoire sur la torsion des prismes et sur la forme affectee 
par leurs sections transversales primitivement planes, pp. 485 — 488. 

III. Suite au Mimoire sur la torsion des prismes, pp. 847 
—849. 

In I. we have the two formulae to which I refer in Art. 1614. 


[1618.] These formulae deserve notice. Saint-Venant had 
treated large elastic shifts in his memoir on rods of double 
curvature: see Art. 1598. He here remarks that the complete 
values for the stretches and slides, whatever be the magnitude of 
the shifts, u, v, w will be given by formulae of the type 


du , - V fdu\^ fdvV , (dwY^ 

dw Vdudu dvdv dw dvT 

dz dy \_dy dz dy dz ^'dy dz 

Further, the stretch s^ in direction a, / 8 , 7 will still be given 
by a formula of the form 

.9^ = s,, cos^a + cos */3 + s^ cos®7 + cos^ COS7 -f cr^ COS7 cosa 

-l-<r^yCOsacos/3 (i). 

Le probltoe de la recherche de deplacements de grandeur quelconqiui 
des points de corps ^lastiques sollicit^s par des forces donates, est doiic 
pos6 en Equation \ 


1 The equations have been given in a general form by Sir W. Thomson. See 
the Treatise on Natural Philosophy, Part ii. p. 463. So far as vre know the only 
special application of these formulae is that to plane waves in an isotropic medium 
communicated by the Editor to the Cambridge Phil, Soc. Proceedings, Vol. v., 
Part IV. p. 296. 
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[1619.] Let us investigate this point and note upon what 
assumptions Saint-Venant obtains the above formulae. For 
brevity let the shift-fluxions be denoted by subscripts. Let the 
distance r between two adjacent particles A and B become r'\ 
since r is at our choice we take it so small that the cubes of its 
projections upon the axes may be neglected as compared with 
the squares. Then in a manner similar to that of Art. 612 we 
find: 

= [Z (1 -I- + mUy -f- -h {Iv^ -f m (1 4- Vy) -f 

•f H- mWy + n (1 -f w^f 

= 1 + {2u^ -f vj' + -h {2Vy + + v/ -h wj^) 

4- {2io^ 4- 4- 4- w^) 

4- 2nm {Wy + v^ + UyU^ 4- VyV, 4- WyW^ 

4 - 2ln + + iLU^ 4 - 4 - 

4- 2mZ {v^ 4 4 ii^Uy 4* 4 

where for brevity we have put Z, m, oi for cosa, cosyS, cos^. We have 
thus a relation of the following kind : 

/7r* = 14-2 {Z\ 4 on\ 4- n\ 4- nmrjy^ 4 Inr)^ 4 (ii). 

The strained value of r is accordingly fully determined whatever 
he the ratio of r'jr by the six quantities^ 

Vyzf Vzx> Vxy* 

These quantities thus fully characterise the strain at a point 
and the work must be represented by some function of them. We 
can speak of them as the six components of strain, when the shift- 
fluxions and the strain are not necessarily very small quantities. 
Are these components, however, those which correspond physically 
to the three stretches and the three slides ? 

Now r' = r (1 4- s^), hence we find 

4- s//2 = 4 m\ 4- n\ 4- nmrjy, 4 Inrj^ 4 rnlrj^. 

Put m = ~ 0, Z = 1, and we find 

s* + s „72 = e„. 

It follows that €a) is not the stretch in direction of the axis of x, 
unless we may neglect sf This is practically what Saint-Venant 
does ; he is really treating cases in which any or all of the shift- 
fluxions may be great, but the strain at any point is small. 

1 Their values were first obtained by Green in 1839 (Math. Papers p. 297), but 
he nowhere clearly insists on their physical meaning and practical importance. 

T. E. 55 
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Les formules de la m^canique dite molemlaire ont basees, jusqn’^ 
present, sur la supposition quo les deplacements des divers points des 
corps ^lastiques auxquels on les applique sont extr^mement petits, de 
mani^re que la ligne de jonction de deux points quelconques ne cliange 
jamais que tr^s-peu, non-seulement de longueur, mais encore de direction 
dans I’espace. 

Or il s’en faut bien que cette condition soit remplie en genei'al : une 
lame mince peut ^tre ployee de mani^re que ses deux bouts arrivent k se 
toucher, et un cylindre d’un faible diam^tre peut etre tordu de plusieurs 
circonf^rences sans que T^lasticite, ni de cette lame, ni de ce cylindre, 
ait subi d'alteration. 

II convient done d’avoir des formules qui s’appliquent k des grandeurs 
absolument quelconques des d^placements, avec cette seule restriction, 
qns les distcmces mutuelles de points tr^s~rapproches ne varient que dans 
une petite propoTtion, ofin que la cohesion et Velasticite naturelle subsistent. 

(p. 260 .) 

By displacements in this quotation as in Art. 1568 Saint- 
Venant denotes relative shifts, i.e. the shift-fluxions. 

[1620.] Saint-Venant’s argument may be thus applied to our 
equation (ii) : r'/r is very nearly unity, hence the quantity in 
brackets on the right-hand side of that equation must be very 
small. Taking the root of the right-hand side and neglecting the 
square of this quantity 'we have : 

r'jr = 1 + -h 7nl7}^^, 

or = l\ + in\ -h n\ -f nrriTjj^ H- Inr)^ + mlrj^j,. 

This is Saint- Venant’s equation marked (i) above. We see 
therefore that when the shift-fluxions are large, but the strain 
small, the quantities 'rj^, t)^ which are always strain- 

components represent the physical stretches and slides. These 
quantities are therefore the proper expressions for the stretches 
and slides for large shift-fluxions within the elastic limit, for in 
this case r'jr is always small. 

[1621.] We can however find physical meanings for the 
quantities €^... 97 ^,^,... when the strain is not small. Thus 26 ,. 
represents the rate of change in the square of a small line initially 
drawn parallel to the axis of x. Further it may be shewn that if 
denote the magnitude and position of the projections 
Sx, Sy, Bz of r after strain, then 77 ^^ is the ratio of the area of the 
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rectangle under Bz' and the projection upon Bz' of Bcc to the area 
of the rectangle under Bz and Bx the unstrained values of Bz', Bx'. 
If the strain at any point be such that its square may be neglected 
this becomes the slide, or, 17^,, = 

Generally, vjJil + 2eJ (1 + 26j = cos {z'x') ; 
where (Art. 1564) cot (z'x') = 

[1622.] Further we may ask : If the strain be not small, but 
the shift-fluxions such that we need only retain their squares, do 
represent the stretches and slides ? 

Wo have in this case : 

= n/ 1 -t- 2e, - 1= -I- J («“. + «;%) 

= 

Similarly, = tjJJi -l- 2 (e^-i- e,) + 4<e,e, - 17*,. 

= - w'* («* + “'J - % (w. + Wx)- 

Hence and are not identical with e* and to the second 
power of the shift-fluxions, except under very special conditions of 
strain (e.g. == = 0, or a case of pure sliding strain; etc.). 

We conclude therefore that Saint- Venant's expressions, if 
treated as the physical stretches and slides, apply only for large 
shift-fluxions and small strain (e.g. elastic strain), hut that treated 
as components of strain not identical with the stretches and slides, 
they may be used for a strain of any magnitude. 

Thus we cannot apply the ordinary body-shift elastic equations, 
if we have merely shewn that the usual expressions (w*, 
etc.) for the stretches and slides are small. It is necessary that all 
the shift-fluxions should be small. This is, perhaps, best expressed 
by saying that the twists must also be small For example, these 
equations do not apply to small strain accompanied by large rota- 
tions as in the cases referred to by Saint-Venant : see Art. 1619. 

1623. Then Saint-Venant proceeds to indicate the improve- 
ment which he had effected in the ancient theory of torsion, and this 
subject is continued in II. and III. All that these communica- 
tions contain with respect to torsion is comprised in the extensive 
memoir by Saint-Venant on Torsion which was read to the Academy 
in June, 1853. The language underwent a slight change howeyer ; 
for at this date Saint-Venant separated what he calls the gauohis- 
sement into two elements, whereas in the later memoir, with the 

55—2 
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exception of a slight allusion on p. 362, he makes no such 
separation; but there is no change as to facts. 

[1624.] These memoirs are epoch-making in the history of the 
theory of elasticity; they mark the transition of Saint- Venant from 
Cauchy’s theory of torsion to that which we must call after 
Saint-Venant himself. The later great memoir on Torsion is 
really only an expansion of these three papers, and it may be well 
here to note what are the important new facts they contain. 

[1625.] I., so far as it treats of torsion, contains only the 
statement based upon general physical principles, that the plane 
sections of a prism, if not circular, are distorted by torsion. This 
is shewn to accord with the experiments of Duleau on the torsion 
of bars of square and circular section of the same moment of inertia 
and of the same material : see our Art. 226. 

Further, Saint-Venant quotes experiments of his own (p. 263) : 

J’ai v6rifi6 exp6rimentalement cette th6orie d’une autre manibre ; 
j’ai soumis k la torsion deux prismes de caoutchouc, do 20 centimetres 
de longueur. Tun k base carree, de 3 centimetres de o6t<S, Tautro k base 
rectangle, de 4 centimetres sur 2. Les lignes droites, tracees trans- 
versalement sur leurs faces laterales avant la torsion, seraient rcstecs 
droites et perpendiculaires a Taxe s’il n’y avait eu aucun gauchissement 
des sections; elles n’auraient fait que s^incliner sur I’axe du prism e base 
rectangle, en restant droites, s’il n’y avait eu que le premier gaucliisaemeut. 
Au lieu de cela, ces lignes, par la torsion, se sont courbdes en doucine ou 
en jSf de mani^re que les extremites restaieiit normales aux aretes, ce 
qui prouve bien le deuxieme gauchissement dont on vient de parler. 

[1626.] In II, we have the solution of the problem of torsion 
for a prism on rectangular base. This solution is identical with that 
afterwards given in the memoir on Torsion, p. 370, except that the 
coefficient in the case of the square is not calculated to the same 
degree of approximation (*841 instead of *843462, Torsion, p. 382). 
Saint-Venant states that Wantzel had suggested the form of 
solution required by the differential equations. 

It is also shewn that Cauchy’s result for a prism of rectangular 
section is only true when the ratio of the sides of the- rectangle is a 
very small quantity. Further, experiments of Duleau and Savart are 
quoted as confirming the new theory : see our Arts. 220 and 333. 
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[1627.] In III. the case of a prism of elliptic section is worked 
out. Saint-Venant points out that we require a solution of 
the differential equation, 

subject to the contour-condition 



This is precisely the form which the statement of Saint- 
Vcnant’s problem has taken in later memoirs and works. 

He gives the solution of an elliptic section of semi-axes a, 6, 

u^T — i-o yz, 

and remarks that the primitively plane sections become hyperbolic 
paraboloids, and that Cauchy’s approximate solution for a rectangle 
becomes exact in the case of an elliptic section. 

See Moigno’s Statique, p. 670. Saint-Venant on Torsion, pp. 
235, 248, 362, 363. 

1628. Memoir e sur les vibrations tournantes des verges dlastiques 
(Extrait par I’auteur). Comptes rendus, Vol. 28, 1849, pp. 69 — 72, 
Lot n denote the number of longitudinal vibrations, and n' the 
number of torsional vibrations, corresponding to the lowest note 
for a rod built-in {enoastrie) at one end. Then, as we have seen 

in Art. 470, Poisson obtained . Wertheim, in the Comptes 

rendus, 'Yol. 27, 1848, p. 650, gave as the result of some investi- 
gations of his own = 1*6330 ; he says that Savart by ex- 

periment obtained 1*6668, and that he had himself obtained by 
experiment 1*6309. In the present communication Saint-Venant 
adverts to the same point; he combines some experimental results 
with his own theory, and concludes that for rectangular prisms the 
evidence is in favour of Poisson’s number, and for cylindrical rods 
in favour of Wertheim’s. On pp. 126 — 128 of the volume Wertheim 
replies to the remarks of Saint-Venant : sec our Arts. 333, 398, 
1339—1343. 
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Saint-Venant seems to imply that Poisson’s result bad been 
obtained by other writers, but he does not give references \ 

1629. Saint-Venant gives only statements without demon- 
stration ; I extract a few passages : 

Lorsqu’un prisme 6lastique est maintenu dans un 6tat de torsion par 
deux couples agissant k ses extr6mit4s, les rotations angulaires ij/ de ses 
diverses sections transversales sont donn6es par T^quation 


nr 


•( 1 ), 


qui exprime T^galit^ du moment de Tun des deux couples autour de 
Taxe du prisme (pris pour celui de x) avec le moment des reactions 
interieures qui s’exercent k travers Tune quelconque de ces sections w ; 
fjL repr^sentant le coefficient d’^lasticit6 dit de glissem&rd transversal \ 

une quantity qui est moindre que le moment d’inertie de la 
section autour de son centre de gi’avitS, en raison de ce que cette 

section, primitivement plane, devient l€g^rement courbe 

L’equation (1) peut encore ^tre posee pour une longue tige sollicitee 
par des forces agissant sur tons les points de sa masse et ne produisant 
qu’une faible torsion, repr^sentant alors la somme des moments de 
celles appliqu^es depuis <o jusqu’^ une extremity. 

On passe au cas du mouvement en remplagant ces forces par les 
inerties 


— pdmdx 


df ' 


p etant la density, r le rayon vecteur d’un ^l^ment, et t le temps. 

II en r^sulte, en differentiant les deux membres par rapport k x, celle 

fK\ 

p dix? df ^ 

Elle donne, pour le nombre de vibrations tournantes du son le plus 
grave, en une seconde, I 6tant la longueur de la tige, 


i Ail 
2? V p <0^ * 


Le nombre des vibrations longitudinales de la m^me Jige est exprim^, 
comme on sait, par 



^ See however our Arts, 470 and 661. 
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Ces formules sont propres k foumir des valeurs du rapport, en C 5 e 
moment controverse, des coefficients d’^lasticite d’allongement et de 
torsion E et /x. On salt qne, d’apr^s les formules de Navier, Poisson 
et MMl Caucliy, Lam6 et Clapeyron, on aurait, dans les corps homog^nes 
et isotropes, ou d’^ale 61asticit^ en tous sens, 

Elix=-5I2=2'5. 

Mais Wertheim, en adaptant des r^sultats d’experiences d^equilibre 
k un commencement d^analyse de M. Cauchy, dont il rejette le com- 
plement, modifie profondement toutes ces formules, et prend 

^//x=: 8/3 = 2*6666... 

colc^ represents moment of inertia of the section about the axis 
of the prism. 


[1630.] Thus, according to 
Poisson, Weber and Cauchy ~ 

to Wertheim ^ == /sj^ > 

n _ /E 

-4 


to Saint-Venant 


ODh? 


5 (oF 
2 z/ ' 


on the uni-constant hypothesis. 


For a circular section v^ci>¥; for a square section z//(ft>F) 
= *843462, and other values of this ratio have been calculated by 
Saint-Venant in his memoir on Torsion, The present memoir is 
thus an essential addition to those enumerated in Art. 1617. It 
is practically reproduced with additions in the Appendice iv. to 
Saint-Venant's edition of Navier’s Legons, pp. 631 — C45. He there 
shews that his theory is in accordance with experimental result. 
See also our remarks on Wertheim’s memoirs in the preceding 
chapter, Arts. 1339 — 1343. 


[1631.] Summary. The important contributions of Saint- 
Venant to the theory of elasticity even before the date of the 
two classical memoirs on Torsion and Flexure, by which he is 
best known, will be rendered manifest by a, perusal of this 
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chapter. We find in this elastician a keen appreciation of 
practical needs, combined with a wide theoretical grasp, of 
which it would be hard to discover another example in the 
history of our subject. Had Saint-Venant done nothing more 
than correct the theory of flexure by the consideration of slide, the 
theory of elastic rods of double curvature by the introduction of 
the third moment, and the theory of torsion by the discovery of 
the distortion of the primitively plane section, — corrections all 
embraced in the researches considered in this chapter — he would 
deservedly have ranked among the foremost scientists who have 
contributed to our subject. We shall see in the course of our 
second volume, that these form but a small part of his services to 
elasticity. 

With Saint-Venant and 1850 we bring our first volume to a 
close. We have traced the growth of the theory of elasticity from 
its childhood with Galilei to its maturity in Saint-Venant. We 
have seen it become an important and all-powerful instrument in 
the hands alike of the most practical of engineers and of the most 
theoretical of mathematicians. There is scarcely a branch of 
physical investigation, from the planning of a gigantic bridge to 
the most delicate fringes of colour exhibited by a crystal, wherein it 
does not play its part. The manifoldness of its applications in- 
creases with every advance of our mechanical and physical know- 
ledge. To trace these applications from 1850 to the present day 
will be the task of our second volume. But when we consider the 
immense number not only of memoirs but of treatises which 
these years have produced, both reader and editor may perhaps be 
pardoned for a certain feeling of dismay mixing with their pleasure 
at the rapid progress of the science of elasticity. 
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NOTE A. Addenda, 

(1) The Stress-Sti'ain Curve. Arts. 18 and 979. 

1692. James Bernoulli. Curvatura Laminae Elasticae, Acta 
Ei'uditorum^ Leipzig, 1694, pp. 262 — 276. 

On p. 265 Bernoulli writes : 

Esto Spatium rectilineum sive curvilineum quodvis ABC, cujus abscissae AJS 
vires tondentes, ordinatao tensiones repraesentent etc. 

Tliis curve he terms the curva tensionum or linea t&nsionwm. 
Bernoulli might thus ho considered to have introduced a graphical 
method of representing the stress-strain relation. At the same time it 
will he seen by consulting the original memoir that Bernoulli’s linea 
temionum does not represent the curve obtained by measuring the 
strains produced in the same rod by a continually increasing stress. 
This seems to me to have been first done by Poncelet. 

(2) The Couloml-Oerstner Law, Arts. 119 and 806, footnote. 

1784. Coulomb. Recherches tMoriquea et exphdmentales sur la 
force de toraion et aur VUaaticite des fla de mUal, Hiatoire de VAcadhnie 
dea Sciencea^ ann^e 1784, Paris, 1787, pp. 229 — 269. This memoir is 
reprinted Tome i, pp. 63 — 103 of the Collection de M'emovrea relatifa d 
la Physique puhliea par la Society Frangaiae de Physique^ Paris, 1884.’ 
Dr Todhunter has refei'red to it in Art. 119. We may note the second 
section (pp. 255 — 269) of the memoir in this place. It occupies pp. 90 — 
1 03 of the reprint and is entitled : Re V alteration de la force eiaatique dams 
lea toraiona dea fila de metal, Theorie de la coherence et de VUaaticitL In 
this section Coulomb brings out clearly (i) that the absolute strength of 
a material depends upon the working or treatment it has received {la 
force dea mHaux varie auioant le deyre d^ecrouiaaement et de recuit)] 
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(ii) that in the case of set, the set-slide produced by torsion is at first 
for very small sets proportional to the total slide and thus to the 
elastic slide, but that it very soon begins to increase in a much greater 
ratio ; (iii) that the slide-modulus (Coulomb speaks of the reaction de 
torsiori) remains almost the same after any slide-sets; (iv) that the 
elastic Hmit (at least for the case of torsion) can be extended by giving 
the material a set, thus by subjecting a wire to great torsional set a 
state of ease can be produced almost as extended as if the wire had 
been annealed. 

Coulomb also notes that the resistance of the air had very little 
effect in diminishing the amplitude of the oscillations of his apparatus, 
and he apparently attributes the decrease in amplitude to something 
akin to ‘fatigue of elasticity’. 

Coulomb distinguishes elasticity and cohesion as absolutely different 
properties. Thus the cohesion can be much altered by working or other 
treatment. It would appear that the elastic limit is altered when the 
cohesion or absolute strength is altered ^ ; scarcely however, as Coulomb 
apparently suggests, in the aamie ratio (§ xxxi.). The elastic constants 
however remain the same : see our Art. 806. This independence of the 
elasticity of the cohesion was confirmed by flexure experiments for the 
stretch-modulus (§ xxxiii.). 

It may be noted that Coulomb uses the terms glissement and glisser 
for set-slide and not for elastic slide. He appears to hold that the 
difference in the cohesion of the same material in different states de- 
pends upon its capacity for receiving set-slide. If its parts cannot 
slide on each other, it is brittle ; if they can, it is ductile or malleable. 

It will be noted that the several suggestive points of this memoir 
remained for many years unregarded, till they were again rediscovered 
by Gerstner and Hodgkinson. 

(3) Resilience, Arts. 136, 993 and 999. 

(a) J. A, Borellus. Liher de vi percussionis^ Bologna, 1667. Another 
edition of this work entitled : JDe vi percmsionis et motionibus natvr- 
rcdibus a gravitate pendmtihus {Editio prima Belgica, priori Italicd 
mvlto correctior et auctior, etc.), appeared 1686, Lugduni Batavorum. 
There are two chapters in this work (Caput xvm. and Caput xix.) 
entitled : 

t fm j- elastic limit 

1 The ratio — ^ for most materials in their unworJced state diminishes 

as the cohesive limit increases, but with many materials in a worked condition 
(e. g. tempered steel) this is not true. 
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Qicomodd in Jlexihilihus corporibus impetus impressus reiardetur aut 
extinguatu/r (pp. 106 — 112 of the later edition). 

Qua rations in corporibus flexihilibus resilientibus motus contrarii $e 
7yiutu^ destruant, renoventurque (pp. 112 — 116 of the later edition). 

These chapters at least by their titles suggest a consideration of the 
problem of resilience, and the examination of the figures on Plate III., 
opposite p. 106, suggests still more strongly that something of value 
might be found in them. Beyond giving, however, the name resUience^ 
probably for the first time, to a number of problems now classed under 
that name, the work really contributes nothing to our subject, being 
composed of a number of general and extremely vague propositions. 

(5) 1807. Young, A Course of Lectures on Natural Philosophy 
and the Mechanical Arts. 

Young was, I believe, the first to introduce into English the term 
resilience^ and to state the general theorem that : The resilience of a 
prismatic beam resisting a transverse impulse is simply proportional to 
the bulk or weight of the beam. The statement of this general proposition 
occurs on p. 147, Vol. i. of his Lectures, on Natural Philosophy. On 
p. 50 of Yol. II. he returns to the matter with the following definition 
and theorem : 

The resilience of a beam may be considered as proportional to the height from 
winch a given body must fall to break it. 

The resilience of prismatic beams is simply as their bulk. 

This theorem he proves in the following characteristic fashion : 

The space through which the force or stillness of a beam acts, in generating or 
destroying motion, is determined by the curvature that it will bear without 
breaking ; and this curvature is inversely as the depth ; conse<iuently, the de- 
pression will bo as the square of the length directly, and as the depth inversely ; 
but the force in similar parts of the spaces to be described is everywhere as the 
strength, or as the square of the depth directly, and as the length inversely: 
therefore the joint ratio of the spaces and the forces is the ratio of the products of 
the length by the depth; but this ratio is that of the squares of the velocities 
generated or destroyed, or of the heights from which a body must fall to acquire 
these velocities. And if the breadth vary, the force will obviously vaiy in the same 
ratio ; therefore the resilience will be in the joint ratio of the length, breadth and 
depth. 

It will be observed that Young is here speaking of cohesive re- 
silience, which must be distinguished from elastic resilience. The' latter 
has of course greater practical importance. Compare Note E, (5). 
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(4) Fourier. Art. 207. 

An account of a memoir by Fourier upon the vibrations of flexible 
and extensible surfaces, and of elastic plates, will be found on pp. 258 — 
264 of the Histoire de VAcademie des Sciences in the Analyse des 
Travaux.,. pendant VAnnU 1822. The Analyse will be found attached to 
Tome V. of the Memoires (1821 and 1822) published in 1826. Delambre 
^eems to have analysed this memoir, which never appears to have been 
published as a whole. It apparently contained solutions of the linear 
partial differential equations satisfied by the above forms of vibrations 
of the kind given for similar equations in Fourier’s TMorie de la Chaleur^ 
i.e. solutions in the form of periodic series and of definite integrals. 

(5) Addendum to Chapter iii. 

H. F. Eisenbach. Yersuch dner neuen Theorie der Kohdsionshraft 
v/nd der damit zusammenMngenden Ersclminungen^ Tubingen, 1827. 

I have added a reference in the Addenda to this book as its title 
might lead a reader to believe something of value was contained in 
Eisenbach’s theory. This would undoubtedly be the case were we to 
accept the author’s own estimate of his discovery, the history of which 
he narrates in some 18 pages. The ‘new theory of cohesion’ consists 
in the hypothesis that the law of cohesion is based on a central inter- 
molecular force which can be expanded in inverse powers of the square 
of the molecular distance. On this hypothesis Eisenbach attempts, 
with the crudest mixture of mathematical and physical absurdities, 
worthy of the P^re Mazi^re, to explain cohesive, elastic and chemical 
phenomena. He speaks of the memoirs of Euler, Lagrange and Laplace 
as vortreffliche Vorarheiten for his own great principle, although he 
criticises somewhat severely Euler’s memoir of 1778 : see our Art. 74. 
Those who are interested in the history of pseudo-science, in the 
paradoxes and self-admirationof circle-squarers, perpetual-motion seekers, 
gold-resolvers, and the iimumerable ‘Grubler die so lange fiber einem 
Trugschlusse briiten, bis er zur fixen Idee wird und als Wahrheit 
erscheint,’ will find much amusement and instruction in Eisenbach’s 
sections: Mne Widerlegung alter hisherigen Kohdsionstheorien and Kurze 
Geschichte des Ga/nges meiner Erfindwng, Englishmen should remark 
that it was on board the ‘Emilie’ in the London Docks that the 
possibility of this great principle ‘stepped like a flash of ligh^tning 
before the soul’ of this second, but sadly disregarded Newton. 

(6) Slide — Glissement Arts. 120, 143, 279 and 726. 

I have shewn in Art. 120 that Coulomb had formed the important 
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conceptions of ‘lateral adhesion’ and of ‘sliding strain.’ In the para- 
graph there quoted Coulomb talks of a stress tending ^ faire couler la 
partie superieure du pilier swr le plan incline par lequel il touche la 
partie inferieure. In Coulomb’s memoir of 1773 (see our Art. 115) we 
have a section, pp. 348 — 349, on Cohesion, Here Coulomb describes an 
experiment on shearing force : 

J’ai voulu voir si en rompant tm solide de pierre, par une force dirig4e suivant le 
plan de rupture, il fallait employer le m6me poids que pour le rompre, comme 
dans Texp^rienoe pr6c6dente, par un effort perpendioulaire d ce plan. 

He found that the shearing load must be slightly greater than the 
tractive load, but the difference was so little {-it of the total load) 
that he neglects it in the theory which follows. On the uni-constant 
hypothesis the limit of shearing load should be f of the limit of tractive 
load. A little later on in the memoir (p. 353) Coulomb uses the 
expression tendre ct glisser; for exactly the same conception as in the 
former paragraph he used tendre d faire couler. It will thus be seen 
that although Coulomb’s theory is unsatisfactory he had still formed a 
clear conception of slide and shear. 

In Art. 143 we have noted that Young in 1807 drew attention to 
the phenomena of ‘lateral adhesion,’ or as he terms it detrusion. It 
was however Yicat who first insisted on the mechanical importance of 
this form of strain and the accompanying stress. In his memoir of 
1831 he defines shear {force l/ramsverse) in terms of the strain which it 
tends to produce. He uses the word glisser : see our Art. 726. 

Vicat’s remarks did not escape Havier, who in the second edition 
of his Legom (see our Art. 279), which appeared in 1833, after de- 
scribing the nature of shear thus defines the slide-modulus : 

Un coefficient sp^cifique repr^sentant la resistance du corps h. un glissement 
d’une partie sur I’autre dans le plan de la section transversale (§ 152). 

The merit of practically introducing shde and shear into the 
ordinary theory of beams rests, as we have seen in Arts. 1564 — 1582, 
with Saint-Yenant. 

(7) Notation for the six stresses. Art. 610, footnote. 

In the table of notations I have attributed to Kirchhoff the notation: 



X- 

y 

Z 

X 



X. 

y 



r. 

z 



z 
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I have since noticed that this convenient notation had been pre- 
viously used by F. E. Neumann in his memoir of 1841. This is the 
important memoir on photo-elasticity discussed in our Chapter vin.: 
see Art. 1185. 

(8) Wire-Drawing. Art. 748. 

On re-examining Karmarsch’s paper, I find that, while he sup- 
posed the drawing of different metal wires through the same hole would 
ensure their having the same diameter, he still recognised that this 
diameter was not that of the hole (pp. 323 and 324). He thus really 
puts in evidence the existence of elastic after-strain in metals : see our 
Arts. 1402 and 1431. The whole subject is of primary physical import- 
ance as throwing light on the effect of ^working’ (initial stress) on the 
elastic and cohesive properties of metals. It is worthy of an accurate 
experimental investigation in which due account would be taken of the 
time-eflfect, not only due to the rate of drawing, but also to the interval 
between successive drawings through the same or different holes. Such 
an investigation would give valuable data on the relation of initial 
stress to cohesion. 


(9) Becker^ s Formula. Arts. 1291 and 1376. 

According to Stokes the ratio of the dynamical deflection to the 
central statical deflection is given by 

4 : 7^3 






DIS- 


1 25 


nearly, if ^ he > 100, and the mass of the bridge small as compared 
with that of the moving load. On the other hand if the mass of the 
bridge be great as compared with that of the moving load 

^52 • 

See our Arts. 1278, 1287 and 1290. 

Let us combine these and endeavour to form an empirical formula. 
We have 

I>IS=1 + ^ 7'+ V ^^4 ^' . 

go* 8 V 252 Jgc* 

Now let L be the mass of the travelling load, then 8^ is a quantity 
which varies as X, i.e. = GL^ where C7 is a constant which depends only 
on the material and the dimensions of the bridge. 
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Thus we may write 

0-8 = 117+2^7^ (i), 

where A and B are constants depending only on the bridge not on the 
travelling load. 

If we compare this empirical formula with Beckers in Axt, 1376, 
we see that he has introduced into A a factor depending on what he 
terms the adhesion of the driving wheels and rails ; in addition in the 
second term he has L for our L\ It does not seem improbable that 
(i) would give as good results as Becker’s formula, and it has a certain, 
although not very considerable, theoretical weight. 


(10) On Gores and Whorls. Arts. 815 and 1378, footnote. 

Brom Art. 815 we see that the equation to the neutral line for a 
section loaded at the point a, b, is given by 


This is obviously the polar of the point {-a, -b) with regard to 
the momental-eUipse of the section. But the point is the central image 
of the load-point (a, b). The load-point and the neutral axis are ac- 
cordingly spoken of as antipole and cmtipolwr with regard to the 
momenta! ellipse. If the load-point describe a curve, the neutral axis 
will envelope another curve which is termed the antipolar reciprocal of 
the first. If the neutral-axis envelope the contour of the section, the 
load-point describes a curve termed the core. The core is thus the 
antipolar reciprocal of the contour of the section with regard to the 
momental eUipse. So long as the load-point is within the core, every 
point of the section is subjected only to contraction. Thus the core 
plays an important part in those structures, wHch are to be so loaded 
that they are not subjected to a positive traction. 

Another curve analogous to the core is frequently useful in strut 
and beam problems ; it is the curve within which the load point must 
lie in order that the material may rupture first by compression (i.e. 
lateral extension). This curve may be termed from a botanic similarity 
the whorl. Let ij be the stretch-squeeze ratio, then the stretch s, 
at SB, y produced by a contractive load P/oi at a, 6 is, by Art. 815, 




cuoc • • 

where SB, y are to be given values which make — 2 fositime. 
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This is the stretch produced by a longitudinal squeeze ; the direct 
stretch 5^, if one exists, will be obtained by giving a;, y such values that 

^ is a negative quantity greater than 1 , or if we denote these 

values by a:', y\ 


_ P / ax' 
Po) \ 



)■ 


Hence we must give to a;, y and a:', y' such values that Sj and are 
maxima, but for any given position of the neutral axis this will be 
where the tangents to the contour are parallel to the neutral axis, or 
are conjugate in direction to the line joining the load-point to the 
centroid of the section. For points on the whorl we must have 


or, 

Hence, 







, a -nx + a: 

1 +-75 -T + 

k" l+lj 


5 r?y + y' - 

k‘ 1+1) 


(i) 


is one relation to be satisfied by a, 6 . 

Let y-f{x) be the equation to the contour of the section, then 
since the tangents to the contour are to be parallel to the antipolar of 
a, h we must have 

/(*)=/(«')=- ^ (ii). 


Thus the construction is as follows : Choose any point a:, y on the 
contour of the section, find the point x\ y* at which the tangent is 
parallel to that at cr, y\ then equations (i) and (ii) will give ns, h. 
That is to say the load-point is the intersection of the diameter of the 
momental ellipse conjugate to the tangent at a?, y and the antipolar of 


thepoint’-^, 


We are thus able to construct the whorl. 

An important and interesting case is where the contour of tho 
section possesses central symmetry. In this case cc' = — cc and 3/' = — ?/- 
Hence the point a, 6 on the whorl is the intersection of the line 
1+17 ax hy 
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with the diameter conjugate to it. 
core is the intersection of the line 


But the corresponding point on the 



with the same diameter. Hence the whorl is in this case a figure 
similar and similarly situated to the core, with all its linear dimensions 
(1 + 77)/(l - iy) times the corresponding dimensions of the core. 

Whorls may be easily constructed for the section of a beam or strut 
subjected at the same time to contractive and transverse loads ; they 
are of value in determining conditions for set similar to that occurring 
in the footnote to Art. 1378. 

Cores and whorls form an interesting feature in the graphic 
(or drawing-board) treatment of elastic problems. 


NOTE B. 

Terminology and Notation. 

The following terms are used in the course of the present volume, 
and are here collected for the purpose of reference. I believe that 
after the chapter devoted to Poisson they have been used fairly 
consistently. 

Shifts. The component-displacements of a point parallel to three 
rectangular directions are termed the three shifts and denoted by w, v, w. 
The first differential coefficients of the shifts with regard to these 
directions are termed the shiftrfiumons. 

Strain. This word is retained, as first suggested by Bankine, for 
the purely geometrical consideration of distortion. The strain at a 
point is determined by six strain-components. These are respectively 
the three stretches and the three slides. They are defined in Arts. 61/, 
612 and 1564. We denote them in the case of elastic strain by the 
symbols and o-,,, cr.„ For small shift-fluxions 

du dv) dv 

It would have been more symmetrical to have given the slides half 
the above values, but it seemed too great an interference with a nearly 
general custom. 

For shift-fluxions of any magnitude the full values of the stretches 
and slides for a small strain will be found in our Art. 1618. 

When neither the strain nor the shift-fluxions are small, the strain 
is expressed by the six components given in our Art. 1619. These com- 
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ponents’ are not the stretches and slides, but the latter can be expressed 
in terms of these strain-components. 

Strain-ellipsoid: see Art. 617. Inverse Strain-Ellipsoid^ the ellip- 
soid in the unstrained body which becomes a sphere in the strained 
body: see Thomson and Tait, Nat, Phil. 2nd ed. i. p. 130. Stretch- 
quadric: see Art. 612. Principal stretches : see Art. 1539, (1). 

The stretch in direction r is denoted by s^ ; the slide parallel to tlie 
direction r', of a small plane at any point, the normal to which has tlio 
direction r, is denoted by cr^-. 

Stretch and slide may be positive or negative, thus a negative 
stretch denotes a squeeze. 

Dilatation is used only for cubical dilatation, which may be positive 
or negative. It is denoted by the letter so that ^ 4- 

for small shift-fluxions. 

The word spread is used for areal dilatation : see Art. 595. 

The three twists are denoted by t^, so that 



The advantage which would arise from introducing tho J into the 
slides is thus obvious. 

Strain may be of various kinds — elastic strain or set. Tliat part of 
a strain which does not disappear on the removal of the load is termed 
set. Set is measured by six components — the three stretch-sets and tho 
three slide-sets ; these are represented in the present work by S^ /S^, S^^ 
and Sgj., Saw* 

Elastic strain is of two kinds, one which disappears at once on the 
removal of the load, and the other which requires time to disappear. 
The latter is termed elastic after-strain^ or the Weber-effoct : see 
Art. 708; the former elastic fore-strain, or more shortly elastic strain. 
The influence of time roay also be sensible in the matter of set, so that 
fore-set and after-set have obvious meanings, denoting the set produced 
by immediate or by long-continued load. The whole relation of time to 
strain is spoken of as the time-effect. 

Stress, This word is reserved for the dynamic aspect of distortion. 
Stress may be of two kinds : 

Stress across a plane at a point. This is defined in Art. 1563. The 
stress across a plane of which the normal is r when resolved in direction 
r' is denoted by the symbol r? : see Art. 610, (ii). The component, per- 
pendicular to the plane, of stress across a plane is termed traction; 
the component, in the plane, of stress across a plane is termed shea/r. 
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Stress at a pomt is determined by taking three rectangular planes at 
the point ; it is found that the stress across these three planes can be 
completely represented by six component stresses. If the directions 
a?, y, z be normal to these planes, the six stresses are represented by the 
symbols 

S, SS, 5-, S, S* 

Of these the first three are termed the three tractions^ the latter three 
the three shears. 

Stress across a plane thus replaces the or tension of some 

writers. The word shear {effort tranchant ou cisaillant) is retained 
entirely for stress ; the confusion which frequently arises from its use 
for strain being obviated by the introduction of the word slide. 

Traction may be either positive or negative (like acceleration in 
kinematic). It corresponds to the normal pressure or normal tension 
of some writers. It would be convenient occasionally to speak of a 
negative traction as a contraction ; this word would thus refer to stress 
and not to strain. The three tractions at a point across the three planes 
for whicli the shears vanish are termed the three principal tractions. 

All stresses are supposed, unless otherwise stated, to bo measured 
per unit of area. The words tension and pressure have been used in 
such a variety of senses that it has been thought better to avoid them 
as far as possible in the present work. 

Stress-quadric: see Art, 610, (iii). Gauchijs Stress-ellipsoid: see 
Art. 610, (iv). Lam^^s Stress-ellipsoid: see Art. 1059. Stress-director 
quadric: see Art. 1059. Shear-cone: see Art. 1059. 

Stress may be of two kinds ; it may be the result of a given elastic 
strain, or may be produced by some treatment to which the body has 
been subjected before the strain which wo propose to consider was 
applied. We speak of this latter form of stress as initial stress^ and 
determine it by the three initial tractions and the three initial shears. 
These are denoted by the symbols, Sq, JJy, Sq, So • Arts. 616 

and 1210. 

The influence of temperature on stress is spoken of as the thermal 
or temperature effect The decrease in traction produced by unit increase 
of temperature in an isotropic body is represented by the symbol 
whicli is termed the thenm-elastic constant: see our Arts. 869 and 1541. 

External forces applied to the mass of a material, such for instance 
as gravitating force, are spoken of as body-forces and denoted by the 
three components X, F, X. Body-force, unless otherwise stated, denotes 
in itself a measurement per unit of mass and is tlius an acceleration. 

50—2 
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External forces applied to the surface of a mass of material are all 
embraced under the term load. Load denotes in itself a measure- 
ment per unit of area. Load is of two kinds ; tractim load, which is 
normal to the surface of a body, and may be either positive or 
negative (occasionally termed contractive load, the context however 
generally shews its sign), and shearing load, the direction of which 
lies ill the tangent plane to the surface at the point of application. 
Load may be determined by its components parallel to three rectangular 
directions, or by a tractive and two shearing loads. In either case we 
speak of the three load-components at a point of the surface. 

The equations of elasticity for a given body are of two kinds, hodg- 
equations and surface-equations. These equations may be expressed in 
terms of the shifts, or the strains or the stresses. Thus such termino- 
logy as hody-shiftrequations, surface-stress-equations, etc. is readily 
intelligible as well as convenient. 

Stress is linked to strain by the aid of certain constants which are 
termed the elastic-co'iistant^ or set-constants as the case may be. The 
number of these constants depends on the nature of the material 
considered. The terms homogeneous, heterogeneous, isotropic and 
aeolotropic are used in the senses adopted by Thomson and Tait : see 
their Treatise on Natural Philosophy, 2nd ed. Arts. 675 — 679. A 
heterogeneous aeolotropic body may have still some form of symmetrical 
heterogeneity. If a system of similar and similarly situated surfaces of 
the nth. degree can be found, upon every one of which the elastic- 
constants remain -the same for every point of the surface, the body may 
be said to have an, ^n-ic distribution of elasticity^ We speak also 
of planar, cylindrical, spherical, etc. distributions of elasticity. 

The hypothesis which makes stress a linear function of strain is 
termed the generalized Iloohds law. Supposing the generalized Hookers 
law to hold, one molecular theory leads to an isotropic body having 
only one, a second molecular theory to its having two constants. These 
theories are spoken of respectively as the uni-constant and hi-comtant 
theories. The same theories when applied to aeolotropic bodies are 
spoken of as the ra/ri-constant and multi-constant theories ; see our 
Arts. 921—932, 

The constants which connect elastic stress with strain are termed 
elastic coefficients. For an isotropic body we use equations of the typo 

So? = + 2^Sfl, , 

Here p is termed the slide-coefficient, and X the dilatationrcoefficient. 
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Certain combination^ of these coefficients are termed elastic moduli. 
They are the forms under which the coefficients are reached in 
experiment. Thus : 

— " is termed the stretchrmodulus and denoted by E. 

^ is termed the dilatation-modulus anrl may be denoted by F, 
o 


fx> (3X 4- 2ju.) 
X + 2/x 


is termed the spread-modulus and may be denoted by G, 


/X is termed the slide-modulus ^ and as it is thus the same as the slide- 
coefficient the latter name may be dispensed with. 

If a terminal tractive load produce a longitudinal stretch s in a bar, 

then there is a corresponding lateral stretch = - fi) 
quantity — r is termed the stretch-squeeze ratio and denoted by 77 . 

2 (a 4 jU.) 

For an aeolotropic body, when we express stress in terms of strain, 
we use the following notation : 


(i) tra: = \xxxx\ + \xxi/i/l + \xxzz\ 5, + \xxyz\ 4 \xxzx\ cr^ 4 Ixxocyl cr^y, 

(ii) ^ = \vzxx\s^ 4 \yzyy\Sy 4 \yzzz\ s^-^\yzyz 4 \yzzx\cr^^ 4 \yzxu\(r^. 

This notation for the coefficients is easily intelligible and possesses 
considerable advantages in theoretical investigations, especially those 
which can be conducted by symbolic methods. We adopt Rankine’s 
terminology for these coefficients ; the reader will find an account of 
that terminology in our second volume. 


NOTE C. 

On the Limits of Elasticity and the Elastic Life of a Material. 

(1) It is of primary practical importance to fix the limits within 
which the ordinary mathematical theory of elasticity holds. We shall 
accordingly in this note consider the various stages in the elastic life of 
a material and point out to which of them the theory applies. For 
the present we exclude the consideration of after-strain and time-effect. 
We commence with the following definitions ; 

The strain produced in a mass of material by any system of load 
and body-force is said to be elastic when the whole strain disappears on 
the removal of the load and body-force. 
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So long as the whole strain disappears the body is said to be in 
a state of ease vjp to that strain. 

(2) Given an aeolotropic body with any amount of initial stress, let at 
each point of it a surface be described in the following fashion : Upon a 
radius vector revolving in every direction about the point let a length 
be marked off such that its inverse square is proportional to the greatest 
stretch which can be given to the material in that direction without 
set, the end of the radius-vector will thus trace out a surface, which 
may be termed the sv/rface of perfect elasticity at the point h If the body 
and the initial stress be homogeneous, the surface of perfect elasticity 
will be the same for all points. This surface marks the limit of elastic 
strain for the substance. Any strain which produces a stretch in any 
direction exceeding that measured by the inverse square of the corre- 
sponding radius vector of the surface of perfect elasticity, produces set 
or alters the state of ease. We may thus state the condition for a 
strain being perfectly elastic: A strain is wholly elastic, when the 
stretch sheets (as distinguished from the squeeze sheets, if there be any) 
of the stretch-quadric lie entirely outside the surface of perfect 
elasticity. 

We will term a stretch sheet a positive sheet of the stretch-quadric. 

(3) It has been usual among writers who adopt a stress limit 
of elasticity to speak of two elastic limits, a superior and an inferior 
limit of elasticity, instead of a limiting surface. All that is meant by 
these superior and inferior limits is that by reversing the direction of a 
load we interchange the stretch and squeeze sheets of the stretch- 
quadric, and thus by altering the magnitude of the load can make a 
positive sheet ultimately touch the surface of perfect elasticity approach- 
ing it from a different direction. The greatest positive and the greatest 
negative loads are then termed the superior and inferior limits of 
elasticity. This terminology however is not very scientific. 

(4) If a surface be drawn in precisely the same fashion as the 
surface of perfect elasticity, but so that the inverse square of its radius 
vector in any direction is taken proportional to the stretch in that 
direction which would produce rupture, we have a second surface which 
we may term the surface of cohesion. The surface of cohesion ob- 
viously lies entirely inside the surface of peifect elasticity, and the 

1 The constant which determines the ratio of the stretch to the inverse square of 
the radius-vector is supposed the same for all the surfaces considered in this note ; it 
may be conveniently taken as an unit of area. 
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limit of cohesion is marked by a positive sheet of the stretch-quadric 
touching the surface of cohesion. Strains which bring any part of a 
positive sheet of the stretch-quadric between the surface of perfect 
elasticity and that of cohesion produce set. 

The surface of perfect elasticity will continually change its form as 
the material receives set, and this whether the elastic stretch be 
calculated on the basis of the primitive or set-dimensions of the 
material in question. Since it is the stress corresponding to the elastic 
strain and not to the set which at all times supports the load, and since 
according to the Coulomb-Gerstner law, the elastic constants alter 
but little with the set, it is obvious that as we increase the load, we 
must increase the strain, and as a mle the stretch. Hence the effect of 
an increasing load is not only to produce set but to contract the 
surface of perfect elasticity. 


(5) The form and relative magnitude of the surfaces of perfect elas- 
ticity and of cohesion depend largely on the treatment or the working 
which a material has previously received: see our Arts. 692 (4"), 853—56 
and 1003. In particular every strain which produces set appears to alter 
the surface of perfect elasticity. Outside the surface of perfect elasticity 
(which from its nature must be a closed surface) we have the state of ease, 
between the surface of perfect elasticity and the surface of cohesion e 
have the state of set. It is important to discover how far the surface 
of perfect elasticity can be contracted and made to approach in any or 
all directions the surface of cohesion. If we may in any way argue 


from the result of experiments on bars as to the physical conditions 
which hold for masses of material subjected to any form of strain, there 
is a practical limit up to which it is possible to contract the surface of 
elasticity. When a bar is subjected to increasing traction, a certain 
stretch is reached after which there is a sudden and rapid mcrease of 
stretch, during which the traction so far from increasmg appears 
to diminish; only after a very great increase of set-stretch is the bar 
again in a condition to sustain an increase of traction. The 
nature of the material appears after this to have changed ; for stiU 
larger tractions, strain, nearly all set, increases much faster than stress, 
and the material rises m temperature. The point at which this change 
takes place is very marked, and various names have been suggested for 
it, as the of fatigue, the of stability, and the hreah-down p^nt. 

The latter name brings out the character of the phenomenon, but at the 
same time suggests a point related to absolute strength or cohesion ; I 
have therefore spoken of this point in the present work as the yields 



888 


APPENDIX, NOTE C. 


•point. Arguing from the analogy of a bar, there would be in every 
material in any definite direction a definite stretch at which the 
material would suddenly yield as a bar does. Supposing such to exist 
we may form a surface from these stretches in exactly the same manner 
as we formed the surface of cohesion, and we may term it the yield- 
surface. As the state of ease for a bar may be extended up to the 
yield-point, so we may suppose that the surface of perfect elasticity 
can be contracted till it coincides with the yield-surface. In this 
case no set would be manifest, till it appeared suddenly and with 
great rapidity on the stretch-quadric touching the yield-surface; an 
obviously dangerous state of affairs for practical purposes. 

(6) The phenomenon of the yield-point is probably closely con- 
nected with the treatment or working (rolling, hammering, hardening, 
annealing, etc.) a body has received ; and the sudden set it gains in the 
yield-stage immediately following the yield-point is not improbably 
a removal of all or part of the elastic and cohesive influence of 
that treatment or working. The yield-stage may be in fact a destruc- 
tion of the record of the past life of the material. In particular it 
would seem that all ^ initial stress ’ may disappear at tins stage. 

(7) It would be convenient to speak of the elastic life of the 
material up to the yield-stage as the worked stage, and after the yield- 
stage as the raw or unworked stage. The raw stage includes the stage 
of plasticity. A body may be in a state of ease when it is either in the 
worked stage or the raw stage, but there is this physical diflcrence, that 
in the worked stage a stress which produces a strain beyond the elastic 
limit produces (always supposing the state of ease not limited by the 
yield-stage) only a stnall amount of set, while in the raw stage a 
stress producing a strain beyond the elastic limit will produce also 
a large amount of set. It is thus apparent that the surface of perfect 
elasticity, while it can be contracted across the yield-surface and 
possibly almost up to the surface of cohesion, is for practical purposes 
limited by the yield-surface, and indeed should lie well outside that 
surface, if the material is to shew signs of the limit of its practical 
capacity by exhibiting a small set. 

(8) We have next to inquire whether a body strained within its state 
of ease (be it in the worked or the unworked stage) obeys the ordinary 
equations of the mathematical theory. This depends on whether we can 
assume that the generalized Hooke’s law holds for all strains within the 
limits of perfect elasticity. We shall shew in the next note that for a 
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considerable number of materials this is not the case. For a variety of 
ductile materials, however, such as wrought iron, steel, copper, etc. it 
appears to be true that stress is proportional to strain for all strains 
wit]iin the state of ease. Further, between the limit of elasticity (the 
limit to the state of ease) and the yield-point the elastic part of the 
strain according to the Coulomb-Gerstner law is also proportional to the 
stress. If the state of ease be narrow, set appears at first to be pro- 
portional to stress ; hence we see that the ordinary equations of 
elasticity hold for so much of the strain as is elastic, while Neumann’s 
equations hold for so much of the strain as is set: see our Arts. 1207 
and 1211. However before we reach the yield-point set although 
small is no longer proportional to stress, and so Neumann’s equations 
cease to hold. Professor Kennedy tells me that the elastic part of the 
strain even in the unworked stage, for a bar under terminal traction 
apparently follows the same stretch-modulus as in the worked stage, so 
that we may perhaps consider the equations of elasticity to hold with 
the same constants for the elastic strain of a material in this stage. This 
is in fact a very important extension of the Coulomb-Gerstner law. 

(9) It will be noted that the usual definition of the limit of elasti- 
city as the beginning of set, as well as the limitation of perfect elasticity 
to materials for which the generalized Hooke’s law holds, is not entirely 
satisfactory. I have endeavoured to indicate in this note the exact 
portions of the elastic life of a material for which the mathematical 
theory is true, and what are the proper strains to be taken in that 
theory for calculating the strength of a material. 

(10) I owe to Professor Kennedy the following automatically drawn 
diagram of the elastic life of a bar of soft rivet steel subjected to a con- 
tinually increasing tractive load. It may serve to bring out clearly the 
stages we have considered above. 

The tractions are calculated per unit area of primitive cross-section 
and are measured along the horizontal circular arc. Stretches are 
meixsured parallel to the vertical axis. 

^ to ^ is the state of ease, traction is proportional to stretch, which 
is entirely elastic. B is the limit of perfect elasticity. 

B to C is the set-stage [icrouissage) which lies between the limit 
of perfect elasticity and the yield-point C. Set, although small, as we 
approach the yield-point increases more rapidly than the load. 

GO' is the yield-stage, and Professor Kennedy’s researches shew 
a diminution of traction during this stage. He considers that the 
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great increase of stretch takes place at different parts of the bar 
successively and not simultaneously during the stage. 

CD is the first portion of the rough stage, here the elastic strain 
apparently obeys the Ooulomb-Gerstner law, but there is a very large 
set. The bar has a uniform but decreasing cross-section and rises 
in temperature. The bar is not perfectly plastic in this stage for 
the traction is still increasing. Professor Kennedy terms CD the stage 
of uniform floio \ JIG shews how when the load is removed, and the 
bar gradually reloaded, its state of ease practically extends up to 
the maximum traction which it has previously sustained. The limit of 
elasticity has thus been carried beyond the yield-point. At D a 
maximum traction is reached if calculated on the primitive cross- 
section, but from D to D the traction really increases if calculated on 
the reduced section. 

About the point D the bar begins to ‘ thin down ’ or ' fl.ow’ locally^ a 
portion becoming more reduced in cross-section than the rest. I have 
termed this phenomenon in the present work stricture {Uranglement), and 
the cross-section which thins down the section of striction. Professor 
Kennedy terms the stage which follows this the stage of local flow {ener^ 
vation), I have preferred the name stricture to local flow, because 
the material does not appear to be in a condition of genuine flow or 
plasticity, for in that case the traction-stretch curve ought to be 
convex and not concave to the stretch-axis. E is the limit of 
cohesion. 

D corresponds to the maximum total load and E to the terminal 
load. The traction has in general at E its maximum value if calculated 
for the section of striction. 


NOTE D. 

On the Defect of lloohds Law. 

Wo have had occasion several times to draw attention to the fact, that 
in certain materials, even for very small strains which are entirely elastic, 
stress is not proportional to strain, or the stress-strain {e.g. the traction- 
stretch) curve is not a straight line. We have seen that Hodgkinson 


1 Sec mture, AprH 2, 1885, p. 504. 
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termed this peculiarity in the case of cast-iron the defect of elasticity^ . 
The name appears to be unfortunately chosen, and we prefer to term 
the phenomenon the defect of Hookds Law, The elasticity indeed 
remains perfect but the ut tensio^ sic vis principle is defective. The 
materials which are defective in this respect are of great importance in 
technical elasticity, and for the elastic strains which occur in practice 
it is not possible to suppose the stress-strain relation linear. It will be 
obvious that, in the ordinary sense of the term, tliese materials possess 
no stretch-modulus. What are we to understand then by the stretch- 
moduli which will be found tabulated for these materials in many 
works on physical and technical elasticity? Either the modulus has 
been obtained as the mean of a number of corresponding values of 
traction and stretch, in which case its value will depend entirely on 
the range of values chosen, or else it must be taken to represent the 
tangent of the angle which the tangent at the origin to the traction- 
stretch curve makes with the stretch axis®. This latter is the value 
suggested by the mathematical theory as the limit. But it is extremely 
difficult to determine this angle, unless we know the form of the stress- 
strain curve, because of the delicacy of the testing machine required to 
measure the ratio of vanishingly small stress and strain. Possibly 
sound-experiments might be the best method of ascei'taining this ratio. 
Tins leads us to a very important remark, namely that the apparent 
isochronism of sound vibrations in materials of this nature does not 
permit of our assuming the principle that superposition of strains means 
superposition of stresses for such strains as occur in technical elasticity. 
In other words the ordinary mathematical theory of elasticity may for 
certain materials possibly give very correct results for such infinitely 
small strains as occur in sound vibrations, but we cannot argue from 
this that these same equations hold for even perfectly elastic strains 
such as we require to consider in technical elasticity: see our Arts 928 
929, and 1404. 

The accompanying plate represents the traction-stretch curves for 

1 It seems to me that Hodgkinson in his JExpenmental Researches (see our Art. 
969) terms set ‘defect of elasticity’, hut that in the Report of the Iron Commissioners 
he means by ‘defect of elasticity’ a defect in Hooke’s Law, see our Art. 1411. As 
appears from that Article the two are not the same, because set has a term linear in 
the stretch. Saint- Venant speaks of ‘une partie persistante sensible — ce que les 
Anglais appellent set ou defect of elasticity^ (Legons de Navier, p. 104). He docs 
not appear to have remarked Hodgkinson’s double use of the term. 

A third course would be that suggested by Wertheim’s memoir on the human 
tissues : see our Art. 1318, 
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bars of various materials. These curves are the result of a series of 
very careful experiments made by my colleague, Professor Kennedy, 
who has kindly permitted me to publish them in this Note. In all 
cases the material had been reduced to a state of ease limited by 
a considerably higher traction than that applied, so that the bars in 
every case returned to their initial length and the -whole strain was 
elastic. Tractions are measured along the horizontal, and stretches 
along the vertical axis. By joining the origin to the terminal of the 
stretch-traction curve the reader will be able to form an idea of its 
curvature, or the defect of Hooke’s law. 

A and B. Cast-Iron (Blaenavon). 

C. Cast-Iron (Carron). 

B. Cast-Iron (very tough mixture, tenacity 12-5 tons per square 
inch). 

E and F. Wrought Iron and Steel. These curves are within the 
limits of experimental error straight lines. They shew the equality of 
the stretch-moduli for w^rought-iron and steel. 

G. ‘‘Manganese Bronze.” Cold rolled. 

H. Extremely hard steel used for dies at the Royal Mint. Tenacity 
62*3 tons per square inch, and elasticity scarcely impaired up to 95 p. c. 
of that load. The scale of tractions for this curve is four times as great 
as for all the others, so that the curve is carried to a traction of over 
88,000 lbs. per square inch. It will be seen to be practically a 
straight line throughout its whole length. The stretch-modulus for 
this steel is slightly greater than that of the wrought-iron and steel in 
E and F. 

These curves will suggest to the mathematician what a field of 
investigation lies open in the mathematical theory of perfectly elastic 
bodies, when for certain materials in frequent technical use we re- 
cognise the defect of Hooke’s law. 

The ‘ defect of Hooke’s Law ’ may possibly throw some light on the 
inconsistencies inWertheim’s experiments: see our Arts. 1297 and 1403. 


NOTE E. 

The Resilience of Beams subject to transverse Impact. Arts. 939, 942. 

(a) A full account of Hodgkinson’s various experiments on impact 
and the resilience of beams will be fo,und in Ber Ingenieur, Bd. i. 
Freiberg, 1848, pp. 403 — 432. The account is by Buhlmann and is 
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entitled : Festigheit prismatischer Korper gegen Stoss mid inshesondere 
die Arheiien und Yersuche von Eaton Hodgkinson iiber diesen Gegen- 
stand. It adds little to Hodgkinson’s investigations, but is a useful 
resume for German engineers. 


(6) It may not be without interest to compare Hodgkinson’s results 
in Arts. 939 and 942 with the results of a theory based upon the 
hypothesis, that during impact the beam takes the same form at each 
instant as it would if the deflection at the point of impact were pro- 
duced by a statical load. This hypothesis is probably nearly the truth 
when the velocity of impact is not very great. I have extended the 
method of Homersham Cox to a few more general cases. Let v be the 
velocity of impact, M the mass of the striking body, m that of the beam, 
I the length of the beam, E its stretch-modulus, co its section and k the 
radius of gyration of the section about a diameter perpendicular to the 
plane of flexure, /the greatest deflection at the point of impact, which 
we will suppose at distances a and h from the ends of the beam (« -f 6 = 1). 
We will first suppose the ends of the beam supported as in Hodgkinson’s 
experiments and Cox’s theory, the impact being horizontal. If the 
impact were vertical the statical deflection due to the weight of the 
falling body must be added. I And : 

ah Mv 

(ii -1- y7>l) ’ 

where Y = +20 + s) | 



Here y is a coefficient which measures, as it were, the effective 
mass of the beam. It may be termed the mass-coefficient of resilience. 

Hence y is least for central impact and increases to infinity as wc 
approach the ends. At the centre y = vj-f, which agrees with Cox’s 
result ; at 3/4 span y = ^ = ||. (1 + = |. nearly. Thus, if /„ /, he 

the deflections at 1/2 and 3/4 span, produced by the same blow, Mv, 
we have : 


A 

/> 


= 1 


1 + lT^U 


1 + 2t!^ 


I , nearly. 


.(ii). 


Further, if be the traction which will, if applied longitudinally, 
rupture a bar of the same material, and 2h be the diameter of the beam 
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ill the plane of flexure, then on the ordinary theory the rupture-deflec- 
tion is given by 

Hence the blow which will just break the beam is given by 

(iii). 

If be the blow which will break the beam at 1/2 aud the blow 
which will break the beam at 3/4 span, we have : 




1 + 


1 + 


2 7 


j nearly 


(iv). 


We see at once that Hodgkinson’s results (2) and (3) of Art. 939 
hold only when the ratio mIM may be neglected in equations (ii) and 
(iv). Similarly we note that (v), (vi) and (vii) of Art. 942 are only very 
rough approximations to the truth. 

Turning to Young's definition of the resilience of a beam as propor- 
tional to the height from which a given body must be dropped to break 
it, we have from equation (iii), 

Eesihence oc (l + y 5) , 


that is proportional to o? 4- y . 


Hence Young’s Theorem (see Note A, (3), (5)) that the resilience is 
proportional to the volume (cd^ is accurately true only when we neglect 
mfM as small. 


(c) I may note three additional results : 

(i) If the beam instead of being supported at the two ends 
be built-in at both ends, the mass-coefficient y = for a central 
impact, and the deflection is given by 

l^Mv 

^ 8 ’ 

(ii) If the beam be built-in at one end only and the impact be 
applied horizontally to the free end, the mass-coeflElcient y = 

= ¥ - tV = T nearly, and 

, PMv 
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(iii) If the beam be built-in at one end, supported at the 
other and struck in the middle, j — nearly, and 



{M^ • 445 /? i ) * 

The calculation of y for a variety of other cases presents no 
difficulties. 



INDEX. 


The numbers refer to the articles of the booh and not to the pages unless 
preceded by p. ftn, —footnote. 


Absolute strength : see Cohesion 
Adherence: see Cohesion 
Adhesion, lateral : see Slide 
Aether. Mazi^re, 29; Descartes, 34; 
Bernoulli, 35; Euler, 94; Sanden, p. 
78; Mossotti, 841 ; Kelland and Earn - 
shaw, 1230 

After-strain: see Strain 
Aim4. Compression of liquids, 691 
Airy. Flexure of a bar supported at 
several points and application to stan- 
dards of length, 1247 
Alloys. Elasticity of, Wertheim, 1302—3, 
Bevan, 761 d 

Ampere. Molecules, atoms, 738 
Annealing. Effect on strength wires, 
692, 830, 856 — 8; on extension of 
wires, 692; on stretch- modulus of 
metals, 1295, 1301, of glass, 1311 
Arcs. Circular, resistance of, 278, 937, 
1467—60, 1573-4 

Arches. Expansion by heat, Bennie, 
838 ; wooden circular, experiments on, 
Ardant, 937 ; Poncelet, review of 
theories of, 996 

Ardant. Experiments, beams, arches, 
937; Poncelet on experiments of, 983 — 5 
Arosenius on columns, 819 
Atoms. Sexual characteristics, Petty, 
6; attraction of, Newton, 26, John 
Bernoulli, 35, Euler, 94; polar pro- 
perties, Desaguiliers, 29 7, Bitchie, 408 ; 
Frankenheim, Kirwan, 829 ; definition 
of, AmpSre, 738 

Attraction. Elective, query on, New- 
ton, 26 ; to explain cohesion, 
s’ Gravesande, 42; is gravity ap- 
plicable to cohesion or another law 
varying with distance, 164, 165, 

T. E. 


Belli, 361, 752—8, Mossotti, 842, 
Faraday, 843; of ^op of water to 
earth, 166; of two thm plates, 168; 
of two spheres, 169; capillary, 171; 
law for single particles, 172, 439, 
543, 977 ; history of theories of, Belli, 
165—6, 211, 308; Nobili, 211, Youte, 
212—4, Eisenbach, p. 876; and re- 
pulsion of spheres, Laplace, 307; 
laws of, Laplace, 308, 312 — 5; theory 
of, Laplace, 313; Eelland, Ellis, 
Eamshaw, controversy on law of, 
1230 — 32 ; Briinnow, 1235 — 7 
See also Molecule^ Atom 

Avogadro. Fisica de' corpi ponderabilU 
v^ue as a text-book, 847; influence 
of caloric on molecular force, 844 — 5 ; 
molecular forces and experimental re- 
sults, 845 ; vibrations of bodies, 846 

Axis. Of equilibrium (= neutral axis), 
J. Bernoulli, 21; of elasticity , bodies 
with three axes, Savart, 340 — 5, 
Cauchy, 615 ; of gypsum and other 
crystals, elastic, optic, thermal, 788 
—93, 919 
See also Crystal 

Axles. Solid and hollow, strength of, 

1463 b\ fracture of, 1463 d; effect of 
vibrations on, 1463 <7, 1464 ; form of, 

1464 

Bacon. Experiments on compression of 
water in lead spheres, p. 78, ftn. 

Balance. Flexural, Weber, 718 ; inertial, 
Willis, 1418, 1421 ; torsion, Coulomb, 
119, Biot, 183, Hill, 398, Bitchie, 408, 
Mainardi, 1214 

Ballistic Machine. Bernoulli, 246 ; 
Mossotti, 251 


57 
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Banks. Experiments on wood and iron 
beams, 147 

Bar. Non-central tractive loads, effect 
on, Tredgold, 832 — 3 j Brix, 1249 
Cylindrical, movement of points of, 
temperature varying, Dukamel, 898 ; 
equation for, sp. heats equal, 899; 
initial temp, uniform and allowed 
to cool, 900 ; initial temp, varying 
allowed to cool under traction, 901; 
cooling, ends fixed to moveable 
masses, 202-^3; made to stretch 
another bar, 904 

Eesilience of, Poncelet, 988—993. 
Uniform, flexure of, Airy, 1247 
Long cast-iron experiments, on flexure 
and strength of, 1413 
Deflections of, by travelling loads, 1417 
—22 

Sounds produced in metal, by electric 
currents, 1333 and ftn. 

See also Beam, Bod 

Barb6. Experiments on traction and 
strain in iron, 817 

Barlow. Strength of Timber, 188; re- 
view of beam theories, 189; position 
of neutral axis, 189 — 90, 192 — 4 ; on 
Girard’s results, 190 — 1 ; deflection of 
beams, 191; Hodgkinson on, 233; 
report on strength of materials, 945 
Base of fracture. Definition and resist- 
ance of, Galilei, 3; Varignon’s for- 
mulae for resistance of, 14 
Baudrimont. Experiments on annealing 
wires, 830; effect of worked state on 
elastic constants, 831; effect of tem- 
perature on cohesion of metals, 1524 
Beams. Continuous, Navier,281; theory 
of, Clark, 1472; experiments and 
theory, do,, 1488; Saint- Venant, 
1672 

Tractive loads. (See Struts and 
Columns,) Eupture of Biilfinger, 
29 jS; curvature of fixed, Euler, 67; 
of varying density and section, Euler, 
68 ; of uniform section weight con- 
sidered, do., 68 ; strength of. Young, 
134; stiffness of, do., 138 ; buckling 
and flexure of, Tredgold, 196, Heim, 
907 — 10; Saint-Venant’s problem, 
what value are we to take for load ? 
911 ; Euler’s theory, Lamarle, 1255 
— 62; core and whorl of section, 
815, pp. 879—81; experiments on, 
Musschenbroek, 28; iron, Duleau, 
229; neutral line for, p. 44 ftn.. 
Young, 138, Eobison, 146, Duleau, 
229, Whewell, 737, Heim, 907 — 10, 
Lamarle, 1255—62 

Transverse loads. Theory. Hypothesis 


of inextensibility, Galilei, 2 ; base 
of fracture, do., 3; forms for equal 
resistance, do., 4 ; absolute and re- 
lative resistance, Varignon, 14; 
points of rupture. Parent, 17 ; lem- 
mas on strained fibres, Bernoulli, 
20—21; rupture of, Biilfinger, 29 jS, 
Euler, 76 ; flexure of, Coulomb, 117 ; 
compressibility in, Eytelwein, 150 ; 
deflection of, Barlow, 191 — 2; general 
formulae for, Hodgkinson, 231 ; 
stress-strain, laws for, do., 234, 
240; theories and extensions of, 
Navier, 279; built-in one end, do., 
281; flexure of uniform^ section, 
816; equilibrium of built-in, Heim, 
914 ; Emerson’s Paradox, 187, p. 74 
ftn., 952 (ii); tendency to break 
under, A. Smith, 1181 ; Moseley on, 
1233 ; Lamarle on theories, 1253 — 
4 ; deflection and imperfect elasticity 
of, Hodgkirison, 1438 — 9; hyperbolic 
law for cast-iron, Cox, 1440 — 2; 
comparison of flexure by theory and 
experiments, Ohevallier, 1461 ; gene- 
ral principles and formulae for, 
Clark, 1469 — 71; formulae for various 
sections, Tate, 1490—3; equilibrium 
of elastic beam of square section 
uniformly loaded, Maxwell, 1547; 
introduction of slide into theory of, 
St Venant, 1571, 1682—3, Maxwell, 
1554; problem for any system of 
loads, St Venant, 1572; criticism 
of old theory, do., 1580 
Transverse loads. Experiments on 
Iron, Buffon, Musschenbroek, 28, 
Banks, 147, Eennie, 187, Barlow, 
190; best form of, Hodgkinson, 237, 
243—4; neutral axis, Ac., Hodgkin- 
son, 238 — 40 ; T shape, Hodgkinson, 
241; malleable, Hodgkinson, 242; 
non-fibrous, Vicat, 732 — 3 ; wrought 
and cast, Gerstner, 809 ; cast, Bra- 
mah, 837; cast, fracture of, set in, 
Hodgkinson, 952 — 3 ; effect of skin, 
962 ; effect of long-continued load, 
Hodgkinson, 967; on temperature- 
effect, Eairbaim, 953, 968; flexure 
andrupture,Giulio,1216;ca8t,Gubitt, 
970; neutral axis, <fco., Colthurst, 
998; long cast, Hodgkinson, 1413; 
wrought, change of section of, Clark, 
1485; cast tubes, Stephenson, 1483; 
increase of strength by initial strain, 
Clark, 1486; oast, weaker at core, 
James, 1484 

Wood, Eupture of, Mariotte, 10, 28, 
Euler, 76, Girard, 131, Banks, 147; 
flexure of, Dupin, 162, Hodgkinson, 
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233; flexure and set in, Gerstner, 
807 — 8; neutral axis, &c., Colt- 
hurst, 998; flexure of (to determine 
stretch-modulus), Hagen, 1229, Paci- 
notti and Peri, 1250 — 2, Wertheim, 
1312 — 13; Lamarle, 1253 — 4 
Neutral axis. Galilei, 3, Varignon, 14; 
Bernoulli, 20 — 21; Coulomb, 117; 
Eiccati, 121 ; Young, 139 ; Eytelwein, 
149; Barlow, 190 — 4; Duleau, 227; 
228; Hodgkinson, 231, 232, 233, 
238, 239, 240, 279, 971; HiU, 403; 
Persy, 811 ; Colthurst, 998 ; Giulio, 
1216; Schafhaeutl, 1463; Clark, 
1469—71 

Eesilience of. Hodgkinson, 939—43, 
1409 — 10; comparison of Hodgkin- 
son’ a experiments with theory, pp. 
894 — 96; Young, p. 875, H. Cox, 
14:34 — 37; Clark, 1487: Poncelet, 
988—94 

Theory of. Higher Approximations, 
Poisson, 570 and ftn., Heim, 907, 
Lamarle, 1253, Saint-Venant, 1615 
Vibrations of. D. Bernoulli, 46, 49; 
Euler, 64; Eiccati, 121; Strehlke, 
356 ; Poisson, 466—471 ; Heim, 916 ; 
Bell, 1372 ; Lissajous, 1525 ; Savart, 
847 — 351 ; Cauchy, 660. See also 
Vihrations^ JRods^ Nodes 
Travelling Load etc. see Bridges 

Beatson, electro-elastic properties, p, 674, 
ftn., 1333, p. 720, ftn. 

Becker. Experiments on deflections of 
cast-iron bridges, 1373; method of 
measuring do., 1374, results, 1375, 
empirical formula 1376, p. 876 

Belgrade. Position of neutral line, on 
s’Gravesande’s theory, scale of elastic 
strengths, 29 5 

B^lidor, de. Experiments on rupture of 
beams, 28 jS 

Bellavitis. Equilibrium of elastic rods, 
Poisson’s error, 935 

Belli, G. Molecular forces, 163 — 4 ; 
Newton and Laplace’s theories, 164; 
solid of greatest attraction, 165 ; 
problem of hanging drop of water, 
166 ; law of molecular force unknown, 
167 ; attraction of thin plates, 168, 
of spheres, 169; refraction of light, 
170 ; capillary attraction, 171 ; law of 
attraction between particles, 172, 361 ; 
of molecular attraction, 752 — 3; of 
cohesion, 754 ; ordinary hypotheses of 
molecular attraction, 755 ; is gravita- 
tional attraction applicable? 756; 
hypothesis of attraction, 757 — 8 

Bells. Tones of, Euler, 96 ; his theory 
applied, p. 55, ftn. ; to Harmonicum, 93 y 


Bell. Stretch-modulus from musical 
notes, 1372 

Bergeron. Eesistance of elastic solids, 
1238 

Bernoulli, Daniel. Letters to Euler on 
vibrations of elastic laminae, 44 — 8; 
equation for transverse vibrations of 
a bar, 45, 49; modes of vibration, 
50 

Bernoulli, Jas. (the older). Papers on 
elastic lamina, 18; as originator of 
stress-strain curve, p. 871 ; notices of 
Galilei, Leibniz, and Mariotte’s work, 
19; lemmas on fibres of strained 
bodies, 20 ; idea as to position of axis 
of equilibrium, 21; rejects Hooke’s 
law, 22 ; Girard on this, 127 ; curva- 
ture of elastic line, and equation to 
it, 24 ; Poisson on his methods, 25 ; 
Eiccati on do., 32 

Bernoulli, Jas. (the younger). Vibra: 
tions of elastic plates, 122; on Chladni’s 
experiments, 122; on Euler’s hypo- 
thesis, 122 ; spiral springs, 246 

Bernoulli, John. On elasticity, 35 ; his 
Discours, 42 ; hardness and elasticity, 
42 ; letters to Euler, 43 

Bernoullis. Genealogy of family, p. 72, 
ftn. 

Bevan. Experiments on elasticity of 
ice, 372; adhesion of glue, 374; 
strength of bones, 375 ; cohesion of 
wood, 376, of cast-ii'on, 377 ; modulus 
of torsional elasticity, 378 — 9; im- 
portance of time element, 751 a; 
stretch-modulus of gold and alloys, 
751 d ; ring of a gold coin, 751 d 

Bresse. Strength of circular arcs, 1457 
—60 

Binet. Elastic curve of double curva- 
ture, 173; radius of torsion in do., 174; 
equilibrium of forces on polygon of 
rigid rods, 174 — 5; on Lagrange's 
treatment of rods of double curvature, 
175 ; spiral springs acting by torsion, 
175; Thomson and Tait and Saint- 
Venant on, 175 ; integral of equation 
for elastic curve of double curvaturCj 
1240 

Biot. His Traits, 181 ; theory of mo- 
lecular forces, 182 ; limit of elasticity, 
182; set, 182; elasticity of crystals, 
182, of threads, 183 ; torsions of do., 
183; elastic laminae, 183; torsion 
balance, 183; vibrations of elastic 
bodies, 184; Galilei as discoverer of 
nodal figures, 358; Pictet on his expts. 
876 

Blanchet. Propagation and polarisation 
of motion in crystallised media, 1166 

57—2 
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8; Poisson, report on, 1166 — 7; 
nature of vibrations when initial dis- 
turbance small, 1169; summary of 
results for velocities of iDropagation, 
1170; delimitation of wave in propa- 
gation of vibratory motion, 1172 — 4 ; 
surface of wave, 1175 a, 5 ; limits of 
wave, 1175; discussion with Cauchy 
on, 1175 — 6 ; result of his investiga- 
tion of waves in a 36-oonstant me- 
dium, 1177 ; continuous disturbance 
of a crystallised medium, 1178 
Blondel. Controversy on solids of equal 
resistance, 5 

Boilers. Calculation of thickness of 
shell of, 694 ; cause of explosions of, 
Lam6, 1035; thickness and form of 
shell, 1038 ; Piobert on, 1039 
Bone, Strength of mutton, Bevan, 375 ; 

stretch-modulus of beef, Bevan, 375 
Bonnet. Elastic-equations in curvilinear 
coordinates, 1241 — 6 
Bornet. Experiments on iron, 817 
Bourget. Vibrations of flexible cords, 
576 

Boussinesq. Isostatic surfaces, 1152 ; 
Thomson and Tait’s reconciliation of 
Poisson and Kirchhoff, attributed to, 
p. 252, ftn. 

Bordoni. Equilibrium of elastic I'ods of 
double curvature, 215 ; includes effect 
of traction, 216 ; angle of torsion, 
217; equation to elastic line, 218 — 
222 ; on Poisson’s results, 223 — 224 
Borrellus. Besilience, p. 874 
Bramah. Experiments on cast-iron 
beams, 837 

Brass. Stretch-traction curve, Poncelet, 
985 

Braun. Experiments on elastic after- 
strain, 717 

Brewster. Teinometer, 098, p. 640, ftn. ; 
researches on polarising effect of strain 
in glass, strain produced by heat; 
application to glass models of arches, 
laws of tints, superposition of small 
strains, p. 640, ftn. 

Bricks. Adhesion of, to mortar, Morin, 
905 ; crushing strength of brick-work 
and, 1478 

Bridge. Impulsive effect of travelling 
load on, Stokes, 1276—1277, Willis, 
1419; solution of problem, inertia 
neglected, 1277 — 84; do., inertia 
considered, 1288 — 91; experiments 
on effect of travelling load, Willis, 
1417>— 22 ; proportion of dead and 
travelling to breaking load, 1427; 
dynamical deflection in girders of, 
Cox, 1433 ; cast-iron, deflections of, 


Becker's experiments, 1373 — 76, p. 
878 

Tubular. Experiment on ^ tubes, 
Hodgkinson, 1416 ; description of, 
Torkscy, 1463 f. ; Britannia and Con- 
way, description of, 1480 ; doliectiou 
of do., 1489; Tate, 1490 
Suspension. Navicr, 272; Dufour, 
692; Von Mitis, use of steol for, 
693; Vicat, 721, oxperiinentH on 
wire and bar-iron for, 723; Brix, 
do., 849; Leblanc, do., 936; ap- 
plication of theory of rosilienco to, 
992 ; experiments on iron for, 
Lame, 1001—3; use of cables in, 
1454 ; effect of time on elasticity of 
cables, 1455; at Lorient, Lcclorc, 
1462 

over Creusc. Calculations for, Saint- 
Venant, 1611 

Brix. Elasticity and strength of iron 
wires used in sns])GnHion bridges, HlH; 
comparison of French and Clorniau 
wire, 849; descri])tion of testing ma- 
chine, 849 ; Iloolvo’s law true till set 
begins, 850; after-strain, and set, 852; 
relation of set to elastics limit, 853; 
set in wires, and effect of loads, 854 ; 
yield-point, 855 ; set in annealed wires, 
856; beginning of st‘t., 857; elastic 
’ ie‘ wire, 858; effect 

i V,-; wires, 858; non- 

r..v V ■. a 1249 

Brilnnow. Molecular attraction, 1235; 
disputes inverse power as law of eolu*- 
sion, 1236; problems on attraction, 1237 
Buffon, Experiments on rupture of iron 
and wooden beams, 28 ^ 

Biilfinger. De soUdonm 
reference to previous authors, brt‘uk- 
ing loads of beams, consich‘riition of 
Galilei and Mariotte-Leibni/. tlusories, 
compression of iibres of laMims, 
Hooke’s law, position of neutral line, 
29 ^ 

Burg. Strength of materials, B66--7 
Byrno. New theory of strength ma- 
terials, 1352 

Caignard Latour. Experiments on com- 
pression of liquids, 318; on longi* 
tudinal vibrations of cords, 465; on 
strength of boiler plates, 694; on 
notes of metal wires, H02 
Caloric, 313, 543, 844, 976, 1230 
Camber of bridges, effect on dynami- 
cal deflections, 1433 

Caoutchouc. Broperties of, C, (K Page, 
1370, Gough, p. 3H6, ftn. : see also 
India liuhber 



INDEX. 


901 


Capillary attraction. Belli, 171; La- 
place, 311; Poisson, 667 
Carbonate of lime. Nodal systems in 
plates of, Savart, 344 
Catenary. Euler, 71 
Cauchy. On Navier’s theory of elastic 
solids, 271; Poisson on his theorem, 
668; Saint-Venaut on do., 654, 555; 
equilibrium and motion in interior of 
solids and fluids, 602; theory of six 
stress- components, principal tractions, 
003 — 6; his theorem, stress across a 
plane at a point, 606, 659 ; stress in a 
fluid, ^ 609 ; elastic stresses, stress- 
quadric and ellipsoid, 610 — 11; stretch 
and dilatation, stretch-quadric, 612; 
body-stress- equations, 613; equation 
of equilibrium and motion of a solid 
or fluid, 614 ; of a motion of a system 
of material points, initial stress and 
bi-constant isotropy, 615-16; theorems 
relating to dilatation, strain- ellipsoid, 
617 ; elastic laminae, bi-constant equa- 
tions for, 618 ; definitions of lamina 
and plate, (>19 ; plane lamina of con- 
stant thickness, 620—4, of variable 
thickness, 625; curved lamina, constant 
thickness, 626 — 7; elastic plate, 628; 
plane and constant thickness, Poisson’s 
problem, 629—37; isotropic, 638 — 49 ; 
aion-clastio, variable thickness, 650; 
contour-conditions of Poisson, 651 — 2 ; 
elastic plate, aeolotropic, 656; elastic 
rod, of rectangular cross section, 
sound- vibrations, 653 — 5; aeolotropic 
rod, ()57 ; relation between stresses for 
two sets of rectangular axes of a body, 
65S; longitudinal vibrations of a 
cylindrical or rectangular rod, 660; 
torsional do., 661,669; yaint-Venanton 
results, 661 ; equation of equilibrium 
and motion of system of particles 
under attraction, 602; general expres- 
sion for stretch, 663—5; general ex- 
pressions for stress in terms of strain 
for an aeolotropic body, 066 — 7; on 
Savart’s law of vibrations, 668; elastic 
equations deduced from consideration 
of bodies as molecular or continuous 
structures, 670—1 ; stress in a double 
system of particles under attraction, 
072 — 3 ; analysis of stress, 674 — 677 ; 
stresses within a solid and near sur- 
face, 070; dofluition of stress at a 
point, 678 — 9; report on Wertheim’s 
experiments, 682 — 3 ; torsion of 
prisms, Saint-Venant on Cauchy’s 
view, 084; report on Blanchot’s paper 
on waves in crystalline media, 1172; 
controversy with Blanchet on wave 


surfaces, 1175 — 6; Maxwell on Cauchy’s 
researches, 1538 

Chevallier. Flexure and after-strain of 
beams subjected to transverse load, 
1461 

Chevandier. Elasticity of glass, 1310 — 
11, of wood, 1312-^14. See JFer- 
theim 

Chladni. His experiments on sound, Jas. 
Bernoulli, 122, Biot, 184 ; his books, 
p. 411, ftn.; his experiments on vibra- 
tions of cylinders, 470; his figures 
in crystals and wood, Savart, 337; 
Savart on, 352 ; Strehlke on, 354 — 360 ; 
Faraday on, 745 ; Wheatstone on, 746 

Circular. Ring, vibrations of, Euler, 93, 
Lexell and Hoppe, 95 jS ; Germain, 
290—99 ; fixed vertically, depression 
of, St Venant, 1575—6, 1593; arc, 
flexure of, Navier, 278, Ardant, 937, 
Bresse, 1457 — 60 

Clapeyron. Equilibrium of elastic solids 
277, 1001, etc. See Lam6. His 
theorem, Lame on, 1067—8; example 
of triangular frame loaded vertically^ 
1069 ; modification of his theorem by 
introduction of body forces, 1070; 
example of, heavy elastic i)rism hung 
up and loaded, 1070 

Clark. The Britannia and Conway 
Tulmlar bridges^ etc., 1465 ; experi- 
ments on cylindrical and elliptical 
tubes, 1406; on rectangular tubes, &o., 
1467 ; on very large model tube, 1468 ; 
on cellular tubes of wrought iron, 
1477; calculations for the two tubes, 
1489; beams, continuous, 1472, 1488; 
wrought iron, state of ease and set of, 
1473 ; transverse strength of cast-iron, 
1483 — 4; wrought iron, change of shape 
under flexure, 1485 ; increase of strength 
from initial stress, 1486 ; cylinders sub- 
jected to internal loads (large), 1474; 
set and plastic stage in wrought iron, 
1475 ; extension and ultimate strength 
of cast-iron, 1476; experiments on 
crushing of brickwork, 1478 ; on 
shearing strength of rivets, 148i); on 
friction set up by cooling of rivets, 
1481 ; on strain in rivet, 1482 ; re- 
silience, 1487 

Clausius. On Weber’s experiments on 
temperature- efiect, 706; relation of 
uni-constant theory to experiment, 
1398 ; number of elastic constants, 
1399; concludes there is only one 
constant, 1400 ; failure of experiment 
,to agree with theory due to after- 
strain, 1401—2; application to Wer- 
theim’s results, 1402—3; effect of 
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after-strain on stretch-modulus, 1404 
—6 

Clebsch. Theory of Elastic Bodies (trans- 
lation by Saint-Venaut) , 8 ; on vibration 
of elastic plate, Germain, 291 ; vibra- 
tion of elastic sphere, 463; strain- 
ellipsoid, 605 

Coe£S.cient, see under Elastic 
Cohesion. Newton, 26, 27; Musschen- 
broek, 28 7; Coulomb, 120, pp. 873 — 
74, p. 876; Young, 134, 142; Voute, 
212 — 3; Eondelet, of mortar, 696; due 
to Newtonian attraction? 164 — 5, 361, 
754 — 757 ; Erankenheim, 821 ; of 
gases and fluids, 822; of solids, 823; 
surface of, p. 886; relation to mag- 
netism, 829 and ftn.; attractive force 
necessary to cause, Mossotti, 842; 
Earaday on his ideas, 843 ; molecular 
force of, 976; bricks and mortar, 
Morin, 905; Lam4, 1034; Poncelet, 
976 — 77; and heat, Wilhelmy, 1356; 
affected by temperature, 334, 1353: 
see Tami^erature Effect; Bisenbach, 
theory of, p. 876; see also Attraction, 
Atom, Molecule, Strength, Eupture 
Cohesive Limit, 365, 852, 986, 1301 {9% 
p. 874 ftn., p. 891 

Colladon. Experiments on compression 
of liquids, effect on vessel, 688 
Collision of elastic bodies, history of, p. 
26, ftn.; experiments on, Hodgkinson, 
941, Morin, 1183, Haughton, 1523 
Colour-fringes. Use of to measure 
strains, Brewster, p. 640, ftn.; Neu- 
mann, 1185—1213; Maxwell, 1556 
—7 

Homogeneous strains. Strained 6-face, 
1191 ; rectangular glass rod trans- 
versely loaded, 1191; use of to 
measure elastic constants, 1193 
Heterogeneous strains. Plate with 
arallel faces, 1195; varied distri- 
ution of temperature, 1196 ; case of 
sphere, 1197 ; thin plate, temperature 
constant only in direction of thick- 
ness, 1198 — 1202; long thin rect- 
angular plates cemented at edges, 
1203; hot plate edge on cold surface, 
1204; comparison of theory with 
experiment, 1205 

Colthurst. Experiments to find neutral 
axis and stress-strain relation in 
wooden and cast-iron beams, 998 
Column. Euler. Curvature of, 65 ; 
moment of stiffness of, 65; load 
partially transverse, 66; buckling 
and rupture of, under vertical load, 
74; moment of stiffness in terms 
of cross-section, 75; position of 


neutral line for, 75 and ftn.; 
equations for buckling under its 
own weight, 77-— 85, 910; greatest 
possible height of, under own weight, 
80—85, 910 

Euss. Application to frarnework of 
Euler’s formulae, 96 a 
Lagrange. Eorm of (enlarged at cen- 
tre), 106 ; on Yitruvius’ theory, 106 ; 
reference to Euler, 107; equation 
for bent cylindrical, 108, 110; as a 
surface of revolution. 111; generated 
by conic, 112; cylindrical deter- 
mined to be best form; 113 
Eobison on Euler’s results and on 
neglect of compression, 145 — 6, 833 
Tredgold. Strength of timber, 196; 
double parabola as form for, 195 — 
6 ; theory of, 833 ; position of 
neutral axis, 198, 834 
Duleau. Euler’s theory and experi- 
ments, 226 — 229 
Navier on Euler’s theory, 281 
Pagani. Equilibrium of, 397 
Thury. Experiments on hollow cast- 
iron, 750 

Arosenius. Theory of, 819 
Heim. Theory of, 907 — 10; height 
and stability, 910 

Hodgkinson. Experiments on cast- 
iron, 954 ; ratio of strength of built- 
in to pivoted, 955 — 56; point of 
fracture with different ends, 957; 
load for flexure, 958 ; Euler’s for- 
mulae, modification to include com- 
pression, 959; effect of dimensions 
in long, 960 — 62; breaking loads of 
short, 962 ; hollow cylindrical 
strength of, 963; time-element in 
regard to, 964; stone, strength in 
regard to length, 1445 — 7; iron, 
experiments on, 1449 
Poncelet. Best form for, 987 
See also Strut, Beam, Tractive Load, 
Pillar 

Commission, Eoyal, to enquire into use 
of iron for railway purposes, 1406— 
32 

Compression. Mariotte’s idea of, in 
beam, 10; Jas. Bernoulli, introduc- 
tion of, in strained beam problem, 19 ; 
of beam by longitudinal loads, Muss- 
ohenbroek, 28 d; laws of, BUlfinger, 
29 |8; strains of beams, Hodgkinson, 
232 — 3; ratio of to pressure, Hodg- 
kinson, 234; effect on position of 
neutral axis, do., 235; modulus of for 
cast-iron, do., 240; ratio to extension 
for cast-iron, do., 239, for wrought 
iron, do., 242; of liquids, p. 78 ftn., 
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318, 686— 691, 1011, 1357—8, 1359; 
of a sphere, Poisson, 535 ; of water in 
glass vessels, effect on vessel, Oersted, 
687, Lani6, 1011; of rollers and 
spheres by tangent planes, experi- 
ments,- Vicat, 729 — 30; heat liberated 
in sohds by sudden, Duhamel, 881—2 ; 
sudden, of spheres, do., 888; for 
different bodies, values of, Lam6, 
1031:; of solids, Begnault, 1357 — 8; 
of metals, defect of elasticity in, 1449; 
see also Stretch (squeeze), Traction 
(contraction) 

Conical Eefraction, 1105, 1514 
Conservation of energy, first conception 
of, 39; Euler, 54 ' 

Constants, see under Elastic 
Cooling. Of free sphere, rate of, Duhamel, 
895 — 6 ; of bars, ends fixed to moveable 
masses, 902 — 3, to other bars, 904 
Coordinates. Trilinear, 1076 ; spherical, 
1092—5, 1112—48, 1154—63; cylin- 
drical, 1022, 1087 — 9 ; curvilinear, 
1037, 1096, 1149—53, 1241—6 
Copper. Stretch-modulus of, 751 d,1292, 
1294, 1299, 1309, 1393 
Cords. Flexible, equilibrium of, Euler, 
71, Poisson, 568, De Schulten, 818; 
flexible, vibrations of, Euler, 69 — 
70, Poisson, Bourget, 576; do. 
history of, p. 42 ftn. ; flexible or 
elastic, equilibrium of, Euler, 72 
Elastic, equilibrium and motion of, 
Poisson, 464; explanation of tension 
in, 464; longitudinal vibrations of, 
465 ; expei’imentofOaignard-Latour, 
465 

Elastic and non-elastic, vibrations of, 
Savart, Duhamel, 1228 
See also Strings 

Cores. Theory of applied to beams, 
815, p. 879 

Coriolis. Experiments on strength of 
lead cylinders, after-strain, skin in- 
fluence, 720 

Coulomb. Saint-Venant on, 115 ; position 
of neutral line, 117; Young and Saint- 
Venant on, 117 — 118 ; torsion of metal 
threads, 119, p. 69, ftn. ; cohesion, 
120; Girard on, 120; Duleau on, 
227; Vicat on, 729; effect of worked 
state on absolute strength, extension 
of elastic limit and sets, pp, 873—874; 
lateral adhesion, sliding strain, p. 876 ; 
Coulomb-Gerstner Law, p. 441 ftn., 
p. 872, pp. 887—891, 852, 1224, 1431 
Cox. Dynamical deflections (fee. in 
railway girders, Stokes’ criticism, 
1433 ; impact on elastic beams, 1434 ; 
calculation of deflection, 1435—38, pp. 


894 — 6; hyperbolic law of elasticity 
for cast iron, 1439—42 and 1452 

Crushing. Coulomb, 120; Bennie, 186; 
Vicat, 729; experiments on short 
prisms, cast-iron, 948, 1414 — 5, 1476, 
bone &c., 950; laws for, 948 — 50; 
surface of rupture, 951; of brickwork 
and stone, 1478 

Crystals. Elasticity of, Biot, 182, 
(regular) Savart, 335; analysed by 
Cbiadni’s figures, Savart, 337, do. 
(rock-crystal), 341 — 3, do. (carbonate 
of lime), 344; rock-crystal, nodal 
lines of, Savart, 342; position of 
axes of, 343; of three rectangular 
axes, body-shift equation for, 615 
Cohesion and elastic properties of, 
Frankenheim, 825; Voute, 213 
Homoedric. Six elastic constants for, 
794; stretch-moduli of, 795 — 6; 
stretch-modulus quartic for, 797 — 
800; application to measure stretch- 
modulus, 800—801 
Inner structure of, cleavage &c., 336 
Systems similar to gypsum. Neu- 
man, 788; comparison of diflerent 
axes, 788 — 89 ; elastic and optic 
axes, 790; thermal axes, 791; 
identity of all these with crystalline, 
792 ; application to case of gypsum, 
793 

Crystalline. Stress in bodies, Poisson, 
582 — 6; equilibrium and motion in, do., 
582-6, 594, 600, 615, 666; medium, 
propagation of waves, Blanchet, 1166 — 
71; medium, vibratory motion in, 
O’ Brien, 1360 — 65 ; state of iron after 
vibration, 1463 — 1464. 

Curvilinear coordinates. Lamp’s theory 
of, and application to elasticity, 1037, 
1096, 1149 — 1153; change of three 
body stress-equations to, 1150; of 
equation for homogeneous isotropic 
solids, 1153; Bonnet, application to 
elastic equations, 1241 — 6. 

Cylinder. Bupture of hoUow, Galilei, 
2; best form for column, Lagrange, 
112 — 113; equilibrium of indetinite, 
Lam5, 1012, 1022, 1083; hollow cast 
iron, strength of as columns, Thury, 
750, Hodgkinson, 963; wrought and 
cast iron, strength of, under great 
internal pressure, 1474 ; of wires, 
torsion of, Maxwell, 1549; wooden, 
torsion of, Gerstner, 810. See Column, 
Bar, Wire 

Cylindrical coordinates. Change to, 
from rectangular, 1087; application 
to theory of elasticity, 1089, 1199, 
1542, 1551. 
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Defect of Hooke’si Law, 969, 1411, pp. 
891—93 

Deflection. Of Bridges. Experiments 
on, 1373 ; by travelling loads, experi- 
ments, 1417—22 ; Britannia, 1489. 
Of girders by travelling loads, ex- 
periments, 1433. Of elastic beams 
by impact, 1434 — 37 ; 1438 — 42. See 
also Ih'cm, l^lexure 

Delanges. Equilibrium of body supported 
at more than three points, 155 

Denison. Experiments on American 
timber, 830 

Density. Of earth, mean, 166 ; of water 
compared with earth, 106; of solids 
before and after deformation, 770, 
1522 (iii) 

Desaguliers. Thoughts on Elasticity, 
29 7 

Descartes. Theory of Elasticity (subtle 
aether), 29 a, 34 

Dilatation. Poisson, 586, Poncolet, 
980, Cauchy, 612, 663 — 5 ; effect of 
movement of body as a whole on, 
Poisson, 587; Piezometer, OoUadon, 
088 (see under Compression) ; Poisson 
on results of, 688 ; due to heat, coeffi- 
cient of, for various metals, Kupffer, 
1395 ; of glass, experiments on, Ileg- 
nault, 1227, 1357 ; definition of, p. 
882. See also Compression 
Dufour. Wire suspension bridges, 692; 
experiments on whe of Genova bridge, 
092 ; elasticity and strength of cables of 
suspension bridges after twenty years’ 
use, 1455 

Duhaiuel. Specific heats of metals, 705; 
elfect of change in temperature on 
elastic equations, 808 — 70 ; equilibrium 
of a hollow sphere, vai’iablo tempera- 
ture, 871; vibrations of sphere of 
variable temperature, 872 — 5 ; thermal 
variations in elastic constants, 878; 
ratio of specific heats, 879—80; heat 
liberated by sudden compression, 881 
—2; general thermo-elastic body and 
surface equations, 883 — 5 ; applied to 
following five cases, wave motion in 
an infinite solid, 886 — 7, equilibrium 
of a body suddenly compressed, 888, 
wire suddenly loaded, 889 — 90, equi- 
librium of a spherical shell, 891 — 4; 
rate of cooling of a free sphere, 895 — 
6; sound problems, fiddle bow, 897; 
vibrations of a cylindrical rod under 
varying temperature, 898—901; cool- 
ing of bars with ends fixed to move- 
able masses, 902 — 3, and to another 
bar, 904 ; on N. Savart’s experiments 
on vibrating cords, 1228 


Duleau. Strength of forged iron, 226 ; 
neutral line of beams, 227; beam 
problems, various load systems, 228 ; 
neutral line of columns, 228; torsion 
experiments, 229, cited by Wertheim, 
1340, by Saint-Venant, 1625; Hodg- 
Idnson on, 239 

Dupin. Experiments on flexure of 
wooden beams, 162 

Earnshaw. Nature of molecular forces, 
1230, 1232 

Eisenbach. New theory of cohesion, p. 
876 

Elastic coefficients, distinguished from 
moduli, p. 884 ; dynamic, 941, 1523 

Elastic constants. Thermal variations 
in, Duhamel, 878; controversy ou, 
multi- and rari-constanoy, 921 — 33; as- 
sumption as to, and relation between, 
Ijamd, 1034, 1040, 1065, 1163 ; optical 
methods to measure, Neumann, 1193 ; 
number of, Stokes, 1265 ; unaltered by 
working. Coulomb, p. 874 ; ratio of 
to one another, Wertheim, 682 ; six 
for crystals with three rectangular 
axes, Poisson, 794; relation between 
for uni-constant isotropy, Wertheim, 
1320—26, 1342 — 51 ; relation between 
in crystalline medium, Fresnel and 
O’Brien, 1363 — 4; number of inde- 
pendent, Clausius, 1400 ; values of by 
vibrational aud statical experiments 
disagree, 931, 1404, p. 702 ftn., p. 814 
ftn.; definition and terminology fur, 
pp. 884— >885. See also Modtiius 

Elastic curve or line. Jas. Bernoulli, 18, 
equation to, do,, 24 ; variation of 
elasticity along, Euler, 52 — 57 ; vis 
potentialis of, do., 55 ; equation toy 
fixed at one or two points, do., 
56, for single force, do,, 58, for two 
or more forces, do. , 58, Baint-Venant 
on, 58 ; nine species of, EuUjr, 
59 ; the rectangular, do., 59 ; equa- 
tion for elasticity variable, do,, 
60—61, for forces at every point, 
do., 62 ; in same piano with loails, 
Plana, 151—4 ; of circular arc, 278, 
1458, 1573 ; memoir on, Piola, 362 ; 
classification of, Hill, 399—401 ; for 
a heavy rod, do., 401 ; Lagrange’s 
error in, do., 402 ; equation to, do., 
403 — 4 ; family of these curves, do., 
405; forms of equations for, do,, 
406 ; cluimcterlstica of, do., 407 
of double curvature. Lagi'ange, 159 ; 
Binot, 173—175; Bordoni, 215— 
222; dilferencQ botwoon Poisson 
and Bordoni, 223—4; moment of 
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torsion, Poisson, 423 ; third mo- 
ment, Bellavitis, 935; Mainardi, 
1*215 ; integration of equations to, 
1239 — 1240 ; complete discussion 
of problem and its history, Saint- 
Venant, 1584—1609 

Elastic fluids. See Fluids 

Elastic life of a material, p. 885 — 
891 

Elastic limits, 240, 854, p. 886, p. 874, 
1381. See also Iron, Wood, etc. 

Elastic solids, equilibrium of. Young, 
136—41 ; Navier, 253, 265—71 ; Cla- 
peyron, 277 ; Pagani, 395 ; Poisson, 
431—3, 540—551; Cauchy, 602—3, 
614 — 5 ; Haughton, 1505 — 15, 1520 — 
21 ; Jellett, 1526—35 ; MaxweU, 1536 
— 11 _ * 

Elasticity. Birth of modern theory of, 
Navier, 1 ; hypothesis of, Petty, 6 ; 
law of, Hooke, 7, 34, Newton, 26, 
Musschenbroek, 28 y j hypothesis of 
atoms being loadstones, Desagulier, 
29 7 ; elastica vis, Belgrado, 29 5 ; 
Cartesian theories of, 34; due to 
captive ether, John Bernoulli, 35 ; 
attraction as cause of, s’Gravesande, 
John Bernoulli, 42 ; theory of, Bic- 
cati, 33, 38—40, Euler, 94, Sanden, 
Hannelius, Kraflt,pp.77— 79, Young, 
134, 142,143, Biot, 182, Fresnel, 320, 
of cast-iron, Hodgldnson, 240 ; of 
bodies of three rectangular axes, Sa- 
vart, 340 ; glass threads, Eitchie, 408 ; 
tlieoryof torsional, Eitchie, 408; his- 
tory of, Girard, 125, Poisson, 435 ; 
effects of temperature on, Duhamel, 
868 — 70;defectof,incast-iron,Hodg- 
Idnson, 969 ; laws of, Maxwell, 1536 
— 39 ; theory of, distinct from co- 
hesion, Coulomb, p. 874; surface of 
perfect, pp. 885—891 
Greater and less, meaning of, 522 
Elective attractions, Newton’s query 
on, 26 

Electric currents in vibrating rods and 
wires, 1248 ; influence on elastic pro- 
pertic^, Wertheim, 1304 — 6, De la 
Eivc, 1332, 1336 ; effect on flexure of 
bar, Guillemin, 1327 — 30, Wart- 
mann, 1331; sounds in bars produced 
by, history of, p. 719 ftn. , experiments 
oil, \Yertheim, 1333—5, Sullivan, 
1248, Beatson, p. 720 ftn. 

Ellipsoids of strain, stress, stretch. See 
Strain, Stress, Stretch 

Ellis. Criticism of Mossotti’s hypo- 
thesis, 1231 

Emerson, his Mechanics, p. 74, ftn.; his 
paradox, 187, 952 (ii) 


Energy, Conservation of, 39, 54 : see 
also Work 

Ether. Theories of structure of, 930; 
on refractive power of, 1187 ; flui^ laws 
of equilibrium, Lam5, 1025—31 ; do. in 
a diaphanous body, 1032 — 3 ; existence 
of, 1108; constants of, Stokes, 1266. 
See also Aether, Crystalline Medium, 
etc. 

Explosion in boilers, cause of, Lam4, 
1035 

Euler. Letters of Bernoulli to, 43, 44 
— 47 ; small oscillations of rigid and 
flexible bodies, 51 ; elastic curve, equa- 
tion for, 53, 56 — 62 ; Calculus of Vari- 
ations, 53; least action, 54—55; os- 
cillations of elastic lamina, 63, 93; 
of rods, four cases, 64 ; on columns, 65 
— 8, 74 — 85 ; Lagrange on his methods, 
107; vibrations of cords, 69, 70, of 
laminae and elastic rods, 71 — 2, 86 — 
92; oscillations of elastic rings, 93; 
nature of elasticity, 94 ; miscellaneous 
memoirs, 95; pupils, 96 a — y; Gior- 
dano Eiccati on, 121; Jas. Bernoulli 
on (vibration of membranes), 122, 
p. 73 ftn. ; Eobison on his theory of 
columns, 145 — 6 ; Barlow, do., 189 ; 
Duleau do., 220—229; Hodgkiusou, 
do., 954 — 64; Lamarle, do., 1255 

Extension of fibres of strained beam, 
Mariotte, 10, Leibniz, 11, Varignon, 
14, Bernoulli, 20, 24, Musschenbroek, 
28 5, Biilfinger, 29 S ; relation of sum 
of, to sum of compression on beams, 
Hodgkinson, 232; laws of, do., 234; 
effect on modulus and neutral axis, 
do., 235; ratio to compression for 
cast iron, do., 239 ; of wrought-iron, 
do., 242; elastic, Navier, 273; by 
longitudinal vibrations in rods, Savart, 
351; of thi’eads and elastic plates, 
Poisson, 430; of annealed and un- 
annealed wires, Dufour, 692 ; ratio to 
compression in wrought-iron, cast- 
iron and fir beams, Colthurst, 998 

Evtelwein. On beam problem, 149 — 
*^150 

Fairbairn. Controversy with Hodgkin- 
son and Stephenson, 1448, 1494 
Experiments on cast-iron made by 
hot and cold blast, 953 ; wrought-iron 
pillars, strength of, 1354; iron plates 
and riveting, 1444; do., for ships, 
1495; do., strength of joints, 1496; 
do., strength with and across fibre, 
14 J7; h'onwire, 1498; riveted joints, 
iq<J9 — 1500; iflates under transverse 
load, 1501 ; strength of frames and 
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ribs of sliips, 1502 ; absolute strength 
of wronght-iron, 1503 ; hollow tubes, 
1448; tubes of various shapes, 1494; 
tubular bridges, 1463 / ; 1494 
Earaday. Acoustical figures, Savart*s 
theory, 745 ; theory of attractive and 
repulsive molecular forces, 843 
Piddle. Vibration of produced by bow, 
Duhamel, 897 

Plachat. Use of cables in suspension 
bridges, 1454 

Pluids, Elastic. Sound-waves in Euler, 
95 ; motion and equilibrium of, La- 
place, 307; laws of molecular action 
in, Laplace, 309, 312 — 315; velocity 
of sound in, Laplace, 316 — 317 ; 
theory of, Pouillet, 319; motion and 
equilibrium of, Poisson, 540 — 558, 559 
— 63; pressure at a point in, Cauchy, 
609; equilibrium of, do., 673; equa- 
tion of continuity in, Piola, 776; 
motion of, do., 778 — 9; theory of, 
do., 782 — 7; cohesion of, 822; in 
motion, friction of, Stokes, 1264 — 66 ; 
difierence from solids, Haughton, 1508 
Porbes. Compression of glass vessels, 
p. 379 ftn.; instrument to measure 
stretch-modulus, 1397 
Pourier. Vibrations of elastic mem- 
branes, 207 ; waves in do., 207 ; vibra- 
tions of simple plates, 208, of a lamina, 
209 — 10, of flexible and extensible 
surfaces and plates, p. 870 
Forza viva e morta, 29 5, 35, 38, 40 
Prankenheim. Die Lchre von der Co- 
Jidsion, 821; cohesion of gases and 
fluids, 822, of solids, 823 ; elasticity, 
824 ; crystallography, 825 ; structure 
of solids, 826; after-strain in glass, 
lead, iron, 827; influence of tempe- 
rature on elastic properties, 828 ; 
absolute strength, 829; relation of 
cohesion to magnetism, 829 and ftn. 
Presnel. Double refraction of hght, 
320; theories of molecular motion 
and vibrations, 320; St Venant on 
do., 320; Cauchy on do., 604, on 
formulae of, 611; elastic axes of 
crystals, 790 ; O’Brien on, 1363 
Priction. Young, 143; effect on solids, 
Morin, 905 ; in riveted joints by cool- 
ing of rivets, 1481 

Punicular (or link) polygon. Pagani, 
381; Poisson, 568 
Pusinieri, 896 

Puss. Application of Euler’s formulae 
for struts to framework, 90 a 

Galilei. Dmorsi, 2; fracture of rods, 
beams, hollow cylinders, 2; solids of 


equal resistance, 4; motion of bristles 
on sounding boards, 746 

Galilei's Problem, Statement of, 3; 
airplication of Hooke’s law to, 10; 
Leibniz, 11; dela Hire, 12 ; Varignon’s 
treatment of, 13, 15; Jas. Bernoulli, 
19 ; Biilfinger on his hypothesis, 29 j9; 
Euler on, 95; Banks, 147; Gregory, 
148; Hodgkinsou, 231 

Galton. Experiments on effect of travel- 
ling loads, 1417—22. (See Willis) ^ 

Gehler. Physikalisches Worterh^ich (his- 
torical notices), 695 

Germain, Sophie. Theory of elastic 
surfaces, 283; account of life, p. 147 
ftn.; prize essay, account of, 284; 
hypotheses for elastic plate, 285 ; on 
Poisson’s results, <286 — 7 ; general 
equation for equilibrium of surface, 
288; thickness of surface, Poisson 
and Clebsoh, 289; vibrations of 
cylinder and circular rings, 290, 294 
— 8, of lamina, 290—91. 292 — 3 ; 
comparisons of theory with experi- 
ment, 209; vibrating surfaces, 3U0 — 
305; general remarks on her own 
work, 306 

Gerstner. Ilandbuch der Mechanik^ 803 ; 
experiments on piano-wires, 804, on 
ratio of traction to stretch, 805, on 
flexure of wooden beams, 807 — 8, on 
flexure of cast and wrought-iron beams, 
809, on torsion of wooden cylinders, 
810 

Gorstner’s Law, 806; Coulomb-Gerstner 
Law, p. 441 ftn. 852, pp. 871 — 2, 
pp. 887—01, 1224, 1431; Gerstner- 
Hodgkinson Law, p. 441 ftn. 852, 
969, 984, 1217 

Girard. On solids of equal resistance, 5, 
123, 125, 131; experiments on beams 
at Havre, oak and deal, 28 77, 123, 131; 
on Coulomb, 120 ; history of elasticity, 
125; experiments and formulae for 
beams, 125 ; on resistance to slide, 126 ; 
Galilei’s andMariotte-Leibniz theories, 
127 — 28 ; Bernoulli’s position of neutral 
axis, 128; on Varignon, 129; elastic 
curves, beams and columns, 130; on 
Euler and Lagrange, 130 ; Barlow on, 
189 — 90; report on Vicat’s papers, 
724—35 

Giulio. Experiments on iron used in 
Italy, 1216, 1217; ruptvme, flexure 
and elastic line of beams, 1216; 
Gerstner’s Law, 1217 ; torsion of iron 
wire, 1218; spiral springs, 1219 — 
1223; set and elastic after-strain, 
1224—6; fore-set and after-set, 1226, 
Saint-Venant on, 1595, 1608 
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Glass. Threads, torsion of, 408 — 9 ; 
do., how to draw, 410 ; vessels, com- 
pression of, 086 — 91; polarisation of 
light by strained glass, 698, 1191 — 
1205, p. 640 ftn., 1543, 1553—1557; 
compression of, experiments on by 
Parrot, 747 ; deflection of bar to 
measure elastic constants, Neumann, 
1193 ; set in spheres and cylinders of, 
by rapid cooling, do., 1212; dilatation 
of, exiDeriments on, Eegnault, 1227; 
cohesion and elasticity of, experiments 
on, Wertheim, 1310 — 11 
Glue. Cohesion of, iu a thin coat and 
in mass, Sevan, 374 
Glynn. Fracture of axles, 1463 
Gold. Stretch-modulus of, note of coin, 
161 d 

Golovin. Notes of harmonicum, 96 7 
Grandi, Guido. Controversy on solids 
of equal resistance, 5 
Grassi. Experiments on compression 
of liquids, 1359; application of Wer- 
theim’s formulae, 1359 
s’Gravesande. Composition of elastic 
bodies, Belgrade on, 29 5; stretch-trac- 
tion relation, 37; laws of elasticity, 
42; Forbes’ modification of s’G.’s 
apparatus, 1397 

Green. Eefraction &<*. of light at 
common surface of two non-crystal- 
lised media, 917 ; propagation of light 
in crystallised media, 917 ; body-shift 
equations for free vibrations of elastic 
solids, 918—19; values of strain-com- 
ponents for large shift-fiuxions, p. 865, 
ftn.; McCullagh on his methods, 920; 
controversy on elastic constants, 921 — 
33; Saint-Venant on his methods, 
934, Jellett on do., 1529 and ftn. 
Gregory. On Galilei’s results, 148 
Gresy, Cisa de. Equilibrium of flexible 
surfaces, 199; application of La- 
grange’s method to Poisson’s theories, 
200 — 6 . 

Griffin. Motion of a rigid body, 705 
Grindstones. Effect of centrifugal force 
on, 1551, p. 827 ftn. 

Guillemin. Electric currents, effect on 
elasticity, 1327; Wertheim on his 
results, 1323; letter to Arago on 
do., 1330 

Gut. Experiments on, Xarmarsch, 749 
Gypsum crystals. Eelation between 
various axes of, 788 — 93 

Hagen. Experiments on moduli of 
wood, 1229 

Hannelius. Cause of elasticity, p. 79 
Plarmonicum. Notes of, Golovin, 96 7 


Haugbton, Equilibrium and motion of 
solids and fluids, 1505 — 6 ; definition 
of molecular structure, 1607 ; distinc- 
tion between solids and fluids, 1508; 
general equations of equilibrium, 
1509—11, 1519—1521; do., applica- 
tion to wave-theory of light, 1512 ; 
surface of wave-slowness in elastic 
solids, 1513; application to various 
elastic bodies, 1514; classification of 
elastic media and laws of plane waves, 
1516 ; body-stress-equations for solids, 
1617; do., application to wave-theory 
of light, 1518; propagation of plane 
waves, 1510; normal and transverse 
vibrations, 1522; dynamical coefficients 
of elasticity of iron teak, (fee., 1523 ^ 
Hausmann. Magneto-elastic properties 
of stricture in bar-iron, 1179 
Heim. Flexure of beams, 906 — 9 ; maxi- 
mum height of conical and other 
columns, 910; equilibrium of elastic 
rods with curved central axis, 913; 
solids of equal resistance, 915 ; vibra- 
tions of elastic beams, 916, 1387 ; best 
form of rails, 916; equation of curve 
of double curvature, 1385 
Hill, C. J. Torsion of metallic threads, 
225, 398; elastic curves, 399 — 407; 
on osculating parabola, 406 
Hire, de la. Traits de MicaniquBi 12 
Hodgkinson. Beam, strained state of 
fibres in, 230 ; position of neutral 
axis for glass, etc. 231 ; calculation 
of neutral axis for beam, 232; on 
Barlow’s errors in do., 233; two 
moduli used in do., 234; position 
of neutral axis, 235, in wood, experi- 
ments on, 235, in iron, experi- 
ments on, 237 ; position of neutral 
axis alters with moduli, 238 ; cast- 
iron, experiments to determine 
best form of beam, 243 ; do., of 
equal top and bottom ribs, experi- 
ments on, 244 ; effect of lateral 
impact on, 939, 942, 943; experi- 
ments on cast-iron, 952 ; on Cu- 
bitt’s do., 970 ; cast-iron, position of 
neutral axis, 971 ; horizontal long- 
continued impact, effect of, 1409, p. 
895 ; vertical impact on loaded 
cast-iron beams, 1410 ; deflection 
andstrengtliof long cast-iron beams, 
1413 

Cast-iron, experiments on extension 
and compression of, 239 ; on stretch- 
moduli, 240 ; on limits of elasticity, 
240 ; on absolute strength, 240 ; on 
strength of T bar, 241 ; comparison 
with elasticity of wrought iron, 242, 
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245 ; tractive strength of, 940, 9G6, 
1408 ; made by hot and cold blast, 
strength of, 947 ; time element in 
beam of, 967 ; temperature-eHect 
on, 968 ; defect of elasticity in, 969, 
1449 ; torsional resistance of, 972 — 
3 ; contractive strength, 1408 ; 
stress-strain relation for bars of, 
1411—12 

Wrought-iron, experiments on, stress- 
strain relation for, 234; extension 
and compression of, 242; strength 
of, 1354 

Columns. Cast-iron, experiments, 954 ; 
ratio of strength of flat and round 
ends, 955 ; form of round ends, 956 ; 
points of fracture, 957 ; general re- 
sults, 958 ; Euler’s formulae modi- 
fied to include compression, 959; 
effect of dimensions on strength of, 
960 — 2 ; hollow, 963 ; time-effect, 
964 ; physical constants of, 965 
Wrought-iron, strength of, 1354 
Stone, experiments on, 1445 ; varia- 
tion of strength with length, 1445 
—7 

Crushing. Experiments on iron short 
prisms, 948 — 9, 1408, 1414, 1415 ; on 
bone and marble, 950 ; on stone 
and timber, 1451; on theory of sur- 
faces of rupture, 951 
OolliHion of imperfectly elastic bodies, 
941 

Experiments on tubes etc. for tubular 
bridges, 1416, 1448, 1450, 1477, 
1493, 1404 

Hood. Internal changes in iron during 
manufacture, 1463 a 
Hooke. l)e Fotentid restitntivai 7; 
. theory of springs and springy bodies, 
7; congruity etc. of bodies, 9, 34; 
suggestion as to jrn-itatior., p. 6 ftn. 
Hooke’s law, me::: (»:, 7; gene- 
ralised, 8, 928, p. 884, p. 888 ; Mariotto 
on, 10 ; Leibniz on, 11 ; Bernoulli 
on, 22 ; Biilfinger on, 29 ; Kiccati 

on, 31 ; near limit of elasticity, 367 ; 
defect of, p. 891, curves showing 
defect, pp. 892-— 893 
Hooks, strength of, Brix, 1249 
Hoppe, 96 j8 

Hopkins, internal stresses in rock-mass- 
es, 1366 — 9 ; his theorem as to 
nuiximiun shear, 1368 
Hyperbolic law of elasticity for cast-iron, 
1440—2, 1452 

Ice. Strotch-modulus of, Bevan, 372, 
compared with that of water by 
young, 372, Thomson on, 372 ftn. 


Igiiaz von Mitis.. Experiments on rela- 
tive strengths etc. of iron and steel, 
693 

Impact. Of elastic bodies, history of, 
p. 26 ftn. ; Bicoati on, 40 ; Poisson, 
o79; Hodgkinson (relation of dy- 
namic ooehicient to stretch-modu- 
lusj, 941; Morin, 1183; Haugh- 
ton, 1523 

Transverse, on beams, Hodgkinson, 
939, 1409 — 10 ; experiment and 
theory, 9^2 — 43 ; Cox, 1434—37, 
pp. 893—896 

Longitudinal, on beams, Poncclet, 
988—993 

See also liesilience^ Beam (Travelling 
Load) 

India-Bubber. Experiments on, Gough, 
p. 386 ftn.; Page, 1370; Wertheim, 
1322; Saint-Venant, 1625. Is it an 
‘elastic’ solid? 924, p. 504 ftn. 

Iron. Cast. Strength of, Tredgold, 
197,999, Hodgkinson, 237—44, 952, 
940 and ftn., 955— 70, 1408, James, 
1484, Bramah, 837, CJiulio, 1216, 
Bevan, 377, Lagerhjelm, 363 — 1; 
crushing strength of, Benuiu, 186 
— 7, Hodgkinson, 948 — 51, 1414, 
(of pillars) 954 — 65, (of struts) 
1477; elastic limit in, 241), 1130; 
set in, Hodgkinson, 969, 1411; 
extension aiul comprt‘Bsion in, 2.i9 
— 41 ; effect of hoc and cohl blast 
on, Hodgkinson, 9-16 — 17, Eairbairn, 
953; hollow cylinders as pillars, 
Thury, 750; beams, Musseluuibruek 
and Buffon, 28 «; do. bCv^t form 
for, Hodgkinson, 243 — 1, 1431; 

general iiruperties of, 1423—1432 
Ditfereuce in properties of cast and 
wrought, Hodgkinson, 245, CltU’k, 
1473—1477 

Wrought. Htrength of, Duleau, 226, 
22„ a '. 1 .; 363 — 4; (of plates) 

14,)5— loua; (^oars after repeated 
fracture) 1502; (of bars) 1462; 
(ell’ect of heat, “thermo- tension”) 
1353; Giulio, 1216—7 ; (stricture of 
round and square) 1003; set in, 
crushing, 1473—6; magnetisation 
by stricture, 1179; e.xtunsiou and 
compression of, 242; streteh-motlu- 
lus (from sound experiments), 370 ; 
(same for all kinds) 366 ; (variation 
in ixig^-iho.’.rlu od of elastic limit) 
367: eki-^ilc hmi:, relation of to 
cohesive limit, 365, 852, 986, 1301 ; 
set, 817 ; after-strain, 817 
Wire, strength of, 692—3; do*, ami 
stretch at elastic limit, 093; time- 
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effect, 736 ; effect of annealing, 858; 
experiments on piano-wires, 803; 
set, yield-point, effect of annealing 
in, 850 — 858 (see also Wire); state 
of ease in, want of isotropy, 1001 — 
3; kinds useful for ship-cables, 817; 
cables of suspension bridges, 692, 
723, 817, 936 

use of in railway structures, 1406 — 
32; molecular changes in, due to 
vibration, 1429, 1463, 1464 
Isostatio Surfaces. Discovered by 
Lam6, 1036 — 37 ; definition of, 1152 ; 
Boussinesq on, 1152 
Isotropy, First appearance of bi-con- 
stant, formulae for, 614, 1267 ; initial 
stress, as leading to bi-constant form- 
ulae for, 615 — 6; controversy over 
the uni- and bi-constant theories, 921 
— 33 ; number of constants of, Lamp’s 
views, 1007, 1034, 1051, 1073, 1164, 
Stokes’, 1266, Maxwell’s, 1537 and 
ftn., Clausius’, 1399 — 1405, p. 893, 
Wertheim’s, 1319—1326, 1333, 1339— 
1351; of glass vessels, 691; of wires, 
831, 858, 924, 1002; of bars and 
plates, 858, 924 

James. Experiments on travelling loads 
on beams, 1417, 1423, on transverse 
strength of cast-iron beams, 1424, on 
reiterated stress on beams, 1425 
Jellett. Hypothesis of intermoleoular 
action, 1626 — 7; attracting and re- 
pelling molecules, number of con- 
stants, 1530 ; remarks on Green, 
1529; objection to usual surface- 
equations, 1532—3 ; coefficients repre- 
sented by integrals, 1534 — 5 
Johnson. Effect of thermal treatment 
on tenacity of iron, 1353 
Jurin. On springs, p. 58, ftn. 

Karmarsch. Experiments on metal 
wires, 748, on gut, 749 
Kelland. On molecular force, 1230; on 
Mossotti’s hypothesis, 1230 — 32 
Kennedy, A. ]B. W. Experiments on 
position of neutral line in columns, 
p. 44 ftn.; stretch-modulus of steel, 
p. 702 ftn.; strength of cast-iron, 
p. 512 ftn., ; effect of temperature on 
strength, p. 730 ftn.; stress-strain 
curves different metals, pp. 889 — 
893 

Kirchhoff. On Poisson’s contour con- 
ditions for elastic plates, 487 — 8, 652; 
his results cited by Wertheim as sup- 
porting the hypothesis X=2)W, 1342, 
1348 


Kirwan, Delation of magnetism and 
cohesion, p. 452 ftn. 

Krafft on elasticity, p. 79 

Kupffer. Torsional vibrations of metal 
wires, 1389 — 92; values of slide- and 
stretch-moduli for metal wires, 1393 
— 4 ; supposes wires to have uni-con- 
stant isotropy, 1394; dilatation coeffi- 
cients for change of temperature, 1395 

Lagrange. Equations for bent springs, 
97 — 104 ; spiral springs, 105 ; columns, 
equation for, 106 — 110, as surface of 
revolution, 111, various forms of, 112, 
of greatest efficiency, 113 ; equilibrium 
of flexible strings, 158, of membranes, 
158, of elastic wire or lamina, 159; 
error of. Plana on, 153; Bertrand, 
Binet and Poisson on, 159, 174 — 5; 
supposed error of, Schult^n and Pois- 
son on, 636 — 9, Ostrogradsky on, 
744 ; Piola on his methods, 760 — 64 

Lagerhjelm. Experiments on density 
and elasticity of iron, cast and 
wrought, 363 ; method of testing, 
369; relation of limit of elasticity to 
cohesive limit, 365 ; modulus of elas- 
ticity same for all kinds of wrought- 
iron and steel, 366 ; limit of elasticity 
and breaking load vary with character, 
367 ; raising of limit of elasticity, 
367 ; specific weight of ruptured bar, 
368 — 9 ; comparison of moduli deduced 
from extension and sound experiments, 
370 

Lama, Francesco de. Experiments on 
beams, 28 d 

Lamarle. Experiments on flexure of 
woodenbeams, 1253 ; relation of stretch 
and squeeze-moduli, 1254; on Euler- 
Lagrangian theory of struts, 1255; 
struts doubly pivoted, 1256 — 7; do., 
ratio of diameter to length for set or 
ruptured preceding buckling, 1258 — 
9 ; comparison of theory with Duleau’s 
experiments, 1260 ; report on, by 
Liouville and Poncelet, 1261 ; general 
results, 1262 

Lam^. Navier’s report on Lam6 ani 
Glapeyron’s memoir, 277, 1023—4; 
experiments on iron for suspension 
bridges, 1001, 1002—3; yield-point 
and state of ease, aeolotropic character 
of wires, 1002 — 3; and Clapeyron, 
their memoir of 1828 on elastic homo- 
geneous bodies, 1005 — 6; uni-constant 
surface and body equations, 1007 ; 
stress-ellipsoid, stress-director-quadrio , 
shear-cone, 1008, 1059 ; uniform sur- 
face traction, 1010; compression of 
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water, 1011; cylindrical shell with 
surface tractions, 1012 ; cylinder under 
torsional strain, 1014; gravitating 
sphere, 1015; spherical shell under 
surface tractions, 1016 ; solid bounded 
by an infinite plane, 1018—19; by 
two parallel planes, 1020—21; in- 
definite cylinder, 1022; experimental 
values of slide-modulus, 1034 ; on 
boiler explosions, 1035 ; thielmess and 
form of boilers, 1038 — 9 ; isostatic 
surfaces, 1036 — 7; the Legoiis, 1040 
— 4; definition of stress across a 
lane, 1045; stress-equations of equili- 
rium, 1046— 9 ; formulae for stresses, 
36; coefficients, 1050 — 51; bi-constant 
fonnulae for isotropic body and 
general solution of equations, 1052 — 
63 ; for special body-forces, 1064 
—66; Clapeyron’s theorem, 1067— 
8; application to triangular frame, 
1069, modification of by introducing 
body-forcos, 1070, case of heavy elastic 
wire, 1070; equilibrium and motion 
of elastic stiings, 1071, of lamina, 
1072—3; vibrations and nodal lines 
of plane membrane, 1074 ; application 
of trilinear coordinates, 1076 — 7; 
analysis of plane waves, 1078 ; equili- 
brium of a right six-face, 1079 — 81; 
vibration of a rectangular prism, 1082 ; 
application to Savart’s Experiments, 
1083—6 ; equations in cylindrical co- 
ordinates, 1087 — 8; vibrations of a 
cylindrical body, 1089—91, equations 
in spherical co-ordinates, 1092 — 3 ; 
elastic equilibrium of a spherical shell, 
1094—5 ; spherical envelope subjected 
io any surface-loads, 1110 — 48, 1154 — 
61; application of curvilinear coordi- 
nates, 1096, 1149; transformation of 
body stress-equations to do., 1150 — 
1153; isostatic surfaces, 1152; on bi- 
constant isotropy, 1151 ; general prin- 
ciples and fundamental lemmas, 1163 
—1165 

Light. E quilibri um an d vibrations of 
ether, 1026 — 33 ; refraction of, inhomo- 
geneous aeolotropic medium, 1097; 
number of elastic coefficients and rela- 
tions between, 1098, 1100; equation to 
wave-surface, 1101 — 2; explanation of 
refraction &c. on wave theory, 1103—4 ; 
conical refraction, 1105; conditions 
for propagation of wave in elastic 
medium, 1106—7; general remarks 
on undulatory theory, 1108 — 9 
Death of, 1165 

Lamd’s Problem (see also Shell, epherical), 
1154-62 


Lamina, Elastic. Equilibrium of, Jas. 
Bernoulli, 18, Plana, 161 — 3, Lind- 
quist, 114, Lagrange, 169, Navier, 
262, Duleau, 228, Poisson, 570, Cauchy, 
618 — 27, Lam6, 1072; vibrations of, 
D. Bernoulli, 44 — 50; nodes of, 50, 
121, 356, 1525; Euler, 63, 64, 86 and 
ftn., 93; Biot, 184, Plana, 176 — 80; 
Eourier, 207—10, Germain, 290—9, 
Lam6, 1072; flexure of, used in 
balances, Weber, 718; see also Bar, 
Eod, and Plate 

Laplace. Law of attraction of particles, 
Belli on, 164; M6ca7ilq7ie Celeste, 
807 — 19; attractions of shells and 
spheres, 308, 312; molecular attrac- 
tion in fluids, 309, 311; velocity of 
sound in air, 310, 310, 317; matter 
and caloric, 813 — 5; Belli on his 
molecular hypothesis, 755 
Latent heat of fusion. Belation to 
stretch-modulus, 1388 
Lateral Adhesion. Girard, 126; Young, 
143, 1565, p. 877 

Lead. Compression of, 689, 1326, 1540 and 
ftn.; crushing strength of, 720; effect 
of skin, 720; stretch-modulus of, 
1292 ; (effect of heat on) 1307 ; time- 
effeot on, 978; velocity of sound in, 
1184 (8<^) 

Least Action, Principle of, Euler, 54 
Least Constraint, Euler, 54 
Leblanc. Experiments for suspension 
bridges, 936 

Leclerc. Experiments on strength and 
stretch of bar- and wire-iron, 1462 
Leibniz, 11: see Mai'iatte-Leihniz theory 
Leslie. Gerstner’s law attributed to, 
p. 441 ftn., 984 
Lexell. Notes of bells, 96 /3 
Light. Propagation of in crystallised 
and non -crystallised media, Green, 
917 — 20 ; theory of double refraction 
in aeolotropic homogeneous media, 
Lam6, 1097 — 1109 ; differential equa- 
tion for equilibrium and motion of 
other, 1025 — 83. See also O'Brien, 
}Imt(jhto7i, Stokes, etc. 

Limestone. Crushing strength, 186, 
1478 

Limit of elasticity. Definition of, p. 
886 (3) ; Biot, 182 ; of iron and 
steel, 692 — 3; cast-iron in tension 
and compression, Hodgldnson, 240 — 
241 ; definitions of, Lagerhjelm, 365 ; 
relation to cohesive limit, 305 ; altera- 
tion of with character of iron, do., 
367 ; raising of, do., 367 ; beginning 
of set called, Brix, 853 ; determina- 
tion of by colour fringes, 1192 ; deter- 
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mination for the metals, Wertheim, 
1293 — 6 ; relation to rupture-stretch, 
do., 1296; of alloys, relation to that 
of constituents, 1303; possibility of 
varying, 1379—81, p. 874 and ftn. ; 
evidence on, before Eoyal Commission 
on Iron, 1430; general remarks on, 

p. 886, p. 889 

Lindquist. Flexure of elastic lamina, 114 
Liouville. Integration of differential 
equation for ilatation, 524, p. 299 
ftn. ; report on Blanchet’s papers on 
wave motion, 1172 

Liquids. Compression of, 318, 686 — 
91, 1227, 1357, 1359 
Lissajous. Nodes for vibrating rods, 
1525 

Liebherr. Testing machine, 697 
M®Connel. Molecular change of iron 
due to vibration, 1464 
MacCullagh on Green’s method, 920— -21 
Magnetism. Delation to cohesion, 829 
and ftn.; produced by stricture in iron, 
1179 ; elfect on stretch of a bar, 1301, 
1329—1335 ; De la Bive, 1336 
Maiirardi. Vibrations of an elastic sphere, 
860 — 4 ; torsion balance, 1214 ; elastic 
rod, equilibrium of, 1215 
Manfredi. On impact, 29 e 
Marchetti. Controversy on solids of 
equal resistance, 6 

Mairiotte. Application of Hooke’s law 
to Galilei’s problem, 10 
Mariotte-Leibniz theory. Statement of, 
11 ; De la Hire on, 12 ; Variguon on, 
13; Jas. Bernoulli on, 19 — 22; Mus- 
schenbroek on, 28 5 ; Biilfinger on, 29 
Belgrade on, 29 5; Girard on, 
127 — 30 ; Hodgkinson on, 231 
Martin. Set and time-effect in iron 
bars, 817 

Masson. Experiments on metal rods, 
1184 

Maxwell. Memoir on elastic solids, 
1536 — 1556 ; uses bi-constant equa- 
tions, 1537 ; analysis of strain, 1539, 
of stress, 1540—41; application to 
simple cases of cylindrical coordinates, 
1542; optical effect of stress at any 
point, 1543—4 ; equilibrium of hollow 
sphere, 1545 ; on Oersted, 1546 ; rect- 
angular beam uniformly bent, 1547 ; 
approximate treatment of plate, 1548 ; 

. torsion of a cylinder formed of wires, 
1549, of grindstones and fly-wheels, 
1550—51, p. 827 ftn.; influence of 
change of temperature on elastic equa- 
tions, 1552; optical eflects of strain 
produced by heating, 1553 ; slide in 
beam-problem, 1554; analysis (pho- 


tography) of strain by colour fringes, 
1555 — 7 

Mazi^re. Theory of “subtile matter,” 
application of Cartesian doctrine 
to aether, 29 a 

Membrane. Elastic. Equilibrium of 
Lagrange, 158, Cisa de Gresy, 199 — 
206, Pagani, 382 — 4, Poisson, 472 — 
3 ; vibrations of, Euler, 122, p. 73 ftn., 
Fourier,! 207, Savart (nodal systems) 
329, Pagani (circular) 385 — 394, Lam4, 
1074 — 75, Lam6 (triangular) 1076 

Mersenne. Experiments on beams, 28 o 

Metals. Crystalline structure of, Savart, 
332 

Mobius. Equilibrium of flexible and 
elastic strings and elastic rods, 865 

Modulus. Stretch-. (Modulus of elas- 
ticity). Definition of. Young, 137, 
Frankenheim, 824, p. 885, Euler, 75, 
Lam6, 1066. Of the metals, Wertheim, 
1292-4, 1299, 1301, Kupffer, 1389— 
95, Napiersky, 1396, Masson, 1184, 
Bevan, 751 d; iron, cast, Hodgkin- 
son, 234, 240; iron, Giulio, 1216, 
Leclerc, 1462, Lagerhjelm, 366 — 7, 
Brix; 849; steel, 986; cast-iron at 
surface, 821; gold, copper, 751 d; 
alloys, 751 d, 1303 ; relation of 
slide- to stretch-moduli for metals, 
379,972— 3; wood, Hagen, 1229,1456, 
Pacinotti and Peri, 1250 — 52, Wer- 
theim, 1313 — 4; ice, Bevan, 372; 
glass, 1310 — 11 ; human tissues, 1315 
— 1318 ; determined by sound experi- 
ments, 370, 1293, 1297, 1301, 1344—8, 
1372 ; differs from traction-results and 
why, 1404; determined from wire in 
form of helix, 1221, by torsional ex- 
periments, 1339 — 1345, by flexure 
experiments, 800, 1216, 1254; effect 
of annealing on, 853, 1293, 1301, of 
change in density on, 1293, 1301, of 
heat on, 1295, 1298—9, 1307—10, of 
electric current on, 1304 — 6; relation 
of to molecular distances, 1299 — 
1300, to latent heat, 1388, to slide- 
modulus, 972 — 3, 1319 — 26; instru- 
ment to measure, 1397 ; iu homoedric 
crystals, Neumann, 794 — 7; quartic, 
798 — 801; effect of set on, 852, p. 
441 ftn., p. 887, p. 889 ; proportional 
to specific gravity in case of wood, 
1252 (cf. 379) 

Modulus. Slide-. For wood, 378 (pro- 
portional to specific gravity), 379; re- 
lation to stretch-modulus, 379, 972 — 
3,1319—1326,1339—1343; for metals, 
1034, 1393—6; unaltered by slide-set, 
p. 874 
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Molecular Force. Law of, Belli, 163 — 
72, 752—8; Biot, 182; NobiU, 211; 
Mossotti, 840—3; Franklin, 841; 
Avogadro, 844 — 5; Kelland, 1230; 
EarnsLaw, Ellis, 1231; Brunnow, 
1235 — 7; Eisenbach, p. 876; Wer- 
theim, 1325 

Stress deduced from, Poisson, 436 — 
44, 616 ; use of integrals for, 436 — 
444, 527 — 32 ; Clausius, 1398 — 
1401; Haughton, 1507—9; JeDett, 
1526 — 35; Saint-Yenant, 1563; in- 
fluence on number of elastic con- 
stants, 555, 615, 922, 923, 931—2, 
1007, 1163, p. 814 ftn.; various 
assumptions as to law applied to 
stress, Poisson, 543 — 544, 585, 592, 
597; Poncelet,975 — 6, (his graphical 
method) 977, p. 873 
Structure, change of, by \dbration, 
1429, 1464 

Molecules. Ampbre, 738 ; sphere of 
activity of, Piola, 777, Jellett, 1533; 
size of, Avogadro, 846 ; distances of, 
related to stretch-modulus, 1299 — 
1300; Wilhelmy, 1356 

Moment of stiflness. Euler, 65, 66, 
74, 75, Lagrange, 108, Young, 138, 
Poncelet, 979, Hodgkinson, 939 

Monoohord. Construction of, Weber, 
700 

Morin. Experiments on cohesion of 
bricks and mortar, 905; effect of 
friction on slide, 905; resistance to 
bodies rolling on one another, 1183; 
elastic impact, 1183 

Mortar. Cohesion and adherence of, 
Kondelet, 696 ; adhesion to bricks and 
stones, Morin, 905 

Moseley. Flexure of beams, 1233 ; im- 
pact and resilience, 1233; Illmtratiom 
of Mechanics^ 1234 

Mossotti. Spiral springs, 246—51, equa- 
tions for motion of, 248, hypothesis 
with regard to, 250, experiments on, 
249; the Ballistic machine, 251; 
forces which regulate internal consti- 
tution of bodies, 840 ; Franklin’s 
hypothesis, 841 ; two systems of par- 
ticles, ether and matter used to ex- 
plain cohesion, 842 — 3; controversy 
on his molecular theory, 1230 — 3 

Mushet. Experiments on east and malle- 
able iron, 1463c 

Mussehenbroek. Introductio ad eohe- 
rentiam, 28 5; explanation of elasticity 
by internae vires, experiments etc., on 
extensions and flexures of beams of 
wood, strength of struts, Euler on M.’s 
experiments on struts, 28 5, 76 


Multi-constant. See Constant, Molecular 
Force 

Napiersky. Torsional vibration of 
wires, 1396 

Navier. Originator of modern theory 
of elasticity, 1, 253; flexure of rods, 
straight and curved, 254 ; equa- 
tion for curvature of elastic rod built- 
in at one end, 255 ; length of curve 
for do., 256 ; equation for curvature of 
rods originally bent, 257 ; flexure of 
elastic plate, 258 ; references to Pois- 
son, Germain and Fourier, 259 ; equili- 
brium of elastic plates, 260—61; of 
elastic lamina, 262; rupture of plate, 
263 ; influence of thickness of lamina 
on equations, 264, 528 ; general equa- 
tions for elastic solids, 265 — 8 ; Saint- 
Yenant on do. , 269; report on Cauchy’s 
memoir, 271 ; suspension bridges, 272; 
longitudinal vibrations of rods termin- 
ally loaded, 272 — 273; experiments 
on tensile strength of various mate- 
rials, 275, on rupture of shells, 275 ; 
controversy with Poisson on equi- 
librium of elastic solids, 276, 527 — 
34 ; contour-conditions of elastic plate, 
629 — 32; molecular actions, 631 — 2, 
922, 1400 ; report on Lam(5 and Cla- 
peyron, 277 ; flexure of circular arc, 
278 ; beams, summary of experiments 
and theories on, 279; torsion of rect- 
angular prisms, 280 ; limits of safety, 
281 ; continuous beam theory, 281 ; 
columns, experiments on, 281 ; Poisson 
on his results for equations of solids, 
448; report on Lamb’s memoir on 
equilibrium in interior solids, 1023 — 4 

Neumann, F. E. Elastic, thermal, optic, 
crystalline axes identified in gypsum 
and allied crystals, 788 — 93 ; homo- 
edric crystals, elastic properties of, 
794, stretch-modulus for, 795, stretch- 
modulus quartic, 799 — 801 

Analysis of strain due to load, tem- 
perature, set, by effect on light, 1186 et 
seq. 

Homogeneous strain, general treat- 
ment and photo-elastic equations, 
1185 — 90; glass bar transversely loaded, 
1191; elastic limit from colour-fringes, 
1192; elastic constants from photo- 
elastic measurements, 1193; relation 
of refractive index to density, 1194 

Heterogeneous strain, plate, 1195; 
thermo-elastic equations, 1100; case of 
sphere, 1197 ; thin plates, 1108 — 1200 ; 
circular plates and annuli, 1201; 
circular arc and “spokes,” 1202; two 
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plates cemented at edges, 1203; hot 
plateon cold surface, 1204; comparison 
with experiment, 1205 
Theory of set, 1206—7, p. 889; 
relation of set to elastic strain, 1208— 
9; initial stress, 1210— 11; application 
to glass sphere and cylinder suddenly 
cooled, 1212 

Neutral axis, Beams transversely loaded, 
Mariotte, 10 ; Varignon, 15; Biilfinger, 
29 Bernoulli, 21; Coulomb, 117; 
Kiccati, 121; Young, 134, 138—9, 
144; Eytelwein, 149; Barlow, 189— 
194; Duleau, 227 — 9; Hodgkinson, 
231—35, 238—242, 971; GiuHo, 1216; 
Colthurst, 998; Persy, 811 
Struts, Euler, 75; Kennedy, 75 ftn.; 
Bobison, 145-6; Tredgold, 198; 
Barlow, 189—194; Duleau, 227—9; 
Whewell, 737; Navier, 255; Hodg- 
Idnson, 954, 965 

Newton. Optics, 26; impact of elastic 
bodies, 37; Musschenbroek on, 28; 
Belli on, 164; Laplace on, 310; his 
molecular theory, 755, 1230—2 
Nobili. Molecular attraction, 211 
Nodal Points, Lines and Surfaces 

For rod, Euler, 50; Kiccati, 121; 
Strehlke, 356 — 7 ; Lissajous, 1525 ; 
Savart, 322 ; Seebeck, 1180 
For prismatic bars, Savart, 327, 347 
—9 ; Peyr6, 820 

F'or Plates, Savart, 329, 337 — 40, 
352; Strehlke, 353-5,359; Poisson, 
513 — 20 ; Wertheim, KirchhofP, 1344 — 
8 ; Faraday, 745 ; ^^eatstone, 746 
For sphere, Poisson, 460 
For membrane, Lam6 (rectangular) 
1074—5, (triangular) 1076; Poisson, 

' 472 (ii) ; Pagani (circular), 391 — 4 
Systems, possible in a body, Savart, 
329 ; rotation of system, 331 
Used to determine aeolotropio struc- 
ture, 332, 337-9, 340—344 
Notes. Of a rod, 49, p. 33 ftn., 86 and 
ftn., 88—91, 96,429, 470—1, 655, 699, 
704; of circular plates, 510—20,511 
— 21, 1342 ; of a gold coin 'when rung, 
751 d; of hard-hammered wires and 
tuning-forks, 366, 802; of a sphere, 
459—60; of the harmonicum, 96 7; 
of reed-pipes, 700; of a cord, 465, 
1228, p. 42 ftn. See also Vibrations, 
Sound, Nodal lines 
Noyon. Experiments on iron, 1462 

O’Brien. Symbolic forms for equations 
of elasticity, 1360 — 65 
Oersted. Compression of water, experi- 
ment on, 687 ; do. , in lead vessels, 689 ; 

T. E. 


do., in glass vessels, effect on vessel, 
690 ; on Poisson and CoUadon’s results, 
690; remarks on his results, 925, 1326, 
1357, 1546 and ftn. 

Optics. Newton’s treatise on, 26 

Optical effects of stress. Brewster, 698, 
p. 640, ftn.; Neumann, 1185 — 1212; 
Maxwell, 1543—4 

Oscillations. See Vibrations, Note, No- 
dal Line 

Ostrogradsky. Shifts for ■vibration in 
elastic medium expressed by definite 
integrals, 739 — 41 ; on Legendre’s co- 
efficients, 742 — 3; on supposed error 
of Lagrange, 744 

Pacinotti and Peri. Experiments on 
wood, 1250 ; stretch-modulus from 
flexure, torsion and traction, 1250 — 2 ; 
ratio of elastic strain to stress before 
and after set, 1252; values of height 
stretch-modulus for all wood constant, 
1252 

Pagani. On rods and membranes, 380 ; 
funicular polygon, 381 ; flexible mem- 
branes, 882-^; 'vibrations of circular 
elastic membranes, 385 — 94 ; on Pois- 
son’s and Navier’ B treatment of elastici- 
ty, 395; on bodies supported by more 
than three struts, 396 

Page. Elastic properties of Caoutchouc, 
1370 

Paoli. Molecular motion and life, 361 ; 
Belli on, 361 

Parabola. As generating curve of solids 
of equal resistance, Galilei, 4; do. for 
column, Lagrange, 112 ; osculating, of 
a curve. Hill, 406 

Parabolic law of elasticity in cast iron, 
1411, 1438—39 

Parent. Controversy on solids of equal 
resistance, 5 ; rupture of beams, point 
of, 17; do. experiments on, 28 a; 
Biilfinger on, 29 jS 

Parrot. Compressibility of glass, 747; 
effect on thermometer bulbs in deep 
sea, 747 

Parseval’s Theorem, 178 

Particles, material under mutual attrac- 
tion and repulsion, Cauchy, 615, 662; 
stress in a system of material, 616; of 
a double system under mutual attrac- 
tion, 672 — 3; stretch, dilatation etc. 
under change of form, 674 — 5; de- 
finition of. Ampere, 738. See Molecule, 
Attraction 

Peri. See Pacinotti 

Perkins. Experiments to determine 
compressibility of water, 691, 1011 

Permanent load. Definition of, Vicat, 

58 
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726; importance of in structure, Vicat, 
727 

Perronet. Experiments on beams, 28 ^ 
Person. Relation of stretcb-modulus to 
latent heat of fusion, 1388 
Persy. Neutral surface of beam in uni- 
planar flexure, 811 

Petiet. Use of cables in suspension 
bridges, 1454 

Petty. Duplicate Proportion and Elas- 
tique iLToi^ows, 6 

Peyrd. Nodal surfaces of solid prisms 
and tubes vibrating longitudinally, 
820 , , 
Pfaff. Translator of Lagerhjelin’s Tvorlc, 
363 

Phillips. Impulsive effect of travelling 
loads on bridges, 1277 ; best form of 
carriage springs, 1504 
Photo-elasticity: sqq P olarisation, Brew^ 
ster, Neumann, Maxwell 
Pictet. Peimanent effect of temperature 
on iron bars, 876 

Piobert. Lamp’s rules for boiler thick- 
nesses, 1039 

Piola. Applies Lapranuc’s method to 
theory of elasticity, 362, 759 — 764; ap- 
plies Poisson’s method and finite dif- 
ferences, 767 — 75; equation of con- 
tinuity of fluid motion, 776 ; analysis 
of stress, 777; erroneous theory of 
fluid motion, 777—87 
Plane. Solid bounded by indefinite, 
Lamd, 1018—19; by two iudefinito 
and parallel places, 1020- -21 
Plana. Treatment of elastic cur\^os, 
151 — 4 ; correction of Lagrange, 153 — 
4; elastic lamina, oscillation of, 176 — 
80 ; Pourier on his equations, 208--9 
Plaster. Cohesion and adhesion of, 696 
Plastic Stage. Specific weight at, La- 
gerhjelm, 369 ; Gerstner’s law not true 
at,Giulio, 1217; in crushing wrought- 
iron cubes, Clark, 1475; in elastic life, 
p. 891. See Stricture 
Plate. General discussion of elastic, 
Navier, 258 — 261; Germain, 283 — 
306; Poisson, 474—493; Cauchy, 
629—662 

Contour-conditions, Free or loaded, 
Navier, 260, 527— 34; Poisson, 486— 
7; Cauchy, 641, 646 — 8, 651 — 2; 
Kirchhoff, Clebsch, Thomson and 
Tait, Saint- Venant, Boussinesq, 
488; built-in, 491, 642, 652 
Equilibrium of circular-, heavy and 
normally loaded, free, supported, or 
built-in contour, 494 — 500; centro 
and contour supported, 501 — 504 
Equilibrium of rectangular, Navier, 


261—4; Cauchy, 636, 643—4, 647; 
Maxwell, 1548 

Vibrations of circular, notes and 
nodes, Poisson, 505 — 21; Savart 
on copper, 520; Wertheim, Kirch - 
hoff, 1344 — 8; Savart, 326, (metal) 
332, (wooden, crystalline, rock- 
crystal) 337 — 342 ; Poisson and 
Savart, 432 ; Strehlke, 359 
Vibrations of rectangular, Jas. Ber- 
noulli the younger, 122 ; Germain, 
290, 298 ; Savart, 326, 329 ; Strehlke, 
354—5, 369 

Vibrations of, nodal lines for all kinds 
of contours, Savart, 352 ; Strehlke, 
353—5; Wheatstone, 746. Inte- 
gration of equation for, Poisson, 
424 — 5; Fourier, p. 876; Cauchy, 
627, 645—6 

Stretch in, when subject to uniform 
contour- traction, 430, 483 
of aeolotropic structure, Cauchy, 649 
without elasticity, variable thickness, 
Cauchy, 650 

Velocity of sound in, Cauchy, 649 
Rupture by steady pressure, Vicat, 
734; Navier, 263 

Iron, Fairhairn, Experiments on 
strength of, 1444 ; resistance to crush- 
ing, 1477 ; strength of,1496; with and 
across fibre, 1497 ; riveted, strength 
of, 1409—1502 ; normal load, 1501 
Photo-elastic proportic's of, Neumann, 
wlieii strained, 1195, when heated, 
1198 — 1202 ; circular, and circular 
annulus, 1201 ; rectangular, cement- 
ed together, 1203; hot, on cold 
surface, 1204 

Attraction of two thin circular, Belli, 
168 

Poisson. Equilibrium of elastic sur- 
faces, 412 — 15 ; on Jas. Bernoulli’s 
work, 413 ; equilibrium of surface 
flexible and non-elastic, 410; remarks 
on Lagrange’s method, 417 ; vibrations 
of elastic plate, 418; elastic stress 
near boundary, 419 ; equation to sur- 
face of constant area, 420; use of 
integrals in questions of molecular 
force, 421; clastic curve of double 
curvature, 423; waves in water an<l 
in infinite elastic plate, relation of, 
424; vibrations of elastic plates, in- 
tegral of equations for, 425; distii- 
bution of heat in a solid body, Saint- 
Venanton, 426; vibrations various, of 
elastic rod, 427 — 8; frequencies of dif- 
ferent kinds of, 429 ; stretch in wires, 
430; first memoir on general theory 
of elastic solids, 431 — 3, 434; history 
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ot theories of elasticity, 435; use of 
(lofmito integrals, 436, 441 ; stress in 
terms of strain, 438, 442; laws of 
niolocular force, 439, 443—4. De- 
linition^ of stress — Saint-Venant on, 
44()_, 1563; objection to calculus of 
variations, 416; equilibrium under 
nurmn 1 -< ^7_8; elastic sphere, 

' ", Stic cords, 464 — 5; 
eluHtic rods, 466 — 71; elastic mem- 
brane, 472 — 3; elastic x>late, 474 — 
4U.3 ; application to circular plate, 
4i)l — 521; gi’eater and less elasticity, 
r>22; integral of equations for vibra- 
tions in indefinite medium, 523 — 6; 
eoulroversy with Navier, 627 — 34; on 
a supposed error of Lagrange, 636 — 
3i); inu‘o)hd memoir on general theory 
of elastic bodies, 540 — 2; molecular 
force and stress, 542 — 6; analysis of 
stretch, 547, 549, 550; stress (initial), 
518, (in crystalline body), 552 — 558; 
propagation of motion in an elastic 
nuHliuin, fluid and solid, 560 — 6 ; capil- 
lary action, new theory of, 567; Traite 
iit* 7nt:cani<jue, 568 — 81; third memoir, 
idasticity of crystalline bodies, 682 — 
601; on his position as rari-constant 
(‘lastician, 615—6, 922—4, 925, 927, 
OHO, 1026, 1034, 1050, 1073, 1264—6, 
1267, 1320—4, 1346, 1400—2, 1520, 
1534, 1537, 1563; compression of 
vessel in compression of water ex- 
periments, 688 — 90; Weber on his 
theory of vibrations in rods, 699; 
Bella vitis on his theory of equilibrium 
of rods, 935 ; report on and relation to 
Blanchet’s paper on wave motion, 

1 166 — 67 ; death of, 601 
rolarisation of light. Application of, to 
investigate strains, Brewster, 698, 
p, ()40 ftn., Neumann, 1185—1213, 
Maxwell, 1543—4, 1553—57 
of wave motion in an indefinite crys- 
talline elastic medium, Blanchet, 
n r>6— 70 

Pobiriscope. Use in analysing strain, 
Neuinaiin, IlOO 

Puncclot. * '^-dnstrielU, 974; 

detinitior < , . 075; cohesion 

and molecular forces, 970 — 7; want 
of isotropy in wires and bars, 978; 
stresH-strain curve, 979; condition of 
ro't’sr v'ork, 981 — 2; resilience, 

'"“■J; tin 983; traction-stretch 

curv<?s, 985; moduli for iron and steel, 
Lagrrhjelni’s experiments, 986; best 
form of column, 987. licsilience, sudden 
loading with and without initial ve- 
locity, 988—90, bar loaded, receiving 


blow, 991, application to bridges, 992 
— 3; lectures at Sorbonne, 994; stretch 
condition of rupture, 995; on theory 
of arches, 996; report on Lamarle’s 
strut-theory, 1261; on Saint-Venant’s 
memoir on resistance of solids, 1578 — 9 
Pouillet, elastic fluids, 319 
PotentialiSi Vis, Euler, 55 — 6 
Pressure. See Stress 
Prism. Flexure of, 21; torsion of rect- 
angular, Navier, 280; vibrations of, 
nodal surfaces of, Savart, 327 ; under 
terminal tractive load, Lam^, 1011; 
vibrations of rectangular, Lam4, 1082 
— 6; crushing of short, Hodgkinson, 
948—51, 1414; equilibrium of, sub- 
ject to flexure, 1581 — 2; torsion of, 
1625 — 7. See also Beam, Rod, Bar, 
Wire 

Prony. Eeport on Vicat’s pai>ers, 724 
—735 

Quartic. Stretch-modulus, Neumann, 
799 

Bails. Best form for, Heim, 906, 916 
BanMne. Laws of Elasticity of Solids, 
1452 

Bari-constant theory, 921—31, p. 884. 

See Constants, Elastic 
Bayleigh, Lord. Theory of Sound, 96 
470 

B^amur. Experiments on cords and 
beams, 28 y 

Beed-pipes. Experiments on notes of, 
Weber, 700 

Befraction of Light. On corpuscular 
theory, 170; Fresnel, 320; formulae 
for, Cauclxy, 611; O’iBrien, 1363—5; 
in homogeneous aeolotropic medium, 
Lam6, 1097—1108; caused by strain, 
Neumann, 1185 — 1203, Maxwell, 1543 
—68 

Befraction, Conical, of Light, Lam6, 1105; 

of Sound, Haughton, 1514 
Belr active Index, decrease of with increase 
of density, 1194 

Begnault. Dilatation of, and want of 
isotropy in glass, 1227; compression of 
liquids and solids, 1357 
Benaudot. Travelling loads on railway 
bridges, 1277 

Bennie. Experiments on strength of 
materials, 185, on crushing of metal 
blocks, 186, on tensile strength of 
metal bars, 186, on crushing of wood 
and stone, 186, on transverse strength 
of cast iron, 187, on Emerson’s para- 
dox, 187 ; expansion of arches by 
heat, 838 
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Eesilience. Young’s definition and 
theorem, p. 875; Tredgold, 195, 
(modulus of) 999; Borellus, p. 874; 
Poncelet, 981 

Beams subject to longitudinal impact, 
with or without initial velocity, 988 
— 90; with permanent load, 991; 
application to bridges, 992, to pile 
driving, 1233; Duhamel, 813; Son- 
net, 938 (5) 

Beams subject to transverse impact, 
experiments on, Hodgldnson, 939 — 
942,1409—10,1487; theory of, 943, 
1434—7, pp. 893—6 
Beams subject to impact from travelling 
load, Stokes, 1276—1291; Willis, 
1418 — 1422; experiments, 1417, 
1423; Becker, 1376, pp. 878—9 
of spiral springs, Thomson, 1384 

Besistance, relative and absolute, Varig- 
non, 14. See also Strength, Elastic 
Limit 

Solids of. See Solids 

liiccati, Jacopo. Experiment on laws 
of elastic bodies, 30; remarks on 
Bernoulli, 30 — 32; use of acoustic 
properties of bodies, 31 ; relation of 
traction to stretch, 31, 32 ; general 
explanation of elasticity, 33; review 
of eailier theories and writers, 34 — 36 ; 
ignorance of Hooke’s law, 37 ; ideas 
of form viva and rnorta, 38; non- 
destructibility otforza viva, 39; value 
of liis work as replacing Metaphysic 
by Dynamic, 41. 

lliocati, Giordano. Vibrations of beams 
and position of neutral axis, 121 ; 
vibration of membranes, p. 73 ftn. 

Bings. Elastic, oscillations of, Euler, 
93 ; Lexell, 96 j8 ; Germain, 290, 294 
— 6 

lUtohie. Elasticity of glass threads, 
408; atomic theory of torsion, 408; 
torsion of glass threads and their 
application to torsion balance, 409; 
method of drawing glass threads, 410 

Itive, De la. Vibrations in bar iron duo 
lo elastic currents, 1329; Wartmann 
on his experiments, 1331 ; Wertheim 
on do., 1332 ; experiments on vibra- 
tions caused by elasticity and mag- 
netism, 1336 

itivets. Strength of, Clarke, 1480 ; 
frictional effect of, 1481; stress in 
long, 1482 ; Eairbairn’s experiments 
on, 1499—1500 

Eizxotti. Experiments on impact of 
clastic bodies, 37 

llobison. Strength of materials, 145; 
on Euler’s foimulae for columns, 145, 


198, 833, 954; position of neutral 
axis in struts, 146 ; Barlow on, 190 
Book masses. Stress in and lamination 
of, Hopkins, 1366 — 7 
Bods, Equilibrium of. A.vis of single 
cxirvatiire, Jas. Bernoulli, 18 — 25 ; 
Euler, 71 — 8; Girard, 125; Poisson, 
466, m^—n, 574—5; Cauchy, 653, 
(aeolotropic), 657 ; Heim, 907 ; Na- 
vier, 254 — 7, 278; Lagrange, 97^ — 
105,159 ; Saint-Venaut,i615; Young, 
138—140; Hill, 399—407 
Axis of double curvature, Lagrange, 
159 — 61; Binet, 173 — 5; Bordoni, 
215—24; Poisson, 423, 571; BelUi- 
vitis, 935; Mainardi, 1215; Binet 
and Wantzel, 1240; Heim, 1385 — 6 ; 
Saint-Venaut, 1584 — 1608 
Vibrations of. Loxigitudinal, Biot, 
184; Navier, 274; Savart, (nodes) 
322, 329, (thick) 347—9; Poisson, 
427, 577; Cauchy, 060; Sonnet, 
938; Lam6, 1089—91; Pleim, 1387 
Transverse, D. Bernoulli, 43 — 49, 
60; Euler, 51— 04, 86-92; G. llic- 
cati, 121 ; Biot, 184 ; Strehlke, 356 ; 
Poisson, 428, 467 — 9, 581; Cauchy, 
657; Plana, 178—180; Fourier, 
209—210; F. Savart, 323—5 
Torsional, Coulomb, 110, p. 873; Dn- 
leau, 229 ; F. Savart, 323, 327, 333 ; 
Cauchy, 661, 069; Wertheim, 1339 
— 43 ; Saint-Venant, 102H — 30 ; 

Lam6, 1085, 1091; Giulio, 1218 
llatio of transverse to longitudinal 
freqiiencies,ToiHSonA2[),^^71; Cauchy 
and Savart, 055; Weber, 0t)9 
Of torsionalto longitudinalj Poisson, 
Savart, Chladni, Bayleigh, 470; 
Wertheim, 1341 ; Saint-Venant, 
1629—30 

Torsion of, Bevan, 378 — 9, 972—3; 
Hill, 308 

Velocity of sound in, Cauchy, 654; 
(stretch-modulus from), 370, 704, 
1184, 1293, 1301, 1311, 1350—1, 
1404, (of steel) p. 702 ftu., 1372, 
See also Specific Heat 
Electric currents set up by vibrations 
in, 1248, p. 720 fin. See also A’/cc- 
tne currents 

See also Bar, Binwi, Wire 
Boilers. Experiments on compression 
of, Vicat, 729—30 

Bolling of bodies on one another, Morin, 
1183 

Bondolct. Experiments on plaster, mor- 
tar etc., 696 

Saiut-Venaut. Bemarks on IXookc’sLaw, 
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on Jas. Bernoulli’s idea as to posi- 
tion of “axis of equilibrium,” 21, on 
case of elastic curve under a couple, 
r>8, oil Coulomb, 115, 117, 119, on 
Youn^, 139, on Poisson’s definition of 
pressure, 42(), 440, on P.’s use of de- 
finite integrals, 542, on P.’s treatment 
of elastic lamina, 671, on Cauchy’s 
thooi'em, and number of elastic con- 
stants, 554 — 6, on Cauchy’s memoir 
on torsion of prisms, G61, 683, 684, 
on Vicat’s attack on theory of elas- 
ticity, 722, 725, 1569, on Green’s 
niethods, 934, on Stokes’ dynamical 
deficMdiou of bridges, 1277, on Eeg- 
nault’s experiments on compression, 
1358; ccjutrovcrsy with Wertheim, 
1343 ; litliographed lectures, 1560 — 
77 ; on relation of theory to practice, 
15(>2, dofiaition of stress, 1563, 1612, 
1014, 1()3 0; of slide, 1564; on use 
of word “traction,” 1506; stretch- 
condition for strength, 1567; super- 
position of small strains, 1568; dis- 
cussion of slide, 1570—1572 ; circular 
elastic arc and ring, 1573—75, 1593 ; 
struts, 1576 ; memoirs on elastic rods, 
1578, l»onculet’s report on memoir, 
1578 ; criticism of old theory of flexure, 
1580; 0(iuilibrium and rupture of a 
prism Bubjected to flexure, 1581—2; 
set ofheiicoulal springs, 1583; intro- 
ductiou of shear for solids of equal re- 
Histanco, 1583 ; cquationsfor elastic rod 
t)i’ double curvature, 1684 — 92 ; applica- 
tion to helix and discussion of Guilio’s 
results, 1693— 6, 1608 ; history of pro- 
blem of rods of double curvature, 
1698, 1002—1607; torsion, distortion 
of plain sections, 1596, 1023 — 25; 
do., case of prism, rectangular base, 
1020, of prism, elliptic section, 1027; 
torsional vibrations of elastic rods, 
1(>28— 30; fluid motion, 1010; bridge 
ovtn- the Creiiso, 1011 j is matter 
continuous or not? 1013; flexure 
of elastic rod, largo displacements, 
a 01 5; form of expressions for strain- 
compon<nits, where shift-fluxions are 
large, 1017-22- . , 

iautkm, 11. von, Dissertation on Elasti- 
city, pj>. 77, 78- 

iavart, P. Experiments on sound, 321 ; 
nodus of rod vibrating longitudmally, 
322; analysis of vibrations^ in rods, 
plates, etc., 323— 328; experiments on 
nodal surfaces of plates membranes 
and flat rods, 320, on rotation of nodal 
linesof -.331 structure 

of mctaiH ironi ot circular 


plates, 332 ; experiments on torsion 
of rods of various cross-section, 333 
— 4, 398, 1218, 1340, 1028; relation 
of heat to torsional resistance, 334; 
analysis of crystalline bodies by the 
nodal lines of plates, 336 — 338 ; struc- 
ture of wood by same method, 339; 
analysis of bodies with three rect- 
angular axes of elasticity, 340, of 
rock-crystal, 341 — 343, of carbonate 
of lime, 344 ; nodal surfaces for longi- 
tudinal vibrations of large rods and 
bars, 347 — 50; comparison of extension 
in a bar by load and vibration, 351; 
experiments on nodal lines of plates 
of different forms, 362 ; Poisson on S.’s 
experiments on rods, 427 — 429, 470 — 

1 ; measurement of nodal circles in 
copper plates, 520; Cauchy on S.’s 
experiments, 626, 668 ; Lamd on S.’s 
experiments on rectangular prisms, 
1083—6 

Savart, N. and Duhamel on effect of 
elasticity in vibrating cords, 1228 
Schafhaeutl. Neutral axis of beams, by 
Brewster’s method, 1463 e 
SchuU6n. Equilibrium of elastic wires, 
536 — 9, of flexible cords, 818 
Seebeck on vibrating rods, nodal lines 
and loops, 1180 

S6gmn, on law of molecular force, 1 371 
Set. Pore- and after-set, 708, p. 882; 
1226, 1379, pp. 885—91 
Slide-set, p. 874 (including eflect of 
set on slide-modulus) 

Coulomb- Gerstner Law, p. 874, p. 
441 ftn., 806-810, p. 889, p. 891, 
862, 1224, 1252 

Gerstner-Hodgldnson Law. Stretch 
of piano-wires, 806 ; flexure of 
wooden beams, 807 — 8; torsion of 
wooden cylinders, 810; Giuiio re- 
jects, 1217, 1224; Hodgkinson, 969, 
(qualified) 1411; Neumann’s hy- 
pothesis does not agree with, 1208 
Neumann’s theory of, 1206 — 12, p. 
889; applied to glass sphere and 
cylinder rapidly cooled, 1212 
Biot on, 182; Poisson on effect on 
density, 368 

Cast-iron, Hodgkinson, 240, (pro- 
duced by smallest load) 952, (time- 
effect) 953, (bars) 1413, (hollow 
cylinder) 1474 

■Wrought-iron, Hodgkinson, (bars) 
1473, (hollow cylinder) 1474; Lamd, 
1003 

Iron-wire, Giuiio (produced by very 
small load), 1217; Brix, (relation to 
state of ease, elastic limit, yield- 
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point) 860 — 5, (how affected by 
annealing) 850, (beginning of) 857. 
In helical springs, Guilio, 1224 — 6; 

J. Thomson, 1B83 — 4 
Metal wires, Wertheim (begins at 
smallest loads, and proceeds con- 
tinuously?), 1296, 1301 
Wood, Gerstner, 807, 810; Wertheim, 
1314; Pacinotti and Peri, 1252 
In Human tissues, 1318 
Shear. Definition of, p. 883. History of, 
p. 877, 1665. Vicat’s ^protest, 721, 
725 ; word due to Stephenson, 1480 
Hopkins’ theorem, on maximum, 1368 
Omission of in old beam theories, 
Vicat, 722, 725 ; effect in case of 
short beams, 723, 1569 
Experiments on shear of rivets, Clark, 
1480 

Experiments on ratio of shearing to 
tractive strength, Coulomb, p. 877 
See also Slide 

Shear-cone, Lamd’s, 1008, 1059 
Shells, Spherical. Experiments on rup- 
ture of iron, Navier, 275; equi- 
librium of, under sudden uniform 
tractive load, Duhamel, 891 — 3, Max- 
well, 1553; equilibrium of, Lamd, 
1016, 1094, 1110—48, 1154—62; 
condition of rupture, p. 662; vibra- 
tion of, Lam6, 1093; application to 
case of earth, Lamd, 1095 
See also Spherical Envclo^e^ SpJiere 
(holloio) 

Cylindrical, equilibrium of, Lam<§, 
1012, 1022, 1088 ; condition of rup- 
ture, 1013 

Shift, Shift-iluxion, Body shift-equa- 
tions, &c., definitions of, p. 881, p. 
884 

Silk threads, torsion of, Coulomb, p. 69 
ftn. 

Elastic after-strain in, Weber, 707 — 9, 
711—19 

Absolute strength of, do., 710 
Silvabelle’s problem, 165 
Skin changes, influence of, on lead cy- 
linders, Coriolis, 720; on iron wires, 
Brix, 858 ; on iron beams, Hodgkin- 
Bon, 952; on iron (oxide efiect), 
Lam 6, 1002 ; on wrought iron bars, 
Giulio, 1216; on cast do., Hodg- 
Idnson, Clark, 1460, 1484 
Slide. Definition of, 1564, p. 881 ; his- 
tory of, 1565, pp. 876 — 7; value 
of for large shift-fluxions, 1618 — 22 
Effect of friction on, Morin, 729, 005, 
absence of in older beam theories, 
1665 

Geometrical proof that small slide 


consists of two stretches, Saint- 
Venant, 1570 

Introduction into beam theory (sec- 
tions still jplaiie) 1571 — 2, Maxwell, 
1554; example of circular arc in a 
vertical plane, Saint-Vonant, 1573 
— 4, of circular ring, do., 1575 
Equilibrium of prism under flexure, 
1581 

Saint-Venant’s formula for rupture, 
including effect of, 1582 

Smith, A. Analytical expression for ten- 
dency of continuous beams to break, 
1181 

Propagation of wave in an elastic me- 
dium, 1181 

Solids of equal resistance. How gene- 
rated, 4 ; controversy on, 5 ; Varignon 
on, 16; Parent on, 17; Girard on, 
125 — 131; Heim on, 916; Saint- 
Venant (shear considered), 1683 

Solids. General equations for elastic, 
Navier, 253, 265 — 70; Poisson, 434 — 
48, 648—53, 589; Cauchy, 613—16, 
666—7, 677; Piola, 761, 768—70, 
777, 780; Duhamel (including tem- 
perature-effect), 869, 883; Green, 
917 — 9 ; Lam4 and Olapeyron, 1007; 
Lam4, 1054 — 60, (in curvilinear 
co-ordinates), 1150 — 3 ; Neumann 
(thermo-elastic equations), 1196 ; 
Bonnet (in curvilinear co-ordinates), 
1241 — 6; Stokes (including tempe- 
rature-eflcct), 1266; O’Brien (in 
symbolic form), 1360—5; Haugh- 
ton, 1510—11, 1516—17, 1521; 
Jellutt, 1526 — 34; Maxwell, 1540 — 
1; Avogadro (first text-book, ap- 
pearance of), 845 

in what diifer from fluids, Ilaughton, 
1508 

Sonnet. Longitudinal vibrations, nodes 
etc. of rods, 938 

Sound. Waves in elastic fluids, Euler, 
Otj; velocity of in aix% Laplace, 310, 
316, 318 ; caused in a bar by electric 
currents, memoirs on, p. 719 ftn,; 
Wertheim, 1333—5 ; Do la Bivo, 
1336 

Specific weight. Near ruptuve-surface 
of iron, Lagorhjelm, 36S ; Poihaon, 
368—9 

heats of metals, Weber, 701—6 ; 
Duhamel, 874, 877—880, 899; Wer- 
thoim, 1297, 1350; Clausius and 
Seubeck, 1402—4; Bell, 1372 

Sphere. Attraction of two. Belli, 165, 
169 ; attraction and repulsion, Laplace, 
307, 308, 312. 315, 319; equilibrium of 
elastic s^xhero of attractive inaiter, 
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Lam6, 1015; vibrations of elastic, 
Toisson (no load), 449 — 460; (con- 
tractive load), 461—3 ; Mainardi, 860 
— ; equilibrium of hollow sphere, 
Maxwell, 1545; Poisson, 535; Lam6, 
1B58; do., temperature considered, 
Duhamel, 871; vibrations of hollow, 
temperature variable, Duhamel, 872 — 

4 ; colour fringes for, Neumann, 1197; 
cnpailibrium of hollow, under sudden 
uniform tractive load, 891; do., tem- 
perature of each point a radial func- 
tion, 894, 1197 ; rate of cooling of 
freo,^ beat liberated by contraction 
considered, 895; do., surface at uni- 
form and at varying temperature, 
BllO; experiments on compression of, 
Navier, 275; Vicat, 730; Wertheim, 
11^20 ; Regnault, 1358; set in, due to 
^ rapid cooling, Neumann, 1212 
Spherical envelope. Lamp's Problem. 
Fj'iuilihriom of, 1110 — 15; given dis- 
1 : '.huLion of load, 1110 — 15 ; acted on 
by constant force, 1116 ; rotating round 
fixed axis, 1117 ; force varying as dis- 
tance from centre, 1118 — 48 ; applica- 
tion of spherical co-ordinates to, 1154 
— 02. See also Shelly Si^herical 
Spread, delinitioii of, 595, p. 882 
Bjiringa, Laws of. Hooke, 7 — 8 ; Jurin, 
damns, Deschamps, p. 68 ftu. La- 
gi'fxnge, 97. Plano springs, Lagrange, 
98—105 ; 1182 ; (for carriages), 1504. 
HoAi also Bar, Pod, etc. Helical or 
spiral, Hooke, 7 — 8; Biuet, 173 — 5; 
Bernoulli, 246; Mossotti, 247 — 51; 
(Uulio, 1219—26; Wantzel, 1240; 
Thomson, 1382—^ ; Saint-Yenant, 
1588, 1593—5, 1606—8 
Squeeze. Definition of as negative 
stretch, p. 882 ; stretch-squeeze ratio, 
p. HB5, 368—9, 1321—5 
Stages, Of elastic life of material, p. 
H8H (7), p. 889 (10). See also Worked 
Stage 

Standard of Length. Method of sup- 
porting, 1247 

State of Ease. Explanation of, pp. 
H85 — 91; importance of, recognized 
by Weber, 700, Lam^, 1003; disre- 
garded by Hodgkinson, 952, by Wer- 
thoim, 1296, by Cox and Hodgkinson, 
1442 ; relation to safe load, Gerstner, 
808; Leblanc, 936; as regards rari- 
constant theory, 924, 926, p. 817 ftn.; 
ciTect on elastic after-strain, Giulio, 
1*224 — 1226; possibility of extending, 
Thomson, 1879; explains discordant 
exporiments, do., 1381; effect on ab- 
Holute strength, Clark, 1473 ; in wires 


under torsion, Coulomb, pp. 873 — i ; 
depends upon “worked condition” of 
material, p. 888 (7) 

Steel. Modulus as compared with iron, 
366, 986, 1293, p. 702 ftn.; strength 
compared with iron, 693 ; stretch at 
limit of elasticity, 693 

Stephenson, R. Tubular Bridges, 1465— 
89 ; opinion as to change in molecular 
structure by vibration, 1429, 1464, as 
to limit of elasticity in cast-iron, 1430 ; 
as to effect of travelling loads, 
1428; introduces expression “ shearing 
strain,” 1480 

Stokes. Views on the constant-contro- 
versy, 922, 925—30, 1266—7, p. 817 
ftn.; friction of fluids in motion, 
1264 ; hi- constant and thermo-elastic 
general equations, 1265 — 6 ; constitu- 
tion of luminiferous ether, 930, 1266; 
propagation of arbitrary disturbances 
in elastic media (waves of twist and 
dilatation), 1268 — 75 ; dynamical ef- 
fects of travelling loads on girders, 
1276; of loads small compared with 
weight of girders,1277, Saint-Yenant on 
his results, 1277, solution of equation, 
1278 — 87 ; inertia of bridge consider- 
ed, 1288—91, p. 878 

Stone. Experiments ©n, Yicat, 728; 
Hodgkinson, 950, 1445 — 7, 1451; 
Clarke, 1478; Rennie (arches), 838, 
(crushing of), 186 

Strain. General, and elastic fore-. Defi- 
nition of, p. 882 ; analysis of, Pois- 
son, 647, 586, (effect of rotation) 587, 
695, Cauchy, 603-5, 612, 617, 663-5, 
Maxwell, 1539, Saint-Yenant, 1564 ; 
Superposition of small, Stokes, 928, 
1266, Maxwell, 1555, Saint-Yenant, 
1568, Weisbach, 1377-8, Wheatstone, 
746 ; components of, for large shift 
fluxions, Saint-Yenant and Green, 
1614, 1617 — 1622; analysis by optical 
methods, Brewster, 698, p. 640 ftn., 
1463 {e), Neumann 1185-1212, Max- 
well, 1556—7 

Elastic after-. Definition of, p. 882 ; 
discovery of, Weber, 703; his theory 
of, 711 — 715; relation to foie-strain, 
716 ; Clausius on W.’s theory, 1401 — 
6; non-superposable, Braun, 717; 
Coriolis, in lead, 720; History of, 
Erankenheim, 827 ; in wires, 736, 
p. 878 (8); in anchors, 1431; in 
human tissues, Wertheim, 1317 — 
8; time-influence in after-strain, 
720, 817; Pictet, 876; in helical 
springs, 1224—6 

Strain-Ellipsoid. Definition, p. 882; 
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Cauchy, 605, 612, 617 ; Piola, 776. 
Inverse^ p. 882; relation to Fresners 
ellipsoid of elasticity, Neumann, 
1188—9 

Strehlke. Nodal lines of plates, 354 — 5, 
359, Ohladni on, 355; nodes of rods 
free at the ends, 356 — 7; on Galilei’s 
claim to have discovered the Chladni- 
figures, 358; correction of Tyndall and 
others, 360 

Strength, Absolute. See Cohesion 

Stress. Definition of, pp. 882 — 3, 1563 ; 
notation for, 610 (ii); old use of 
word strain for, 1469 
Across a plane, Poisson, 426, 440, 546, 
589,598; Cauchy, 603, (his theorem) 
606, 659, 610 (ii), 616, 678—9; 
(effect of temperature on), Duhamel, 
869, 875, Stokes, 1266, Neumann, 
1196, Maxwell, 1541; Lam4, 1007, 
1045, 1163—4; Saint-Venant, 1563, 
1612, 1614, 1616 

Six components of, p. 883; notation 
for, 610 (ii); Poisson, 538, 548, 
(aeolotropy) 553, 691 — 4; Cauchy, 
610, 613, ol5, 616, (resolution of) 
658 — 9, (aeolotropy with initial 
stress) 666 — 7 ; Lam6, (analysis of) 
1007 — 9, (including aeolotropy) 

1046—1059; Stokes, 1266; Du- 
hamel, 869, 883; Maxwell, 1541 
In spherical coordinates, 1092, 1113 
In cylindrical coordinates, 1022, 1087 
In curvilinear coordinates, 1150, 1158 

Stress. Maximum, as condition of set (or 
rupture) not the true one, Poncelet, 
996; Saint-Venant, 1567; Lamp’s 
errors, p. 550 ftn. and p. 552 ftn., 1038 
and ftn., 1551 and ftn., 1378 and ftn. 

Stress-ellipsoid. Cauchy’s, properties 
of, 610 (iv), p. 883, Lamp’s, 1008, 1059, 
p. 883 

Stress-quadric. Definition of, 610, (iii), 
p. 883, 614 

Stress-director-quadric, 1008, 1059, p. 
883 

Stress-strain relation, its linearity, 8, 
(Stokes) 928, 1266, p. 884, (Pacinotti) 
1252, (Colthurst) 998; its want of 
linearity, Eiccati, 31, Bernoulli, 22, 
Gerstner, 803 — 7; Hodgkinson, 231, 
969, 1411, Poncelet, 985, (defect 
of Hooke’s Law) pp. 891 — 3; its gra- 
phical representation, Jas. Bernoulli, 
p. 873, Poncelet, 979, (for brass 
985, (area of curve represents work) 
981 ; Hodgkinson (pai’aboliclaw), 1411, 
1438—9; Oox (hyperbolic law), 1318, 
1412, 1440—2 ; its form in elastic after- 
strain, Weber, 714, Wertheim, 1318; 


remarks on, 929, with sot, (iron cables) 
817, (iron wire) 852 

Stretch. Definition of, p. 881; value in 
any direction, 547, 612, 617, 663; 
of glass in relation to its dilata- 
tion, 688—090; of iron-bars before 
set, 1462; of iron and steel at elas- 
tic limit, 003; maxinmm, of wires 
(Gerstner), 804 ; of a wire by sudden 
traction (temperature effect), Duha- 
mel, 889 — 890; ratio of, in cases of 
solid, membrane and thread under 
uniform tractive-load, Lam4, 1703, 
cf. 368, 483 

Of a bar by electric currents, Joule, 
p. 719 ftn.; Wertheim, 1338—35; 
value of, for sluft-flnxions of any 
magnitude, 1617 — 22 ; maximum, 
is true condition of set for bodies, 
995, 1567, Lamp’s errors, 1013, 
1015, 1038, and ftns.; for a prism 
under flexure, slide considered, Saint- 
Venant, 1582 

Stretch-quadric. Equation and proper- 
ties of, Cauchy, 612, 614, p. 882, pp. 
885-9 

Stretch-squeezo-ratio, definition, p, 8B5 ; 
theoretical and experimental values 
of, 369, 1321—5 

Striction. Section of, definition, p. 89 1 

Stricture. Definition, p. 891; in iron 
wires, Dufour, 692; .“’r C “-rst- 

ner, 804; noted by !'■■■■ , .T.-; by 

Lam6, 1002 ; difforonco of for square 
and round bars, 1003; Masson, 1184; 
magnetisation at point of, Hausmann, 
1179 

Strings. Notes of stretched, used to in- 
vestigate laws of elasticity (Eiccati), 
31, 40, Euler, 69, 70, N. Savart, 1180, 
1228; bibliography of, p. 42 ftn.; 
elastic, equilibrium of, Lagrange, 158 ; 
elastic, extensions of under load, 
Navier, 273; motion of two points con- 
nected by, Navier, 274 ; equilibrium and 
motion of, Poisson, 464, 4r>5, Ijam6, 
1071 ; equilibrium of lioavy and loaded, 
1070. See also ConUt Jltod (lon- 
gitudinal vibrations of) 

Struts. Euler, 05— 08,74— 86; Lagrange, 
106—118; Kobison, 145—6, Tredgold, 
198, B33— 4; Duleau, 228; Whewell, 
737; Arosenius, B19; Heim, Greenhill, 
910; possibility of applying Baint-Vo- 
nant’s flexure method to, 911 ; crushing 
force of short, and form of rupture-sur- 
face, 948 — 51; cast-iron, Hodgkinson, 
(on Euler) 954, (flat and rounded ends) 
955—6 ; position of fracture and modi- 
fication of Euleris theory, 957—9; 
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empirical formulae for strength of, 960 
— 1 ; short, Gordon’s formula, 962 ; hol- 
low, 963 ; time-element, 964; Lamarle’s 
treatment of Euler-Lagrangian theory, 
1255; conditions for set before or at 
buckling, 1256 — 62 ; form of neutral 
line for strut, Kennedy, p. 44 ftn., p. 
521 ftn., p. 777 ftn. See also Column^ 
Beam (longitudinal load) 

,urin. Compression of liquids, 688 
illivan, experiment on electric currents 
set up in wires by vibration, 1248, p. 
720 ftn. 

irfaco. Isostatic, 1036— -7, 1152; of per- 
fect elasticity, p. 880 (2) ; of cohesion, 
p. 886 (4) ; yield, p. 887 (5) ; of direc- 
tions ( = 8tress-direotor-quadric), 227, 
1008, 1059. 

Elastic equilibrium and motion of, 
I^oisson, 412 — 22, (flexible and not 
elastic) 416; Germain, 283 — 305; 
Fourier, p. 876. See also Membrane^ 
Plate 

urfaco-Equations, Navier, 267 ; Poisson, 
448; Cauchy, 614; Piola, 780; Duha- 
mel, 883; Lam6, 1046; Jellett, 1532—3 

ait. Proper ties of Matter, p. 325 ftn. 
ate. Formulae for flexure of beams 
and tubes of various sections, 1490 — 1 ; 
rclativo strength of beams of similar 
section, 1492; on Hodgkinson’s re- 
sults for cellular structures, 1493 
einometer, Chromatic. Brewster, 698, 
p. ()40 ftn. 

ompurature. Deep-sea measurements 
of, 747, 827 

empurature-Effcct, defined, p. 883 
Experiments on, strength of iron- wires, 
692 (8); on metal bars, 876; on 
strength of cast-iron beams, 953, 
968; on iron-bar, 1353 and ftn,; 
on metal wires, 1293 — 1301, 1307 — 
9, 1524; on slide-modulus, 1395, 
1306; on girders, 1428; on torsional 
resistance, 334 

Theory of, on elastic strain, Weber, 701 
— 3; Neumann, 790 — 2, (change of 
sphere into ellipsoid, thermo-elastic 
ellipsoid) 791; Erankenheim, 828; 
general equations, (Duhamel) 869, 
883, (Neumann) 1196, (Stokes) 1206, 
(Maxwell) 1541 ; efiect of variation 
in temperature producing strain 
and colour-fringes, (Brewster) 698, 
p. 640 ftn., (Neumann) 1185—1205, 
(Maxwell) 1553; temperature pro- 
ducing strain (Duhamel), sphere, 
871 — 4, 894, propagation of sound, 
(infinite medium) 886—7, (bar) 1403; 

T. E. 


sudden compression, 888 — 91; cool- 
ing of sphere, 895 — 6; stress in bar 
due to varying temperature, 899 — 
903 

Theory for set in heated and unanneal- 
ed glass, (Neumann) 1209 — 12, (Max- 
well) 1556-7 

Thermo-elastic constant (for isotropy), 
p. 883, 869, 1541 

Testing machines, 364, 697 — 8, 709, 1001, 
1294, 1374, 1417, 1419 
Thermo-elastic constant (isotropy), p. 
883, 869, 1541 

Thermo-elastic equations, p. 883, 701, 
869, 883—5, 1196, 1266, 1541 
Thermo-tension, 1353 
Thomson and Tait. Natural Philosophy, 
p. 82 ftn., 175, p. 189 ftn. ; on Poisson 
and Kirchhofi’s contour-conditions for 
plates, 488 

Thomson, Sir W. Torsion of glass fibres, 
p. 206 ftn. ; time-element in torsional 
tests, p. 390 ftn. ; on pressural wave, 
p. 803 ftn. 

Thomson, Thomas. Effect of hot and 
cold blast in making cast-iron, 946 
Thomson, Jas. Possibility of raising 
elastic limit, 1379 — 80; state of ease, 
1381 ; elasticity, strength and resilience 
of spiral springs, 1382 — 4 
Thomeycroft. Experiments on axles, 
1463 g ; form of axles and shafts, 1464 
Thread. Torsion of metal, 119, p. 873, 
398 ; silk, horse-hair, p. 69 ftn. ; Biot, 
183; glass, 408 — 9 

Equilibrium of, Poisson, 430, 464 — 5 ; 
Ostrogradsky, 744. See String, 
Cord, Wire 

Glass, how to draw, 410 ; sillc, elasticity 
and strength of, 707 — 19 
Thury, de. Experiments on hollow cast- 
iron struts and columns, 750 
Time-Element. Defined, p. 882; rela- 
tion to after-strain, Weber, 708, Thom- 
son, p. 390 ftn.; effect on strain in 
lead cylinder experiments, Coriolis, 720 ; 
importance of, Bevan, 761 a ; as cause of 
after-strain, Martin, 817, Erankenheim, 
827; Experiments on, for wires, Le- 
blanc, 936, Vicat, 786, Poncelet, 983, 
Masson, 1184, Giulio, 1217; effect on 
struts, Hodgkinson, 964, on beams, 
967; Eairbairn, 963; effect on cables 
of suspension bridges, Dufour, 1465; 
on helical springs, Giulio, 1224 — 6 ; on 
wood, Wertheim, 1314. See also Strain, 
Elastic after- and Set 
Tissues, Human. Elasticity and after- 
strain of, Wertheim, 1315 — 18 
Torsion. Theory, Coulomb, 119, p. 873 ; 

59 
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Cauoliy, 661, 669, 684; Navier,280; 
Maxwell, 1549; Saint-Yenant, (dis- 
tortion of plane sections) 1596, 1623 
— 5, (rectangular bar) 1626, (el- 
liptical bar) 1626 

Experiments, silk and borse-bair, 119 ; 
Biot, 183; rods of various section, 
Savart, 333 — 4; wires. Hill, 398; 
glass toeads, Eitcbie, 408 — 9 ; wood, 
Gerstner, 810, Paoinotti, 1251, 
Bevan, 378—9, 972, 973; Vicat, 731 
Spiral springs act principally by, Binet, 
175 ; Giubo, 1220 ; J. Thomson, 1382 
Angle of, Bordoni, 217 
Eadius of, in elastic curve of double 
curvature, Binet, 174 ; Bordoni, 216 
— 24; Saint-Yenant, 1599 
See also Vibration^ Modulus, Slide- 
Torsion Balance. Biot, 183 ; Hill, 398 ; 

Eitcbie, 408, 410; Mainar^, 1214 
Torsional Yibration. See Vibration and 
Torsion 

Traction. Defined, pp.882 — 3; useofwood 
for tension, Saint-Yenant, 1566; ex- 
centric, effect on strength of bar, Tred- 
gold, 832—4, Brix, 1249. Sudden, 
see Temperature-Effect (Dubamel) 
Tractions, principal. Defined, p. 883; 
properties of, Oaucby, 603, 614, 1008, 
1540 

Travelling load. Impulsive effect of, on 
girders, Stokes, 1276 — 1291 ; effect on 
bars, experiment and theory, Willis, 
1417 — 25; proportion of, to breaking 
load, 1427; d^ection of girders by, 
1428; dynamical effect of, Cox, 1433 
Tredgold. Transverse strength of timber, 
195 ; resilience of materials, 195 ; 
flexure and compression of beams, 
196 ; strength of columns and form of, 
196; on resilience, 999; strength of 
cast-iron, 197, 999; neutral lines for 
columns, 198, 833-^; strength of a 
bar under excentric tractive load, 832 
—3, 1249 

Tubes. Cylindrical, rectangular and el- 
liptical. Experiments on strength of, 
1466, 1467, 1494 ; calculation for, 
1490 — 3; large model of Britannia 
Tube, experiment on, 1468; cellular, 
experiments on strength of, 1477, 1494; 
transverse strength of, experimeni^ 
on, and theory of, 1483 ; malleable iron, 
1494 

Twists. Defined, p. 882; used in ex- 
pression for work, 933 ; propagation of 
twist-wave in an infinite medium, 
1268 — 75; must be small if ordinary 
elastic equations are to hold, 1622 
Yariations, Calculus of, 53, 113, 203,420 


Yarignon. On “solids of equal resis- 
tance,” 5, 16; applications of Galilei’s 
and Mariotte’s hypotheses, 13 ; abso- 
lute and relative resistance of beams, 
14 ; hypothesis as to neutral surface, 
15 

Yelaria. Euler on, 71 
Yelocity of sound. In ah, Laplace, 310, 
316, 318; in bars, to determine their 
moduli, Lagerhjehn, 370; Weber, 702, 
Bell, 1372; Clausius, 1403; Masson, 
1184; Wertheim, 1297, 1350—51, in 
lamina of indefinite size, Cauchy, 649 ; 
in rods, do., 655 ; in lead, Masson, 
1184; in wood, Wertheim, 1252; in 
liquids, do., 1337 — 8 
Yibrations. Of iron produce molecular 
change (?), 1429, 1463 — 4; produced by 
electric current, 1330 — 6; propagation 
of, in an infinite crystalline medium, 
Blanchet, 1166 — 78 ; Green, 917 ; 
Lamd, 1097—1108; in an isotropic 
medium, Poisson, 523—6, p. 299 
ftn., 564 — 5, Ostrogradsky, 739 — 41, 
743, Dubamel, 886, Stokes, 1268—75, 
Green, 917 — 21, Haughton, 1511 — 
15, 1518, 1519—22, Lam6, 1033 
of cords, 69, 70, p. 42 ftn., 576, 464 — 5, 
1228, (by fiddle-bow) 897. Bee Cords, 
Strings 

of beams, bars, rods, prisms, wires 
{transverse), 44 — 50, 64, 87 — 92, 209 
—10, p. 876, 121, 184, 290—9, 327 
—8, 356—7, 467—9, 581, 655, 657, 
1382 — 6, 1180; [large, nodal lines of), 
820; (longitudinal), 184, 272 — 3, 
322, 329, 347—51, 577, 655, 660, 
938, 1387, 1083 — 4; (torsional), 119, 
184, 229, 333, 661, 669, 1085, 1628— 
30, 1389—90; classification of, 323 
— 8, 427 — 9, 846, 1086; ratio of 
different frequencies of, 429,470—1, 
576, 654, 655, 699, 1630; set up 
electric currents (?), 1248, p. 720 ftn.; 
of tempered and hard-hammered 
iron and steel, 366, 802. See also 
Bar, Bod, Brism, Wire 
of membranes, p. 7S ftn., 207, 329, 
386—394, 472— 3, 1074-7^ 
of plates,'T22, 184,‘^08— 10,‘^90, 298, 
/ »<2,6^^9— 30, 8^2, 352-6,i4^5, 432, 
" — ^485, 505-22,1545, 745—6, 1344—48 
of rings, 93 and ftn., 96 /3, 290, 294 — 
6 

of spheres and spherical shells, 449— 
463, 860—4, (with variable tempera- 
ture) 871 — 6, 1093. See Sphere 
of cylinders, 1089—91 
of spiral spring, Mossotti, 246 — 51 
Yicat* Suspension bridge over the Dor- 
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dogne, 721 ; effect of slide on theory of 
elasticity, 721 — 2; suspension bridges 
of wire or bar-iron, 723; phenomena 
preceding rupture in certain solids, 724; 
controversy with Prony and Girard, 
724 — 5; shearing force, 72G; instant- 
aneous and permanent loads, 727 — 8 ; 
experiments on rollers and effect of 
lateral extension, 729 — 30 ; torsion ex- 
periments and their bearing on theory, 
731 ; experiments on non-fibrous built- 
in beams, 732-— 3, on rupture of plates, 
734, on long-continued loads on iron 
whes, 736; value of his work, 735 
'itruvius. Best form of columns, 106 
Iviani. Controversy on solids of equal 
resistance, 5 

'oute. Attraction, cohesion and crystal- 
lisation, 212 ; action at a distance, 213 ; 
cohesion, 213; forms of particles, 213 

Vantzel. Integral for equation of elastic 
curve of double curvature, 1240 ; heli- 
cal form of rod subject only to terminal 
couples, 1240 ; on equations for torsion 
of rectangular prism, 1626 
Vartmaun. Effect of electric currents 
on elasticity of wires, 1331 
Vater. ComproHsiou of. Bacon, p. 78 
ftn., Canton, 372, Oersted, CoUadon 
and Sturm, Aimdi, 687-— 91, Perkins 
and LamO, 1011, Kognault, 1227, 1357, 
1546 ; modulus of (1), 372 
Vaves. Pioi)iigation of in elastic me- 
dium, Stokes, 1268 — 75, A. Smith, 
1181, Poisson, 523—6, 564-5, p. 
299 ftn., 0-.::-. 739—41,743, 

Duhamol (including temperature ef- 
fect) ,886—7, Green, 917— 21, Haugh- 
ton, 1511—5, 1518, 1519—22, Lam6, 
(in undulatory theory of light, in- 
cluding discussion of wave-surface, 
refraction, etc.) 1097 — 1108, (analysis 
of plane-) 1078, Blanchot, (in crys- 
talline medium, solution by inte- 
grals) U66— 78, (initial disturbance 
limited) 1169 — 71; (discussion with 
Cauchy on form of surface of) 1175, 
succcssivo waves in crystalline me- 
dium) 1178 

Velocity of. Wertheim (in solids and 
lluitls), 1349; j’oiHsou, (in water and 
elastic plates) 424, fin fluids) SCO — 3 
Souuti, in elastic Iluid, Euler, 95 
Sec also Somid^ Vibrations 
tVeber. EKperiments on ratio of fre- 
<iuenci(!Hof tninsversc and longitudinal 
vibrations, 699; investigations of notes 
of reed-pipes, 700; reduces wires to 
state of ease for Ins monochord, 700; 


two specific heats of metals, 701 — 6; 
elastic force of silk threads, 707, 719; 
elastic after-strain discovered by, 708, 
hypothesis as to, 711 — 5, relation to 
fore-strain, 716; description of test- 
ing machine and methods of experi- 
ments, 709 — 10; compensating balance, 
718; Clausius on, 1401 — 5 

Weisbach. Theory of superposed strains, 
1377—8 

Wertheim. Cauchy on memoirs of, 682 ; 
velocity of sound in different woods, 
1252; researches in elasticity, 1292; 
methods to determine stretch-modulus 
for metals, 1293 — 4; relation of 
temperature to elasticity, 1295 ; elastic 
limits, 1296 ; stretch-modulus, relation 
to velocity of sound, 1297, tempera- 
ture, elfeot on, 1298, relation to mole- 
cular distances, 1299, variation of, with 
molecular distances and with tempera- 
ture, 1300, influence of low tempera- 
ture on, 1307 — 9, wood, &;c., 13*13 — 14, 
relation to slide-modulus, 1319 — 22; 
alloys, elastic properties and cohesion 
of, 1302 — 3 ; relation between electro- 
magnetic and clastic properties, 1304 — 

‘ 6; glass, different kinds, elastic pro- 
perties of, 1310—11; wood, elastic 
properties of, 1312 — 14; tissues of the 
human body, elastic fore- and after- 
strain in, 1315—18; on value of stretch- 
squeeze ratio 1319 — 26; ex- 

periments on hollow glass and metal 
tubes, 1323 ; electric current, effect on 
flexure of bars, 1328; do., controversy 
with Guillemin, De la Eive and Wart- 
mann, 1328 — 32; do. sound produced 
by, history of, 1333, p. 719 ftn.; do. in- 
fluence on bars of iron, 1334 — 5 ; do., 
Do la Bive on W.’s experiments, 1336 ; 
velocity of sound in liquids, 1337 — 8^; 
torsion of rods, 1339 — 42, controversy 
with Saint-Venant, 1343; vibrations 
of circular plates, 1344 — 8; ratio of 
velocity of transverse and longitudinal 
waves, solids and liquids (X == 2ju>), 1349 ; 
velocity of sound in rods (error of 
earlier memoir), 1350 — 51; Clausius 
on, 1398—1405 

Woyrauch. On strain-ellipsoid, 605; 
molecular action central but not a 
function of distance, 922 

Wlieatstone. Acoustical figures, 746, 
history of, 746; theory of superposi- 
tion, 746 

Whewell. Meclmiics, 25, 71, 141, 737 ; 
on Young’s theory of absolute strength, 
141 ; neutral axis of struts, 737 ; letter 
of Oersted to, 690 



924 


INDEX. 


"Whorls, pp. 879—81 
Wilhelmy. Common unit for heat and 
cohesion (?), 1356 

Willis. Dynamical effect of travelling 
loads, 1417 ; description of Portsmouth 
experiments, 1418 ; Cambridge experi- 
ments, mertial balance (results), 1418, 
1421 ; differential equation of problem, 
1419; Stokes’ calculations, 1420; on 
increase of deflection with velocity, 
1422 ; Stokes on W., 1276 — 91, passim 
Wires. Equilibrium of, of single cur- 
vature, Lagrange, 159 ; Poisson, 
536; Sehult^n, 536—7, 539; Ostro- 
gradsky, 744; heavy and loaded, 
1070 

of double cuwature, Lagrange, 157 
—61 ; Binet, 173—5 ; Bordoni, 215 
— 22; Mossotti, 246 — 51; Poisson, 
423, 571—2 ; Bellavitis, 935 ; Main- 
ardi, 1215 ; Heim, 1385 ; Binet and 
Wantzel, 1240 ; Saint-Venant, 1583 
—1609 

See also Rod, Spring 
Experiments on, Dufour (cohesion, 
stretch of annealed and unanneal- 
ed), 692 ; (temperature-effect) 692 ; 
Karmarsch (cohesion, after-strain, 
and drawing of), 748, p. 878 (8); 
Vicat (long-continued load), 736; 
Weber (state of ease for), 700, (co- 
hesion and temperature-effect), 701 
— 6 ; Leblanc (time-element), 936 ; 
Giulio (time-element and set), 1217; 
Wertheim (elastic constants for, 
effect of annealing, temperature- 
effect), 1292 — 1301, 1307; (vibra- 
tions in, due to electric currents) 
1333 — 6 ; Sullivan (electric current 
set up by vibrations ?), 1248, p. 720 
ftn.; Kupffer (torsional vibrations, 
temperature-effect on elastic con- 
stants), 1389 — 96 ; Giulio (torsion), 
1218. (See Torsion and Vibration,) 
Iron, Caignard-Latour (tempered 
and hard-hammered), 802; Gerst- 
ner (set and elastic-strain), 808 — 6 ; 
Baudrimont (cohesion, effect of 
worked state, annealing, change in 
temperature), 830 — 1, 1524; Brix 
(cohesion, after-strain, set, elastic- 
limit, yield-point, effect of anneal- 
ing, of working, of skin), 848 — 58 
Sudden tractive load on, (temperature- 
effect), Duhamel, 889 — 90 
Isotropy of: see Worked stage, Skin 
influence 
See Vibratiom 


Wood. Experiments on beams, Mari- 
otte, 10; Parent, 28 a; B^lidor, 
28 jS; ESaumur, 28 y; Musschen- 
broek, 28 5 ; Buffon, 28 e ; Perronet, 
28 Girard, 28 07, 131; Banks, 
147 ; Dupin, 162 ; Barlow, 188 — 
194; Tredgold, 195; Hodgkinson, 
235 ; Gerstner (set), 807—9 ; Colt- 
hurst (neutral axis), 998 
Torsion of, Bevan, ^ 378, 972 — 3 ; 

Gerstner, 810 ; Pacinotti and Peri, 
1250—52 

General experiments for elastic con- 
stants of, etc. , Hagen, 1229 ; Paci- 
notti and Peri, 1250 — 2 ; Lamarle, 
1253—4; Wertheim (including effect 
ofhumi^ty), 1312—4 
Plates of, Savart, 339, Wheatstone, 
746 

Circular arcs of, Ardant, 937 
Work of elastic body. Analytical expres- 
sions for. Green, 918 — 9, 933, Clapey- 
ron, 1067 — 70, Haughton, 1510, 1520, 
Jellett, 1527, Poncelet, 981 — 91, Cox, 
1433, 1436 — 7; graphical representa- 
tion of, Poncelet, 981 
Worked stage or condition. Defined, p. 
888 (6) and (7) ; cohesion altered by, 
p, 874 ; material in worked stage rarely 
isotropic, 830 — 1, 858, 924, (infiuence 
on yield-point), 855; possibly affects 
after-strain, 736 ; influence on state of 
ease, 1381. See also Skin influeruie 
and Yield-point 

Wurtz. Controversy on solids of equal 
resistance, 5 

Yield-point. Defined, p. 887 (5) and (6), 
p. 889 ; in iron, 692, 855 — 6, 979, 1184, 
Wertheim (ignorant of), 1296 
Yield-surface defined, pp. 887 — 9 
York. Strength of solid and hollow 
axles, 1463, b 

Young. Life of Coulomb, 118 — 119 ; co- 
hesion and elasticity, 134, 142, 136; 
transverse force and strength of beams, 
134 ; position of neutral axis of beams, 
134, 139, 144 ; list of works on elasti- 
city, 135 ; his modulus, 137 ; stiffness 
of beams, 138; strength and deflection 
of beams, 139; Saint-Venant on, 139; 
elastic rods, 140 ; Whewell on his re- 
sults, 141; passive strength and fric- 
tion, 143; lateral adhesion, 143; 
modulus of ice and water compared (1), 
372 ; theorem in resilience of beams, 
p. 875, p. 895, 982, 1384 
Young’s Modulus. See Modulus, Stretch- 


CAMBBIDGE : PRINTED BY 0. J. CLAY, M.A. & SONS, AT THE UNIVERSITY PRESS. 



COERIGENDA AND ADDENDA 
TO VOLUME I 


CORRIGENDA 
Art. 922 

I HAVE used an expression in this article with regard to Wey- 
rauch's contribution to the problem of rari-constancy which is 
undoubtedly liable to misinterpretation. It might be supposed 
from what I have written that Weyrauch had obtained rari-con- 
stant equations on the assumption that the intermolecular action 
although central was any function ivliatever, e.g. a function of 
^ aspect ’ or involving ‘ modified action terms.’ What he really does 
{Tlieorie elastischer Korper, 1884, p. 132) is to take a central action 
R between two elements of masses m and m', at distance r of the 
form: 

(i), 

where, in his own words: 

“mm'i ganz allgemein eine Function derjenigen Grossen be- 
deutet, welche neben der Entfernung r auf R Einfluss nehmen.” 

This of course is something different from taking R of the form: 

jR = mwfF (r,i) (ii). 

Further, if in represents the value of i before strain or at time 
and ^i the value at time t, Weyrauch assumes (p. 134) that i — % 
for the material in the neighbourhood of the element m may be 
treated as constant and brought outside the sign of summation 
for elementary actions. This would be impossible, if i — % were 
due to ‘modified action,’ because the modifying elements (or mole- 
cules) would be themselves in the immediate neighbourhood of m, 
and the modifying action would probably be a function of their 
distances which are themselves commensurable with the linear 
dimensions of the “neighbourhood of the element m.” 

T. E. 


A 



2 


COBRIGENDA 


By taking R of the form (i) and not (ii) Weyrauch much limits 
the generality of his results, and by choosing i — {q a constant for 
the neighbourhood of an element, he practically reduces his (i — 
to little more than the temperature-effect. But even this may 
serve to indicate that wider laws of intermolecular action than 
that in which it is central and a function of the distance only may 
be found to lead to rari-constant equations. 


Art. 959 


The formulae for the buckling load on struts were taken from 
notes of mine in which 21 and not I was the length of the strut. 
This, however, does not apply to the point of maximum traction or 
other results of this same Article. We have with this correction 
the following results for a strut of length Z: 

Buckling force for doubly built-in strut 






- 4 TT^ /C*** ‘ 


Buckling force for built-in pivoted strut 
= E(o 


"204J 


1 + !"2 047 

Buckling force for doubly pivoted strut 






I much regret that this error should have escaped my attention, 
and trust all possessors of the first volume will make the above 
changes in the text. 

Arts. 796 — 6 

I have reproduced an error of Neumann’s >vhich I ought to 
have seen and corrected. The wrong signs are given to all the 
quantities M, A, P in Art. 796. If these are corrected a negative 
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gn must be inserted in the second table of Art. 795 before all the 
/F's. The value of IfEr in Art. 799 is then accurate. 

Index, p. 899, Column (ii) and Arts. 813 — 16 

The title Bresse has been inserted between Sevan and Binet^ 
^hen it ought to follow Braun on p. 900, Column (i). There should 
Iso be a reference under Bresse to Arts. 813 — 16. I find that the 
ithographed course of lectures there referred to is due to this 
cientist, to whom we thus probably owe the first theory of the 
core.’ 
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Arts. 352, 353, 354—5, 745—6 

A paper by A. Mtittrich on Chladnfs figures for square-platos 
appeared in 1837 in the Geschichte des altstddtischen Gymnasmms, 
Breizehntes Stuck, Kdnigsberg. It is entitled; Beitrag zur Lehre 
von den Schwingiuigen der Fldchen. and contains 8 pages and a 
plate of figures. Pp. 1 — 5 suggest practical methods of supporting 
the plates, of setting them vibrating, and of keeping their surfaces 
dry and clean. Pp. 6 — 8 give Muttrich’s conclusions and the 
grounds on which he bases them. Two of them are opposed to 
Strehlke's views of 1825 as given in our Vol. r. Art. 354, namely 
Mtittrich holds : 

(i) Straight lines are possible forms for the nodal lines of plates 
with free edges. 

(ii) Nodal lines can intersect one another. 

The experimental proof of these results lies in the demonstration 
of a gradual transition from one system of nodal linos to another, 
when intermediate stages are necessarily intersecting straight lines. 

Miittrich's third conclusion is that the nodal linos themselves 
are in a state of vibration and that only their nodal points are true 
nodes for the plate. It seems to me possible that this oscillation of 
the nodal lines results from longitudinal vibrations in the plate 
which again are due to its sensible thickness, or to the mode of 
support and excitation. 

Art. 937 

A copy of Ardant's work which was printed as a separate publi- 
cation by '‘order of the minister of war’* has reached me since the 
printing of Vol. i. The title is: ihudes theomjves et eivperwientales 
sur Vetahlissement des charpentes d grande portie, Mete, 1840. It 
Avertissement pp. i — v; the report referred to in our Vol. I. 
Art. 937, pp. vi— xvii; the text of the work pp. 1 — 94; Appendice 
pp, 96—122, and concludes with five pages (123— J 27) of contents 
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bDcl Uventy-niue plates of figures. It is obvious that the work is 
>no of considerable size, and as it possesses some importance, I give 
iert‘ a. r6suni6 of its contents. 

[i] Chapter I (pp. 1 — 11) briefly describes the origin and history 
)f wooden trusses designed to cross considerable spans, more especi- 
dly rouf-trusses. These range from the 4th century roof of the 
lasilica of Saint- Paul’s, through the frame ‘a la Palladio,’ the arched 
,niss of Philibert de TOrnie, and the Gothic roof to the English 
a'uss with iron tie-bars, and to the arched forms common in France 
n 1 840. Ardant gives at the end of the chapter a summary of the 
‘onclusions he has formed upon the comparative merits of arched 
iimlxu’ trusses and trusses built up of straight pieces of timber. He 
)(dievt‘s the former to be very inferior to the latter in both economy 
uid st.rength; while the latter can be easily made to present as 
^)k‘asing an artistic effect. He holds the adoption of the former to 
liavt‘ aris(‘n l)artly from the mistaken notion that a semi-circular 
ireh product'd little^ or no thrust on the abutments, partly from an 
unrt^asoning extension of the theory of stone arches to wood and iron : 

Dans la. prcinicn*. de (jos constructions, on. utilise la pesanteur, la 
figidite et rinil(‘xii)ilite relatives dcs pierres; dans les secondes, e’est 
I’clasticitc ot la cohesion des parties qui sont les qualites essentielles 

(p. 10). 

Chapter 11 gives an account of the fifteen arches and frames 
(with spans so large as 12T2 metres and rise so large as 5*41 
m(‘trt^s), upon which" exp(‘riments wenj made, as well as the appa- 
rattis with wliieh they wer(» ma<h‘, 

[ii] Cha])ters III, IV and V cite the theoretical results of the 
Appendix for th(‘ thrust in terms of the load in the cases of circular 
areluis ;uid of a simple roof-truss of straight timbers. The thrust 
f<>r the latUn* is not materially great(^r than that for the former. 

no gain is ol)t.aint‘<l by combining the two which appears to 
have l)(‘en fre(puuitly doiie in practic(‘: 

On tirera de cetU^ coinpa!*aison conclusion assez opposite a 
Piquiiion de la plupart des const.ructeurs, savoir; 

Qu<‘. dans les eas urdinaires <l(‘ la prati(pie, uncintre demi-circulaire 
<‘xerc{^ autant de p<nis.see (|ue la f(‘rnaj droite sans tirant, a laquelle on 

a3 
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le r^unit pour composer une charpente en arc; et que, par consequent, 
on ponrrait, en augmentant I’equarrissage de cette ferme, supprimer le 
cintre sans qu’il en r^sult^t sur les appuis, une action horizontale plus 
considerable (p. 25). 

These chapters then compare the experimental measure of the 
thrust with that given by theory. The comparison gives an accord- 
ance fairly within the limits of experimental error. Unfortunately 
Ardant did not make a sufficiently wide range of observations for 
the results to be quite conclusive. He cites an experiment of Emy 
which led the latter to believe that circular arches had no thrust. 
He then considers experiments made by Reibell at Lorient. These 
appear to be the only other important experiments which had been 
made on large circular wooden arches. An account of them was 
published in the Annales maritimes et coloniales 22® ann6e, 2® serie, 
T. XI. p. 1009. Reibell did not get rid of the friction at the termi- 
nals of the arch, but allowing for this Ardant finds the corrected 
values of the thrusts agree well with his formulae (pp. :12 — 33). 
From this double set of experiments he draws the following 
conclusions: 

(a) The thrust of a semi-circular arch due to an isolated central 
load never exceeds ^ of the load. 

(&) Whatever be the manner in which a continuous load is 
distributed along the arch, the thrust for a semi-circular arch never 
exceeds J to ^ of the total load. 

{e) That flatter arches produce thrusts which are to those 
which arise in the case of a semi-circular arch in the ratio of the 
half span to the rise. 

(/) That the thrust is independent of the particular mode of 
construction of the arch, when its figure, dimensions and the load- 
distribution are the same. 

Chapter V shews that the thrust-formula obtained in the 
Appendix for the truss with straight timbers and without a tie, is 
confirmed by experiment. 

[iii] Chapter VI begins with some general discussion on 
elasticity, the elastic constants and the coefficients of rupture. 
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Ardant then cites a formula of the following kind for the deflec- 
tion, f, of a circular arch at the summit, the terminals being both 
pivoted: 




PY^X 

E(0K^ 


where 2X is the span, Y the rise, E the stretch-modulus, the 
moment of inertia of the cross-section, P the total load and K a 
constant depending on the distribution of the load etc* Here the 
arch is supposed to be of continuous homogeneous material and of 
uniform cross-section. Ardant now applies this formula to the 
deflections he has found by experiment for his arches built up of 
curved pieces or planks pinned or bound together. The results 
given in Chapter VII he holds to satisfy this formula, provided E 

b c^ 0*1 Tro 1 > 1 yN 1 r.* 4-j^y-v ».j-v /V’f /-v rt+'Mn 

Q— ’ — WAJL wlJbvy j.j.v«V(MAvy uljkvy v/ ..jia -g- 

-iis of its value for a continuous arch or beam of the same material. 
The experiments even on the same arch seem to me to give such 
divergent values for E^ that I think this method of exhibiting the 
deflection can only be looked upon as an expression of experimental 
results for practical purposes. With certain assumptions Ardant 
also obtains an expression for the deflection of a roof truss without 
tie, built up of straight beams (pp. 48 — 49). I do not consider this 
expression to be theoretically or experimentally justified. Ardant 
proceeds at the end of Chapter VII (pp. 61 — 68) to determine the 
resistance to rupture of his arches. Here he applies to rupture 
a formula deduced from the theory of continuous arches on the 
hypothesis that linear elasticity holds up to rupture. At best the 
theory could only apply to the fail-point (i.e. failure of linear 
elasticity) of continuous arches. A like treatment of rupture leads 
to absurd results in the case of the flexure of beams, so it can 
hardly be expected to give better results in the case of arches: see 
our Vol. I. Art. 1491 and Vol. ii. Art. 178. Thus, as we might 
naturally expect, his coefficient of rupture varies from arch to 
arch, and its ratio in each case to the “coefficient of rupture” for 
a continuous arch is equally variable. The results, however, of 
his experiments resumed on pp. 67 — 8 are suggestive for the 
practical design of such arches and roof-trusses as he has experi- 
mented on. 
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[iv] In Chapter VIII, it is sufficient to notice here Ardant’s 
conclusion that the truss built up of straight beams is for the same 
amount of material stronger than the built-up wooden arch : 

n semble d’apres cela que si les charpentes en arc conservent quelque 
avantage sur les fermes droites, c’est uniquement celui d’avoir une 
forme plus gracieuse, et que sous les rapports importants de la solidity- 
et de r^conomie, les premieres sont trfes-inferieures aux autres (p. 75). 

Chapter IX gives methods of calculating suitable cross-sections 
for the various parts of arches of the types on which Ardant has 
experimented. It also gives some attention (pp. 77 — 80) to the 
thickness and height of the masonry which will stand the thrust 
of a given roof-truss. It concludes with two numerical examples 
of the application of the formulae of the appendix to the calculation 
of the dimensions of metal arches. 

[v] We now reach the Appendicey which is entitled: Theorie 
de la flexion des corps prismatiques dont Vaxe moyen est une droite 
ou une courbe plane (pp. 95 — 122). This contains the first theory 
pf circular arches which attains to anything like completeness (see 
our Vol. I. Arts. 100, 278, 914) and it anticipates Bresse’s later 
work on this subject: see our Vol. I. Arts. 1457 — 8, and Vol. il. 
Chapter XI for an account of the book referred to in these Articles. 
,We note a few points with regard to this Appendix. 

(a) Pp. 95 — 100 give the ordinary Bernoulli-Eulerian theory 
of flexure. On p. 98 Ardant speaks of the product of the stretch- 
modulus and moment of inertia of the cross-section (namely Ecoic^ 
in our notation) as improperly termed the moment d’elastidte. It is 
the moment de roideur of Euler in his notation : see our Vol. i. 
Art. 65) or the ‘moment of stiffness.* This ‘moment of stiffness,* 
Ecofc^y occurs so frequently that we have ventured to term it the 
‘rigidity' of a beam. It follows from this definition that the product 
of the rigidity and curvature is equal to the bending-moment. 
Thus for the same value of the bending-moment the curvatures of 
a series of beams vary inversely as their rigidities. 

(b) Pp. 100 — 103 deal with rupture on the old lines, i.e. as if 
linear elasticity lasted up to rupture. The results obtained are thus 
only of vAlue when we treat the ‘coefficient of rupture* R which 
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occurs in them as the ‘fail-limit/ Accordingly the Tables on p. 103 
for rupture-stresses are meaningless when applied to the previous 
flexure formulae. On pp. 99 and 101 we have the rigidity and fail- 
moment (here called moment de rupture) calculated for ‘skew- 
loading’ or for the case when the load-plane does not pass through 
a principal axis of inertia of each cross-section: see our Vol. i. 
Arts. 811, 1581, Vol. ii. Arts. 14, 171. To judge by Ardant’s 
reference to Persy’s lithographed Oours, the latter possibly did 
more for the theory of skew-loading than I judged from an 
examination of only one edition of that Cours : see Vol. i. Art. 811. 
The value given by Ardant on p. 101 for the fail-moment of a 
beam of rectangular cross-section under skew-loading is incorrect, 
it applies only to the case of square cross-section. The true value 
is given in our Vol. Ii. Art. 14. 

(c) Pp. 104 — 115 are occupied with a consideration of the 
elastic line under various systems of loading in the case of straight 
beams, besides a discussion of combined strain. The results obtained 
are afterwards applied to various types of simple roof or bridge 
trusses, in which the members are supposed mortised and not merely 
pinned at the joints. Ardant’s treatment of these trusses seems to 
me from the theoretical standpoint extremely doubtful, and I should 
hesitate before applying his results even to the practical calculation 
of dimensions. The remark in § 34, p. 107, on the sign to be given 
to a certain quantity is, I think, erroneous. The fail-point of a beam 
is not necessarily where the stress is greatest as Ardant like 
Weisbach (see Vol. I. Art. 1378) holds. It will be at the point of 
maodmum stretch, and this will be at the side of the cross-section 
in tension or compression according as the load-point is outside or 
inside the whorl of the cross-section: see Vol. i. p. 879. 

(d) Pp. 115 — 121 contain the theory of flexure of circular ribs 
or arches. Ardant’s work here was up to his date the most complete 
treatment of the subject, and his Table on p. 45 for thrust and 
deflection based upon this theory may even now be of practical 
service. He obtains the thrust and deflection for circular ribs with 
an isolated load, or with uniform loading distributed along either 
the span or rib, when the terminals of the rib are pivoted. He finds 
also for a complete semi-circle, that the points of maximum 
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horizontal shift are about 63° from the vertical. He throws all his 
results into very simple approximate forms, which he holds accurate 
enough for practice. I refrain from quoting these theoretical results, 
because they have been worked out with greater generality and 
accuracy by Bresse in a work with which I shall deal fully in 
Chapter XI. At the same time Ardant's researches must be re- 
membered as an important historical link between those of Navier 
and Bresse. That the latter had studied them may be seen from 
our Vol. I. Art. 1459. 

What I have noted in Ardant’s memoir, will probably be suflS- 
cient to mark its importance. Experiments on such large wooden 
arches and frames have I believe not been repeated and it seems 
improbable that they ever will be. The results obtained will there- 
fore remain of value, so far as roof-structures of the types with 
which Ardant dealt, are concerned. In addition to the experimental 
data of the memoir I may mark Ardant’s conclusion, that the same 
theoretical formulae hold for an arch of continuous material and 
one built-up of bent pieces of wood or planks bolted or bound 
together provided we reduce the stretch-modulus in a certain pro- 
portion. Finally I have already noted the historical value of the 
memoir as a step in the theory of circular arches or ribs. 

Art. 974 

Poncelefc. Cours de mecanique industHelle, fait aux artistes et 
ouvriers messins, pendant les hivers de 1827 d 1828, et de 1828 d 
1829, Premiere partie. Preliminaires et applications, Metz, 1829. 
I have procured a copy of this work since the publication of Vol. i. 
It contains xvi pages of prefatory matter, 240 pages of text, and 
8 pages of contents at the end. The first preliminary 145 sections 
agree with those in the third edition by Kretz (1870). In the 
Applications the Metz edition agrees fairly with Kretz’s up to 
section 197 ; after this it deals with the resistance and motion of 
fluids, thus containing nothing concerning the resistance of solids 
to which the Deuxieme partie of the 3rd edition is devoted. The 
few paragraphs on the iSlastidte des corps, pp. 17 — 20, are thus all 
it contributes to our subject: see our Vol I. Art. 975, The chief 
interest of the work is the place it takes in the origin of modern 
technical instruction. 
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Art. 1249 

A further memoir by Brix which had escaped my attention 
may be referred to here: die TragfdhigJceit aiis Eisenbahn- 

schienen zusammengesetzter horizontaler Trdger. This is an offprint 
from the Verhandhingen des Vereins zur Beforderung des Qewerh- 
fleisses in Preussen, Berlin, 1848, 16 pages and a plate. 

Owing to some peculiar local conditions at a Berlin mill it was 
necessary to build bridges, of which the girder-depth had to be 
very small, over the mill-races. For this purpose pairs of railway 
rails with flat bases {'sogenannte Vignolsche') were placed base to 
base and used as girders. The bases were riveted together at short 
intervals. Experiments were made on the flexure and ultimate 
strength of two such girders; in the one the bases were riveted 
close together, in the other there were placed at the rivets small 
intervening blocks of cast-iron. The first part of the paper (pp. 1 — 6) 
is occupied with an account of the experiments made upon these 
two girders, for the details of which, — too individual to be of much 
general use — I must refer to the paper itself. The rupture, by 
shearing of the rivets, only seems to shew that the area of the 
riveting was very insufficient, as the load required to produce 
failure in a bar under flexure by longitudinal shearing is immensely 
greater than that required to produce failure by stretch in the 
'fibres,’ the order of the ratio of these loads being practically that 
of the length to the diameter of the bar. 

The second part of the paper, — that specially due to Brix — 
deals with the theory of the flexure of a beam (a) with both 
terminals supported, (6) with one terminal supported and one 
built-in, (c) with both terminals built-in, — the load in all cases being 
partially uniform and continuous and partially isolated and central. 
The treatment of these problems by the Bernoulli-Eulerian theory 
presents no difficulties, but it has long been known that the 
absolute strength of beams under flexure calculated by this theory 
is very far from according with experiment (see our Vol. Ii. Art. 178). 
Hence there does not seem much value in the numerical results 
given on pp. 12 — 16 and based on the preceding experiments. 
Two points in Brix’s work may be noticed. He assumes the 
maximum curvature (which gives the maximum stretch and so the 
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fail-point) to be either at the built-in end or the centre of the beam 
in case (b), but this is by no means obvious, it requires an investi- 
gation similar to that given by Grashof in Arts. 58 — 9 of his 
Theorie dev Elasticitdt, 1878. Secondly, he shews, I believe for the 
first time, that the fail-point for a uniformly loaded beam, either 
doubly built-in or built-in and supported, is at the built-in end; 
in the former case the bending-moment at the centre is only half 
its value at the built-in ends. 

Arts. 1180 and 1402, ftn. 

Just as this page goes to press a copy of Seebeck's paper in the 
Programm of the Dresden Technical School (1846) reaches me. 
It contains a good deal of valuable matter, and I shall take the 
opportunity of referring to it with other papers of Seebeck’s in the 
course of Vol ii. 
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